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ABSTRACT. Employing Morse theory and the method of analytic discs
but nod techniques, we establish a version of the Hartogs extetisesn
orem in a singular setting, namely: for every dom&irf an (n — 1)-
complete normal complex space of pure dimension 2, and for every
compact sefl’ C 2 such that?\ K is connected, holomorphic or mero-
morphic functions i2\ K extend holomorphically or meromorphically

to Q.
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§1. INTRODUCTION

The goal of the present article is to perform a generalinatidhe clas-
sical Hartogs extension theorem in certain singular comgpaces which
enjoy appropriate convexity conditions, using the methbdmalytic discs
for local extensional steps and Morse-theoretical toalghe global topo-
logical control of monodromy.

In its original form, the theorem states that in an arbittaoynded do-
mainQ2 € C" (n > 2), every compact sek’ C 2 with Q\ X connected
is an illusory singularity for holomorphic functions, name)(Q\K) =
(’)(Q)]Q\K (for history, motivations and background, we refeg. to
[12, 21, 22]). By now, the shortest proof, due to Ehrenprieibows eas-
ily from the simple proposition thal-cohomology with compact support
vanishes in bidegré, 1) (see[14]). Along these lines and after results due
to Kohn-Rossi, the Hartogs theorem was generalizeghte 1)-complete
complex manifolds by Andreotti-Hill [2]i.e. manifolds exhausted by&*
function whose Levi-form has at leaspositive eigenvalues at every point.
We also refer to [17] for an approach via the holomorphicddatboundary
problem.
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To endeavor the theory in general singular complex spa&e€)y ), it
is at present advisable to look for methods avoiding gléb@chniques, as
well as global integral kernels, because such tools areetawailable. The
geometric Hartogs theory was attacked long ago by Rothsidio intro-
duced the notion aj-convexity. On the other hand, within the modern sheaf-
theoretic setting, the so-callethdreotti-Grauert theorallows to perform
extension (of holomorphic functions, of differentials fws, of coherent
sheavesgtc) from shell-like regions of the foriz € X : a < p(z) < b}
into their inside{z € X : p(z) < b}, wherep is a fixed(n — 1)-convex
exhaustion function foX. Geometrically speaking, one performs holomor-
phic extension by means of tii&rauert bump methothrough the level sets
of p in the direction of decreasing values, jumping finitely mémes across
the critical points of.

However, a satisfying, complete generalization of the éigsttheorem
should apply to general excised bounded dom&in&” lying in an(n — 1)-
complete complex spac(eX, OX), not only to shell§a < p < b} relative
to the (n — 1)-convex exhaustion function. But then, after perturbind an
smoothing ou®s2, one must unavoidably take account of the critical points
of p}m and also of the possible multi-sheetedness of the inteateedtep-
wise extensions. This causes considerably more delicptddgical prob-
lems than in the well known Grauert bump method, in which nusomy
of the holomorphic (or meromorphic, or sheaf-theoretideasions from
{a < p<blto{d < p < b} witha' < ais almost freely assurédeven
across critical points gf. Considering simply a domafl € C" (n > 2),
with obvious exhaustiop(z) := |z|, the classical Hartogs theorem based
on analytic discs and on Morse theory was worked out in [19fene em-
phasis was put on rigor in order to provide with firm groundssbbsequent
works on the subject. The essence of the present articlératsfer such an
approach taqn — 1)-complete general complex spaces, whetechniques
are still lacking, with some new difficulties due to the sitagities.

§2. STATEMENT OF THE RESULTS

Thus, Iet(X, (’)X) be a reduced complex analytic space of pure dimen-
sionn > 2, equipped with an open covef = Uje, U; together with
holomorphic isomorphismg; : U; — A; onto some closed complex an-
alytic setsA; contained in balléj C CYi, someN; > 2. By definition
([5, 10]), aC* function f : X — Cis locally represented g4y, :fj 0 @;
for some collection o> “ambient” functions?j : §j - C,jeJ A

The reader in referred to poif) of the proof of Prosition 4.1 below and to Figure 3 in
Section 4 for an illustration of the concerned univaleneagton argument.
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real-valued continuous functiomon X is an exhaustion functiorif sub-
level sets{z € X : p(z) < ¢} are relatively compact itX for everyc € R.

A C= functionp : X — R is calledstronglyq-convexif the C> ambient
p; : B; — R can be chosen to be strongjyconvex,i.e. their Levi-forms
i90(p;) have at leastV; — ¢ + 1 positive eigenvalues at every point, for
all j € J. Finally?, X is calledg-completeif it possesses & strongly
g-convex exhaustion function. Note that theomplete spaces are precisely
the Stein spaces.

