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Introduction
A problem in evolutionary genetics

m Biological organisms evolve by accumulatingitations some of
which arebene cial, i.e. increase thetness of the individual carrying
this mutation

m Mutations can bebene cial (good), neutral, or deleterioug(bad)
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Introduction

A problem in evolutionary genetics

m Biological organisms evolve by accumulatingitations some of
which arebene cial, i.e. increase thetness of the individual carrying

this mutation
m Mutations can bebene cial (good), neutral, or deleterioug(bad)
m We consider: accumulation dfene cial and deleteriousmutations in
asexualpopulations (with no recombination)
m asexual reproduction: genetic information of the o sprimtjer from
that of the parent only due to the e ect of mutation
m Quantity of interest: mean tnessof the population

m How does it evolve in time?
m speed of increase of mean tness adaptation rateof the population
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Introduction

Outline of the talk

m Models
m Strong selection: particle model
m Weak selection: di usion model
m Strong selection results:

m Non-rigorous considerations lead to approximate asymigt@daptation
rate of O(logN)

= Rigorouslower boundof O(log* N) on adaptation rate and brief
discussion of its proof

m Weak selection results:

m An expansion formuldor the rate of adaptation
m How to calculate each term in this expansion?
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Strong selection ~ model

Model: strong selection

m Bene cial or deleteriousmutations occur at rate per individual per
generation (continuous time)

m Each mutation is assumed to be new and add s to the tness of the
individual (i.e. equal tness strength)

m Examine theempirical measur®y formed by the types of the N
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Strong selection ~ model

Model: strong selection

m Mutation: for each individual i, at rate g, X; changes to X+ 1; at
rate (1 (q), Xj changes to X 1.

m Selection: for each pair of individua(s; j), at rate (X Xj)",
individual i replaces individual j.

m Resampling: for each pair of individug(s j), at rate ﬁ individual i
replaces individual j.
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Strong selection  simulation results

Traveling wave

Adaptation rate = speedof the traveling wave

N=1000

t=80

N=100,000

=80
0.2 =20 =40 =60 t=100

o 20 4o 60 80 100 120

Figure: N =1;000 andN = 100;000,g =1, =0:02,s=0:02

Special casesg = 1; g =0 (Muller's ratchet)
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Strong selection  simulation results

Strong selection model

m Simulation results
m population sizeN =1:;2;5;10;30 10°, =0:01,q=0:01,s=0:01
m Y-axis: mean tnessX-axis: time

W

m Question: What is the asymptotic behaviour (&!1 ) of the wave
speed for positivey?
m Answer: As long as > 0, the rate of adaptation is roughly) (log N)
asN!1
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Strong selection  calculations

Strong selection calculation

m The proportion of typek individualsPy(t) satis es

X
k(P)dt+s (k DPeP dt + dMf
122
[ «(P)+ s(k m(P))Py] dt + M}

k(P) = (@P« 1 P+l  q)Pks1)

dPy

= MP is a martingale (qise) with
ME (1) Ht+ i} é 72+ sk 1)*+s( k)*)P(s)Pi(s) ds
m Mean tnessm(P) = | kP satis es (co(P) is varianceof P)

dm(P)=( (29 1)+ sg(P)) dt+ dM™™m

m adaptation rate proportional tac,(P): Fisher's fundamental theorem
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Strong selection  calculations

Cumulants

Recall thecumulantgenerating function for a (discrete) random variable
with distribution function py:

X X2
g(x)=log  pe* = mx+ Com + i
k
with 1= m=g%0), 2= c=9%0), :::;, n=g™(0)
n=Ln(my;:i;mp) = ( DX Yk 1)Bnx(mg;:is;mg);
1 k n
whereB,, are the partial Bell polynomials
B =X n! ﬁjl sz... Xn Kl jnk+1.
ik e k! 120 7 (n k+1)! ’
with the sum taken ovej1 + jo+ ::: = k andj; +2j, + 3jz3+ ... = n.
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Strong selection  calculations

Selection mechanism calculation

P
mLetSf(p)= (kK m(p)) pk% be the generator associated with
the selection mechanism, then

