NOTE ON DOUBLE REFLECTION AND ALGEBRAICITY OF HOLOMORPHIC
MAPPINGS

JOEL MERKER

ABSTRACT. In this note, our purpose is to establish shortly the algebraicity of a holomorphic mapping
between two real algebraic CR manifolds under a double reflection condition which generalizes the
classical single reflection. A complete study of various double reflection conditions illustrated by simple
examples is also provided.

RESUME. Dans cette note, notre but est d’établir brievement 1’algébricité d’une application holomorphe
entre deux variétés CR réelles algébriques en supposant qu’une condition de réflexion double, généralisant
la condition classique de réflexion simple, est satisfaite. Nous entreprenons une étude compléte, supportée
par des exemples élémentaires, de la combinatoire des différents théorémes possibles.

The goal of this note is to understand double reflection for holomorphic mappings f : M — M’
between real algebraic CR manifolds in complex spaces of different dimensions. We plan to
understand it in the general case, that is with and without reducing, shrinking or stratifying
the first family of equations “f(z) € ry (f(Qz)) := V.,” (see below) which comes from the first
reflection.

Thus, let us quickly present the general problematics.

Let f : M — M' be a holomorphic map between two real algebraic CR manifolds in C*,
C" given by the vanishing of real polynomial equations p;(z,7) = 0,1 < j < d, pg, (2',Z") =0,
1< j' <d,so that p'(f(z), f(w)) = 0 if p(z,w) = 0, and let Qy, Q) denote Segre varieties.

It appears that two crucial observations yield heuristic insights into the problem of finding
sufficient conditions (C) such that: (C) = f is algebraic.

First, starting form the natural observation:

(D f(z) € r (£(Qz)) := {w": Q D f(Q2)} =V,

(intentionally, we do not specify w' € U’ or w' € C": these two possibilities will be studied
hereafter), one is led to guess that the algebraic set V, (which is parametrized by z) is a finite
algebraic determinacy set for the value of f(z) if dimf(z)V; = 0 Vz. Effectively, this classical
circumstance entails that f is algebraic (see [1,2,7,13]; the set Vj, is called the characteristic
variety of f at 0 in [7]). As usual, this determinacy set V!, can be constructed simply by
applying the tangential Cauchy-Riemann fields of M to the equations p'(f(2), f(w)) = 0.

The second canonical observation, which is due to Zaitsev [14], is as follows:
(1) f(2) € rar(F(Q2) N7y (F(Qu) = Vs Nrap (Vi) = X, 5
Analogously, one is then led to predict that f is algebraic, provided dimf(z)X;,u-, =0 Vz,w such
that p(z,w) = 0. We can justify our choice of notation X, ;; (e.g. instead of X ) by the fact
that the operator rj; conjugates the dependence with respect to parameters. We shall call
identity (I) first reflection and identity (II) second reflection. For reasons explained below, third
determination r?’W or fourth r}lw, etc. provide no new information.

Also, let us mention a possible third approach ([8,14]). This approach consists in choosing
smaller algebraic sets W, C V/, with nicer properties, in particular to insure the holomorphic
dependence with respect to the parameter z, in order to compute the second reflection 7, (V)
in an easier way. Of course, such a shrinking of V/, in the form W/ is (and in fact must be)
constructive. Using only minors of matrices of holomorphic functions, we will in this paper
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provide a uniform manner of constructing such a set W, in an unambiguous way. The core of
the article is to discuss such a shrinking.
This leads to a third type of determinacy:

(I11) f(2) e W, Ny (W) =: Z,, 4.

Through various statements and examples, our aim will be thus to compare the three con-
ditions of determinacy of the value f(z) by (I), (II) or (III), to ask which one is the strongest,
to ask whether some are necessary, to ask whether it is sufficient to require dimf(p)V;, =0or
dim ) X}, 5 = 0 or dimy;,)Z;, ; = 0 for a single or all points p € M, etc. There will appear a real
combinatorics of possible statements. Among other things, we will mainly establish that:

1. Determination of f(z) by W, is strictly finer than by V.

By this, we mean that dimf(z)W; =0, dimf(z)V; > 1 VY z for some explicit examples of f, M,
M, idem for 2, 3, 4, 5, 6 below. Such examples are constructed in the paper.

2. Determination of f(z) by Z:, 5 is strictly finer than by W, (or by V., ).

3. Determination of f(z) by X, ; is strictly finer than by V.

In other words, the inclusions X}, ; C V!, and Z}, ;, C W, C V,, are all strict in general. However,
none of the inclusion Z/, 5 C X|, ; and X, ; C Z/, 5 is true in general, because:

4. Determination of f(z) by X, 5 can be strictly finer than by Z., ;.

2,0
5. Determination of f(z) by Z', 5 can be strictly finer than by X, ;.

To summarize, we are led to define a fourth determinacy set:

(IV) f(z) e W, Nrpp(V,) = X;,m N Z;,'&) = Mllz,ma

for which we can establish the following:
6. Determination of f(z) by M, ; is strictly finer than by X, ;; or by 7, ;.
In other words, the inclusions M., ,; C X[, ;; and M, ,; C Z/, ;, are all strict in general.

Our goal is to find examples which exhibit the nonanalytic behavior of X/ .- with respect to

2,10
parameters and to explain why the various second reflection conditions (II), (III) and (IV) are
inequivalent. Our work deliberately forsakes the point of view of jets, about which the reader is
referred to the works [3,8,12,14].

This paper originates from questions the author has asked Dmitri Zaitsev at the Mathematis-
che Forschungsinstitut (Oberwolfach, Deutschland) during the Conference Reelle Methoden der
Komplezen Analysis (28.02/06.03 1999). The author also acknowledges fruitful conversations

with A. Sukhov and S. Damour.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. General assumptions. The general assumptions throughout this article are as follows. We
denote by Ve (p) a small open polydisc neighborhood of p € C* and by Ver (M) := Uge Ve (9)-
Our object of study is a local holomorphic map f : Ve (M) — C* which induces a map
f: M — M’ between two real algebraic CR generic manifolds in C", C"'. We assume that M is
minimal in the sense of Tumanov at one of its points p (equivalently, (M, p) is of finite type in
the sense of Bloom-Graham). Even if some of our statements remain true for M non-minimal,
we shall not notify it for simplicity. Also, n > 2.

We set m := dimgrM, d := codimgr M, m' := dimgrM', d' := codimgrM’, whence m +d = n,
m' +d =n'. We assume that m > 1 and m' > 1.

In suitable coordinates z € C", 2’ € C*, we have p =0, f(p) =0, M = {z € U: p(z,z) = 0}
and M' = {2’ e U':p/(',Z') = 0}, where U and U’ are small polydiscs centered at the origin,
and where p;(2,2) = 3, i<y Pipw? % 1 < § < d, (2, Z) = 300 < pjr 22
1 < j" < d" are real polynomials satisfying Op1 A --- A 9p4(0) # 0 and 9p) A --- A 9ply (0) # 0.

We can assume that U = (¢A)”, & > 0 and U’ = (¢/A)", ¢’ > 0, so U (conjugate set) = U

and U =U'.
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1.2. Reflection operator. Let Qz = {z € U:p(z,w) = 0} denote Segre variety (we maintain
the bar on w in the notation Qg, see [11] for arguments). For every subset E C U, we define
the action of the reflection operator:

(1.3) rm(E) :={w € U:Qgp D E} = NpeeQuw, T%/I(E) =ry(ru(E)),

say, the first reflection of E and its second reflection across M. Their basic properties are
explained in Lemma, 2.1:

1. ’I"M(E) NECM.

2. ’I“M(’/‘M(E)) O F.
Observe that Ngenr®, (E) = E N7y (E). A similar rpy is defined across M'. Now, let z € Q.
Let f: M — M' as above. Then f(Q;) C Q'f(—z) Also:

L. f(2) € f(Qu) C r3p(F(Qu))-
2. f(Qz) C Q}(7) hence by (1.3)

(1.4) f(z) € ranr(f(Qz)) =: V..

Consequently also:

(1.5) f(2) € ranr (£(Q2) N7 (f(Qw)) =V, Nrapr (V) =: X, .

Also, a last notification:

(1.6) e (£(Q2) € Qrayr 1(@i) €3 (F(Qu)) € Qg

Observe that r3,, 71y, ... offer nothing more, because 7"]2\/’}, (E') D E'. Notice that the determi-

nation f(z) € ry (f(Qz)) N Qlf(w) coincides with (1.4), since 7y (f(Q3z)) C Qlf(u—;) by definition.

1.7. Organization. This expanded Section 1 will now be divided in several paragraphs corre-
sponding to various questions and answers that present themselves. We shall shortly present all
the problems, all the results, all the technical lemmas, all the examples in the next paragraphs
and we shall explain all the major links between them. Finally, the precise checking of all the
remaining details and of all the technicalities will be postponed to Sections 2, 3 and 4.

