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1 Introduction

We are interested in the long time behavior of regulated (density-dependent) and isolated
biological populations. Competition for limited resources impedes these natural popula-
tions without immigration to grow indefinitely and leads them to become extinct. When
the population’s size attains zero, nothing happens anymore and this population’s size pro-
cess stays at zero. This point 0 is thus an absorbing point for the process. Nevertheless, the
time of extinction can be large compared to the human time scale and it is common that
population sizes fluctuate for large amount of time before extinction actually occurs. For
example, it has been observed that in populations of endangered species, as for the Arizona
ridge-nose rattlesnakes studied in Renault-Ferriére-Porter [30], the statistics of some bio-
logical traits seem to stabilize. To capture this phenomenon, we will study the long time
behavior of the process conditioned to non extinction and the related notion of quasi-
stationarity. We refer to the introduction of Steinsaltz-Evans [35] for a nice discussion
of this notion in relationship with various biological observations (mortality plateaus).

In all the following we will assume that the population’s size process (Z;,t > 0) is a
Markov process which almost surely goes to extinction. We are interested in looking
for characteristics of the process that give more detailed information than the fact that
absorption is certain. One way to approach this problem is to study the "quasi-limiting
distribution" (QLD) of the process (if it exists), that is the limit, as ¢ — +oo, of the
distribution of Z; conditioned on non-absorption up to time ¢. This distribution, which
is also called Yaglom’s limit, provides particularly useful information if the time scale of
absorption is substantially larger than the one of the quasi-limiting distribution. In that
case, the process relaxes to the quasi-limiting regime after a relatively short time, and then,
after a very much long period, absorption will eventually occur. Thus the quasi-limiting
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distribution bridges gap between the known behavior (extinction) and the unknown time-
dependent behavior of the process.

There is another quasi-stationary limit point of view. A quasi-stationary distribution for
the process (Z;,t > 0) denotes any proper initial distribution on the non-absorbing states
which is such that the distribution of Z; conditioned on non-extinction up to time ¢ is
independent of ¢,£ > 0. If the distribution of Z; is chosen to be any QSD, then the
corresponding QLD exists and equals this QSD. Hence, any quasi-stationary distribution
is a quasi-stationary limit, but the converse is not always true.

In Section 2 of this course, we will introduce the different notions of QSD and state some
elementary properties. In Section 3, we will study the simple case of QSD for processes
in continuous time with finite state space. Thus we will concentrate on QSD for several
stochastic population models corresponding to different scalings. We will underline the
importance of spectral theory as mathematical tool for the research of QSD, in these
different contexts. In Section 4, we will consider birth and death processes. We will state
the results established by Van Doorn [12], giving explicit conditions on the coefficients
ensuring the almost sure extinction of the process, and the existence and uniqueness (or
not) of a QSD. We will especially focus on the density-dependence case, when the death
rate of each individual is proportional to the population’s size (called logistic birth and
death process). We will show that in that case, the process goes almost surely to extinction,
and that there is a unique QSD, coinciding with the unique QLD.

If one assumes that the total amount of resources is fixed and that the initial pop-
ulation’s size is large, then the biomass of each individual is small, and we are led to
renormalize the birth and death process. In Section 5, we show that as the initial popula-
tion’s size tends to infinity, the rescaled birth and death process converges to the unique
solution of the famous deterministic logistic equation. In that case the solution converges
as time tends to inifinity to a nontrivial limit called carrying capacity. This model de-
scribes stable large populations whose size stays essentially constant. Another asymptotics
consists in assuming that the the birth and death rates are proportional to the population’s
size in a way such that the growth rate does not explode. Hence, as the initial population
size increases, the rescaled logistic birth and death process is close to the solution of a
stochastic differential equation, called logistic Feller equation. The randomness due to the
accumulation of the many birth and death events behaves as a Brownian term with 1/2-
Holder diffusion coefficient (as in the Feller equation) and the density dependence appears
through a quadratic drift term. We prove that the unique solution of the logistic Feller
equation goes almost surely to zero, and that there is also a unique QSD, equal to the
Yaglom’s limit, obtained as eigenmeasure of the adjoint operator of the killed semi-group.
The proof, which is based on spectral theory for this semi-group, is not constructive and
cannot be quantitatively exploited. It is thus useful to construct an algorithmic method to
simulate the QSD. At this end, we will give the main ideas of a work of Villemonais ([38]),
describing a stochastic particle method based on Fleming-Viot systems.



2 Quasi-stationary distributions

2.1 Different notions of long time behavior conditioned on non extinc-
tion
We consider a stochastic Markov process (X, ¢ > 0) with continuous time and with values

in a metric space F. Let G be a subset of ¥ which models a trap or an extinction event.
Namely, if a trajectory arrives in G then the process is killed.

There are several natural questions associated with this situation.

(1) Given an initial distribution p on E\G (for example a Dirac measure on a point of E\G
), what is the probability that a trajectory has survived up to time ¢ > 07 In other words,
if Ty denotes the entrance time of the process in GG, what is the asymptotic behavior of
the quantity

P, (Tg > t). (2.1)

(ii) Let us fix t > 0 and assume now that a trajectory initially distributed with p has
survived up to time ¢ > 0. A mathematical quantity of interest is thus the conditional
distribution of X; defined, for any Borel subset A of E\G, by

Pu(Xy € A;Tg > t)
PN(TG > t)

Pu(Xi € AlTg > t) = (2.2)
We want to study the asymptotic behavior of this conditional probability, when ¢ tends to
infinity. If the limits exists, it will be called the quasi-limiting distribution (QLD) of the
measure u, or the Yaglom limit for u, in reference to Yaglom who wrote the first paper
on this subject [39]. A main difficulty of this notion is that it may depend on the initial
distribution p.

One will say that the probability measure « is the Yaglom limit (without reference to a
measure) of X with respect to G, if for any initial point z € E, and any Borel set A C E\G,

. Pu(Xi € A; T > t)

A) = 1 z ) 2.3

oA) = I = e > 0 23)

(iii) As in the ergodic case we can ask if this Yaglom limit has a conditional stationary prop-

erty. More precisely we will define a quasi-stationary distribution (QSD) as a probability
measure « such that for all ¢ > 0, for all A Borel set of E\G,

Py (X, € A; T > t)
Py (T > t)

= a(A). (2.4)

The main questions are the existence and uniqueness of these QSD. We will study examples
where a QSD does not exist, or where there is an infinity of QSD, or where there is a unique
QSD. The latter will happen in the case of a process describing the size of a density-
dependent population. We will also see that the relation between QSD and QLD is not so
immediate, except in the simple case of a finite space E.



(iv) The forth mathematical quantity related to this conditioning is based on a pathwise
point of view. We will describe the distribution of the trajectories who never attain the
trap. We will prove that the new process defined by this distribution is ergodic, and that its
stationary distribution is absolutely continuous with respect to the QSD (but not equal).

The study of quasi-stationarity is a long standing problem: see Pollett [29] for a regularly
updated extensive bibliography and [14], [18], [33] for the Markov chain case. For Kol-
mogorov diffusions, the theory started with Mandl’s paper [26] and was then developed by
many authors, see in particular 9], [27], [36].

2.2 Our framework - Definitions

In the following, we will exclusively concentrate on population dynamics. Individuals can
reproduce or die, and the size (Z,t > 0) of the population will be modelled by a Markov
process in continuous time taking values in N or in Ry. If the population is isolated,
namely if there is no immigration, then the state 0, which describes the extinction of the
population, is a trap. Indeed, if there are no more individuals, no reproduction can occur
and the specie disappears. Thus if the system reaches 0, it stays there forever, that is, if
Z; = 0 for some t, then Z; = 0 for any s > .

We denote by Tj the (extinction) stopping time
Ty = inf{t > 0, 2, = 0}. (2.5)

We will consider cases for which the process goes almost surely to zero, whatever the initial
state is, namely, for all z € F|

P.(Ty < ) = 1. (2.6)
Before being extinct, the process takes its values in the space
E* = E\{0}. (2.7)

Any long time distribution of the process conditioning on non-extinction will be supported
by E*.

Notation:

1) for a probability measure p, we will denote as usual
P, = / P, p(dz).
E

2) Let us denote by P* the set of probability measures on E*.
3) C([0,T1], E) will denote the space of continuous functions from [0, 7] into E.



Let us now introduce rigorously our framework.

Definition 2.1 1) A probability measure o on E* is a quasi-stationary distribution (QSD)
if and only if for all Borel set A C E*, for allt > 0,

Po(Z; € ATy > t) = a(A). (2.8)
Remark that « is thus a fized point for the conditional evolution from P* into itself:

v— u(v) =P, (Z € A|Tp > t).

2) A quasi-limiting distribution (QLD) for u € P* is a probability measure v on P*, such
that

tli>m IP;L(Zt S A‘Tg > t) = Z/(A),

for anyt >0 and A C E*.
3) The Yaglom limit is the probability measure m on P* defined as

m(A) =limP,(Z; € A|Ty > t), (2.9)
t—0
for anyt > 0, A C E* and z > 0, provided that this limit exists and is independent of
z € E*.

4) The distribution Q. is the law of the process Z issued from z and conditioned to never
attain 0. When it ezists, it is defined as follows: for s > 0 and for any Borel set B C
c([o,s], E),

Q.(Z € B)= PI%PZ«(Z € B|Ty > t). (2.10)
%
This limit procedure defines the law of a diffusion that never reaches 0 called the @Q-process.