We will mainly work with anormal (n — 1)-completeX, and we re-
call that a reduced complex spa(dé, (’)X) is normalif the sheaf ofweakly
holomorphic functionsnamely functions defined and holomorphic on the
regular partX,., = X\ X, Which areL;?, on X, coincides with the com-
plete sheafDy of holomorphic functions oX'. ThenXj;,, is of codimen-
sion> 2 at every point ofX ([5, 10]) and for every open sét C X, both
restriction maps

(2.1) Ox(U) — Ox(U\Xgng) and Mx(U) — Mx (U\Xgng)

are bijectivé, where M x denotes the meromorphic sheaf. To generalize
Hartogs extension, normality of is an unavoidable assumption, because
there are examples of Stein surfaédsaving a single singular poiptwhich
arenot normal ([10], vol. I, p. 196), whencg& := {p} fails to be removable
for holomorphic functions defined in a neighborhoodaf

We can now state our main result.

Theorem 2.2.Let X be a connecte@h—1)-complete normal complex space
of pure dimension > 2. Then for every domaift C X and every compact
setK C Qwith Q\ K connected, holomorphic or meromorphic functions on
2\ K extend holomorphically or meromorphically and uniquely2to

OX(Q\K):(QX(Q)}Q\K or MX(Q\K):MX(Q)]Q\K.

Some comments on the hypotheses are in order. Firstly, ctetreess
of X is not a restriction, since otherwise,would be contained in a single
component ofX. Secondly, as\ is (n — 1)-complete, 99 (p]Xre ) has at
least2 positive eigenvalues at every point X,.,, and consequgently, each
super-level set

{zeX:pz) >c},

has a pseudoconcave boundary at every smooth poit X, with
dp(z) # 0 and in fact, the Levi-form of this boundary has at least one

2 The previous definitions are known to be independent of thecels — covering,
embeddings;, dimensionsV;, extensionse), see[5, 7, 10].

3 The first statement yields immediately that every paint X has a neighborhood
basis;(Vk)kGN such thatX,e; NV, is connected; alsoY,., itself is connected. The second

statement is known as Levi's extension theorem ([8], p. 185)
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negative eigenvalue at Thirdly, by a theorem of Ohsawa ([20]), every
(connected):-dimensionalnoncompactcomplex manifold isn-complete,
and in fact, easy examples show that Hartogs extension nilaygke the
productX := R x S of two Riemann surfaces, witkk compact andS
noncompagttake a points € S and setk' := R x {s}; by [6], there ex-
ists a meromorphic function function having a pole of ortlat s, whence
O(X) does not extend throughi. Consequently, in the category of strong
Levi-form assumptiongy. — 1)-convexity is sharp.

For the theorem, the main strategy of proof consists of jperifag holo-
morphic or meromorphic extension entirely within the regydart of X

Proposition 2.3. With X, 2 and K as in Theorem 2.2, holomorphic or mero-
morphic functions orﬁQ\K} rog extend holomorphically or meromorphically
t0 g

Notice that bothQ\ K] _ and(., are connected (footnote 3). Then
by (2.1), extension immediately holds&b This yields Theorem 2.2 if one
takes the proposition for granted; Sections 3 and 4 belowdaveted to
prove this proposition.

For meromorphic extension, one could in principle well avthie as-
sumption of normality. In the case of meromorphic extensiwa get a
general result valid for reduced spaces without furtheallassumptions.

Theorem 2.4. Let X be a globally irreducible(n — 1)-complete reduced
complex space of pure dimensior 2. Then for every domaift C X and
every compact sét’ C 2 with [Q\ K],., connected, meromorphic functions
on 2\ K extend meromorphically and uniquely{o

Mx(O\E) = Mx ()], -

If moreover the data lie il x (2\ ), the extension is weakly holomorphic.

The proof, also relying upon an application of Propositidd, & post-
poned to Section 5; an example§h.1 shows that requiring only théX\ K
Is connected does not suffices.

For the proposition, the main difficulty is that,, can in general cross
Q\ K. We will approachXg;,, from the regular part and fill in progressively
(., by means of the super-level sets of a suitable modificgtiaf the
exhaustiorp, such thai is still strongly(n — 1)-convex but exhausts only
X, in @ neighborhood of). To verify that the extension procedure devised
in [19] can be performed, preliminaries are required.
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§3. GEOMETRICAL PREPARATIONS

3.1. Smoothing out the boundary.To launch the filling procedure, we
want to view the connected open $B{K as a neighborhood of some con-
venient connected hypersurfate contained in(Q\ K') N X,e,.

Lemma 3.2. Let X, ©2 and K be as in Theorem 2.2. Then there is a do-
main D € Q containingK such thatM := 0D N X, is aC*> connected
hypersurface of.,.

Proof. Suppose first thak’ = C". Letd be a regularized distance func-
tion ([23]) for K, i.e. aC™ real-valued function withk' = {d = 0} and
1 dist (z, K) < d(z) < cdist (z, K) for some constant > 1, wheredist is
the Euclidean distance IR*". By Sard’s theorem, there are arbitrarily small
e > 0 such thatV/ := {d =c}isaC™ hypersurface oR?" bounding the
open sef) := = {d < ¢} which satisfiesk’ C Q € Q. However, sincel/
need not be connected, we must modify it.