1.8. The results. The fundamental observation is that, as M’ is algebraic, both 7, (E') and
r2,(E') are complez algebraic sets for any set E', since in (1.3) all the @, are. Therefore (1.5)
should determine f as an algebraic map of z if dim f(z)X;,w = ( for all z,w close to 0, z € Qg,
a result which is true and which was originally proved in [14] (preprint version) for Z’, ;. An
analogous result is due to Baouendi-Rothschild [1] and to Baouendi-Ebenfelt-Rothschild [2] with
use of V, := 7 (f(Qz)) only.

Theorem 1.9. If dimy(,)V, =0 or if dimyyX, ; = 0 Vz,w € Vr (0) with z € Qu, then f is
algebraic.

Of course, the case dimy(,)V, = 0 is contained in the more general case dim;,)X, ; = 0,
because we clearly have X, ; C V. Our proof of Theorem 1.9 will be achieved shortly, thanks
to a partial algebraicity theorem proved in [10,13]. We shall indeed establish that the condition
dimf,)X, 5 = 0, Vz,w € Veu (0), 2 € Qg implies that f is complex algebraic on each Segre
variety in some open set V' := Vcn (0) and then apply:

Theorem 1.10. ([10]) Let g € O(V,C) and let M be minimal at 0. Then g is algebraic if and

only if glg.nv is algebraic Vw € V.
We also obtain an equivalent version of Theorem 1.9:
Theorem 1.11. ([10,14]) If dimy X, ; =0 Vz € M NV (0), then f is algebraic.

Theorem 1.11 admits several applications and covers several known results (e.g. [1,2,13,14]). In
truth, some unexpected phenomena and some subtle things are hidden behind Theorem 1.11.
Our work is aimed to reveal most of them.

1.12. First remarks and questions. This Theorem 1.11 will be deduced from Theorem 1.9
by proving that there exist points p € M arbitrarily close to 0 such that dimf(z)X’Z,w =0
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Vz,w € Ven (p), 2 € Qu, see Proposition 1.23 below. The main difficulty here is that the set
X;,u-, is not in general holomorphically parametrized by z,w € U, z € Qg, in the sense that there
would exist analytic equations such that X, ; = {2': \j(2,%,2') = 0,1 < j < J}. In fact, the
existence of such equations would readily yield the following upper semi-continuity property:

(1.13) dim )Xy o = 0 = (dimy(,)X] 5 =0, Vz,w € Ver (0),2 € Qg) -

And (1.13) above would immediately yield that Theorem 1.9 implies Theorem 1.11. How-
ever, (1.13) fails to hold in general. Our goal is therefore to explore the properties of the map
(z,w) = X ;. Let us denote M := {z € Qg} = {(2,%) € U x U:p(z,w) = 0}, which is a
complex-algebraic d-codimensional submanifold of U x U, called the extrinsic complezification
of M. To be exhaustive, we wish also to compare the following twelve determinacy conditions:
CHM) : dimy )M, ; =0 V(z,w) eM  CHM) : dimg,M,; =0 Vpe M
C}M) : dimy)X, ;=0 V(z,@) €M C*(M) : dimyp,)X, ;=0 Vpe M
C*(M) : dimyZ, 5 =0 Y(z,w) €M C*(M) : dimpypZ, ;=0 Vpe M
C'(M) : dimy,)V, ;=0 V(z,w) e M C' (M) : dimy,,V, =0 Vpe M
and also:
Cp i dimg)M,; =0, G+ dimy) X, 5 =0,
2 . . _ 1, : —
Cp : dimspZp, =0, Cp i dimgpVy, = 0.
As a preliminary in this exposition, we will first recall and state some of the nice properties of
the mapping z — V,.
1.14. Analytic dependence of z — V,. By A,(U), we denote the ring of polynomial
mappings from U to C, or more generally, of holomorphic algebraic functions over U (see [1,2]).
By O, (U), we denote the ring of plain holomorphic mapping from U to C. By a slight abuse of
notation, we denote by O, (U) x A,(U) the ring of functions g(z,w) which are holomorphic with
respect to z and polynomial with respect to w. Also, we write x € O, (U) if x is antiholomorphic
with respect to the variable w € U.

By the well-known process of applying the tangential Cauchy-Riemann operators to the iden-
tity p'(f(2), f(w)) = 0 as p(z,w) = 0, one can establish that the map z — V, is analytic
(algebraic here because M, M’ are algebraic):

Proposition 1.15. There ezist J € N, and functions rj(z,w,2") € A,(U) x On(U) x Ay (U'),
1<j<J, such thatV (z,w) € U x U with z € Qg, then:

(1.16) v (f(Qz) ={# €U irj(z,w,2) =0,1<j < J} =V, =S| .
Here, we write “vectorially” r for (r1,...,rs) and we have set:
(1.17) Sti={(z,@,2) €U xU x U :7(2,%,2') = 0}.

Then in (1.16) above, S! 5 simply denotes the fiber of S'. Although the equations (1.16) of V/,
do depend in general of some w such that z € Qy, the zero-set V, appears to be independent
of w provided (z,w) € M. This is in fact clear because by its definition, it is the set equal
to 7/ (f(Qz)). But the analytic equations r(z,w, z’) = 0 justify the notation S} ; (not to be
confused with V7).

Proposition 1.15 and the upper semi-continuity of the fiber dimension of a holomorphic map
immediately yield the following;:
(1.18)

Co = C'MN(V xV)) and Cf = CH{MNV) for some V =V (0) C U.

Corollary 1.19. Ifdimf(z)Si@ =0 for some z € U and some w € Q3z, then there exists N C M
a proper complex analytic subvariety such that the map

(1.20) Vo (f(2)) 2 2 = r(z,w,7) € c’
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is an immersion at f(z), for all (z,w) € M\N.
This is of course equivalent to the generic rank of the mapping

(1.21) MxC" 3 (z,w,2) — (2,@,r(z,,2)) € M x C’

be maximal equal to 2m + d + n'. Just one further remark. As M = {(z,2) € M} embeds as a
real algebraic maximally real submanifold of M, then NN M := N is also a proper real analytic
subset of M. In particular, after applying the implicit function theorem to (1.20) near (p,p),
we obtain the existence of a neighborhood V), := V¢ (p) and of holomorphic, partially algebraic
functions ¥, (z,w) € An(Vp) X On(Vp), 1 < v < n/ such that f,(2) = V! (z,@), v =1,...,7n/,
z € @y (using elimination theory, one can even assume that the ¥/, are polynomial with respect
to z). Fixing w, this shows that f is algebraic on Segre varieties and Theorem 1.10 then applies
to show that f is algebraic. In particular, we recover the main theorem of [2] with a slight
variation. For further properties and knowledge about the geometry of S* (the first reflection
variety), we refer to [1,2,3,4,6,7,10,14].
1.22. Almost everywhere analytic dependence of (z,w) — X| ;. Now, we present the
way how (z,w) +— X ; varies:
Proposition 1.23. If dimf(z)X;72 =0,Vz € M, then there exists a dense open subset Dpy C M
such that

(x) Vp € Dy, 3Up = Vo), 30Uy = Vo (' = f(p)), 3K € Ny, I(sp)i<k<k, sk €
On(Up) x Oy (Up) x An (Uy) such that, if St = {r(z,w,2') =0}, then

Vz,w €Uy, 2 € Qu, YVw,z1 €Uy, w € Qz,,

(1.24) UI',, NX, 5 C{z' €eUy:r(z,w,2') =0,s(w,z,2') =0} = S?

2,W,21
and such that the graph of f over M§M = {(z,w,21) : p(z,w) = 0,p(w, 1) = 0} intersected
with Uy x U, x U, satisfies

(1.25) Tr(f) = {(z,w, 21, f(2))} = {(z,w,21,2") : 2" € Sg’wm} —=: S2

Furthermore, there exist similar analytic equations r(z,w,2') =0, s(w, z1,2') = 0 such that

(#%) V (2,1, 21) € (MIM) N (U, x Uy X Up), the map
(1.26) Vo (£(2)) 2 2 = (r(z,w,2), s(w, 21, 2")) € c/tK

is an immersion at f(z).

We invite the reader to notice that the dependence of S? is holomorphic with respect to z
and antiholomorphic with respect to w, which justifies and explains the notation Xlz,w- This
technical proposition, whose proof is postponed to Section 3, appeals several remarks. The first
one is: what is the structure of the closed set M\Dy C M exactly? Surprisingly, it is not
an analytic set, it is in general a subanalytic set. Leaving this question for a while, we shall
return to it in Examples 1.66 and 1.68 below. The second remark is: we prove Theorem 1.9
without using Proposition 1.23. This proposition is indeed used only to prove that Theorem 1.9
= Theorem 1.11. Next, a third remark. As T'r(f) = S?, the projection 7 : S>(C U, x U, x U, x
UI’J,) — Uy x U, x U, is submersive. The zero locus S? = I'r(f) is smooth, but the equations

defining S? can be non-reduced. After taking the reduced complex space Red S?, we obtain
the immersion property (xx) of Proposition 1.23 for z,w, 21 € Vcn (p). Of course, the equations
s(w, z1,2') = 0 of which Proposition 1.23 asserts the existence are clearly those for 72, (f(Qaz)),
while as before r(z,w, 2’) come for 73/ (f(Qz)). Now, we come to the most important remark.
Thanks to the analytic parametrization (1.24), we have:

(1.27) (dim ,)S? 0) = (dimy(,)S? 5., =0, Vz,w,21 € Ver (p) C Up) -

oD 2,W,21
We therefore obtain the desired semi-continuity property:
(1.28)
<dimf(z)X'z,Z =0,VzeM)= (dimf(z)X'z’u-, =0, Vz,w € Vor (p), 2 € Qp) -
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In summary, the reduction of Theorem 1.11 to Theorem 1.9 via Proposition 1.23 is completed.