X
Sg(x)=  (k m(p)pce™*e 9P = gqx) m(p);
k

henceS ,= 3, S 3= 4, etc.
m With the selection mechanism alone, the cumulants rougtdyisy

d » = s 3dt+ small noise terms
d 3 = s 4dt+ small noise terms
d 4 = s g5dt+ small noise terms

m If one assumes thetationary wave shapto be deterministic (set
LHS of above equations to 0), then it is roughly Gaussian,akhi
gives us a way to guess at the asymptotic adaptation rate
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Strong selection  calculations

Strong selection: heuristics

m Suppose the stationargentredwave P, (with m(P) = 0) is Gaussian
shaped with varianc®?, then the front is atk where
1 K2=2b2 _

p—-¢e

=5 %) K prIogN

m Let Z(t) be the number of ttest
individuals withZ (0) = 1. Suppose Z(t)
there is only one individual at the front
and that it doesn't die, then it grows
roughly exponentially Z (t) = ekt
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Strong selection  calculations

Strong selection: heuristics

m The probability that the front doesn't advance by 1 beforamiet is
Z, n g 0
exp q Z(uydu =exp —(e 1)
0 sk

m Soroughlyits takes on averagd@ = sKl log(sK ) for the front

to advance by 1, therefore (recal b 2logN)

seed—l— +s¢ ) sk = +s K?
peed= 3 = 2 log(sK ) 2logN

) Klog(sK) 2logN

K is roughlyO(log N), and wave speed is also roughylogN).
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Strong selection  results

Strong selection: rigorous results

For any > O, there exists N large enough such that

E [m(P@)] log"t N:

Proof sketch

Study the centred distributior®, which has a stationary measure
Compare the selected model with a neutral model without tledestion
mechanism, which serves as a lower bound of the selected mode

| \

Feng Yu (University of Bristol) Rate of Adaptation Under Weak Selection 25 May 2009 13/ 40



Weak selection  model

Model: weak selection

Model (3 mechanisms)

m Mutation: for each individual i, at rate g, X; changes to X+ 1; at
rate (1 ), Xj changesto X 1.

m Selection: for each pair of individua(s; j), at rate 5 (X;  Xj)",
individual i replaces individual j.

m Resampling: for each pair of individugls j), at rate 1, individual i
replaces individual j.

Combine selection and resampling into a single mechanism
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Weak selection  model

Model: weak selection

Model (2 mechanisms)

m Mutation: for each individual i, at rate g, X; changes to X+ 1; at
rate (1 @), Xj changes to X 1.

m Reproduction: For each pair of individuals j), a reproduction event
occurs at ratel. With probability %(1 + (X X)), individual i
replaces individual j; with probabilit%(l S (X X)), individual |
replaces individual i.
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Weak selection  calculations
Martingale problem

m Take limitN!1 to obtain a proces$k(t) (proportion of typek
individuals) that satis es the martingale problem
z t
Pc(t) = Pk(0)+ (AP 1(u)  Pi(u)+(@  0)Pk+1(u)) du
z,°
+ts (k. m(P(u)))Pc(u) du+ M(t);
0

wherem(p) = P « Kpk is the mean of the distributiorp and My are
martingales with quadratic variation process
z t
hMyc; Myi (1) = . Pe(U)( W Pi(u) du: 1)
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Weak selection  calculations

SDE representation

m LetfWy : k;1 2 Z;k > |g are independent Brownian motions; for

convenience, we de n®V,y = Wy fork;l 2 Z andk < | and
Wi Ofork 2 Z, then
Zx D
M(t) = P (u)Pi(u) dWy (u):
0 |2z

m Py satis es the following in nite system of stochastic di ergial
equations (SDE):
dPc = [ (quxl pPk +(1  q)Px+1) + sk m(P))Pg] dt
+ PxPr dWy

122

m Let Ps denote of the law of the solutions to the above system of
SDE's
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Weak selection  Girsanov transformation

Girsanov transformation

m |ldea: The transformatiorPg to Ps is given by Dawson'S§irsanov
Theorem, in the in nite dimensional setting

m Let Py satisfy the neutral SDE

X p__
dPc = 9Pk 1 Pk+(1 q)Pk+1) dt + PP dWy;  (2)
127

m Py = Py m(py has a stationary distributiorP
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Weak selection  Girsanov transformation