To this aim, we pick finitely many disjoint closed simplE° arcs
Y1, ..., Which meet transversally only at their endpoints such that
MU 7 U---U~, is connected. Sinc®\ K is connected, we can insure
that eachy is contained if\ K.

M —
—1 -_— T /A 1) ]U'
- A M y
¢ Fh & (M: ('
& = : e < EH
1 \ s AF N
anm | rNGEEY 4 g
]
1 AT K 1]
s EEEEEEEE \ P (2250 €220

= EEm-— M ] -
Fig. 1: Connectifying the smoothed out boundary

We can then modiW in the following way: we cut out a very small

ball in M around each endpoint of evety, and we link up the connected
components of the excised hypersurface witthin tubes~ R x §272
almost parallel to the,, smoothing out the corners appearing near the end-
points. The resulting hypersurfagé is C>* and connected. Since eaghis

either contained if2 U M or in R”‘\ﬁ, a new open seb with 9D = M is

obtained by either deleting frof or adding tol) the thin tube around each
~,. All the tubes around the, which are contained iRQ”\Q constitute thin

open tunnels between the componentémvhenceD is connected.

_ Onageneral complex spagg the idea is to embed a neighborhood of
Q) smoothly into some Euclidean spak€ and then to proceed similarly.
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We can assume that the holomorphic isomorphigms U; — A; C
§j C CYi are defined in slightly larger open séts 5 Uy, forall j € J.
Pick C> functions); having compact support iti; and satisfying\; = 1
on U;; prolong them to b& on X outsideU;. By compactness, there is a
finite open cover:

QCcU,U---UU;,.
Consider the&’> map, valued irRY with N := 2(N;, +---+ N;,,) + m,
which is defined by:
U= ()\jl . ¢j17 ey >\j7n . ¢jm7 )‘jlv ey )\jm).
It is an immersion at every pointof U; U --- U U, , becauser belongs
to someU;,, whence thej,-th component;, - ¢, = ¢;, of ¥ is even
an embedding ot/,, > z. Furthermore, we claim that separates points.
Indeed, if we set:
W, ={z€X: \.(2) =1},

then clearlyU;, c W;, C Uj . Pick two distinct pointsr,y € Uy, U -+ U
U;... Thenz belongs to somé/;,, so\;, (z) = 1. If A\;, (y) # 1, then
U(y) # U(x) and we are done. l;, (y) = 1, i.e.if y € W, , then thej,-th
component ofl distinguishes: from y, sincel;, - ¢;,(y) = ¢;,(y) differs
from ¢;, () because;, embedd/] into R*ix. So¥ embeds int®R" the
neighborhood/;, U - -- U U;,, of (0.

We choose a regularized distance functiuy for U(K) in RY. We
stratify X so thatX,., is the single largest stratum (remind it is connected)
and then stratifyX,, by listing all connected components @Ksing} reg’

then continuing with[XSingLing, and so on inductively. By Sard’s theorem
and the stratified transversality theorem ([13]), for altr@rys > 0, the
intersection

{x e RV : dyry(x) = 5} N \II(Qreg)
is aC™ real hypersurface o¥(Q,.,) having finitely many connected com-
ponents which are containedin([Q\ K., ). Importantly, we can construct

the thin connecting tubes so that theyall entirely inside ¥ ([Q\ K] reg),

thanks to the fact that (Qreg) is locally (arcwise) connected, also near
points of\I!(Qsing). Then the remaining arguments are the same and we
put everything back toX via U—1!, getting a connected> hypersurface

M C [Q\K], and a domainD with K ¢ D € Q. (We remark that
normality of X was crucially used.) O

As we said, we will perform the filling procedure entirely it X,
This is possible thanks to an idea of Demailly which consi$tsiodifying
the initial exhaustiom so thatXg,, is put at—oco. A recent application of
this idea also appears in [4].
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3.3. Putting X, into a well. By Lemma 5 in [3], there exists aalmost
plurisubharmonic functidr on X which isC> on X,eg and has poles along

Xsing!

sing = {v= —00}.
As in Section 2, ifA; = goj(Uj) is represented in a local bdll; ¢ CNs of
radiusr; > 0 centered at; € C"7 as the zero-sefg;, = 0} of finitely
many functiongy; , holomorphic in a neighborhood of the closuré;f the
local ambient); : §j — {—o00} UR is essentially of the forf

1
2
:log(z 1954/ ) 2 |z — z;|?
v J

Thus, locally on eacﬁj, the functionv we pick from [3] is of the form:
U; = +7Tj,

with @; strictly psh,C> onB;\ [A i) g €Ul tO{ —c0} ON [A;] . and with

a remainder; which isC> on the whole oB Notice that eacha; is Ly,

loc*

3.4. Modified strongly (n — 1)-convex exhaustion functiory:.. Pick a con-
stantC' > 0 such thainaxy (p) < C.

Lemma 3.5. There existg, > 0 such that for alle with 0 < ¢ < ¢, the
function

pi=p+ev
IsC* on X, and satisfies

(8) maxy (1) < C;

(b) Xsing - {,u - _OO},
(c) pis strongly(n — 1)-convex in a neighborhood ¢p < C'}.