2.3 First Properties
1 - Survival decay.
Theorem 2.2 Let us consider a Markov process Z with absorbing point {0} satisfying

(2.6). Assume that « is a QSD for the process.
Then there exists a positive real number 6(«) depending on the QSD such that

Po (T > t) = e 01, (2.11)

This theorem shows us that starting from a QSD, the extinction time has an exponential
distribution. The extinction rate of survival 0(«) is thus given by

B In PQ(TQ > t)

fa) = -T2,



which is independent of .

Proof By the Markov property, we have
Po(To >t+s) = / E.(17>:E: (7 si447,)) a(dz)

_ / CE-(15,50E7, (1155)) a(d2)
= Ea(1T0>tf(Zt))’

where f(z) = E.(17>s).

In addition, by definition of a QSD, we get for any Borel bounded function f defined on
E*,

Eo(f(Z)1my>t) = | f(2)a(dz) Po(Th > 1),
E*
from which we deduce that
Po(To >t+s) = f(z)a(dz) Po(Th > t).
E*
But

F(2)a(dz) = / P.(Ty > s)a(dz) = Po(Thp > 5).
o *

Hence we obtain that for all s,¢ > 0,
PQ(TO >t 4+ 8) = PQ(TQ > S)PQ(TQ > t).

Let us denote g(t) = Po(Tp > t). The Borel function g is non-increasing. Because of (2.6)
and since Z is non zero, it takes values in [0, 1] and tends to 0 as ¢ tends to infinity. An
elementary proof allows us to conclude that there exists a real number §(a)) > 0 such that

Po(Tp > t) = e 0@,

2- QSD and exponential moments

The existence of QSD is mainly related to the existence of exponential moments for the
process Z.

Proposition 2.3 A necessary condition to obtain that o is a QSD is that for any 0 < v <
0(«), there exists z > 0, such that

E.(e70) < +o0. (2.12)



Proof From (2.11), we deduce that
/ P.(Tp > t) a(dz) = e ()1, (2.13)

In another way, a simple computation shows that for all v > 0,

To
E.(e%) = E, (/ ve ' du + 1)
0
=1 —1—/ P.(Ty > u)ve' du.
Ry

Since v < 6(«) and using (2.13), the integral [,. E.(e70)a(dz) is finite, and so is E(e770)
for at least one z > 0. The proposition is proved. O

3 - QSD and Yaglom limit.

These notions, although they are close, are not identical. In the next proposition, we will
see the Yaglom limit is a QSD. The converse is not true in general, and they are processes
with an infinity of QSD, although the Yaglom limit is uniquely defined. We will see below
that in the cases we are interested in, modelling density-dependent population dynamics,
there is a unique QSD, equal to the Yaglom limit.

Let us show the
Proposition 2.4 If the Yaglom limit of the process Z exists, then it is also a QSD.

Proof Let us more generally consider a probability measure 7 on E*, which is a QLD
for a probability measure p on E*,

() = tlg})lo P,(Z; € -|Ty > t).
Thus, for all measurable and bounded function f on E*,

E Z4): Th
tligloEu(f(Zt)’TO>t) = [Jim u(éj(%’;; :

_ [E F(2)m(d).

Applying the latter with f(z) =P,(Tp > s), we get by the Markov property

. P (T() >t+ S)
lim £ = P (T, .
=00 Pyu(Tp > t) (To > s)
Let us denote by g(s) this last quantity. The function g is bounded, nonzero, non-increasing
and satisfies g(s + s') = g(s)g(s'). Indeed, if we define fy(z) =P,(Tp > ¢),
E,(To >t (Z P.(To >t
g(S+S/) — lim M( 0 +37f$( t+8)) ,U( 0 +8)
t—00 P,(To > t+s) P,(To > t)

. P(To>t+s)
/ I
=P.(Tp > s)thm B (To> 1)

=P, (Tp > S,)Pﬂ-(To > s).




Thus there exists 0 < a < oo such that g(s) = Pr(Tp > s) = e ?°. Let us now consider
f(z) =P, (Zs € A, Ty > s), with A C E*. By the Markov property, we can show that

P}L(Zt—i-s S A7TO >t + 8)

P.(Zs € A;Typ >s) = lim

t—o0 PH<T0 > t)
— m P,LL(ZH-S e ATy >t+ 8) ]P’M(T() > 1+ 3)
T oo PM(TO >t+ S) ]P),u(TO > t)
Py (To>t+s) a

The term % when t tends to infinity, as showed in the first part

Pu(Ziys€A;To>t+s)
]P,_L (T()>t+5)

P, (To>1) converges to e

of the proof. The term

converges to m(A) by definition of 7. Thus, we
have proved that for any Borel set A of E*, and any s > 0,
m(A) =Pr(Zs € A|Ty > s).

The probability measure 7 is then a QSD. O

2.4 A spectral point of view

Let us denote by (P;) the semi-group of the process Z killed at 0. More precisely, for any
z >0 and f measurable and bounded on R, one defines

P f(2) =E.(f(Zt)li<ny). (2.14)

As defined above, a QSD « is a probability measure on E* such that for every Borel set
A C E*,

) PeZEAT >0y P ()ald:)
Po(To > t) S Pi(1)(2)x(dz)

_ Pra(1y)

Pra(1)’

where P/« is the measure on R defined for any measurable and bounded function f by
Fra(f) = [ Pi@aldo).

We have seen in Theorem 2.11 that there exists 8 > 0 such that for each ¢ > 0,
Pra(l) =Py (Tp > t) = e %

Then, for every Borel set A C E*, we get
/ Pi(14)(2)a(dz) = Pfa(14) = e %a(A). (2.15)

Thus the probability measure « is an eigenvector for the operator P} (defined on the signed
measure vector space), associated with the eigenvalue e 0t

To fix ideas, let us assume that F is finite and let us consider the generator Q* associated
with the semi-group (P;). Recall that P} = ¢?"t. The generator @ is given by a matrix
Q = ((gi;)) and Q™ is the adjoint matrix given by g;; = gji. It is easy to show that

8



Proposition 2.5 Any eigenvalue of Py writes e, where \ is an eigenvalue of Q* and
conversely. Moreover, for any eigenvalue A of Q* and any associated eigenvector o, one
has

aQ =das Qa=las Pla= Ma < aP, = eMa.

Thus « is a right-eigenvector of Q*, (resp. P;) and a left-eigenvector of @, (resp. P;). We
will show in the next section that this property characterizes the QSD in the finite space
case.

Main Remark: In the general case, the proof of the existence of a QSD will often firstly
consists in proving the existence of a positive number 6 and of a probability measure « on
E* such that

L*a = —fa,

where L* is the dual of the infinitesimal generator L of the killed process with values in
E*. Therefore, that will lead to study the spectral properties of L*.

3 QSD in the finite case

Let us now detail the case of a finite state space E. For this part, we may refer to Darroch
and Seneta ([10] and [11]).

Let X be a Markov process with values in a finite space . We assume that 0 is an
absorbing point that is almost surely attained. Let P be the semi-group of the process
killed at 0 and @ the associated generator. The operators () and P; are matrices and a
probability measure on the finite space E* is thus a vector of non-negative entries whose
sum is equal to 1. Taking A = {i} in (2.15), we obtain that

Pra(i) = e %a;.

Then the QSD « is an eigenvector with positive entries for the operator P/ associated with
the eigenvalue e~

In this matrix framework, the Perron-Frobenius Theorem gives a complete description of
the spectral properties of P; (or P;) and brings us a complete answer to the research of
quasi-stationary distributions. The main point is that the matrix P; has non-negative
entries. For the proof, we refer to Gantmacher [17] or Serre [34]. Let us

Theorem 3.1 (Perron-Frobenius Theorem). Let us assume that there exists ng € N\{0}
such that the entries of P{" are positive. This is equivalent to the fact that the R -valued
process with semi-group Py is irreducible and aperiodic. Thus, there exists a unique positive
eigenvalue p, which is the maximum of the modulus of the eigenvalues, and there exists a
unique left-eigenvector o such that o; > 0 and ) ,a; = 1, and there exists a unique
right-eigenvector w such that m; >0 and ), oym; = 1, satisfying

aP, = pa; Pim=pm.



In addition, since (P;) is a sub-Markovian semi-group, thus p < 1 and there exists 0 > 0
such that p = e~%. Therefore,

P = e %A+ 9(eX), (3.1)

where A is the matriz defined by A;; = mia;, and x < —6 and Y(eX') denotes a matriz
such that none of the entries exceeds C*eXt, for some constant C*°.

Let us remember that in this finite framework, a left-eigenvector of P; is a right-eigenvector
of P} (easy computation) and thus a right-eigenvector of Q*, associated with the eigenvalue
—0.

Now we can state our main theorem.
Theorem 3.2 Assume that E is finite and that the semi-group (P;) of the killed process
(defined on E*) is the one of an irreducible and aperiodic process.

1) There exists a unique QSD obtained as the unique right-eigenvector o of Q* satisfying
a; >0 ) Z o; = 1.
i

The corresponding eigenvalue —0, 8 > 0 is such that

Po(Ty > t) = e~

2) The measure o is the Yaglom limit. For any i,j € E*, limy_,o Pi(Xy = j|Tp > t) = a;.
3) For any i,7 € E*, limg o "'P;(X; = j) = .

P;(To>t+s) _ ﬂe_es

4) For any Z,jEE*, 3,t>0, hmt_)oom 7

Proof 1) The first part of the theorem is an immediate application of the Perron-
Frobenius Theorem. Remark that « is the unique right-eigenvector of Q*, associated with
Inp = —0, with 8 > 0. It is a QSD for the process and the convergence rate to extinction
is given by 6. If there is another QSD, then by (3.1), its convergence rate is also —6, and
by uniqueness of the associated eigenvector, it is equal to a.