Girsanov transformation

m |ldea: The transformatiorPg to Ps is given by Dawson'S§irsanov
Theorem, in the in nite dimensional setting

m Let Py satisfy the neutral SDE

X p__
dPc = 9Pk 1 Pk+(1 q)Pk+1) dt + PP dWy;  (2)
127

m Py = Py m(py has a stationary distributiorP

m De ne
ah = §€T
M(t) = n Mn(t)= m(P(t)) (29 1)t
"X
dz = Z an dMn =sZ dM;
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Weak selection  Girsanov transformation

Girsanov transformation

m Then My is aPs-martingale

Mi(t) = Mi(t) s . an(u) d[M; Mp](u)
= Mg(t) s . N( kn  Pk(u))Pn(u) du
z, "
= Mg(t) s . (k  m(P(u))) Pk (u) du
D E
m SincelMy; Myi (t) =  My; M, (t), we can write
Z t X

M(t) = ® B UPI(W) dWi(u)
0 |27
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Weak selection  Girsanov transformation

Girsanov transformation

m Thus

dPe = [ (@Pc 1 Pct(@ @Pea)+ sk m(P)Py] dt

+ PP dWy;
122

the same as the selected SDE
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Weak selection  Girsanov transformation

Change of measure

m The Radon-Nikodym derivative

= Z(t)
Por g 9
<ZtX ZtX =
= exp. sk dM(u) % s2kl d AVl ; Myi (u).
0y 0 ki '

exp  SM(t) % &(P(U) du
0

whereP solves the neutral SDE (2)n(p) = mean of p and
c2(p) = variance of p

Feng Yu (University of Bristol) Rate of Adaptation Under Weak Selection 25 May 2009 21/ 40



Weak selection  Girsanov transformation

Change of measure

Proposition

The adaptation rate in the selected model (with selectioneatient s) is
equal to

~l

Jim TEMPO] = fim LEolZOmPO)]

@a 1) +Jim TEIZMOM)

Feng Yu (University of Bristol)
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Weak selection iterated integrals

Structure ofZ(t)

P
m RecallM = MDD =" n M.
m De ne
Z
MM (t) = dM(ty) :::dM(t,)

n(t)
n(t) = fO<typ<:i:< th<tg

m Example:

dv® = y® D dm
t

M@ (t) M(t1) dM(ty);
2,
M® (ty) dM(tq);:::

0

M® (t)
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Weak selection iterated integrals

Structure ofZ(t)

m SinceZ satis esdZ = sZ dM, we can write

R
Z = 1+ s"mM ™M
n=1

m Therefore the adaptation rate in the selected model can bétem as
2 1) + lim 1E M (t
(9 1) + Jim CEM(t)]

b
=@q D +Jm P SEMOOMO)
n=1
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Weak selection iterated integrals

Iterated Wiener-It6 integrals

m LetW be a Brownizan motion. De ne

Jn(f) = ()f(tl;:::;tn) dW(tq) ::: dW(tn)
n t
for a deterministicfunction f de ned on ,(t). Then It6 isometry
implies
Z
E[dn(f)?] = f(ty oo tn)? dty o dty
n(t)
E[Jn(f)In(g)] = O0if m6 nR |
kgk" Y g(u) dW (u)
n — 0
3@ "M = =H ok
R, !
eRg g(u) AW (u) lkgk? — R kgkn H, O g(u) dw (u)
=0 n! kgk
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Weak selection iterated integrals

Structure ofM

m Crucialfact used:
dhwi = dt
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Weak selection iterated integrals

Structure ofM

m Crucialfact used:
dhwi = dt

m But in our case, X
dhiMi = kl d M ; Myi = kKIPk(w Py) dt
d(;l k;l 1
X X
= @ Kk2p, kIP,P/A dt = c(P) dt;
k kil
where we recall from (1)
dhiMi;Mii = Pe(w Pi) dt
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Weak selection iterated integrals

