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Questions

e [ he age of the most recent common ancestor
for some current population is how far back in time we have to
go until we find an individual from whom everyone is descended.

e \What is the distribution of the age of the MRCA for a given
genealogical model?

e How does the age of the MRCA evolve as the population moves
into the future?

e [ he dynamics for the constant population Wright-Fisher model
were studied by Derrida and Simon (2006) and Pfaffelhuber and
Wakolbinger (2006).



Critical continuous-time Galton-Watson branching process

e population of individuals

e individuals die at rate A\

® upon its death, each individual gives birth to a random num-
ber of offspring according to a fixed distribution with mean
1 and variance o2

e individuals behave independently of each other



Large populations and re-scaled time

write Z\™ for the number of individuals alive at time ¢t > 0
in a critical continuous-time Galton-Watson branching process
with branching rate A and offspring variance o2

Suppose that Zén) ~ ny for some y > 0.
(n) _ . —1,(n)

PutyY, "=n""2".

Note that

E|v - v 0<s <t] =0

and

E [(yﬁg _ Yt("))Z |Ys("), 0<s< t] ~ A2y, "5,



Feller’'s “continuous-state” branching process

If Yo(n) — Yy as n — oo, then y (n) converges to a solution of
the stochastic differential equation

t
Y; = y—|—/ \/ Ao?Y, dBs;.
0

that Ae? =1 (other values can be obtained
by a linear time-change).



Conditioning on non-extinction

Write T := inf{t > 0 : Y; = 0} for the extinction time of Y.
We have P{r > t|Yy =y} =1 — exp(—2y/t), so

1
Aim E[f(Yy) [Yo=y, 7> T] = ;E[f(Yt)Yt | Yo = .

If Qi(y/,dy") := P{Y; € dy” | Yy = v’} are the transition prob-
abilities of Y, then there is a Markov process X with transition
probabilities

1
Pz’ ,dx’) = P{X; e d2”" | Xg =2’} = ;Qt(m', dx’x".

The process X is Feller's process Y
(an example of a Doob h-transform).



Immortal lineage 1
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Immortal lineage II
The conditioned process X consists of an immortal lineage that
continually throws off independent sub-populations which evolve

like Feller’'s process.

In particular, each sub-population dies out eventually.



Immortal lineage III

There is a o-finite Markovian measure v on
E:={ue CR{,Ry):ug=0and3dg >0s.t. ut >0
for0<t<gandus =0Vt > g}
with the same transition kernel Q as Feller's process Y such

that if II is a Poisson point process on Ry X E with intensity
A ® v (where X is Lebesgue), then the process

D Ut-syvor =0,
(s,u)€ll

has the same law as the conditioned process X started at
Xog = 0.



T he most recent common ancestor 1
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T he most recent commmon ancestor 11

The time of the most recent common ancestor (MRCA) of
the population at time t > 0 is the largest time 0 < s < t such
that every individual in the population at time t is descended
from a single individual in the population at time s.

In the case of the conditioned process X, this is the largest time
s for which every ‘“individual” alive at time t belongs to a sub-
population that was thrown off by the immortal lineage at some
time between s and t.

Write Ay = t — s for the age of the most recent common
ancestor of the population at time t.
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T he sub-population lifetime point process

Given u € E, write
~Y(u) := inf{s > 0 : u(t) = 0, Vt > s}

for the lifetime of the sub-population described by .

In order to build A we the point process A consisting
of points (t,~v(u)), where (t,u) is a point of T

It can be shown that A is a Poisson point process on Ry X Ry
with intensity A ® p, where p([z, 00)) = 2

T
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Generalizing the age construction

The construction of (At)tzo from the Poisson point process A
still makes sense if A is any Poisson point process on Ry X R4
with intensity A ® p for a general o-finite measure .

Assume that p is any o-finite measure on R
with p([x,00)) < oo for all x > 0 and u(dx) = m(x)A(dx) (i.e.
p has density m).

The case p([x,00)) = ?—f describes the MIRCA age of the condi-
tioned (1 + B)-stable continuous state branching process studied

by Etheridge and Williams (2003).
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Does A ever return to zero?