1.29. Solvability of f over a dense open set. The fundamental remark is that after solving
f(z) from (xx) of Proposition 1.23 at ¢ € Uy, p € Dy, i.e. solving f(z) from the collection of
equations:

(130) ’f‘j(Z,’u_J,f(Z)) = Oa 1 SJ < Ja S]c(’u_J,Zl,f(Z)) =Y 1< k < Ka
where z € Qg, w € (Jz,, we obtain:

Corollary 1.31. Vp € Dy, Vg € U, = Ver(p), AW, = Ven(q), 3V, (2,w,21) € An(W,) X
On(Wy) x On(W,), 1 <v <n', such that

(1.32) fi(z) = U (2,0, 21),. .., fur(2) = UL (2,0, 21),
Vz,w,21 € Wy, 2 € Qu, w € Q3.
Then equation (1.32) immediately shows that f is algebraic on each Segre variety Q4 N Wj: just
fix w, 21 in (1.32) and let z € Qy vary. Thus, again Theorem 1.10 applies, as in 1.14 above.
1.33. Algebraicity of f. Theorem 1.11 admits the following main corollary:
Theorem 1.34. ([6,10,14]) If M’ does not contain complez algebraic sets of positive dimension,
then f is algebraic.

Proof. Indeed, we have:

1. X, =1 (f(Qz2) N7ip(f(Q2)) C M (by rarr (E') N1 (E') C MV E').

2. rar(£(Qz)), r3p (f(Qz)), X, ; are complex algebraic sets through f(z).
Consequently, dim f(z)X;,z = 0V z € M necessarily holds under the assumption of Theorem 1.34:
Theorem 1.11 then applies. O
Remark. The author obtains a completely different proof of Theorem 1.34 in [10]. A similar
proof is given in [6], but for M being Segre-transversal instead of being minimal.
1.35. Comparison of V/,, Xlz,u‘z' We have now completed the presentation of the main steps
in the proof of Theorem 1.11. Next, we come to the comparison between the zero dimension
conditions about V, and X, ;. It is easy to see that there exist many examples of f, M, M', U,
U’ such that dimy )V}, > 1, Vz € U and dimy,yX], ; = 0, Vz,w € U, z € Q. Consequently
the condition C3(M) is strictly finer than C'(M) (same fact about C2(M) or C*(M)). Here is
such an example (exercise).

Example 1.36. Take M : z4 = Z4 + 12171 in (C%z1 a)? f(z1,24) = (21,0,0,24) € C*, and the
hypersurface
(1.37) M': Z, =72, +i2\ 2 + i 22, + 22k + izh7y + izh2h.

It is also known that the second reflection is superfluous when n = n’ and f is a biholomorphic
map (cf. [1,2,3,14]) or if one assumes directly that dimf(z)V'z =0 (¢f. [7])-
1.38. Comparisons between V,, W, 7/ ;. X ;. Yet another strategy (cf. [8,14]) consists
in replacing (when possible) the set S' = {(z,w,2'):r(z,w,2') = 0} by some smaller complex
analytic set S! = {(z,w,2) : 7(z,w,7') = 0} C S* such that:

1. 7 € Ap(U) x O, (U) x Ay (U).

2. I'r(f) = the graph of f = {(z,w, f(2)): (z,w) € M} is contained in St

3. S! is obtained in a constructive way.
The set S! should really be given by means of an explicit construction, because S! is the concrete
datum from which one tries to deduce that 2’ is solvable in terms of z,w. Constructing such a
set S!, one can hope that dimf(z)gi,m = 0. For instance, if I'r(f) is contained in the singular
locus Sing(S?!), which is computable in terms of r(z,w, z'), since S is explicitely given, it is
possible to shrink S! and to replace it by S! := Sing(S?), obtaining new, possibly finer equations
7(z,W, f(z)) = 0. In [14] (preprint version), S! is also shrunk more again, still in a constructive

way, in order that S! becomes a “holomorphic family”. Therefore, there might exist many
different such S' depending on the way how S! is shrunk in a constructive way. However in
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the end of Section 3 we propose a uniform unambiguous method, which uses only elementary
tools: minors and the uniqueness principle (but not passing to the filtration by singular complex
subspaces).

If dimf(z)gi’w > 1, denote W', ; := {2’ € U":7(z,w,2') =0} = giw and

(1.39) le,m = W;,u-, N7 (Ww,zl), 2 € Qu, wE Qz.
Then f(z) € Z!, ; because
(1.40) f(z2) eW, ; CV,

’I"MI(WIZ,,U—}) D ’I‘M/(Vlz) (by ’I‘MI(E’) D ’I‘MI(F,) if B' C F,)

(Wi 2,) D raer (V) = 730 (F(Qw)) D f(Qa) 3 f(2)

f(z) € W’z,w AT (Wiu,zl) = ;,w,zl-

The gain in reducing S — S' lies in the fact that one can easily insure that (w, z1) = rar (W, ;)
becomes an analytic parametrization (or a “holomorphic family”) by having first a nice repre-

sentation of W, ,;:

Proposition 1.41. ([8,14]) There exists N C M a proper complex analytic subset such that
Vp = (zp,wp) € M\N Uy, = Vm(p), An], nh € N, ) +nf, = n', 3, (z,1,2) € Ap(z) X
Op(w) x Ap (1), (z,w) € Up, (w,21) € Uy, 1 <v < n, such that

(1.42)
{(z,@, f(2)):(z,w) € M} C{(2,W,7"): 25 = ®(z,w,21)} C {r(z,w,2) =0}

In [8], it is established that the representation (1.42) is unique: the set {z} = ®'(z,w, z})} being
the maximal for inclusion among all the sets of the form A = {2z}, = ¥'(z,w,2})} (for some
splitting of the coordinates 2') satisfying T'r(f) C A C S. Let now p € M\(N := N'N M) and
let U, = Vo (p) with Uy, C U, x Up. The representation (4.2) yields after some easy work (see
[8,14]) that there exist K € Ny, (sk)i<k<i € On(Up) X O (Up) X Ay (Uy) such that Vz,w € Up,
z2 € Qp, Vw,z1 € Up, w € Qz,

(1.43) Z ={z' €Uy :r(z,w,2) =0, s(w,z,2) =0}

2,W,21

As in Proposition 1.23, we have got the analytic dependence of the map (z,w) — Z,, ; (again,
the set Z/, ; ., does not depend as a set of z; if (2,,21) € M§M and it coincides with Z ;
which was defined in a set theoretical way). We will come back later to the construction of @',

see Proposition 1.74 below.

1.44. Fundamental remark. The constructiveness of a shrinking S S! is essential. One is
temptated to introduce S. . := the minimal (for inclusion) A, x O,, X A,-set contained in S’ sat-
isfying T'r(f) € SL. C S% i.e. the intersection of all S!, even those which are not constructive,

men
and to put Zmin 2z = Sk N7y (S%nin,w,il)' However, the equations 7 (z,w,2') = 0

men,2,w
being not known from the datum S' in general and not constructible in an explicit way, it is
quite impossible to deduce from f(z) € Zmin 2w, anything. Not to mention that anyway if
f was algebraic from the beginning, then r,,;, := 2’ — f(2) would have been convenient and
the condition dimf(z)me,z,ﬂ,,zl' = 0 (here dimf(Z)Srlnin,z,ﬁ),zl = 0) then becomes surprisingly
tautological!

1.45. Properties of Z, ;. Before entering into further discussions, let us summarize the
properties of le,w as follows (see also Proposition 1.74).

Theorem 1.46. (1) The set of points where (z,w) + Z., 5 is not holomorphic is a proper
complez analytic subset N of M. Let N: =N NM.

(2) If dimyyZ), ; = 0 Vz € Vcu (0) N M, then dimy,)Z), ; = 0 for z outside a proper real
analytic subvariety N1 of M\N.

(3) If dimf(p)Z;’ﬁ =0 at some point p € M\(N U Ny), then f is algebraic.

Remark. That the bad set N is analytic is a property which is specific to le,w- For sz,wa the
bad set M\ D), is definitely not analytic, see Example 1.68 below.
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1.47. Discussion. We can now summarize the main result in [14] (preprint version).
Theorem 1.48. ([14]) If dimf,)Z;, ;=0 Vp € Ve (0) N M, then f is algebraic.