Structure ofM

m Crucialfact used:
dhwi = dt

m But in our case, X
dhiMi = kl d M ; Myi = kKIPk(w Py) dt
d(;l k;l 1
X X
= @ Kk2p, kIP,P/A dt = c(P) dt;
k kil
where we recall from (1)
dhiMi;Mii = Pe(w Pi) dt

= More generally, sincdM™ = M 1 Mm@
D E D E
d MM-M@D =m0 Dg MO = m D, gt
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Weak selection  expansion formula
Terms in the expansion

Want to calculate
The adaptation rate in the selected model

S"Eo[M ™ (t)M® (1)]

| =
p &

29 1) + tI!iin
n=1

Let G be the generator associated with thesutral SIZ;(E (2)

dP, = (P« 1 Pk+(1 q)Pys+1) dt+ g PP dWy
127
G = R+ M
1X @f (p)
f = =
Rf(p) 2., Pk ( K Dl)@ @
X
Mf(p) =  (@pc1 pe+( Q)Dk+1)%p)
K k
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Weak selection  expansion formula

Terms in the expansion

Want to calculate
The adaptation rate in the selected model

S"Eo[M ™ (t)M® (1)]

| =
p &

29 1) + tI!iin
n=1

We set the initial condition for the neutral SDE to be its siahary
distribution (on the centred processy:

D E
d(M(n)M(l)) = MM dM® + M® gm™M + ¢ M(n);M(l)
D E

d MW;M® = M® D, dt
Zt

D E
E[ MO, MO ()] Eo[M™ D(u)cp(u)] du = tEg[M™ Yy
0
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Weak selection  expansion formula

Terms in the expansion

Want to calculate

The adaptation rate in the selected model

AR D
(29 1) + lim { S Eo[M 2]
i n=1
m We use cumulants, becaus®; i = pi1
m First term isEg[ 2]
G.= 2) E[2]=

Feng Yu (University of Bristol) Rate of Adaptation Under Weak Selection
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Weak selection  expansion formula

Terms in the expansion

Want to calculate
The adaptation rate in the selected model

1R
(0 1) +Jm = SEgM" Y
’ n=1
m Third term is Eg[M®
ol 2] D £
dM® ) = M@ d ,+d MP; , + amartingale
= ( M@ ,+ M® 3)dt+ amartingale
EoM®@ 5] = EoM® 4] E
dM® 5) = MO d 3+d MD; 3 + amartingale
= ( 3M® 3+ ) dt+ a martingale
EoM® 3] = Eof 4]8= 2 %3
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Weak selection  expansion formula

Fourth term in the expansion

dM® ) = MO d,+d M®; , + amartingale
= ( M® ,+M®@ 3)dt+ amartingale

EoM® 3] = EoM®@ g

dM® 35) = M@ d 3+d MP; 3 + amartingale
= ( 3M@ 5+ M® ) dt + a martingale

EoM®@ 3] = EoM® 4]=3
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Weak selection  expansion formula

Fourth and fth terms in the expansion

E
dM® ) = MDd ,+d MD: , + amartingale
= ( MO@T 4+ 12 2) + 5L dt + a martingale
dM® 2y = MO d3+d M®; 3 + amartingale

1 :
( MO > 4+2 %)+2 , 3)dt + a marting:

1 3 1 6
dMP (75 s £ 2) = ( MO 4+ (55 ¢ 23 dt

2

1
EolM® 4] 1_OEO[ 5 125 3]= (29 1)(3 + E))

1 7 7
EoM® ] = =7F0 £+38( 2+(29 1) a)+ £ 6+38( 4 2+ 2
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Weak selection  expansion formula
Generators

m Gis the generator associated with thesutral SDE (2)

X p__
dPe = (qPx 1 Px+(1 Q)Pys+r) dt + PP dWy
1272
G = R+ M
1X @f (p)
Rf = =
(p) 2., P ( K pl)@ @
X @
MEM) = (@1 Pet@ Qpe) @ﬁf’)
. K
m S is the generator associated with theelectionmechanism
X @
Stp) = (k m()pe @i")
. K

D E
d M™:f(p)

M Dsf (p) dt
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Weak selection  expansion formula
Generator calculation

P
m Letg(x)=log |, Pxe®, then

M g(x)