2) Taking the i-th coordinate in (3.1), we get that P;(Tp > t) = e % + 9(eXt), and
then

- or _
tliglo Pi(To > t)e . (3.2)

Again from (3.1), it follows that for each i,

P;(X; = j)

P;(X; = j|To > 1) PuTy > 1)
1

_>th a] .

Thus the Yaglom limit exists and is equal to a which is a QSD, by Proposition (2.4).
3) It is immediate that lim;_o eP;(X; = j) = limy_00 €% Pij (t) = mx;.

4) This is an immediate consequence of (3.2). O
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Main Remark: Using the spectral theory for the matrix ), one can obtain an expansion

of P, in terms e ! with )\ eigenvalues of Q. In particular, there exists A > 6 such that

0< lim @Mt (Pi(X¢ = j|To > t) — aj) < o0.

t—o00

Thus, if the time scale A — 0 of the quasi-limiting distribution is substantially smaller
than the time scale of absorbtion (A — 6 << ), the process will relax to the QSD after a
relatively short time, and after a much longer period, extinction will occur.

Let us now study the Q-process.

Theorem 3.3 For any ig,i1, - ,ip € B, any 0< sy <---,8 <t, the limit
limy o0 Py (X5, =41, -+, X5, = ig|To > t) exists.

Let (Y;,t > 0) be the process starting from ig € E* and defined by its finite dimensional
distributions

]P)io(}/ﬁ = il, cee 7}/81@ = Zk) = tl_iglo]P)iO(Xsl = il, R 7Xsk = ’ik‘T() > t). (33)
Then'Y 1is a Markov process with values in E* and transition probabilities given by

. iy
Pi(Y; =) € T Py(s).
J

It is conservative, and has a unique stationary probability measure (o;m;);.

Proof Let ig,i1, - ,ip € E* and 0 < 51 < --- < s < t. Let us introduce the filtration
Fs = 0(Xy,u < s). Then

Piy(Xsy = i1, , X, =ik 5 To > 1) = Pi(Xs, =1, , Xy, =ik 5 E(To > t|F,))
= Pi(Xey = i1, X, = in 5 By (To >t — s3))
( by Markov property).

Thus

. . . ) ) . P (TO >t — si)
tlg(x)lomo(xsl =1, Xg, = ik[To > 1) = Pi(Xs, = i1, , Xsp, = i) S %Pio(To > t)

. . Wik Os
Pio(X81 =121, 7Xsk :Zk) — € k,
7'('2'0

by using Theorem 3.2 (4). Let us now show that Y is a Markov process. We have

PiO(Y:ﬂ =11, 7YYSk :Zkvn :J) = e@t ﬂ_ij P’io(Xm =11, 7X8k :Zk’aXt :.])
io
B T T . ) )
= 69(t k) 608k —I k Pio(Xsl =11, 7Xsk = Zk) ]P)io(Xt—Sk = .7)
Wik g

( by Markov property)
= Pio()/S1 :ily"' 7}/skzlk) Pik(n—sk:j)y

and thus P(Y; = j|Ys, =1, - Y, = i) = Pik(Y;f*Sk = 7).

11



In particular, we obtain that

. Uy . 5

Moreover let us compute the infinitesimal generator Q of Y from the infinitesimal generator
Q of X. . We have for j # i,

~ ~ T
;= lim Pyj(s) = =2 Qij.
Qz] a0 ’L]( ) T Q’Lj

For j =1,
A 1— Py 1— %Py,
Qii = — hm “(8) = — lim 76 M(S)
s—0 S s—0 S
1— Os Os 1 — .
— _ hm € + € ( pu(s)) — 0 + Q“
s—0 S

Let us finish the proof by showing that the process Y is conservative.

Z Qij = Z %Qij-i-@.

jEE* jeE* "t

Since Qm = —0, then 3, p. m;Qi; = —6m; and thus 3, p. Qij =0. O

4 QSD for birth and death processes

We are describing the dynamics of isolated asexual populations, as for example populations
of bacteria with cell binary division, in continuous time. Individuals may reproduce or die,
and there is only one child per birth. The population size dynamics will be modelled by
a birth and death process in continuous time. The individuals may interact, competing
(for example) for resources and therefore the individual rate of death will depend on the
total size of the population. We will mainly focus on the logistic case, which models linear
density dependance: the death rate per capita (individual death rate) depends linearly on
the population size. In this case the process will go almost surely to zero, and our aim is
thus to study the existence (and uniqueness) of quasi-stationary distributions. In a first
part, we will recall and partially prove some results on the continuous time birth and death
processes, and in a second part, we will study quasi-stationarity.

4.1 Birth and death processes

Definition 4.1 A birth and death process (B-D process), is a N-valued pure jump Markov
process, whose jump amplitudes are +1 or —1, with transition rates given by:

i — i+1  with rate )\, (4.1)
i — i—1 with rate (4.2)

where \; and u;, © € N, are non-negative real numbers.
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Knowing that the process is at state ¢ at a certain time, the process will wait for an
exponential time of parameter \; before jumping to ¢ + 1 or independently, will wait for
an exponential time of parameter p; before jumping to ¢ — 1. The total jump rate for this
individual is thus \; + ;. We will assume in what follows that A\g = ug = 0. This condition
ensures that 0 is an absorbing point, modeling the extinction of the population.

The most standard examples are the following ones.

1) The Yule process. For each i € N, \; = \i for a positive real number A, and p; = 0.
There are no deaths. It’s a fission model.

2) The linear birth and death process, or binary branching process. There exist
positive numbers A and p such that A\; = A\i and p; = pé. This model holds if individuals
reproduce and die independently, with birth rate equal to A\ and death rate equal to u.

3) The logistic birth and death process. We assume that every individual in the
population has a constant birth rate A > 0. Moreover the individuals compete to share
fixed resources, and each individual j # i creates a pressure on individual ¢ with rate ¢ > 0.
Thus, given that the population’s size is i, the individual death rate is given by c(i — 1)
and the total death rate is

wi = ci(i —1).

Let us come back to the general birth and death processes. We will assume that \; > 0
and p; > 0 for any i € N*.

The process is defined by the sequence (7,,), of its jumps, either births or deaths. Let
us first see under which conditions under the birth and death rates the process is well
defined on R, , i.e. 7 =lim, 7, = +o0 a.s. . Indeed, if 7 = lim,, 7, < oo with a positive
probability, the process would only be defined for ¢ < 7 on this event. There would be an
accumulation of (small) jumps near 7 and the process could increase until infinity in finite
time.

There is a necessary and sufficient condition ensuring that a birth and death process does
not explode in finite time.

Theorem 4.2 The birth and death process does not explode in finite time, almost surely,
if and only if )", r, = 400, where

1 nil /’Lk+1 ... Mn l’l/]_ .. 'MTL
Tno=—+ - :
" An =1 >\k>\k+1 A AL A

Proof 1) Let us more generally consider a pure jump Markov process (X, ¢ > 0) with
values in N, and generator (Q; ;,4,j € N). We will denote ¢; = —Q;;. Let (T5,), be the
sequence of jump times of the process and (S,,), the sequence of inter-times

Sn:Tn—Tn_l, VnZl; T():O, S():O.

The process does not explode in finite time almost surely, (and is well defined on Ry ), if
and only if for each ¢ € N and T, = lim,, T},,
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Let us show that this property is satisfied if and only if the unique non-negative and
bounded solution = = (z;);ey of Q2 = x is the null solution.

For any i, we set hgo) =1 and for n € N*, h(» " = E;(exp(—Y_p_; Sk)). For any n € N,

n+1 ZQ@,] h exp( Sl))

JFi ¢
Indeed, the property is true for n = 0 since Z#J (i” =

respect to 57, and using the Markov property, we get

n+1 n
E; (exp ZS’“ \Sl> = E; (exp(—Sl) Exs, (eXp(—ZSk))> )

k=1

1. Moreover, by conditioning with

since the jump times of the Si-translated process are the T,, — S1,n € N*. We have

E; (Exs exp(—- ZSk ) S Pi(Xs, = ) Ejlexp(— 3 50) = 30 25 By (exp(— 3 50)),
k=1 k=1

J#i g

since P;(Xs, =j) = Q’ =l - and by independence of S and Xg,, we deduce that

n+1
E; (exp(—z 5’1) ZQ” E;(exp(— ZSk i(exp(—5S1)).

k=1 e i

e qi
E;(exp(—51)) = e 1%e™%ds = ,
(=50 = [ o

it turns out that

B+ Qij 5w
27; T hi". (4.3)
JF

Let (x;); be a nonnegative solution of Qx = x bounded by 1. Thus hgo) =1>x >0.

Let us show by induction that for any ¢, and for any n € N, hz(n) > x; > 0. Indeed, the

Qi,j
J# 1+q]¢ Q
> Qiy vy =mi = Quimi + 32 QijTj = —@i%i + 34 Qiyry, and 3o, 90 x) = ;.

Let us in another hand define for any j the quantity z; = Ej(e~1>). Using Tw, = lim,, T},,
)

and T,, = Y p_; Sk, we deduce by monotone convergence that z; = lim,, h}n .

previous formula implies that hgm_l) >> xj. Since x is solution of Qz = x, then

If the process does not explode a.s., then T,, = oo p.s., and lim, hgn) = z; = 0. Since

hl(n) > x; > 0, we deduce that x; = 0. Thus, the unique nonnegative bounded solution
Qx = x is zero.

If the process explodes with positive probability, then there exists ¢ such that P;(Tw <
o0) > 0. Making n tend to infinity in (4.3), we get

_ Qi
E Z 1+ g “
JF#i

14



and since z; > 0, z is a positive and bounded solution of Qz = z.