This theorem also implies Theorem 1.34 (which is the main application of double reflection).
Indeed, a possible proof of Theorem 1.34 starting from Theorem 1.48 above can be achieved
exactly as we did supra in 1.83, because the intersection Zj, ; = Wi, 5 N rap (W), 5) C M’ must
also be a zero-dimensional complex algebraic set.

1.49. Reverse inclusions. Now, we return to comparison of X, ; with Z, ;. If dims,)W,
Vz € U (so second reflection is needed) one can expect that

(1.50) <d1mf( ) =0, Vz) = (dim; ()L = 0, Vz),

i.e. that the study of Zz,w is sufﬁment to get a complete proof of Theorem 1.9. Nevertheless,
two inclusions of opposite sense enter in competition

(151) W{z,u‘; C Si,ﬂ) and T M! (le,u?) D) TMI(S}:,@)
so that it is not clear how
(1'52) Xlz w,21 Si,ﬁ} 7Ty (S'llu zl) and z W21 W w T (Ww,21)

could be comparable. Indeed, implication (1.50) is simply untrue:
Example 1.53. There exist f, M, M’ such that:

(1.54) dimp )X, 5, =0, Vz  but dimp,Z, 5, >1, Ve

Explicitely, take: M : z5 = z5 + i2121 in (C%z1 25)7 f(z1,25) = (21,0,0,0, z5), and:

(1.55) M': zh =z 42\ 2, + iz, 247 +id a4 ik A + 2 e+
=313 ,3

+iz'32"y + 12 3z
In conclusion, the determination of f(z) by X[, ; = can be strictly finer than by Z/, ; .. (for the
details, see Section 4). And quite surprisingly, it is also true that determination of f ( ) by Z.,
can be strictly finer than by X
Example 1.56. There exist f, M, M’ such that dimy(,)Z’, ;, = 0 V2 but dim; )X, ;, > 1 V2.
To be explicit, take M : z4 = Z4 + iz1Z1 in (C%z1 4 f(z1,24) = (21,0,0, 2z4) € C*, and:

! ! =t - 1=t L1275 = .52 1
(1.57) M 2y = 2y 1212 + 12 ZoZ3 + 12" 2523,

In summary:

(1.58) (dimpX, 5 =0, Vz) #&= A (dimy(,)Z}, 5, =0, Vz).
Consequently, it is justified to introduce:

(1.59) M, 5 = W, Nrap (Vy,),

where

(1.60) W, 5 =S

for a constructive shrinking St of S. (Of course, different such shrinkings may exist, which

depend on the conditions that are imposed; the choice St=s'can always be done; our examples
illustrate well the phenomenon.)

1.61. Comparison between M, ; and Z, ;,
is clear that:

(1.62) (dimp, )M, ; =0, Vz,w,2 € Qg) < (dimy)X, ; =0, Vz,w,2 € Qp)

X’z,w. Notice that M,z,w = X;,w N Z;@. Now it

(1.63)
<dimf(z)l\4l'z’w =0, Vz,w,z € Q@> = <dimf(z)Z'z’w =0, Vz,w,z € Qw>

Our examples also show that the reverse implications = are both untrue.
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1.64. Summarizing tabulae. It is time to give a complete link tabular between the twelve
conditions

Cps Cpy Cp, Gy, C1 (M), C* (M), C* (M), C* (M), C' (M), C* (M), C*(M),CH(M).
Return to definitions. Here, p € M is a fixed chosen point, the origin in previous coordi-
nates. The point p is chosen arbitrarily and is fixed. Cj denotes: C;l : dimf(;,,)IMI'm7 =0,
C3 - dimyy X 5 =0, C2 : dimg,)Z;, ; = 0, C) = dimy(,) Vi, = 0. Henceforth, C7(M) does not
denote “Cg Yq € M, but Vq € Dy”, i.e. over a dense open subset Dys of M. Idem for C7(M).
Consequently, the implication C7 (M) = C]Z is a priori untrue, since p can well belong to the set
of points ¢ where Cg is not satisfied.

First, we already know that if C7(M) is satisfied over an open dense subset of M, then C? (M)
is satisfied over an open dense subset of M, for j = 1,2, 3,4, and conversely. We know this thanks
to Propositions 1.15, 1.23 and 1.41. Therefore, if C, denotes (C§)1<;<a, C(M) = (CI(M))1<j<u,
C(M) = (C?(M))1<j<4, the comparison of our twelve conditions which could have been explored
in a 12 x 12 tabular with 144 entries can be reduced to only three 4 x 4 tabulars:

x> TG [CM) [[CM) ]

[ G M x x T _x 1 _ (II * TG [ [T ] [+ [CM II)
e [ x [ x T x 1] L x T [Cel _x [ [T _x ]
e [ x [ x T x 1]

==l & 1 G 16 |G |
[ G le=]le=]¢= =]
[ G [ez|e=] =]« =]
[ e zezle=]¢=]
[ [e=[er]e=]e=]

[+ [CTM) [ C*(M) [ C°(M) [ C*(M) ]
[ G le=]es=]+=>]« =]
IR RS R
[ G =+ =[]+ =>"]
IR RS RS R

[ xxx [ CUM) [ C*(M) [ C3(M) [[C*HM) ]
[CM [ === [«*>[+*=]
[CM e[ = [[«’»[+°=]
[CM e #?[«+'»°] €« = [+'=]
[CM)]e [ [e»'[< =]

Our examples are intended to explain only the main nontrivial (non) implication links above.
Those not in the articles are easier to find.

1.65. Nonanalytic behavior of (z,w) — X, ;. We give two examples of it.

Example 1.66. There exist f, M, M’ with f nonalgebraic such that the function M > (z,w) —

dimf(z)X;,u-) € N is not upper semi-continuous at 0. Explicitely, take M : z4 = 24 + 12121 in
%21 124)?

(1.67) M. Zh =7 +id 7 +idh +izhzh + i2 BhE) + i 2,

!Example 1.66 shows everything: C} % C7,2 < j < 4.
2Example 1.36 shows everything: C/ (M) % C1(M), 2 < j < 4.
3Example 1.53.

4Example 1.56.
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and f(z1,24) = (21, 21810 21,0, 24). Here, dimeXy o = 0, dimy)X, ; = 1 Vz # 0, z € Qu.
(Idem for M, ,; instead.) See Section 4. This example therefore shows that X/, ; cannot be
written as {z': A(z,w, 2') = 0} for holomorphic A € Vcn (0) X Ver (0) X Vi (0) in general.
Example 1.68. (See Section 4.) There exist f, M, M’ all algebraic such that if ¥ denotes
the set of points (z,w,z1) € MM in a neighborhood of which (%) of Proposition 1.23 is not
satisfied, then . is not a complex analytic subset of M§M but a real analytic subset.

1.69. Globalization of 7y, r7,. First, we notice that ryy (E')(= r%,(E')) which we have
localized in U’ could have been defined globally as follows:

o’ A ! Y !
because the p;-, are polynomials. A variation of Theorem 1.9 would be:

Theorem 1.71. If dimf(z)[r%,’ (f(Qz)N (TM,) (f(Qw))] =0,Vz,w € Ven (0), z € Qg, then f
is algebraic.

(Identical proof). Suprisingly, Theorem 1.71 can be more general than Theorem 1.9 because:
Example 1.72. There exist f ) M., M', U, U such that:

1. dlmf(z [TM'( (Qi)) (TM’) (f(QW))] > 13 VZ,’LU € U7 VA QU_) and

2. dlmf(z [TM' ( (QE)) (TM’ ) (f(Qw))] =0,Vz,weU, z € Qp.
Explicitely (see Section 4), take U = A2, U’ = A*, the hypersurface M : 2z, = 24 + 21721,
f(z1,24) = (21,0,0, 24) € C*, and
(1.73)

M' 2y =2, +id 2 + iz 2 (1 + 25) 24 + iz (1 + 24) 2 + izh2ha's + i2h 22" .

Conversely, Theorem 1.9 can be more general than Theorem 1.71 (exercise left to the reader).

1.74. About 7 ., M It is not difficult to see that all the three positive Theorems 1.9, 1.11

zZ,w? Z,W *
and 1.71 concerning X, »,w €xtend immediately to be satisfied by Z o and by M, - once we have

2 w
established the following result analogous to Proposition 1.23:

Proposition 1.75. There exists a standard constructive way of finding a variety St= {(z,w,?2")
:7(2,w,2') = 0} contained in S' with 7j(z,w,2') € Ay(U) X Op(U) x A (U"), 1 < § < J, J > J,
such that

(1.76) Tr(f) = {(z,w, f(2)): (z,w) € M} C Sl

Shu=A{(zw,2):7(z,w,7) = 0, (z,w) € M}
and such that there exist a Zariski open subset Dag :== M\N of M, N C M complex analytic,
dimcN < 2m +d — 1, and an integer n', 0 < n| <n' such that
(*) Vp € Dm, 3Up = Vm(p), 3Uy = Veu (0" = f(p)), such that 8114,, = (Up x Uy,) NS is

smooth and the projection w' : AS%(p — U’ is of constant rank n.