Proof. Property(b) holds provided only that < CLX?U()”) Furthermore,
XD

(a) is clear since is C* and sinceX;,, = {v = —oo}. To check(c), we

compute Levi-forms aél, 1)-forms:

i00 [i; =i 00 p; + £ 00V,
(3.6) S
:zﬁap] +62(‘98u] +6288I’j

4 i.e. by definition, a function which is locally the sum of a psh ftian and of aC*>
function, or equivalently, a functiomwhose complex Hessiaro v has bounded negative
part.

5 In addition, a regularized maximum function ([3]) is usedstmoothly glue these
different definitions on all finite intersection$;, N --- N A, and the formula given here

is exact on a sub- baII - B
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Here,s i 90 u; adds positivity tai 90 p; (sinceu; is psh), whereas the neg-
ative contribution due t69d7; is bounded from below oy < 2C}, and
consequentlys > 0 can be chosen small enough so thad /i, still has?
eigenvalues- 0 at every point. O

In the next section, while applying the holomorphic extengirocedure
of [19], we shall have to insure that the extensional domaiteched tal/
from either the outside or the insidannot go beyondlp < C'}. So we have
to prepare in advance the curvature of the limit hyperserfac= C'}N.X,.
EnlargingC' of an arbitrarily small increment if necessary, we can as-
sume (thanks to Sard’s theorem) tliats a regular value oﬁ}xreg, so that

AN={p=C} N X
is aC* real hypersurface k.
Lemma 3.7. Lowering agaire > 0 if necessary, the following holds

(d) At every poing of theC> real hypersurfacé\ = {p = C'} N Xjeg,
one can find a complex ling, C T,;7A on which the Levi-forms of
bothp and . are positive.

Here,q — E, might well be discontinuous, but this shall not cause any
trouble in the sequel.

Proof. Eachp € {p = C} is contained in somé&/;,,, whencep is rep-

resented by an ambient functign,,, : B;, — R whose Levi-form has
at leastV;(,) — n + 2 eigenvalues> 0. By diagonalizing the Levi matrix

i 00p;(,) at the central point oﬁj(p), we may easily define, in some small
open sub-balC;,,, C B, having the same centerCa® family ¢ — Fj of
complex(N;,y — n + 2)-dimensional affine subspaces such that the Levi-

form of ;) is positive definite on every;, for everyg € C;(,).

Next, if we setVj,) := gojf(;)(cj(p)), which is an open subset 6f;,,),
we can cover the compact sgt = C'} by finitely manyV/,y, hence there is
a finite number of pointg,,a = 1, ..., A, such that

{p=C} CVipnU--- UV,
According to (3.6), on eacﬁj(pa), a=1,...A, we have:
000 [1j(p,) = 100 Pi(pa) + €100 UWj(p,) + €1 00T (p,).-
We choose: > 0 so small that the remainderi 997;,,, does not perturb
positivity onC;,,.) for everya = 1,... A, and we get thatdd fi;,) is still
positive onFj for everyqg € Cj(,,), and everys = 1,... A.



THE HARTOGS EXTENSION THEOREM ONn — 1)-COMPLETE COMPLEX SPACES 9

Letq € {p = C} N Xy Theng € Vg, for somea. We setg :=
@j(pa)(Q) € Cj(p,) and we define:

1/ =
Fy = (dojn) (FaﬂTaAﬂpa))-

Then the complex linear spac§§anqu are at least of dimensiahand the
Levi-form of 11 is positive on anyl-dimensional subspade, C F, NT7 A.

Next, applying Morse transversality theory, we may perjui X,., N
{p < 2C} in an arbitrarily small way, so th&t

(e) i is a Morse function onX,., N {p < 2 C} having finitely many or
at most countably many critical pointsoreover, different critical
points ofy are located in different level se{g. = c}.

Of course, if they are infinite in number, critical values carty accu-
mulate at—occ. Similarly, we may perturly very slightly near{y = C'} so
that:

(f) theC> hypersurfacgp = C'} N X, does not contain any critical
point of 4.

Finally, again thanks to Morse transversality theory, wg perturb the
connected’> hypersurfacel/ C 0D of Lemma 3.2 in an arbitrarily small
way so that

(g) M does not contain critical points of, and,u]M is a Morse func-
tion on M having finitely many or at most countably many critical
points moreover, any two different critical points @f or of ,u\ "
have different critical values.