(P« 1 Pk+(1  Q)Pys)ee 9

Pc(ge* 1+(1 q)e X)ee 9%
K
ge* 1+(1 qe”

m Hence
Mg(x)=2qg 1
x=0

Mg(x)=1
x=0

%e e

Feng Yu (University of Bristol) Rate of Adaptation Under Weak Selection 25 May 2009



Weak selection  expansion formula

Generator calculation

m But
R, = 2
R3 = 33
R4 = (74+6 3
Rs = (155+10 3 2)

i.e. more complicated
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Weak selection  expansion formula

Generator calculation

| :
j=1 I] ’

i= i ipeit iy Kn=sparf j:jij=nmini 29

m Then
R: Kyl Ky
S Kn I Kn+1
M: Ky! Ky 0 Ko
Feng Yu (University of Bristol) Rate of Adaptation Under Weak Selection
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Weak selection  expansion formula

Generator calculation

| :
j=1 I] ’

i= i ipeit iy Kn=sparf j:jij=nmini 29
m Then
R: Kp! Kj
S: Kn! Knps
M: Ky! Ky 0 Ko
m For k, 2 K,
dMOR k) = (MOk,+ MOMR k) dt+ MO DSR Ik, dt
EMMWk,] = EM®M (R ) ko]+ EM™ DS(R ) ky] (3)

m In general Eo]M (" ] is a linear combination of the expectation of
2. n 2,.:5 n+l. n 1 2,..:, and lower order terms.
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Weak selection  expansion formula

Generator calculation

The adaptation rate in the selected model (with selectioneatient s) is
equal to

X
(29 1) + Ss"EM™ D g
n=1

whereE denotes expectation under the stationary distribution (time
centred process) and the terms in the above expansion canabi@ilated
by solving the closed linear system (3). The rst few termstbfs
expansion is

2
(29 1) +s +s%(2q D 53%+s4(2q Dg* gyt i
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Weak selection = work in progress
Cumulants under resampling

We can apply Fa di Bruno's formula

Rg(x) = 1 eg(ZX) 29(x)

1 X @
Rn = 5 Bnk = (9(2x) 29(x));
2 =0 @ =0
k+1
R % o (9(2x) 2g9(x))
— 1xn (N2 9\ e n k+1
- 2 Bk 0;(2° 2) 2;::15(2 2) n k41
k=0
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Weak selection = work in progress

Cumulants under resampling

But n, n, and ,, n, n, are more complicated (not triangular)

R( n1 nz): an ne an n1
+ a linear combination off 1o g 1 NY+ NY = Ny + nyg

R( n1 N2 n3)= ni an n3+ ni n3R n2+ N2 n3R ny
+(a linear combination off 1o ng N+ N3 = ny+ Nag) o,
+(a linear combination off o g : NP+ N3 = ny+ nzg) o,

+(a linear combination off g ng N+ N3 = nz+ N3g) n,
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Weak selection = work in progress

Moments under resampling

m Let X
n(x)=  pke
k
be the moment generating function, theRg; = 0 and hence
Rm,=0
m Let

O2(X1;%2) = 1(X1)91(%2)
be the generating function for moments of the form;m;, then

Q@ . e2g (xq) + €91g1(%2); @ glerba gt
@x X X @@
R = pe®ame - ppelerta

k k;l
g1(X1 + X2)  091(X1)91(X2)
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Weak selection = work in progress

Moments under resampling

R (mnl mnz) = Mny+n, Mp; Mn,

m For higher order terms

R (mn1 mnz mn3) = ( mn1+ ny mnl mnz)mns + ( mn1+ n3 mnlmng)mng
+( mn2+ n3 mnzmn3)mn1;

etc.
m R is triangular infm; : jij = ng
m The hope: convert expressions in terms of cumulants intoséno

involving moments, applR 1, then convert these expressions back
into cumulants
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Conclusion

Conclusion

m An expansion formuldor the rate of adaptation
m Each term in this expansion can be calculated explicitlythrory
m Is there a nicer formula?
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Conclusion

Conclusion

m An expansion formuldor the rate of adaptation
m Each term in this expansion can be calculated explicitlythrory
m Is there a nicer formula?

Thank you!
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