Consequently, (x) implies that
(**) Vp S DM = DM N M HUp = V(Cn( ) HU’, = VC” (p' = f(p)), dK € N*, 3 (Sk)lgkgK,
sk € On(Up) X On(Up) x .A /(U},) such that V21 € Qu if W, 5 =Sy, ; N (Up x Uy x U,) for

w,Z1

any (w,z1) € M, and ifr]\f, (E') == {w' € Uy, : Qyy D E'}, then

!
/

(1.77) o8 (W s, ) = {(@,21,2") € Up x Up x Uy 1 8(, 21, 2') = 0}

Proposition 1.75 shows that after shrinking the first reflection variety S' to gl, the crucial
property (%) above is satified. This property is appropriate to compute the second reflection
v (Wy, ) after localisation in a smaller open subset UZ'), because it yields the convenient analytic
dependence with respect to the parameters (w,z;), as we have written in (1.77). We would
like to remind the reader that our examples show that there is a serious difference between
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Proposition 1.23 and Proposition 1.75 and a serious difference between applying operators r z\f"
or r][{/[', or r%. Finally, by applying Proposition 1.75, we clearly obtain the Theorems 1.9
and 1.11 with Z) ; and with M, ,; instead of X ;. The remainder of the paper is devoted to

explore the technicalities.

2. PROOF OF THEOREM 1.9

Lemma 2.1. (i) For any set E CU, ENry(E) CM and E C ray(ry(E)).
(1) 2€Qu iffweQRz, 2€Qziff zeE M, {w €U:Qp D E} = NypeeQuw-
(i) £(@:) C Q'
(iv) p(z,w) = 0 iff p(w,Z) = 0.

Proof. (ii), (iii) and (iv) are classical. Prove (i). If e € F and e € ry(F) = NyerpQp then

e € Qg s0 e € M by (ii), i.e. ENry(F) C M. Furthermore, by construction of 7y, (E),

(2.2) rm(rm(E)) ={Qz:z€rm(E)} =n{Qz:Qz: D E}DE. O

Let M = {(2,w) € U x U:p(z,w) = 0}. Let £; =377, a;(z, D) 52— -, 1 <1 <m, be tangent
vectors to M which are the complexifications of a basis of tangent vectors L=" ie1a50(%, 7) -2 9z,

1 <1 < m generating T%' M with polynomial coefficients and which commute.

Lemma 2.3. There exist J € N, and functions r;(z,w,2") € A, X Op X Ap, 1 < j < J, such
that V (z,w) € M

(2.4 ra(£(@2) = {# € Uiz, ') = 0,1 < j < J).

Remark. Two sets {r;(z,w1,7') = 0} and {r;(z, w2, 7") = 0} for different wy,wy such that
z € Qg,, z € Qu,, coincide and are equal to 7y (f(Qz)).

Proof. By definition, 7y (f(Q —)) ={w' e U":p'(f(w),w') =0,Yw € Q3}. Using Lemma 2.1

(iv), rar (f(Qz) = {2 € U': p' (¢, f(w)) = 0, Vw € Q;}. Equivalently, Q; > w — p'(¢', f(w)) €
C% vanishes identically as an antiholomorphic map of w defined on the complex algebraic man-
ifold ;. Thanks to the identity principle, this is equivalent to £ (p'(2', f(w))) = 0, Vv € N™.
Put 7(z,w,2") = L7(p'(#, f(w))). Then r, € A, x Op x A!,. By noetherianity, a finite
subcollection of the 7,’s defines s (f(Qz))- O

Lemma 2.5. There exist K € N, and polynomials si(z') (depending on w), 1 < k < K, such
that 2, (f(Qw)) = {#' € U':s1(2") = 0,1 < k < K}.

Proof. Simply because r2,,(f(Qg)) is algebraic, by the definition (1.3). O

End of proof of Theorem 1.9. Fix w. We prove that f|g,nv is algebraic. Indeed

1. Vz € Qg, mj(z,w, f(2)) =0,1 < j < Jand sx(f(2)) =0, 1 <k < K.

2. Theset ® := {z':7j(z,w,2') = 0,1 < j < J and sx(2') = 0,1 < k < K} is zero dimensional
at each point f(2), z €V, z € Q.

By Theorem 5.3.9 in [4] (in the algebraic case), there exist Weierstrass polynomials P;(z, 2;) =

IN]+ZI<I<;<N Ay, j(2)z; 1Nk , Ak,j € Clz], 1 < j < n/, such that ® is contained in ¥ = {(z,2') €

V xV': Pi(z,2;) =0,1 S j<n'}. As (z, f(z)) € @, we obtain that

(2.6) 2)Ni + Z Ap,j(2) N k(z) =0, z€QupnV,1<j<n.
1<k<N;

Equation (2.6) above yields at once that each map Q3 NV 3 z — fj(2) € C is holomorphic
algebraic, 1 < j < n'/. To conclude, apply Theorem 1.10. O
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3. PrROOF OF PROPOSITION 1.23

Proposition 1.23 relies upon the following statement (denseness of D) is then clear and
(x) = (*%) also):
Proposition 3.1. If dimy X, ; =0, Vz € M NV (0) = M NV, then there exists p €
M NV arbitrarily close to 0 such that dimp X, 5 = 0, Vz,w € Ver (p), 2 € Qu and (%) of
Proposition 1.23 holds in Uy, = Ver (p) C V.

As we have already observed, the main difficulty here is that there does not necessarily exist
holomorphic equations A(z,w, z) such that X| ; = {2’ € U':\(z,w,2') = 0} as for example
like there existed some for 7y (f(Qz)) = {7 € U':r(2,2,2') =0}, 2 € M, z € Q5. To get
such a local parametrized family, we shall have to shift p € M from a certain number of images
by holomorphic maps of complex analytic sets. Our proof shows that the set of p € M in a
neighborhood of which XZ 5 Should be holomorphically parametrized is a dense open subset of
M. It will also clearly show that the bad set can be at least as worst as a subanalytic set.

We will prove Proposition 3.1 with M, M’ of class C¥. For that purpose, let V/, := 31 (f(Qz)) =
{#! € U':r(z,w,2') = 0} (in vectorial notations, r = (ry,...,r,)) so that r2,(f(Qg)) =
rar (Vi,). Let us recall that the representation of V’ by holomorphic equations r(z,w,2') = 0
gives the same set V!, for any choice of (z,w) € M (cf Lemma 2.3). Therefore the introduction
of a third point z; € Qg yields a representation V|, = {2’ € U’ :r(w, z1,2') = 0}.

From now on, we let z,w,z; € U, z € Qg, w € @z, and we denote S}Z > Sy .z, instead of
V!, V.,. This is justified by the fact that although the set {z' € U':r(z,w,2") = 0} does not
depend on W, the equations r(z,w,z') = L7[p'(2', f(w))] = 0 do really depend on w. (Inspect
for instance the identity map C> — C*, M — M, M = {23 = Zy +iz121}.) The notation S

simply means a fiber over (z,w) of the set S! (even if (z,%) ¢ M). We then write
(3.2) rur(Sy,z) = {7 € U':p/(#,C) =0V satisfying r(w, z1, ') = 0}.
We shall establish that there exist points p = (zp,2,) € M arbitrarily close to 0, neighborhoods
Up = Ve (p), Uy = Ve (P = f(p)) and holomorphic functions s(w, 21, 2') near (2, zp, f(2p)) in
Up x Uy x Uy, such that:

1. rM:(Sw ) C {2 €Uy s(w,21,2") =0}, Vw, 21 € Up, w € Q, and:

2. rv (S ) = {7 € Uy :s(w,w,z') =0}, Vw € UpN M.
Lemma 3.3. If the above conditions 1-2 are fulfilled, then dimf,)X, ; =0, V (2,0) € Vam(p),
if dim ;) X, > = 0.,

Proof. Indeed let Yo w0 =12 € U'ir(z,w,2") = 0,5(w0,21,2") = 0} DX, 5 3 f(2)- By as-
sumption, dlmf( ) p,p P = 0. Since Yz @21 is holomorphically parametrized, then dlmf(z) 2D =

0, Vz,w,Z; in some small nelghborhood of p in C* with z € Qg, w € Q3. Therefore
dimg(, )Xz » = 0 also. O
Let us assume for a while that we have obtained a dense open set Dj; where the above
conditions 1 and 2 are fulfilled. To complete (*) of Proposition 1.23, it suffices to take S? := the
irreducible component of Y' = {(z,w,z21,2') € (MIM) N (Up x Up x Up)) x U}, :7(2,@,2') =
0, s(w, 21, 2') = 0} containing the graph of f over (M$M)N(U,xU,xU,). S? is defined by similar
partially polynomial equations r € A, (U,) x O(U,) x Ay (Uy), s € On(Up) % On(Up) X Ay (Uy)-
The graph of f is in fact a local irreducible component of S2, for reasons of dimension. Therefore,
S? is smooth there and (if the equations r = s = 0 are reduced) the rank of the mapping (1.26)
equals n' almost everywhere, which completes the proof of Proposition 1.23. O
Consequently, it remains to establish 1 and 2 above. In fact, this can be reduced to a
statement which we now formalize in an independent fashion, abandoning Segre varieties, see
Lemma 3.7. Let A be the unit discin C. Let k e N,, n € N,, 1 € N,, g: A" x A" - C”* be a
holomorphic power series mapping converging normally in (2A)5*" (¢, 2) = g(t, z), let

(3.4) F:={(t,z) € A" x A":¢(t,z) = 0}.
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Assume that there exists a holomorphic map A : A® — A" converging normally in (2A)* such
that (¢, A(t)) € F,Vt € A, hence w(F) = AF, where m : A®x A" — A* (t,2) — t. Let n' € N,,
vy € Ny, let p: A" x A" — C”2 be a holomorphic series converging normally in (2A)" +" and
denote for ¢t € A*

(3.5) Grlt]:={2' € A" :p(z',2) =0, Yz s.t. g(t,z) =0}.