We draw a diagram, whet&y,,, is symbolically represented as a con-
tinuous broken line having spikes, with a level-§gt= ¢} which is critical
for 11|, and a single critical point € M N {y =¢}.

6 The previous four properties being preserved, espedid)lgn {p=C1.
” The perturbedV/ being still contained in{p < C} and in the original connected
corona\ K.
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§4. HOLOMORPHIC EXTENSION TOD,,

Forc € R, we introduce
Xyse ={z€ X : pu(z) >c}.

This open set is contained iN,.,, sinceXg,, = { = —oo}. For every

!/
connected component . of

MH>C = MﬂX,LL>C — Mﬂ{/,l/ > C},

we want to fill in (by means of a finite number of families of aytal discs) a
certain domair@),... which is enclosed by// . inside{; > c}. Similarly
as in Proposition 5.3 of [19], we must considelr the connected compo-
nents)M,,. . and analyze the combinatorics of how they merge or disappear
Let V(M) be a thin tubular neighborhood 81, whose thinness shrinks

to zero while approaching;,,. For every connected componeWt, . of
M,~., we denote by (M. .) _ the part of V(M) around M) . again

u> u>c
intersected with{x > c}. Itis a connected tubular neighborhood/af,. .

inside{yx > c}.

Proposition 4.1. Let ¢ € R with ¢ < maxy (u) < C be any regular
value of u and OfM\M- Let M, . be any nonempty connected compo-

nent of M N X,-.. Then there is a unique connected comporigit, of

Xu>c\ML>c which is relatively compact itX,., and contained ifp < C'}
with the property that two different domaing,. . and Q.. are either dis-
joint or one is contained in the other. Furthermore, for gvaolomorphic
or meromorphic functiorf defined in the thin tubular neighborhodd M)
of M, there exists a unique holomorphic or meromorphic extensipcon-
structed by means of a finite numbe(of- 1)-concave Levi-Hartogs figures

and defined in

C9L>CL_J]}(A4L>C)M>C’

such thati” = f when both functions are restricted W(Mj,...) .
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Proof. We only describe the modifications one must bring to the asgum
of [19].

1) The Levi-form of the compaat> boundary{;. = ¢} of the super-
level set{;. > ¢} (contained inX,.,) hasl negative eigenvalue, so that the
Levi extension theorem with analytic disas.(the survey [18]) applies at
each point of{fx = c¢}. In Section 3 of [19], we defineth — a)-concave
Hartogs figures fon < a < n — 1, but we used onlyl-concave ones,
because the Levi-form of exterior of sphefds| < r} in C" had(n — 1)
negative eigenvalues. Here, we start from- 1)-concave Hartogs figures,
we modify them similarly as in Section 3 of [19] (details ak#pped) and
we call them(n — 1)-concave Levi-Hartogs figures

Next, we use a finite number of these figureig, some local charts of
Xeg, t0 cover{y = ¢} and to show that holomorpHi¢or meromorphic)
functions in{y. > ¢} extend to a slightly deeper super-level §gt> ¢ —n}
(provided no critical point of: or of ,u]M is encountered in the shelt >
> c —n}), for somen > 0 which depends oX, onn, ony, but not onc.

2) Contrary to theC™ case treated in [19]; may have critical points on
X,eg- Grauert's theory shows how to jump across them witlechniques,
and we summarize how we can proceed Reusing only analytic discs in
Levi-Hartogs figures.

Consider a poinp € X, Which is critical: di(p) = 0, and set :=
w(p). The Morse lemma provides local real coordinates centerétlira
whichy =22 + -+ 22 —y? — ... — 92 _,, for somek. Sincei 90 i has
at least2 positive eigenvalues everywherejs > 2. This is a crucial fact,
because this implies that super-level sgis> ¢ + §} are all connected
in a neighborhood of, for everyd € R close to0, and moreover, that
these domains grow regularly and continuously decreases from positive
values to negative values.

8 Since the configuration is always local and biholomorphi€to(n = dim Xyeg) @and
since holomorphic envelopes coincide with meromorphicéapes inC", meromorphic
functions enjoy exactly the same extension properties. s;Tinu[19], results stated for
holomorphic functions are immediately true for meromogghictions too.

% We emphasize that, from the point of view of holomorphic agten, jumping across
critical points ofy on X, is much simpler than jumping across critical pointsm)[(”, cf.
theC™ case [19].

10 1n R3 already, this is true for the “exterior® + 4> — 22 > § of the standard cone.
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Next, we fix a ball3 centered ap and we cut out a small neighborhood

U C B of p. If V c Uis a small neighborhood, we consider &
hypersurface:

{n>Cc+ I3\ V.