2) Let us now apply this result to the birth and death process with A\g = pp = 0. The
equation Qx = x is given by xg = 0 and for all n > 1 by

An$n+1 - ()\n + Nn)xn + UnTn—1 = Tp.
Thus, if we set A,, = x,, — T,,_1, we have A1 = z1 and for n > 1,

pn 1
A =A, —+ —z,.
n+1 n )\n + )\n n
Let us remark that for any n, A, > 0, and thus the sequence (x,), is nondecreasing. If
x1 = 0, the solution is zero. If not, we get by induction

n—1

L pgy1 o M1 fn
A, 1= il [t N
n+1 l‘n+z " >\k+1 n, TE + " n, T

We deduce that
rn T1 < An+1 < Tn Tn,

where

HE+1 " Hn M1 n
s ~+ .
Z /\k/\k+1 AL An

Then

n
371(1 +7r+ Tn) < Tn+1 <z H(1+Tk).
k=1

The boundedness of the sequence (), is equivalent to the convergence of the series ), 7.

O

Corollary 4.3 Let us consider a BD-process with birth rates (\;);. If there exists a con-
stant A > 0 such that

then the process is well defined on R, .

The proof is immediate. It turns out that the linear BD-process and the logistic process
are well defined on R.

Let us now study under which assumption the process goes to extinction almost surely.
Proposition 4.4 The BD-process goes almost-surely to extinction if and only if

M1 g

= 00. 4.4
:lh HE — o0 (44)
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Notation: We will denote for each n
A Aot

m=1; m=——-: (4.5)

Then, the condition for explosion is given by

/\ﬂ'
n>1””

Proof Let us introduce the quantity
u; := P(Extinction|Zy = 1) = P;(Th < o0),

which is the probability to attain 0 in finite time, starting from i. We have denoted as
before by Tj the extinction time. Then, using Markov property and the fact that the jumps
have amplitude 1, we have the induction formula: for each 7 > 1,

i Uip1 — (N 4 ) wi + pi uimy = 0.

To resolve this equation, we firstly assume that the rates A;, y; are nonzero until some fixed
level I such that A\; = pr = 0. Let us define for each i,

o = Py(Ty < T)).

(]

Thus
u; = lim ul([).
I—o00
If we define
171 ...
UI = l)fl l;:k7
S A
an easy computation shows that for ¢ € {1,--- 1 — 1},
I_l ..
UEI) —(1+ UI)_l H1 Mk‘
- A Ak

In particular, ugl) = 15{]1. Hence, if (Ur); tends to infinity when I — oo, then any

extinction probability w; is equal to 1. If (Ur)r converges to a finite limit Uy, then for
i>1,

(1+ Us 12“1”'&%,

which is strictly less than 1. O

16



Corollary 4.5 1) The linear BD-process with rates \i and pui goes almost surely to ex-
tinction if and only if A < u.

2) The logistic BD-process goes almost surely to extinction.
Proof 1) If A < p,i.e. when the process is sub-critical or critical, it is easy to show that

the sequence (Uy)r tends to infinity when I — oco. Thus, the process goes to extinction
with probability 1. Conversely, if A > u, the sequence (Ur); converges to ﬁ, and an easy

computation shows that u; = (A/p)".

2) Here we have
)\i =X\ y Mg = ,ui + Ci(i — 1). (46)

It is easy to check that (4.4) is satisfied. O

4.2 Quasi-stationary distributions for birth and death processes

Let us now assume that the initial distribution of the process is a measure ¢ on N*. It is
given by a sequence (g;);>1 of non-negative numbers such that >, ¢; = 1. Let us consider
the functions P;(t) defined on R* by

P;(t) = ZQiPz‘j(t),

where P;;(t) = Py(Z; = j|t < Tp). The sequence P; is solution of an infinite system of
ordinary differential equations, called the backward Kolmogorov or Fokker-Planck equation
(cf. for instance [3]). This equation involves the generator @ = (Q;;) of the killed process.
It is given by

ar;

o > Pi()Qy
i>1
= Pia(t)Qj-1;+ Qi Pi(t) + Piy1() Qv
= Aj1Pj1(t) = (A + p5) P (t) + pjsa Piga (t)
dPy
— = Pi(t). 4.7
i pa P (1) (4.7)
Let us look for the differential equation satisfied by Py (X; = j|t < Tp) = lfﬁot() 7y We have
d( PW Y _ 1 dB) B R
dt \ 1 — Py(t) 1— Py(t) dt (1—Py(t))2 dt -~
If we now assume that the probability measure ¢ is a quasi-stationary distribution, then
for any j, 1f¢;gt) = ¢; does not depend on ¢. The equation above is thus equal to 0. Let
us replace dl;jt(t) by its value given in (4.7). We deduce
L P () = O+ 1) P8 + 1yt P (8) + —D Py = 0
1— P(t) j—145-1 J T Mg )L Hi+1L541 1- Po(t))Q:U/I 1\t) =1,
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which leads for 7 > 2 to

Nj—1gi—1 — (Nj 4+ 15)q5 + pj+105+1 + p1grg; = 0.

If j = 1 we obtain

—(A1 4 p1)qr + poge + Nltﬁ =0.

These equations are in fact a necessary and sufficient condition to be a QSD.

Theorem 4.6 The sequence (q;);>1 is a QSD if and only if

1) q; >0, Vj > 1, and ijﬂlj =1
2)Vj>1,

Aj—1qj—1 — (Nj + 1) g5 + 111 = —p1q1gs;
—(M + p)qr + p2ge = _MIQ%- (4.8)

Let us remark that Equation (4.8) has the spectral form L*q = —0q, with 0 = u1q;.

Proof We have already proved that if ¢ is QSD, then it satisfies 1) and 2). Let us now
prove the converse.

Let be given a probability measure ¢ on N* such that 1) and 2) are satisfied. Let us define
the function ¢ — Py(t) as solution of the ordinary differential equation

dPo(t)
dt

Py(0)=0; = qp (1 — Po(t)). (4.9)

Then Py(t) = 1 — e?#1*. Now, let us define for j > 1 the function ¢t — P;j(t) by

Pi(t) = ¢;(1 - Po(t): (4.10)

Thus,

SRt =" qi(1— Ry(t)) =1 — Po(t),

Jj=21 j21

thanks to 1). Then we obtain that >, P;(t) = 1 and (P;(t));>0 is a probability measure
on N. It is easy to check, using 2), that it satisfies the Backward Kolmogorov equation.
Then there exits a Markov process (X¢,t > 0) on N, such that

P(X(0) =j) = P;(0) = gj, Vj > 1,
P(X(0) = 0) = Py(0) = 0.

The probability measure ¢ (with ¢; = %), is by construction a QSD for the process

X and the theorem is proved. Moreover we have for all 7 > 1,

Pi(t) = qj(1 — Po(t)) = qje—fhmt.
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Our aim now is to resolve (or to give an idea) of the resolution of the Equation (4.8)
depending on the coefficients A; and p;. (See Van Doorn [12] for details).

Let us define inductively the sequence of polynomials (H,(x)), as follows. We assume that
Hi(z) =1 for all z € R and that

Forn>2, A\, Hpp1(x) = A+ pn — ) Hy(z) — pn—1 Hyp—1();
A1 HQ(.Z’) = A+ pu—x. (4.11)

One can show by induction that for any n > 2, the polynomial H, has n—1 positive distinct
zeros. Let us denote by x,,, the smallest one. One can also prove that the sequence (z, )n
is decreasing and we denote

51 = lim Ty -
n—oo

Thus it can be shown from (4.11) that
xr <& <= Hp(x) >0, Vn>1.

Proposition 4.7 Recall that the sequence (my,), is defined in (4.5). Any quasi-stationary
distribution (q;); satisfies for all j > 1,

95 = q 75 Hj(pq).
Proof From (4.8) and (4.11), we get A\;Ha(xz) = A1 + 41 — 2z and

@ p2= A+ —qpn) =M Ha(qipm) qu,

which leads to
A
q2 = ;: q Ha(piqr) = mo i Ha(piqh)-

We thus proceed by induction to conclude. O

A main consequence is that since for any j, ¢; > 0 and g; > 0 for at least one j, thus
Hi(p1g1) >0 Vji>1 <= 0<pq <&

We can immediately deduce from this property that if & = 0, then there is no quasi-
stationary distribution. In fact we may state now a complete description of the existence
(or not) of QSD depending on the behavior of the coefficients. This theorem is proved in
Van Doorn [12|. We introduce a series (S) which plays a crucial role, with general term

_ 1 o0 .
Sp = P Zz’:n-H -

Theorem 4.8 1) We have

0o 1 00 e’} 1 n—1 1
> 5 izn;f—lﬂ-i OV ;wn (M +; >\m> v .

2) If (S) diverges then
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o If& =0, we have no QSD.

o If& > 0, there is an infinity of QSD, given by the one parameter family
. 1
qj(z) = — m; « Hj(z),
M1
for0<x <& (and pqr = x).

3) If (S) converges then & > 0 and there is a unique QSD defined for any j > 1 by

1
q; = E m; &1 Hj(fl)-

Moreover, we can also describe the Yaglom’s limit.

Theorem 4.9 (¢f. [12]) If & =0, then
}l}?opi(zt =j|To > t) =0.

2) If & > 0, then

. 3 1
tlgloloIP’Z(Zt =jlTy >t) = E T & H;(&).

The proof uses the spectral representation of the semi-group Pj;(t). In fact the sequence
(Hy,)n is a sequence of orthogonal polynomials with respect to the spectral measure.