Let I C A* be the maximally real set I® = (—1,1)%, I = (—1,1). Introduce the complex
filtration F = F} D F; D F3 D --- D F,y1 =0, F, # 0, a > 1, of F by singular subspaces:
Fit1 = Fj 4ing. Assume also that:

(3.6) Fo={(t,z) € A" x A":g,(t,z) =0}, 1<a<a,

with gq : (2A)%*T" — CY1 converging normally and assume that all irreducible components of
F, are defined analogously. We denote by Ag(¢,g), € > 0, the polydisc of center ¢, radius e,
with ¢t € AF, ¢ << dist(t, bAF). It remains to establish:
Lemma 3.7. There exist t € I, ¢ > 0 and holomorphic equations s(t,2') in Ag(t,g) x A"
such that:

1. Gplt] c {7 € A" :5(t,2') =0}, Vite Ayt g), and:

2. Gpl[t] = {7 € A" :s(t,2') =0}, Vite Ag(t,e) NI~

Proof. First, Gp[t] = Gry,,[t] N Gry,,[t] N+ N GE,,.,[t] (Fo = Fareg). Also, Vo, 1 <
a <a, Gplt] = Gry,, [ N---NGr,_, ., [t1NGR,[t]. Let Fy = UY, Fag, bs € N,, denote the
decomposition of F, into irreducible components. Then also:

(3.8) Grlt] = N Gr,,[t-
1<a<a,1<A<ba
We have (see [C], Chapter 1):
Fapreg\(UyzpFay) C Fayreg,
Fogreg N (UyzpFoy) is a proper analytic subset of Fug req,
Foreg = Ui<p<b, (Faﬁ,reg\(uviﬁFav)) and
GFa,'reg [t] n GFa+1 [t] C ﬂlSﬂSba GFaﬂ,reg [t]'
This yields

(39) GF [t] = ﬂ GFaﬂ,reg [t]'

1<a<a,1<f<ba
Denote now by Fi,... ,F., ¢ = by +---+ b, € N, the F,g’s which are irreducible. So Gp[t] =
Ni<y<cGF, . [t]- Let F be one of the F,’s, 1 <y < c. Now, we come to a dichotomy. Either
the generic rank satisfies

(3.10) gen rke(7|p,,,) =k  or  gen rke(n|g,,) < A.

Lemma 3.11. Let F := one of the F,’s. If gen rk¢(7|F,,,) < K, then the closed set T(F) :=
7(F ¢ A" x A") ¢ A" (here, = denotes closure) is contained in a countable union Uyen, A, of
analytic sets A, = AN with 0 < A\, < k, v € N,.

Proof. Let F be a F, with gen rk¢(n|r,,,) < k. Since F is defined over (2A)*™" and
irreducible, paragraph 3.8 in [C] applies. O

Hence the Lebesgue measure Ao, (7(F)) = 0. Furthermore, Vv, A.(T" N A,) = 0, since I* is
maximally real. Hence A, (7(F) N I®) = 0. Thus there exists an open dense subset Bp of I*
such that for all ¢ € Bp, there exists an open neighborhood Va«x(t) with Vax(t) N 7(F) = 0.
Consequently, all irreducible components F. such that gen rke(7|F,,.,) < k can be forgotten.
Indeed, for almost all t € A¥, F,[t] = 0, so for such ¢, F, makes no contribution to the set
Gr[t] defined by intersecting the sets {p(z',2) = 0} over those z € F,[t]. But of course, since
there exist A : A® — A" such that (¢, A\(t)) € F = Fy U---UF,, YVt € A", there exists at least
one vy such that gen rke(7|r, ,.,) = 5. Let now T denote the dense open set of ¢ € I* such
that F,[t] = 0 for the 4’s with gen rk¢(7|p,,.,) < k. We proceed with gen rk¢(7|p, ,.,) = &,
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Vy=1,...,c after forgetting other component and renumbering the remaining ones. Fix F':=
a F,. Let C := critical locus of 7|f,,,. Denote F' := F.¢,\C. It is known that C extends as
a complex analytic subset of F' itself and that rkc(7w|c) < k ([C], ibidem). Again for an open
dense set T of ¢ (still denoted by T), we have 7(C) # ¢t (Lemma 3.11).

Let Ap := n(ﬁ), By = W(ﬁ) N I%. Clearly, A is a nonempty subdomain of A* (since F is
connected).

If By = 0, F N 7~ !(t) makes no contribution to GF,.,lt], if t € I®. We can forget those
components F' since according to the desired conditions 1-2 of Lemma, 3.7, it is harmless to add
equations to G, [t] for some other ¢ € Ar that are close to I but do not belong to I*.

Assume therefore that Bp # (). Again, by 7(I'r()\)) = AF, there must exist at least one F' such
that Bp # (0. Let my := dim¢F. Choose t € BpN7T, which is possible since Bg is open and Y is
dense open, choose € > 0 with A, (¢,e) NI* CC ApNY. For all t € A.(¢,¢), (7]z) 7 () consists
of finitely many (m — «)-dimensional complex submanifolds of F, since 7 1(A, (t,€)) N C =0,
whence 7 has constant rank s over F N (A, (t,€) x A™) and since

(3.12) (7|7~ (t) € (xlp) ()

and the latter has a finite number of connected components. This number can only increase
locally as ¢ moves. It is bounded on Ak(t,g) N T". Hence we can find a new t € I* N Ak(t,e) in
a neighborhood of which this number of connected components is constant, say in Ag(t,e)NIE.
Denote again simply this polydisc by Ag(z, ). o

Recall also that 7(C) N Ak(t,g) =0, so GF,,[t] = Gz[t], Vi € Ag(t,€).
Lemma 3.13. Let t € I® such that there exists € > 0 such that the number of connected
components of (m|z)"' () is constant equal to § € N, for all t € Ag(t,e) NI* and with Ag(t,e) N
I® C Y. Then there exist holomorphic equations s(t,z') in A.(t,€) x A" such that

1. Gr,,[t] = Gzlt] C {z' € A" :5(t,2') =0} Vit € Ag(t,e).

2. Gr,, [t = Gz[t] ={' € A" :5(t,2) =0} Vi€ Ag(t,g) NI~

Assume for a while that Lemma 3.13 is proved. Then Lemma 3.7 holds for one irreducible
component F' of the F,’s. Pick a second component. Letting ¢ vary now in A.(t,¢) (instead
of A®), we can repeat the above argument a finite number of steps and get Lemma 3.7 as
desired. n

For short, let us denote A, := A,(t,€).

Proof of Lemma 3.13. Let Dy, ... ,D; be the components of (|z)~"(t). These are (m1 — x)-
dimensional connected complex submanifolds of F (because 7 : F — A is submersive). Let

Piy---,ps € D1,...,Ds be points, let Uy,... ,Us be neighborhoods of pi,... ,ps in F with
maps ®; : A® x A™ ™% - U; such that ®;(0 x A™ %) = D; NUj;, (g x A™ ) is the fiber
Y m(®;(g x 0))) CF,V1<j<4, g€ A" and such that 7(®;(g x A™F)) =gq.

After all the above reductions and simplifications, we now can prove the main step in two
lemmas:
Lemma 3.14. 1. GF,[t] C Gy, [t]N---NGy;lt] Vi€ A, and

2. GF,,[tl = Gu,[t]N---NGy,lt] Vte A, NI
Lemma 3.15. Each Guy;[t] is equal to a set {2’ € U’ : 54(t,2') = 0}, where s; = a finite set of
holomorphic functions.