Placing finitely manyn — 1)-concave Levi-Hartogs figures at points of this
hypersurface, we get holomorphic or meromorphic exten’sjo[m >C—

24 \171 whereV, c V is slightly bigger thanl’. Repeating the filling
process finitely many times unﬁlu =Cc— ’;—’7} does not interseds, wherek

is an odd integer, we fill irﬁ\ﬁ. At each step, monodromy of the extension
is assured thanks to connectednesg of> ¢+ 6} \ U, for every small

§ € R. However, we cannot fill i/ directly this way.

The trick is to shiftp. One introduces &> perturbatiory,” of x local-
ized neap (namelyy’ = 1 elsewhere) such that has another critical point
7’ (having the same Morse index of course), with correspondaighbor-
hoods disjoint:U N U’ = () and both contained i3 N B’. We repeat the
Levi-Hartogs filling withy’, getting holomorphic or meromorphic extension
{W >c—-Ki1} \(7’, a domain which containg’\ U, hence containg’.
Monodromy is again well controlled, just because topola@cﬁ\ﬁ and
§’\(7’ are complete shells.

3) We prove the proposition by decreasing”rovidedc does not cross
critical values ofu}M, the domaingy,,.. do grow regularly and continu-
ously, even whem crosses critical values ¢f, according to what has been
said just above. At a critical valueof M}M, for a domain,,~: whose clo-
sure contains the corresponding unique critical ppirt M, similarly as

in [19], three cases may occur:

(i) the domainy), .., s grows regularly and continuously aslecreases
in a neighborhood af;
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(if) precisely wheny becomes negative, the domaij . ., ; is merged
with a second domai@’/_ ., ; whose closure also contaipgor § =
0 (the case of three domains or more never occurs);

(iii) the domain®’ .. s is contained in a bigger doma@_ ., ; for all
smalld > 0, and exactly at = 0, the closure of the domaify’ . ; is
subtracted fron®)7_;, yielding a new domaiid)/’. . which starts to

grow regularly and continuously &' ., ; for smallo < 0.

We then check by decreasing inductionaihat such domains are rela-
tively compact and are either disjoint or one is containgti@other, and we
achieve extension by means(@f — 1)-concave Levi-Hartogs figures simi-
larly as in [19]. But here, a single fact remains to be essaield, namely that
the domaing)’ . . remain all contained inside the relatively compact region
{p<C}.

This is true at the beginning of the filling process, namelyfslightly
smaller thanmax,, (1), becausel,.. is then diffeomorphic to a small
spherical cap (hence connected) and the relatively condlomeain enclosed
by M,cin X5\ M5 is just the piecé),,... of D, which is diffeomorphic
to a thin cut out piece of ball close f and clearly contained ifip < C'},
sinceDU M C {p < C} by (a).

To prove that all,, .. are contained i{p < C'}, we proceed by con-
tradiction. Letc* be firstc (asc decreases) for which son@),. . is not
contained in{p < C}. In the process described above of constructing the
domains,,. ., the only discontinuity occurs i(iii) and it consists of a sup-
pression. Consequently, the domai@s. . cannot jump discontinuously
across{p = C'}, hence at = ¢* (which might be either critical or noncriti-
cal), all@’,.. .. are still contained if p < C'} and the boundary of at least one
domain, sayy;.. .., touches th€> border hypersurfacgp = C'} N Xyeq.

/
pu>c

:Xsing

Fig. 4: Tangent contact of the boundary ofQ;, . .. with {p = C'}

On the other hand, by definition and by construction, for eactime
boundary of eacld);,... consists of two partsi/,.. ., which is contained in
M, hence remains always {p < C'}, together with a certain closed region
R,_.UN,_. contained in{y = c}, with R/, _. open andV,_, being the
boundary in{y = ¢} of R/ __. In fact, similarly as in Section 5 of [19],
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R,_. is always contained ifu = c}\M andN/_,, always contained in
M n{p = c} is aC* real submanifold ofX,., of codimensior2 provided
¢ is noncritical for,u]M, while V/,_. may have as a single singular (corner)
pointp for ¢ = p critical. But sinceN,_. is a subset of/ N {u = c}, itis
always contained ifp < C'}.

Consequently, the boundary @f;... .. can touch{p = C'} only at some
pointp™ € R;_... So we havei(p*) = ¢* andp(p*) = C, namelyp* lies in
{p = ¢*} and on the> hypersurfacqd p = C'}.

By (f) above,p* € {p = C} cannot be a critical point of, whence
{n = c*} and{p = C} are bothC> real hypersurfaces passing throygh
Furthermore{u > ¢*} is still contained in{p < C'}, by definition ofc*,
whencel,-{p = C} = T-{p = c*}.