The convergence of the series (S) thus characterizes the existence and uniqueness of the
QSD, which is equal to the Yaglom’s limit.

Let us now develop some examples.

The linear case. We assume A\, = An ; u, = un and A < p. An easy computation
yields & = p — A and
A
Tn = — )
nwooon
and that the series (S) diverges. For A < u, & > 0 and there is an infinity of QSD. If
A = p, &1 = 0 and there is no QSD.

The logistic case. We assume A\, = An ; u, = pun + cn(n — 1). We have

o< 2 () 550w

(]
3
A

i=n+1 i=n+1 p=0
n o0 P n
< (2 L AV L (A L .2
c) (n+1)! =\¢ (p)! c) (n+1)
since #ﬂl)! < ﬁ. Thus as - < C'€ (% o , we get

Hence the series converges. In the logistic case, there exists a unique quasi-stationary
distribution.
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5 The logistic Feller diffusion process

5.1 A large population model

We are now considering a logistic birth and death process with a large population as-
sumption. We introduce a parameter K which scales the population’s size, in the sense
that

Z

& PKooo Xo with E(X{) < +oo.

Since the process ZX has a finite number of jumps in a finite time interval, then for any
time ¢, Z will stay of order K. Then we are led to study the asymptotic behavior of the
re-scaled process (X/,t > 0), defined by

1
K

N
zE e —.

XK %

Since the total amount of resources is fixed, population increasing makes decrease the
individual resources and thus also the biomass of each individual. Thus we will assume
that the individual competition rate is equal to & with ¢ > 0.

The transitions of the process (X/<,¢ > 0) are the following ones:

i, il withrate)\i:)\K%;

K

] 1—1 ith rate i + c (i — 1) Kz' n (z 1)
—_— 1 T —_— —_ = —_— —_—— .
K WAL TAte o e o K\TYK T K

We assume in the following that A > pu.

The Markov process (XtK ,t > 0) is well defined and its infinitesimal generator is given, for
any measurable and bounded function ¢, by

Lioto) = ((o+ 32) = ola) | Mo 5.1)
+ (0l = )~ 00 K+ ot = ) (5.2)

Hence, we deduce by Dynkin’s theorem that
ot~ 60x) — [ Lucotxtyas x)

is a local martingale, and a martingale, as soon as each term in (5.3) is integrable. In
particular, taking ¢(r) = x, one gets that (X/<,¢ > 0) is a semimartingale and that

t 1
XtK:Xé(—kMtK—k/XSK<>\—M—0<XSK—K>>ds. (5.4)
0
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Assuming that E(X3) < oo, and with a localization argument, we deduce that E(sup;<p(X{)?) <
o0. Moreover, taking ¢(x) = 22 applied to (5.3), and comparing with It6’s formula for the
square of XtK , we deduce that (M) is a square-integrable martingale and that

I 1
< MK >t—K/ ()\—i—,u—l—c<XsK—K)>des. (5.5)
0

As K increases, the birth and death process issued from Z§< will jump more and more times
with smaller and smaller jumps and it is suitable to obtain more tractable approximations.

Theorem 5.1 Assume that Xo = x9. The process (X*,t > 0) converges in law in
D([0,T],Ry) to the unique continuous (in time) deterministic function solution of

x(t) = zo + /0 (A —p—cx(s))x(s)ds.

Remark 5.2 The function x is thus solution of the ordinary differential equation
i=(\—pz—cx?; 2(0) = o, (5.6)

called logistic equation. This equation has been historically the first macroscopic model
describing populations regulated by competition between individuals. In the theorem above,
we obtain a microscopic justification. Equation (5.6) has a unique stable equilibrium equal
to x* = ’\%“ and called charge capacity. One can easily prove that when t tends to infinity,
xz(t) — x* and the population stabilizes at this state. At this scale extinction does not
happen.

Proof The process t — X/ is left limited and right-continuous from R into R. We
want to study the convergence in law of the sequence (X*), when K tends to infinity. For
any K, the law of XX is a probability measure on the trajectory space. We need some
topological properties of this space. For each T" > 0, let us denote by Dy = D([0, 7], Ry)
the space of left-limited and right-continuous functions from [0,77] into R;. This space
is called the Skorohod space. The main point is to define a topology which makes D a
Polish state, that is a metrizable complete and separable space, which is not true if Dp is
endowed with the uniform topology. This topology, called Skorohod topology, is equivalent
to the uniform topology for continous functions. More generally, two trajectories will be
close if, up to the small time deformations of one of them, the trajectories are close in the
uniform topology sense. See Billingsley [5] for details.

The proof of the convergence is obtained by a compactness-uniqueness argument. The
uniqueness of (5.6) is immediate.

By a natural coupling, one may stochastically upperbound the birth and death process
XX by the Yule process YX issued from zg, which jumps from = to x + %, at the same
birth time than X*. It is casy to show that sup E(sup;<7(Y*)?) < oo, thus it turns out
that

sup E(sup(X{)?) < oco. (5.7)
K t<T
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From this uniform estimates, it is not hard to deduce the uniform tightness of the laws
of XX (as probability measures on D7), using the Aldous criterion (cf. Aldous [1]). B
Prokhorov’s theorem, the compactness of the laws of (X®) is thus proved. To get an
intuition of the limit, we can firstly remark that

1
K K
sup |X; — X2 | < —.
sup X x| <
Since the function z + sup;<r [ — 2,-| is continuous on D7, we may conclude that each
limit value (in law) of the sequence (X*) will be a process with continuous trajectories.
In addition using (5.7), we easily show thanks to (5.5) that

lim E((M¥),) =o0.

K—o0
The random fluctuations disappear when K tends to infinity. The limit values will be
deterministic functions. Now it remains to show that these limit values are solutions of
(5.6). This identification step will be developed in the proof of Theorem 5.3 stated below.
O

Let us now consider another scaling accelerating births and deaths. The birth rate Ag of
the process XX will be equal to YK + A, and the natural death rate pg to YK + 1, \, 7y, it
being positive numbers with A > p. The transitions of the process are given by

1
P ith rate 7Ki+ A i = K (7K 4+ \) —

E

f <7K+M+C([; - ;))
(5.8)

1—1

7 K

|~ |~

with rate vKi + ui + %‘(i 1=K

Formula (5.4) giving the semi-martingale decomposition of X% will stay true with a mar-
tingale part N¥ such that

I 1
< NK >,= / (2ny+)\+u+c(XSK—> XKds.
K Jy K
One immediately observes that a priori, the expectation of this quantity will not tend to
zero as K tends to infinity. Hence the fluctuations will not disappear at infinity and the
limit will be random. Let us now state the theorem.

Theorem 5.3 Consider the sequence of processes (X) with transitions (5.8) and initial
condition Xo such that E(X3) < co. It converges in law in P(Dr) to the continuous process
X, defined as unique solution of the stochastic differential equation

dX; = \/27Xed By + (A — p) Xy — cX?) dt (5.9)
1ssued from Xj.

When ¢ = 0, the equation (5.9) is the Feller stochastic differential equation. In the general
case where ¢ # 0, it will be called logistic Feller stochastic differential equation following
the terminology introduced par Etheridge [13] and Lambert [23]|. Let us remark that the
solutions will be non-negative, and that 0 will be an absorbing point.
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Remark 5.4 Theorem 5.8 shows that the accumulation of a large amount of birth and
death events creates stochasticity, called demographic stochasticity.

Proof As in the proof of Theorem 5.1, the proof will be based on a uniqueness-
compactness argument.

(1) First step. Let us show the uniqueness of the solution of (5.9). We refer to Ikeda-
Watanabe [20]| Section IV-3 or to Karatzas-Shreve [22]|. Let us recall their results obtained
for the stochastic differential equation

dXt = O'(Xt)dBt + b(Xt)dt,

with ¢ and b continuous on [0, +0c0) and of class C' on (0,+00). There is existence and
pathwise uniqueness of the process until the explosion time 7" = Ty A T\, where for each
x>0,

T, = inf{t € Ry, X; = x}.

The behavior of the process near the boundaries is described thanks to two scale functions.
Let us define for « > 0 the functions

Q) = — /1 "2 g,

o*(y)
and
Az) = /lxepr(z)dz; (5.10)
K(z) = /13:@@@) (/1yeQ(Z)dz> dy. (5.11)
We have

Theorem 5.5 (cf. [20] Theorem IV-3.2). The two propositions are equivalent.
(i) Vo > 0, Po(Tp = T < Tno) = Py(limy_oo Xpne = 0) = 1.
(11) A(+00) =00 ; k(0T) < +o00.

In that case, we have pathwise uniqueness of the process, and then uniqueness in law by
Yamada’s Theorem.

In our case, since the coefficients are

o(2) = 3T 3 bla) = (A — p — ca?,

the functions A and x satisfy the assumptions of Theorem 5.5 (ii). Thus the existence and
pathwise uniqueness of the solution of (5.9) are proved and the process goes to 0 almost
surely (that is, extinction almost sure of the population).