Note that
Z:={t>0:A;=0}=Ry\ ] [t,t+=).
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Poisson cut-out fractals

Following a question by Mandelbrot, Shepp showed that Z = {0}

if and only if
1 1
/ exp / M(s)ds p dt = oo,
0 t

where M (s) := u([s, 00)).

Fitzsimmons, Fristedt and Shepp showed that if Z # {0}, then Z
is the range of non-trivial subordinator (with Laplace exponent
given explicitly in terms of u).
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Example
If u([s,00)) =%, then Z = {0} if and only if a > 1.

Otherwise, Z is the range of a (1 — «)—stable subordinator.
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A 1s a Markov process
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Transition probabilities

The process A is strong Markov with the following transition
probabilities, where M (x) := p([x, 00)).

Fory < ax +t,

P{Astt € dy| As = x}

_ M(x) — M(x+t)

M (@) exp {— /;H M (u) dU} M (y) dy,

and
M (x + t)

P{As—l—t =x+t|As=a} = M ()
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given no point point must fall

in this region in this interval no point can fall
in this region

A A
T+t -+

§ point must fall
® in this half line

//

Y+ given no point
in this interval
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Stationary distribution of A

We can try to construct a stationary version of A indexed by
R (rather than by Ry) by replacing the Poisson point process
A with an analogous process defined on R X R4 with intensity
AR L.

This results in a finite-valued "“age'’ process if and only if
[>° M (u) du < oo for all z > 0.

Thus, A has a stationary distribution =« if and only if
[>° M(u) du < oo for all x > 0, in which case

m(dx) = M(z) exp (— /w ~ M(w) du> dz.
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The “Ornstein-Uhlenbeck” transformation
If p([x,00)) = %, then A have a stationary distribution.

The form of pu suggests we replace the time-scale t by a new one
u given by t = e%. If the MRCA at time t lived at time t — a on
the original scale, it lived at time u — b on the new scale, where
t—a=c¢et b

The MRCA process on the new time scale is therefore the
process B given by

eu_B“ =1 — At = eu — Aeu
so that
By = —log(1l — e “Agu).
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The “Ornstein-Uhlenbeck’” process

The transformed process B is a stationary Markov process that
comes from the "“age’ construction applied to the Poisson point
process on R X Ry given by

{<1ogs,1og (1 n 9) : (s,1) € A}

that has intensity A ® v, where
(814

et — 1

v([z,00)) =
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The “Ornstein-Uhlenbeck” marginals

The one-dimensional marginal distributions of B have den-
Sity

ae—w(l . e—w)a—l’

and so t~1A; has a Beta(a, 1) distribution for all t > 0 (when
Ag = 0).
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The jump skeleton

e Return to general u and suppose that f;’o M(y)dy < oo for
all x > 0, so there is a stationary distribution.

e Take A to be in stationarity.
e Write 0 < Ip <17 < ... for the successive jump times.
Put Ly := Ar,_ and Ry, := Ag,. These are the peaks and the

troughs of the path of A that occur between the times 0 and
sup,, I, = inf{t > 0: Ay = 0} € (0, oo].
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Classifying the jump skeleton

The processes (Lp)n2, and (Rp)o2, are time-homogeneous
Markov chains with simple transition kernels.

e Both chains are transient if and only if
1 1
/ exp / M(y) dy | de < oo.
0 x

e Both chains are positive recurrent if and only if

/01 m(x) exp (— /: M (y) dy) dx < oo.
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e Both chains are null recurrent if and only if both

/Olexp </:M(y)dy> dxr = oo
/Olm(:n)exp <— [BlM(y) dy) dr = oo.

and



Multiple split times for M (x) = p([z,00)) =

(87

xr
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Stick breaking

Suppose that Ag =0 and M (x) = pu([x,00)) = 5. Then,

AWM 78,42 11 AB) py
has the same distribution as
(1—=U1),(1=-U1)(1—-U2),(1—-U1)(1 - U2)(1—-Us),...),

where the Uy, are i.i.d. Beta(a,1) r.v.

T hus,
(Wo, W1, Wa,...)

has a GEM(«) distribution (that is, the distribution of the size-
biased ordering of a Poisson — Dirichlet(a) sequence).
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