Thanks to(d), there is a complex line

Ey CTo{p=C}=T{u= ¢}

on which the Levi-forms of botl» and . are positive definite. On the other
hand, sincel—p < —c*} is contained in{p < C}, the Levi-form of —u

in the direction ofE,- should then be> the Levi-form of p in the same
direction. This is a contradiction, and the proof that@].. remain in
{p < C} is completed. This finishes our proof of Proposition 4.1. [

4.2. End of proof of Proposition 2.3. As in Section 2 of [19], one checks
that extension holds frorf2\ K | g 10 Creg provided holomorphic or mero-

morphic functions defined in the thin tubular neighborhddd/) of M C
X, do extend uniquely td,., | V(M). So we work withA/, V(M) and
D,.,, and since everything is exhaustedcas> —oo, the conclusion of the
proof of Proposition 2.3 is an immediate consequence ofdhefing.

Proposition 4.3. For every regular value: > —oo of /”L‘M’ holomorphic
or meromorphic functions defined (1) do extend holomorphically or
meromorphically and uniquely to

D:U'>C U V (M/J'>c) u>c’

Proof. We setc; := max),(¢) = maxp(pn) < C. There is a uniqueyi-
farthest point’p; € M with u(p;) = ¢; and this point is obviously a critical
point of Morse index equal te-(2n — 1) for 'M‘M’ by virtue of(g). Conse-
quently, for allc < ¢; close tocy, there is a single connected component in
M,~., namelyM,,.. itself, which is diffeomorphic to a small spherical cap
and encloses the domaip,..., diffeomorphic to a thin cut out piece of ball.
For suche < ¢ close tocy, the proposition is thus a direct consequence of
the previous Proposition 4.1.

For arbitrary noncriticat, there is a well defined connected component
M of M,-.withp, € M,_ ., and we denote by/? M?*_ .the other

p>c? >c) p>c
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connected components 8f,,.... Also, each connected componént. . of

D,~. is bounded by some of tHd,{>c, inside{x > c}. The problem is that
the various extensions provided by Proposition 4.1 needtick together,
but fortunately, we can go to deeper super-level §gts- ¢'}.

Lemma 4.4. For everyc with —co < ¢ < ¢ which is noncritical foru}M,
the u-farthest pointp, belongs to a unique connected compongfit ., of
Mn{p > '} and the enclosed domaiyl, . . constructed by Proposition 4.1
containsD in a neighborhood op; .

Proof. Indeed, if this were not true, there would exist the fi'st= ¢* (as
¢ < c decreases) for whic@;pc, switches to the other side aff nearp;.
According to the topological combinatorial processis (ii), (iii) above,
this could only occur in casii) with ¢* critical, where a component is
suppressed from a bigger oig,. .. bounded by somé/_ ., the sup-
pressed component necessarily beiplg. .. itself. Then the bigger com-
ponent(”_ .. would contain the side af/ which is exterior toD nearpy,

pu>c*
whence

¢ == max {p(q): g€ M.}
would necessarily be ¢;, which contradictg; = max,; (). O

Next, since)M is connected (according to Lemma 3.2), we can pick
a C*> Jordan arcy running in M which starts ap; and visits every other
connected component’. ..., M} of M,... Sincey is compact, there
is a noncriticak! > —oo such thaty C {¢ > ¢'}. Fix such a’ and denote
by M), the connected component &f N {x > ¢’} to whichp, belongs.

Then letQ’ . . be asin Lemma 4.4.
Lemma 4.5. The domairny,, ., containsD, ..

Proof. Near p;, this domain already contains a piece Df thanks to
Lemma 4.4. From the beginning/ is oriented, since it bounds the do-
main D. Thus, we can push slightly inside D, getting a curvey* almost
parallel toy which is entirely contained i@, and also contained i > '}
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if the push is sufficiently small. Furthermorg,is also entirely contained in
L~ because the extensional domelf). . is, at least negp,, located on
the same side (with respect 1d) asD.

Let D7, . be any connected component Bf..... By construction*
visits D .. Thus, every point oD . may be joined to some point of
by means of some auxiliag> curve running inD7. .. All such auxiliary
curves do not meet/, hence they do not meét/,_ ,, whence they all run
in ). Consequently, by means of and of the auxiliary curves in each
Dy ., we may connect, without crossirg even once, every point df,,...
with the starting point oh¥, contained inQ’., nearp;. ThusD,.. is
O

effectively contained ird)

!
pu>c
/

w>c'

To conclude, an application of Proposition 4.1 yields usigitension
to@..U V(MI’DC,)WC,, and by plain restriction, we get unique extension

to D~ U V(M,DC)M.
This completes the proofs of Propositions 4.3 and 2.3. O

5. MEROMORPHIC EXTENSION ON NONNORMAL COMPLEX SPACES

5.1. An example. To see that the weaker assumption thak is connected
does not suffice, we considéf = C?/((—1,0) ~ (+1,0)), the euclidean
C? with two points identified. If we define the structure sheaf(y: . at
all single points and bz . = {(f,9) € Oc2,1 X Ocz : f(—1,0) =
g(+1,0)} at the double poinf+1,0), the spacg X, Ox) is reduced and
modelled neaf+1,0) on {(z,w) € C?> x C* : z = w}. This makes it
easy to check that the functigm, + 1|? + |z; — 1|*> + |22|*> descends to a
1-convex exhaustion oX via the quotient projection : C2 — X. Letting
Q= X andK := 7 ({|z1+1*+|2|? = 1}), we see tha®\ K is connected.
Furthermore®(Q\ K) consists of all functions holomorphic i\ {|z; +
112 4 |2,|* = 1} which satisfyf(—1,0) = f(+1,0). Then obviously, the
conclusion of Theorem 2.4 does not hold.