(2) Second step. Let us assume that E(X3) < oo and let us prove that supx E(sup,<7(X/)?) <
00. The generator of XX is given by

Lxole) = (ot ) = o)) GRe + Mo (5.12)
4 <¢(x - %) - ¢>(a:)> (vKz + p + ca(z — %))K. (5.13)
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With ¢(x) = 23, we obtain that

K
(XSK + ;)3 - (XSK)?’] ds

[ -t [ (- 1) - x|

t 3 3
(X3 = X§+MtK+/ VK2XE [<X§<+1> — <X§<—1> — (Xf)?’] ds
0

t
+ / AKXE
0

where M¥ is a martingale. Using that

1\? 1\° 3 XK
K K K _ s
(xfo i) - (3= f) - (9’ =0 35,

it is immediate to get

B < BOR) +C [ B0 as,
0

where C' is independent of K. By Gronwall’s lemma, we deduce that

supsup E(| XX 3) < oo. (5.14)
t<T K

Now, thanks to this result and to Doob’s inequality, we may deduce from the semi-
martingale decomposition of (X/€)? (obtained using ¢(x) = 22), that

sup E(sup | XX %) < oo. (5.15)
K t<T

(3) Step 3. The uniform tightness of the laws of (X) is obtained using the Aldous
criterion [1], thanks to (5.15). Then the sequence of laws is relatively compact and we
have to characterize its limit values.

(4) Step 4. As in the proof of Theorem 5.1, we remark that the limit values only charge
the set of continuous trajectories, since sup,p [AX[| < . Let Q € P(C([0,T],R4)) be
a limit value of the sequence of laws of the processes X%. We want to identify @ as the
(unique) law of the solution of the logistic Feller stochastic differential equation. It will thus
be uniquely defined, and the convergence will be proved. Let us denote Cp = C([0,T],R4)
and define, for ¢ € Cf, and ¢t > 0 the function

'lptICT — R

X = ¢(Xt)—¢(Xo)—/0 (VX0 (Xs) + (A = ) Xs — cX3)¢' (X)) ds.

Then, X — (X)) is continuous Q-a.s.. We want to show that if X is the canonical process
on Cr, then (¢+(X)): is a @-semi-martingale. We know that

BE(XK) = o(XE) — 3(Xo) — /0 Lo (XK)ds
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is a martingale, where L has been defined in (5.12). For 2 € Ry, we define

Lo(x) = yad" () + (A — p)z — ca®)¢/ (x).

We have
Lké(e) ~ Lo = 7Kz |6lr + )+ 6la — ) — 20(a) — 730" (2)
FAK 2|6+ 2) — 6(2) — (@)
HK (ot cola = 1) [oo = g0) = 0(0) + (o).
Using the Taylor expansion, we immediately get
Lkole) ~ o) < & (@ +1), (5.16)

where C doesn’t depend on z and K. By (5.15), we deduce that E (|[~/K¢(XtK) - qu(XtK)|)
tends to 0 as K tends to infinity.

For s; < -+ < s < s <t for g1, - ,gr € Cp, let us introduce the function H defined on
the paths by

H(X) = g1(Xs,) -+ gr( X)) (€0(X) = hs(X)) -
Our aim is now to show that
Eq(H (X)) =0, (5.17)
which will imply that X is a Q-martingale. Since (1 (X)), is a martingale, we have
E [g1(X5) - gu(X5) (9 (XF) =9 (X5))] = 0.
In another way, this quantity is equal to

E [gi(XE) - gr(XE) (0 (XT) = I (XF) = hp(XT) 4+ 4p5(XF))]
+E [g1(X5) - gr(XE) (e(XT) = 0o(XT)) — 01(Xs,) -+ gr(X,) (€6(X) — 1h5(X))]
+E [g1(Xs)) - gr(Xs) (0e(X) — 05(X))].

The first term is equal to
t
E o (XE) - 0u(08) [ (Ewo(xt) - LoxS) ) as|
0
(5.16) makes this term tend to 0.
The second term is equal to E(H (X®) - H(X)). Since X +— H(X) is continuous and since

H(X) < Cte (1 + f;(l + X,g)du) and is therefore uniformly integrable by (5.14), this term
tends to 0 as K tends to infinity.
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Then we get (5.17) and thus the process ¢4(X) is a @Q-martingale. That means that for
any ¢ € C’g,

H(X,) — (Xo) — /0 Lé(X.)ds

is a martingale.

(5) Step 5. The last step consists in proving that under @, the process X is solution of
the logistic Feller stochastic differential equation (5.9). Taking ¢(z) = x leads to X; =
Xo+ M; + fg(()\ — ) Xs — cX2)ds, where M is a martingale. Taking ¢(x) = 22 in one
hand and applying Itd’s formula for X? in another hand allows us to identify

t
(M) :/ 27y X, ds.
0

The last step consists in concluding that there exists a Brownian motion B, such that

t
M, = / /27X, dB;.
0

This representation theorem can be found in [20] or in [22]. The Brownian motion B will
be defined on an enlarged space. We firstly introduce an auxiliary space £’ and a Brownian
motion W on this space. The enlarged probability space will be (Cr x Q' F; @ F/, P P').
Then the process defined by

t 1 t
Bw,w’:/l w dMSw—l—/l w0 AW (W'
ensl) = [} s Tt V() + [ 0 W)

is a continuous square integrable martingale, and

t 1 t
Whe = — 1x (o dM8w+/1 w)—o ds =t.
W= [ 555 W A0 + [ 1xmg

Hence B is a Brownian motion on C7 x Q. We have

E ((Mt—/ot \/2fy7XsdB5>2> =F <<Mt—/0tlxs¢0 dMS>2> —E</Ot1X5_0 d<M>5> =0.

Hence, M; = fot V2vXs dBs.

The conclusion of the theorem follows. O

6 QSD for logistic Feller diffusions

This part is developed in Cattiaux et al [8]. Let us consider the logistic Feller diffusion
process defined as the unique pathwise solution of

dZ; = \/ZdBy + (rZs — cZ2)dt, Zy >0,
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where the Brownian B and Zj are given, and r and ¢ are assumed to be positive. We study

in this case the existence and uniqueness of a quasi-stationary distribution for the process
Z.

Let us firstly state the main theorem of this part.

Theorem 6.1 1) There exists a Yaglom limit m € P(R?) for the process Z. Then one has
the existence of a QSD.

2) For any x > 0, the Q. -process exists and converges, ast — oo, to its invariant probability
measure which is absolutely continuous with respect to m (but not equal).

3) The QSD is unique.

Remark 6.2 This theorem has to be related with the one concerning the logistic birth and
death process (Section 4). In both cases we have existence and uniqueness of a QSD. Hence,
the latter can be proposed as the interpretation of the mortality plateaus that biologists
observed.

The theory studying the quasi-stationary distributions for one-dimensional diffusion pro-
cesses started with Mandl [26] and has been developed by many authors. See in particular
[9], [27], [36]. Nevertheless in most of the papers, the diffusion and drift coefficients are reg-
ular and the "Mandl’s condition" k(+00) = 0o (see (5.11)) is assumed . These conditions
are not satisfied in our case.

Let us remark that firstly the diffusion coefficient of the logistic Feller process can be zero,
and secondly the drift term is quadratic and explodes at infinity. These two specificities
lead to technical difficulties and new mathematical results.

Let us now give the ideas of the proof.

We firstly make a change of variable to obtain a Kolmogorov equation. Let us introduce
the process (Xy;,t > 0) defined by X; = 24/Z;. Of course, X is absorbed at 0 as Z and
the research of QSD for Z will be easily deduced from the one obtained for X.

An elementary computation using It6’s formula shows that
where the function ¢(x) is given by

1 re cxd

@ =g -3t 5
Such a process X driven by a Brownian motion is called a Kolmogorov diffusion process.
Let us remark that the function ¢ is continuous on R’ but explodes at 0 as % and at
infinity as §x3. The strong cubic back strength at infinity will force the process to live
essentially in compact sets. That will provide the uniqueness of the QSD, as seen below.
This result is very different of the results obtained in case of smooth drifts or going slower

to infinity. For example, Lambert [24], proves that if ¢ = 0 and r < 0, then either r = 0
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and there is no QSD, or r < 0 and there is an infinite number of QSD. Lladser and San
Martin [25] show that in the case of the Ornstein-Uhlenbeck process

dY; = dB, — Y,dt,

killed at 0, the spectral equation L*¢) = —6 can be realized with a non-negative and
integrable function v for any 6 € (0,1]. It turns out that there is a continuum of QSD
with decay rates 6 € (0, 1].

6.1 Existence of a QSD

Let us study the Kolmogorov diffusion process (6.1). As before we are interested in the
semi-group of the killed process, that is, for any « > 0, for any t > 0, for any f € Cy(R?),

Ptf(x) = Ez(f(Xt)1t<T0)' (62)

We have computed in the previous section the infinitesimal generator given for ¢ €

CZ((0,+00)) by

L= 56" 0. (6.3)

We are led to develop a spectral theory for this generator. Firstly, we introduce the measure

1, defined by

p(dy) = e Wy, (6.4)
where () is defined as before as
Y r 2 €4
Qy) = 1 2q(y)dy =Iny + 5 (1 —y") + ("~ 1).

Let us remark that in our case, the measure p is not finite. Nevertheless, through the
unity function 1 does not belong to IL?(1), this space is the good functional space in which
to work. The key point we firstly show is that, starting from = > 0, the law of the killed
process at time t is absolutely continuous with respect to p with a density belonging to
IL2(u). The first step of the proof is a Girsanov Theorem.

Proposition 6.3 For any bounded Borel function F' defined on 2 = C([0,t],R%) it holds

E, [F(w) 1t<To(Lu)] = E" F(w) 1t<To(w) exXp (; Q((IJ) - %Q(wt) - % A (q2 - q/)(ws)d‘s)]

where EW= denotes the expectation with respect to the Wiener measure starting from x.