Proof of Lemma 3.14. Let Dift],... ,Ds[t] denote the connected components of («|z) (%),
te A, NI~

Then Dj[t] N Uj = q)j(t X Aml*n) = Uj[t] and

(3.16) GF,.,[t] = Gslt] = GDl[t][t] N---N GD5[t][t] Vite A, NI®

Now, if p(2', z) = 0V z € Ujt], by the uniqueness principle, then p(z/, z) = 0 on the connected
complex manifold Dj[t], so Gz[t] = Gy,[t] N -+ Gyyplt], YVt € A, NI Ift € ANI®, the
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cardinal of the set of connected components of (r|z) ! can be > 4, so G z[t] diminishes, Gz[t] C
Gt N -+ 0 Gy,lt]- O

Proof of Lemma 3.15. Let E; :== ®;(A, x 0) given by a holomorphic graph z = @(t) over A,.
Then E; is a transverse manifold to the fibers of 7. For each j, there exist vector fields L{, cee

LG . over U; with holomorphic coefficients in (t,z) commuting with each other with integral
manifolds ®;(tx A™ 7). Then p(z',2) =0V z € (wlu;)7(¢) if and only if (E7)7p(2', 2)| =) = 0
Vy € NM =% Put s;(t,2') := (17)"p(#', 2)| ,=2(t) ) yenm1—~ and use noetherianity. O

Proof of Proposition 1.75. Starting with S}, := {(z,@,#): (z,w) € M,r(z,w,2") = 0} and
Lr(f) = {(z,w, f(2)): (z,w) € M} C S, we can again formalize the data as follows. We take
coordinates on M = Af k =2m+d. Let k € N,, n € N,, J € N,, r : AF x A" — 7,
(t,z) — r(t,z) be a holomorphic power series mapping converging normally in (2A)*, assume
Tj € Ok(A*) x A (A™), let

(3.17) S ={(t,z) € A" x A" :r(t,z) = 0}.

Assume that there exists A : A® x A™ — A" holomorphic, converging in (2A)* such that
Tr(A) C S, let 7 : A® x A™ — A" be the projection.

Let us inductively define a collection of S,’s, a € N,. First §; = S. Next, S, = {(t,2) €
AFX Ao (t,2) =0}, 7t AR X A" — Clo | J, €N, Jo > Joot, Taj =Ta-1,; V1 <j < Jact,
Taj € Okx(A%) x A, (A™) and I'r(X) C S,.

The construction of S, 1 consists in forming the Jacobian matrix of the r, ;’s with respect to

z, Hy, = (65;"; )Eféi"‘, in taking (ra41,5); := the collection of all the minors d,,;(t,2), 1 < j < eq,
of maximal generic rank over A® x A" of this matrix, where e, =: Jo11 —Jo € N, is the number
of such minors. Then put (Ta+1’j)1sjsja+1 = ((ra,j)lﬁjSJa’ (5a;j7Ja)Ja+lstJa+l and put
(3.18) Sat1:=1{(t,2) € A" x A" :rq11,(t,2) =0,1 < j < Jyp1}

Of course, rq41,; € Ox(A*) X Ay (A"), Vi = Jo +1,... ,Jag1. Also if we were starting with
(z,w) =t € M, we would have got some r441,(2, W, z') depending on the two variables (z, @)
even if we let (z,w) vary only in M, hence getting new equations like the 7; of Proposition 1.75.

Then So+1 & So. Indeed by construction J,41 > J, and the zero-locus of equations from a
minor d,; of maximal generic rank coincides with S, at each point (¢,, zp) where 04 (tp, 2p) 7# 0
but S,+1 does not contain S, in a neighborhood of such a point.

Thus there exists an integer a € N, such that S,11 = S, and Sg41 D I'r(A) or S, D I'r(A)
and there exists a minor 6§, ;(t,2) such that I'r(A) ¢ {do; = 0}. The case S,41 = S, and
I'r(A\) C Sgy1 is impossible because then dimcSg11 > k > 1 and therefore its minors are
nontrivial which implies that S,11 & S, by the above remark.

Therefore Sq D I'r(A) and I'r(A) ¢ {d4,; = 0}.

At each point of the Zariski open subset {d,; 7# 0} NI'r(A) of I'r(X), locally S, is given by
equations of the form zo = ®(¢, 21), (21, 22) € C™ xC™ , ny+ny = n, because of the constant rank
theorem. This proves (*) of Proposition 1.75 in this context. Notice that we make localization
in a smaller open set, which is a neighborhood of some point (¢, A(t)) € I'r(X) N {dq,; # 0}.

Next, we compute Gp[t] in case F(= S;) is given by {(t,2) € A* x A":2z9 = ®(t,21)} to
get (x*). This is a particular case of Lemma 3.15: let L = 8%1 + @, (t,zl)a%2 be in vectorial

notation the basis of vector fields tangent to F. Then p'(2/,21,®(t,21)) = 0 V2, if and only
if L7p'(2',0,®(¢,0)) = 0 Vy € N": these define analytic equations s(t,2’), which completes
the proof of Proposition 1.75. Notice that we make localization before computing Gr[t]: this

_ U,
N (Up x Up x Uy) and then 7 (W, ;). O

w,Z1

corresponds to taking W,, ; = St

w,zZ1
4. EXAMPLES

The general idea of all of these examples is to construct M, M’, f with the reflection set
St = {(z,w,2') :7(z,w, 2') = 0} containing two or more irreducible components and to exploit
this fact in order to exhibit rather disharmonious phenomena.



16 JOEL MERKER

Check of Example 1.53. Let z € Qg,

(4.1) 25 = Wy + 121 W1 -
Then 2’ € rp(f(Q2)) if and only if
(4.2) p' (7, (01,0,0,0,z5 —iz1w1)) =0 Vwy €Ci.e.

25 — 25 — iz10) + 102424 + iz =0  Vauy € C.
From this follows 2} = z5, 2] = 21, 232y = 0. Therefore

(4.3) St = {(z,w,2'): 2§ = 25,2 = 21,242, = 0}

(44) sz = {(217437({{}’072:5) : Cé’Cé € C} U {(21,45,0,44,25) CéaCﬁIL € (C}
Now, it is clear that I'r(f) is contained in

(4.5) Simg {(z,0,2'): 2k = 25,7, = 21,25 = 0,2} = 0} := §*
(4.6) Sho=1{(21,,0,0,25):¢; € C}.

To compute 7y (S, z,)> We write

(4.7) o (W', w1,(,0,0,05) =0 V(b i.e.

wh — w5 — i[wlwy + wiwhw, + Cow's] =0 V(.
From this follows w§ = 0, w§ = w5 + sw|w;. Therefore

(48) g (8111) zl) - {(wlla w127 0, wﬁla ws + Zw’lwl) :wlla wl27 wﬁl € (C}
and
(4.9) StanSL . = {(21,¢4,0,0,25): ¢, € C}.
In conclusion, dimy(,)Z,, 5 = V2. On the other hand,
(4.10) Ve = {(w1, 2, 3, 0,ws) : G5, G5 € C} U {(w1, (3,0, {4, ws) : 63, 3 € C}
and the equations of r3,/(V!,) are given by
(4.11) pl(w', (w1,(5,(3,0,w5)) =0 V(W (3, ie.
wh — [5 + ifwdy + Ofwhwl +wh’y + w5y +wiC) =0 VY
(4.12) p'(w', (w1, (5,0,4,Ws)) =0 VOV, ie.

wir) [wS + Z[wlw]_ + w1w3w4 +w 3C12 C_-,iwlg]] =0 VCT,QV 5’4.
From (4.11) we deduce wy = 0, wy = 0, wy = 0, wi = w5 + iwjw;. From (4.12) we deduce
wh = 0, w = ws + twjw;. Therefore

(4.13) ra (V) = {(w},0,0,0,ws + iw)w) : w) € C} = f(Qa)

and finally

(4.14) V. Nrar (V) = {(21,0,0,0,25)} = {f(2)}-

In conclusion, dimf(z)X;,u-, = (. This completes Example 1.53. O
Check of Example 1.56. Here, if z4 = w4 + 101 21,

(4.15) S' = {(2,,2): 2} = 24,2} = 21, 2h 2y = 0}.

Now, it is clear that I'r(f) is contained in Simg

(4.16) Simg {(z,w,2"): 2} = 24,2] = 21,25 = 0,25 = 0}.
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Whence

(4.17) Siw=1{(21,0,0,0,25)} = W,

and finally

(4.18) dimy W, ; = dimy)Z), 5 =0 V.

On the other hand,

(4.19) S = (21, 0,24) 1 b € C} U{(21,0, 5, 24) : Gh € C} = V1,
and the equations of ry,/ (V) are given by

(4.20) P (W', (@1,0,("3,@4)) = wh — [@4 + i[wi @ + Dwyws]] =0 V(3
(4.21) P (W', (@1,('5,0,@4)) = wh — [@4 + i[w) @1 + Dwpws]] =0 V.
It follows only the equation w} = w4 + i[wi®; + Wiwhwj]. Therefore

(4.22) rar (V) = {(wh, wh, wh, wa + i[wiw; + w?whwh]) : w), wh, wh € C}
(4.23)

YV, Nrae (Ve,) = {(21, w5, 0, 24) :wh € C} U{(21,0, w5, 2z4) :wh € C} =V,
whence dim ()X, ; = 1 V2. Example 1.56 is complete. O
Check of FExample 1.66. Let us establish:

The function M 3 (z,w) dimg(, )X’ - € N is neither upper semi continuous nor lower semi
continuous in general.