5.2. Proof of Theorem 2.4.To begin with, we observe that Proposition
2.3 carries over without change to the more general settingheorem
2.4: indeed, thanks to the connectednes§Xfx],.,, we may construct
M and D as in Lemma 3.2; the construction of an almost psh function
with Xg,, = {v = —oo} holds without assumption of normality ([3]), and
then Propositions 4.1 and 4.3 do go through (notice that Qatki and<2,.,
are connected). Thust x (Q\K) extends uniquely ad1 y (Qyes U [Q\K] ),
holomorphicity being preserved.

Extension acrosSs;,, N K is slightly more complicated than in the nor-
mal case due to the fact tHag;,, may have components of codimension one.
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Let7 : X — X be the normalization ok . Let Xoorm D€ the set of the nor-
mal points ofX. Recall thatr restricts to a biholomorphism o (X, )-
Topologically, 7 is a local homeomorphism over irreducible pointsJof
and separates the irreducible local components at re@ugdhts. For ev-
ery openU C X, settingl = 7~1(U), we have a canonical isomorphism
™ Mx(U) — M;(((A]) ([8], p. 155). Hence it is enough to extend from
M;((Q\L) to M;((@), whereQ) = 7 Q) andL := 7 (Quing N K).

By the Levi extension theorem, we can extend through all tgoarf
z € L with dim, 77 (Quye) < n — 2. Let H be an irreducible compo-
nent of Q,, of codimension one. Sincéim ﬁsing < n — 2, it follows
that H' := 7~'(H) N (., is dense, open and connecteddn= n—!(H).
BecauseX is (n — 1)-convex, it cannot contain any compact analytic hy-
persurface according to Lemma 5.3 just below, &hldas to intersed®\ K.
For dimensional reasong{’ intersects[w—l(Q\K)Leg, and we can apply
the following version of the Levi extension theorem for cdexpmanifolds
([9]): LetY be an analytic subset of a complex manifoli/odf codimension
atleast one. I/ C M is a domain containind/\Y and intersecting each
irreducible one-codimensional component}of then holo/meromorphic
functions onJ extend holo/meromorphically tal/.

The remaining part of the singularity lies ﬁging and can be removed
by the Levi extension theorem. If the original function Q8K is holo-
morphic, the extension of is so too, and its push-forward fois weakly
holomorphic. The proof of Theorem 2.4 is complete. O

Lemma 5.3. An (n — 1)-convex complex spacé of pure dimensiom can-
not contain any analytic hypersurfadewhich is compact.

Proof. Let p be an(n — 1)-convex exhaustion function. LeéUj)jeJ be a
locally finite covering ofX by open subsets which can be embedded onto
analytic subset#\; of euclidean domaing; c C"i such that the push-

forward of p extends as afn — 1)-convex functiorp; € C>*(B;). By an
inductive deformation op, we may arrange that gil; can be chosen to be
Morse functions without critical points oh;.

If there is a compact analytic hypersurfaceC X, thenpl|y attains a
global maximum at some poing € Y. We can assume tha lies in some
ball B;, we denote byE; C A; C B; c CYi the local representative of
Y and we drop the index, because the rest of the argument is local. By
construction{z : p(z) = p(z)} is a smooth{n — 1)-convex real hypersur-
face such thakE C {p < p(z)}. Bending this hypersurface a little, we can
arrange that is in fact contained ifp < p(z)} U{20} nearz,. By (n—1)-
convexity ofp, there is a piecd of a small(N — n + 1)-dimensional com-
plex plane passing througfy and contained in the complex tangent plane
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T {p = p(z)} on which the Levi-formi 90 is positive. Thus\ is con-
tained in{p > p(20)} U {20} and has a contact of order exactly two with
{p = p(z0)} at z. Furthermore, if we pick a nonzero vectorc T, ,CY
which points into{p > p(z0)}, the translates\. := A + v do all lie in

{p > p(20)} for every smalk > 0, whenceA. N E is empty. But given that

Ao NY = {2z} # 0, this contradicts the persistence, under perturbation, of
the intersection of two complex analytic sets of complerasntimensions

in CV. The lemmais proved. O
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