Proof It is enough to show the result for non-negative and bounded functions F'. Let
e €(0,1) and 7. = T. ATy /.. Let us choose some 1) which is a non-negative C'*° function
with compact support included in Je/2,2 /e[ such that ¢.(u) =1 if ¢ <wu < 1/e. For all x
such that ¢ < z < 1/e the law of the diffusion (6.1) coincides up to 7. with the law of a
similar diffusion process X¢ obtained by replacing ¢ with the cutoff function ¢. = ¢qv.. For
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the latter we may apply Novikov criterion (cf. [31] p.332), ensuring that the law of X¢ is
given via Girsanov’s formula. Hence

B [F) ieri] = B [P ticr e ([ et — 3 [ (@015
- [P L e [ o~ 5 [ P ()ds) |
= B [P i o0 (300 - Q0 - 3 [ @ = dwnds)|

integrating by parts the stochastic integral. But 1<, is non-decreasing in € and converges
almost surely to 1,7, both for W, and for P, (since P,(Tp < oo) = 1)). Indeed, almost
surely,

lim X, =lim X7, =lime =0

e—0 e—0 e—0

so that lim. o7 > Typ. But T, < Tj yielding the equality. It remains to use Lebesgue
monotone convergence theorem to finish the proof. O

Theorem 6.4 For all x > 0 and all t > 0 there exists a density function r(t,z,.) that
satisfies

+o0
Bf(X) Lier) = [ 1)) )
for all bounded Borel function f.
If in addition there exists some C > 0 such that
¢*(y) —d'(y) > —C forall y>0, (6.5)

then for all t > 0 and all x > 0,

+oo
/ r2(t,z,y) p(dy) < (1/2mt)2 Q@)
0

Proof Define

1

G(w) = 1icry(w) €xp (; Q(wo) — %Q(Wt) ) /0 (QQ - q/)(ws)d3> .

Denote by

2t

the density at time t of the Brownian motion starting from x. According to Proposition
6.3, we have

N2
e—v(t,a:,y) _ (27‘(‘75)_% exp (_ (l' y) >

E, (F(X0) Licry) = E™ (f(wr) E™ (Glur))

= / f(y) wa (G|wt = y) e—v(t,x,y) dy
+o00
= A f(y) EWI (G|wt = y) e*v(t,x,y)+Q(y) ,U’(dy) ,

30



because EV=(G|w; = y) = 0 if y < 0. In other words, the law of X; restricted to non
extinction has a density with respect to u given by

r(t,x,y) = EW= (Glws = y) e~ V(LT y)+Qy)

Hence

+o0 2
/ r(t, x,y) p(dy) = / (IEWI(G\wt =) e*v(tw,y)JrQ(y)) e~ Qtvtey) g=v(tzy) g,
0

EWI <e—v(t,x,wt)+Q(wt) (EWE (G‘wt)>2>

EWm (e—v(t,z,wt)+Q(wt) EWE (G2 ’wt))

IN

< Q@ gWe (1t<TO (o €U ¢ Jo <q2fq'>(ws>ds> ,

where we have used Cauchy-Schwarz’s inequality. Since e~(:%+) < (1/ 27rt)%, the proof is
completed. O

Thanks to Theorem 6.4, we can show, using the theory of Dirichlet forms (cf. Fukushima’s
theory [16]) that the infinitesimal generator L of X, defined for g € C°(R4) by

1
Lo—= —d" —ad
g 29 qg

can be extended to the generator of a continuous symmetric semi-group of contractions of
L2(p) denoted by (P:)¢>0. Then we can develop a spectral theory for L and P; in L2(p).
In all what follows, and for f, g € L?(u), we will denote

()= [ f@gomlds).
R4
The symmetry of P, means that

<Ptf7 .g),u, = <f7 Ptg>ﬂ'

We can show

Theorem 6.5 Assume (6.5) and that lim,_,o ¢*(y) — ¢'(y) = +oo.

Then the operator —L has a purely discrete spectrum 0 < A1 < Ao < .... Furthermore each
Ai (i € N*) is associated with a unique (up to a multiplicative constant) eigenfunction mn;

of class C%((0,00)), which satisfies the ODE

1

5772/ —qn; = —N\i7);. (6.6)

The sequence (n;)i>1 is an orthonormal basis of L*(u) and m(x) > 0 for all x > 0.
In addition, for each i, n; € L'(u).
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The proof of this theorem is based on a relation between the Fokker-Planck operator L
and a Schrodinger’s operator. Indeed, let us set for g € L2(dz),

Pg=e"9% p(ge9/?).
P, is a strongly semi-group on L?(dzx) with generator defined for g € C°((0,400)) by

~ 1 1

Lg==NAg—=(¢* - ¢) g.
9= 509 2(q q)g

The spectral theory for such Schrédinger’s operator with potential (q2;ql) on the line (or

the half-line) is well known (see for example the book of Berezin-Shubin [4]), but the

potential @ does not belong to L7 as generally assumed. Nevertheless, Condition

(6.5) ensures the compactness of these operators.

This theorem leads immediately to the following

Corollary 6.6 For f € L?(u),

Ptf =Lz Z e_)\it <nlv f>,u« i, (67)
1EN*
then for f,g € L(),
(9 Pef ) ~tsoo € (01, ) (01, 9D - (6.8)

Proof For f € L?(u),

Bf = Z<Ptf7 Ni)p i
1EN*
= Z (f, Pmi)u i (by symmetry)
iEeN*
= Z ei)\it <f’ 771>M ni.

1EN*

The second assertion immediately follows. O

Let us now prove the existence of the Yaglom’s limit. Let us assume for a while that the
function identically equal to 1 belongs to IL?(u) (which is false in our case since the total
mass of y is infinite). We would have by (6.7) that

e M (1, 1), m

Pif ~ieo e M1 e, flu m.

Pl ~

Then, we would deduce (since 77 > 0) that

(7717f>ﬂ
<771; 1>u.

E:p(f(Xt)‘t < TO) ~t—o00
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From this heuristics, we deduce that a good candidate to be a QSD is the probability

measure
m

[ mdu

dp,
which is well defined since n; € L!(u).
Let us now state the main theorem of this section.

Theorem 6.7 Assume (6.5) and that limy_,o. ¢*(y) — ¢'(y) = +00. Let us set

frnd 771
S mdp

Thus for any x > 0, t > 0 and A a Borel subset of (0,400), we have
(i) Po(Ty > t) ~ioo €M ().

(ii) vy is the Yaglom’s limit:

"

dp.

thm Px(Xt S A|T0 > t) = Vl(A).
—00

(iii) v1 is a QSD and P, (T > t) = e M.

(iv) We obtain the speed of convergence:

lim e~ P2 MR (X, € A|Ty > t) — v1(A)) < +oo.

t—o00

For the complete proof we refer to [8]. Let us only give the mathematical trick which allows
us to overtake the fact that 1 ¢ L?(u). We use the Markov property and write for ¢ > 1

E.(f(Xe)1li<t,) Eq(f(Xe) i<y |F1))

E.(
=  E.(Ex, (f(Xi—1) Limiem))
= /Ey(f(Xt1) Le1em) 7(1, 2, y)p(dy)

_ / P f () r(1, 2, y)u(dy) = / F(9) Peoar(1, 2, y)u(dy)

—A(=1) <7717f>ﬂ <7’]1,7"(1,ZE, )>,LL

~tsoo €
Here we have used that 7(1,x,.) € L?(u) and the symmetry of P;_.
Now, noting that (n1,r(1,x,.)) = Py (z) = e *ny(x), and proving boundedness estimates

on the function r, we deduce that <m"11)u dp is the Yaglom limit, and then a QSD.
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6.2 Uniqueness of the QSD
Theorem 6.8 The QSD vy is the unique QSD for the process X.

The proof will be developed in several intermediary results. We will prove that v, attracts
all initial distributions v supported in (0, c0), that is

tli>m ]PV(Xt € A‘To > t) = 1/1(14), (69)

for all Borel set A. This property implies the uniqueness of the QSD. Indeed, take another
QSD vy. Then P, (X; € A|Ty > t) = v2(A) by definition and tends to v; (A) by assumption.

Let us remark that the function () satisfies that

/ QW) </ e Q) dz) dy < oo. (6.10)
1 Yy

Tonelli’s theorem ensures that (6.10) is equivalent to

00 y
/1 e QW) </1 @) dz) dy < oo. (6.11)

Let us show that this property is equivalent to the fact that the process X comes down
from infinity: there exists y > 0 and ¢ > 0 such that

xETwa(Ty <t)>0.
Therefore +o00 is an entrance boundary for X (see for instance [31]).
Proof Let us show that “oco is an entrance boundary” and (6.11) are equivalent. This
will follow from [21, Theorem 23.12,(4ii)|. For that purpose consider Y; = A(X}), where
A(z) = [["e®Wdy. Since 2A” —gA’ = 0 and A(co0) = o0, it is easy to show by Ito’s formula
that (Y;,t > 0) is a martingale and that

dY; = N(A™1(Y;))dB;.
A standard computation shows that

b—y
Py(T3/<TbY): b*aj

where T is the hitting time of a for the diffusion Y. Then, co is an entrance boundary
for Y if and only if

[e.@]
| ymiay <o,
0
where m is the speed measure of Y, which is given by

2 dy

" W

(see [22, formula (5.51)]).
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After a change of variables we obtain

/ ym(dy)—/ e_Q(y)/ e?@dz da.
0 1 1

Therefore we have shown the equivalence between (6.11), and then (6.10), and the fact
that the process comes down from infinity. O

Proposition 6.9 For any a > 0, there exists y, > 0 such that sup,,,, E,(e4Tv) < o0o.

Proof Let a > 0, and pick x, large enough so that

/ x)/ Q) 4z dx < i
2a

Let J be the nonnegative increasing function defined on [z, 00) by

J(x) :/ eQ(y)/ e @) dz dy.
Za Yy

Then check that J” = 2¢J" — 1, so that LJ = —1/2. Set now y, = 1 + z,, and consider a
large M > x. 1t6’s formula gives

tAT M NTy,
E, (e® N Tve) J(Xiaryaty,, ) = J(2) + By ( / e (aJ(Xs) + LJ (X)) ds> .
0

But LJ = —1/2, and J(X;) < J(o0) < 1/(2a) for any s < T,,, so that
Eq (D) J (Xinmy nt,,) < J(2).

But J is increasing, hence for x > y, one gets 1/(2a) > J(z) > J(y,) > 0. It follows that
B, (e*TvATw)) < 1/(2aJ (y,)) and finally E,(e®Tva) < 1/(2aJ(y,)), by the monotone
convergence theorem. So Proposition 6.9 is proved. O

Proving that v; attracts all initial distribution requires the following estimates near 0 and
0.

Lemma 6.10 Assume (H) holds, and sup,s,, Ez(e’770) < co. For h € L'(p) strictly
positive on (0,00) we have

JiE h(@)Ba (To>1)u(dz)

lslig hl:isololp [ h(z)Pz(To>t)p(dx) =0 (612)
lim hmsup Sar W(@)Pa(To>t) pu(de) —0 (613)

Mtoo  toeo J M@)P(To>t)u(dz)

Proof We start with (6.12). Using Harnack’s inequality (to bound by below the density
r(t,x,y), see [37]), we have for € < 1 and large ¢

f[) To > t) (dm) < P (TO > t fO (dZ)
fh To > tuldr) ~ ¢ [ (e (dq:)IF’l(To >t—1)
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then

+(Th > t)p(d Py (Ty > t) d
s JE b b > t)u(de) < limsup 312( 0> 1) [g h(2)p(dz)
1-r00 fh To>t> (dz) = oo C [32 1 (dx)P1(T0>t*1)
*)‘lf h(z)p(dz)

3/2 ’
O [P h@ulde)
and the first assertion of the lemma is proved.

AszO )

For the second limit, we set Ag := sup E,(e < 00. Then for large M > xg, we have

r>x(0
t
Pﬁn>4):/ﬁm&%>wm%a%ed@—u»+Pﬁgo>o.
0

Using that ull)rgo eMUPy (To > u) = n1(x0)(n1, 1), we obtain that By := SI;I(; MNP, (To >
uz

u) < 0o. Then

P.(Ty > t) < By [y e 1UPy(Ty, € d(t — u)) + Py(Tyy > t)
< By e Mt By (eMToo) 4+ e Mt By (eMToo) < emMPAG(By + 1),

and (6.13) follows immediately. O

Let us now prove that vy attracts all initial distribution.

Proof [Proof of Theorem 6.8] Let v be any fixed probability distribution whose support
is contained in (0,00). We must show that the conditional evolution of v converges to v;.
We begin by claiming that v can be assumed to have a strictly positive density h, with
respect to u. Indeed, let

Uy) = /r(l,x,y)u(dx).

Using Tonelli’s theorem we have

//r(l,x,y)V(d:r)M(dy) = //r(l,:c,y)u(dy)y(dx) = /Pw(TO > Du(dr) < 1

which implies that [7(1,z,y)v(dz) is finite dy—a.s.. Finally, define h = ¢/ [ ¢dp. Notice
that for dp = hdu

PV(Xt_HE-‘T0>t+1)=Pp<Xt€-‘T0>t),

showing the claim.

Consider M > ¢ > 0 and any Borel set A included in (0,00). Then

JPa(Xe € A, Ty > Oh(x) u(de)  [M Po(Xi € A, Ty > t)h(w) p(dx)
J Pu(To > t)h(x) p(da) JMBL(Ty > t)h(x) p(dz)
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is bounded by the sum of the following two terms

71— [ [Pe(Xe€A To>Dh() p(dz) _ JM Py (Xt€A, To>t)h(z) u(dz)
- J Pa(To>t)h(z) p(dx) J Po(To>t)h(z) p(dx)
0 - JM Po(Xi€A, To>th(z) p(dz)  [M Po(Xe€A, To>t)h(z) p(de)

T Po(To>t)h(x) p(da) MR (To>t)h(x) u(de)
We have the bound

J5 Pa(To > (@) p(da) + [37 Bo(To > )ha) p(d)

I1vI2<
JBo(Ty > O)h(z) u(de)

Thus, from Lemma 6.10 we get

JPo(Xi € A, Ty > h(z) p(dz) [ Po(X, € A, Ty > t)h(z) p(dz)

J Pu(To > t)h(x) pu(dx) JMPL(Ty > t)h(x) p(dx) -0

lim limsup
el0, Mtoo  t—co

On the other hand we have

JMBL(Xy € A, Ty > )h(x) p(dz) [, mi(2)u(dz)

s - =" (A)7
e [MP(Ty > th(x) p(de) S m(2)u(dz)
independently of M > ¢ > 0, and the result follows. ]

6.3 The Q-process

Let us now describe the law of the trajectories conditioned to never attain 0.

Theorem 6.11 Let us fix a time s and consider B a measurable subset of C([0,s]). Then
for any x € RY_,

lim P,(X € Blt < Ty) = Qu(B),

where Q is the law of a continuous process with transition probabilities given by q(s,z,y)dy,
where

s M (y)

—Q(y)
m(z)

q(s,z,y) = r(s,z,y) e

Proof Since r(s,z,y) e QWdy is the law of X, issued from z, we have to prove that

Qu(B) = Qu(X € B) = E, <1B<X> ";f()f)) 1To>s) |

We have

Py (X € B;Ty >t) P.(X € B;Ty > s;Ex, (To >t — 5))
P.(Tp > t) B P.(Tp > t) ’
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and we have proved that

Then,

. P(X €BTy>t) M) m(Xs)
tllpgo P, (Ty > t) () F <1 ) n(x) T0>8>

Corollary 6.12 For any Borel set A C (0,00) and any z,

lim Qu(Xs € 4) = /Anf(y)u(dy) =<m, 1>, /Am(y)m(dy)-

§—00

Proof
Since 141y € L?(u), thus

m(x) Qu(X, € 4) = / 14(y) m(y) M r(s,2,y) uldy)

converges to 11 (z) [z ni(y)u(dy) as s — +oo, since eMor(s,z,.) converges to ny(z)ni(.)
in L2(du). O

Remark 6.13 The stationary measure of the QQ-process is absolutely continuous with
respect to v1, with Radon-Nikodym derivative < 71,1 >, 11, which is nondecreasing.
In particular, the ergodic measure of the ()-process dominates stochastically the Yaglom
limit.

7 Simulation: the Fleming-Viot system

The proof of the existence of the QSD vy is based on spectral theory arguments and doesn’t
give quantitative information on this QSD. Hence, it is very convenient to know how to
approximate this QSD using simulable particle systems. We present here the main ideas
of the work of Villemonais |38|.

To avoid the problem of unboundedness of the drift at the boundaries, the first step consists
in approximating the QSD v; by a sequence of QSD (v°). of diffusion processes with
bounded drift. One defines P° as the law of the process

1
dXt = dBt — q(Xt)dt ; X[) S (8, g), (71)

killed when it hits € or % Existence and uniqueness of the QSD v° for this process are
easily obtained from Pinsky [28]. The first result stated by Villemonais is the

Proposition 7.1 The sequence (V). weakly converges to vy as € tends to 0.
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The proof is based on a compactness-uniqueness result and can be found in [38]. Next, in
a second step, we fix € > 0 and we want to approximate the QSD v* by a particle system,
which will be called Fleming-Viot particle system. Let us now describe this N-particle
system.

Let us fix N initial data belonging to (e, é) The particles evolve from these data indepen-
dently and following the law P* of the solution of the Kolmogorov equation (7.1), until one
of them hits the boundary {e, %} At that time 7, the killed particle jumps to the position
at 7 of one of the N — 1 remaining particles, chosen uniformly among them. Then the
particles evolve independently until one of them attains the boundary (time 72), and so
on. The sequence of jumps is denoted by (7,,),. This procedure defines a (R, )"-valued
diffusion process with jumps, denoted by (X}, -+, X{¥)i>0. By coupling arguments, one
can prove that there is no accumulation of jumps and that the process is well defined.

Proposition 7.2 The process (X}, - ,XtN)t is well defined. That means that lim, 7,, =
00.

Such systems have been introduced by Burdzy, Holyst, Ingerman, March in [6] and explored
in [7] and in Grigorescu-Kang [19] for d-dimensional killed Brownian motions. Similar
systems have also been studied by Ferrari-Maric [15] for continuous Markov chains in a
countable state space.

From now, ¢ is fixed, and we forget it in the notation. We have now to study the N-Fleming
Viot particle system when time ¢ tends to infinity and then when N tends to infinity. By
usual methods, it can be shown that the system is ergodic. More specifically we get

Proposition 7.3 The process (X},--- , X}N); is exponentially ergodic, with a unique sta-
tionary distribution MY .

Let us now introduce the probability measure x*V, which is the empirical stationary measure
of (X},---,X});. That means that " is the empirical measure of a random vector
(z!,---,2V) distributed following the stationary distribution M¥.

Let us state the main theorem whose proof is given in [38].

Theorem 7.4 The sequence of random measures (x™)n converges in law, as N tends to
infinity, to the deterministic measure v°, unique QSD of the killed Kolmogorov diffusion
process defined in (7.1).

Some simulations concerning the logistic Feller diffusion process are developed in [38] and
show the quasi-stationary distribution of the process (5.9) for v = 1 and different values
of A — p and c.
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