Proof. First, whenever dim g (f(Qo)) = 0, then dimy,yrapr (f(Qz)) = O too for z € Ven (0)
because of Lemma 2.3 and so there exists V' = V¢n (0) such that dimy,)X,, ; = 0 Vz,w € U,
z € Qg. For instance, M = M', f =1d, M = {22 = Zo + iz171 }.

Therefore (z,w) — dimy(,)X], ;; could be continuous.

This is false. Indeed, let M = M' = {23 = z3 +iz121(1 + 2022)} C C3, f = Id. First,
M is Levi-nondegenerate at every point of C3\{z; = 0}, so dim(,) X}, 5 = 0 at those points.
Let Qo = {(21,22,0): 21,22 € C}, rarr(Qo) = {(0,22,0):25 € C} = {g € C:Qq = Qo}, s0
ru(Qo) = Qo = {(21,22,0):21,20 € C}, so marr(Qo) N 72,/ (Qo) = {(0,22,0):22 € C} has
dimension 1.

Therefore (z,w) ~ dimy(,)X) ; can be at best upper semi-continuous.

This is false. Indeed, let M = {(21,24) € C? 1 24 = Z4 +iz171 }, let

(4.24) M' =2, = 2, + i, 2, + izhZh + izhah + i B4 7 + 12 22
and
(4-25) f(z1,24) = (21,24 sin® z1,0,24), f(M) c M.

Then Qo = {(21,0)}, f(Qo) = {(#1,0,0,0)}. We claim that

1 ran (7(Q0)) Nrye (£(@) = {(0,0,0,0)) and
2. rap (f(Q ))ﬂrM,( (Qw)) = {(21,z2,0 z4):2 € C} Vz,w, z € Qg, z # 0.

This will show that (z,@) + dimy(,)X, ; cannot be upper semicontinuous in general.
Indeed,

(4.25)
TM’(f(QO)) = {(07'22’070)} U {(0’0523’0)} and T%J’(f(QO)) = {(2170’070)}’
so 1 holds.
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Let (z1,24) # (0,0), let z € Qu, w = (w1, ws), 24 = W4 +iz1w1. Then f(Q;) = {(w1, (21 +

iw121) sin® wy,0, 2, + fw1 21) :wy € C}. By definition, vy, (f(Qz)) = {#/: p'(¢', f(0)) =0 Vw €
Qs}. Write

(4.27) o2, fw) =0 Vwy, i.e.

2h — [24 — i1 21 + 1201 + 025 (24 — 101 21) sin® @y + izg2hwd] =0 V.
We deduce equations zj = z4, 2] = 21, 2425 = 0, 2524 = 0, 2521 = 0. Therefore if (21, z4) # (0,0),
then

(4.28) rar (f(Qz)) = {(21, 25,0, 24) : 2 € C}.

Next, 72, (f(Qw)) is given by

(4.29) P2, (w1,05,0,14)) = 2y — [Wg + iz} 01 + izhzhwt +i23C] =0 V(.

We deduce equations z§ = 0, 2 = w4 + i2{w, S0

(4.30) 20 (f(Qw)) = {(2}, 2},0,w4 + iz}w1) : 2}, 2b € C}, (z1,24) # (0,0).

Finally for such (21, z4) # (0,0),

(4.31) ra (F(Qz)) Nrip (f(Qw)) = {(21, 23,0, 24) : 2 € C,

which shows that 2 above holds. This completes Example 1.66. O

Example 1.66 already shows that X,z,w is not analytically parametrized by (z,w). Exam-
ple 1.68 also provides a supplementary reason.

Check of Example 1.68. First, let us take in (3.4): k =2, n = 3, A(t1,t2) = (t1,t2,0),
(4.32) F = {(t,z) c A2 X A3 : (t123 — t%)(zl — t1) =0, (t1Z3 — t%)(ZQ — tg) =0,
(t123 - t%)z;), = 0} = F1 U F2 = PT(A) U {t12’3 - t% = O}

Then the fibers Fy[t] = @ if |t3] > |t1], say if t € T, := A2N{|t3] > [t1|}, and Fy[t] = {(z1,22,23) €
A3:z3 =t3/t1} if t € Ty := A%\T,. Clearly

(4.33) Grlt] = {2 € A" : p(7', (t1,t2,0)) =0} Vte A

and

(4.34) Gplt] = {7 € A™}

if £t € T, and

(4.35) Grylt] = {# € A" : (31 8F2p)(2,0,0,82/t1) = 0 VK1V ks € N}

if t € Ty. The border equals To N T, = {t € A%:|t;| = [t3|}. Tt is real analytic, not complex.
Next, we build a mapping on the basis of this example. Let n = 3, n' = 4, M : z4 =
Zy + 121721 + 12929,
(4.36) M: 2=z + i[z'%ié(z_’g — 2 7) + z_’fzé(z'g — 225) + 242 + 257,
f(z1,22,214) = (21, 22,0, 24). Then one can check that the equations of S, ; =V, are: z; = 24,
2 = 21, 2h = 29, 24(25 — 2123) = 0, from which Example 1.68 follows. O
Check of Ezample 1.72. Consider f : C? 3 (z1,21) — (21,0,0,24) € C*, M : 24 = Z4 + iz 71
and
(4.37)
M': 2y =3, +izh 2 + izt (1 + 24) 24 +i2' (1 + 25) 24 + izh2h 'y + izhZh2's.
Identify M with f(M) = {(21,0,0,24): (21,24) € M}. Take U = A2 Ax0x0x A, U = A*.
We will first check 1 and 2 for z =w =0 E_CQ.
First, compute raz:(Qo) by writing ¢/(/, (21, 0)) = 24— [i212{ +i72(1+24)2}] so that equations
of rar(Qo) are 2z =0, 21 = 0, (1 + 24)25 = 0, whence

(4.38) r{(Qo) = {(0,25,0,0): 25 € A}
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(4.39) r$r (Qo) = {(0,7,0,0): 24 € C} U{(0,25,1,0): 2 € C} := A} U A3.

To compute (’I"M,) (Qo), write p' (2, (0, @h,0,0)) = 24 —i[w'szh24] so that equations of (r},)2(Qo)
are zy = 0, zhz5 = 0, whence

(4.40) (rU)%(Qo) = {(2},25,0,0): 2}, 2y € Ay U{(2},0,25,0): 2}, 24 € A}

(4.41) rirr)(Qo) N (rip)*(Qo) = {(0,2,0,0): 25 € A}

On the other hand, (T% )2(Qo) = 1§y (Aé) N T(E/In, (A2), where as above

(4.42) r$ (A(l)) = {(21,25,0,0) : 21,2 € C} U{(21,0,23,0): 21,25 € C}.

To compute 75, (A(Z)) write p'(,(0,wh,1,0)) = zlfl — i[d’gzéz?, + whz'3] = 0 V) so that its
equations are z; = 0, 23 = 0, z}z4 = 0, whence r$n (A2) = {(2},0,24,0): 24 € C, 25 € C} and

(4.43) r (Qo) N (151)(Qo) = {(0,0,0,0)} U{(0,0,1,0)}.

In conclusion, for z = w = 0 € M, T%/[nl (Qo) N (7"%,, )2(Qo) is finite whereas dimo[rll\]/[',(Qo) )
(TM,) (Qo)] = 1. Now, let z € Qg, z,w € A x0x 0 x A, (21,0,0,24) € r5,(Qz,00,2) N
(TM,) (Qw1,0,0,m4)- As above,

(4.44) r{(Qz) = {(21, 75,0, 24) : 2h € A}

(4.45) r%, (Qz) = {(21,25,0,24) : 25 € C} U{(21,2h,1,24) : 25 € C} := Al U A2,
To compute (r¥},)%(Qg) = {w' € A*:p'(w',7) =0V 2 € ¥, (Qa}), write first
(4.46) P (w', (w1, 2y,0,ws)) = wh — [wy + iwiw; + w2 (1 4+ wh)wh + iwhw}z 2]
whence

(4.47) (r9)2(Qa) = {(wh, wh, 0,4 + iwhwr) :wl, wh € A, @y + iwiw| < 1}U

U{(w}, 0, wh, wa + iwi) : wl, wh € A, |wy + iw)w | < 1}.

(4.48) r3n(Qz2) N (752 (Qa) = {(21, wh, 0, 24) :wh € A}
On the other hand analogously
(4.48) rn (ALY = {(21, wh, 0, z4) : wh € C}.
To compute r%[n,’ (A2) = {w' € Ct:p'(w',2') =0 V2 € AL}, write
(450) p,(wla (wla Zéa L, w4)) =
= w) — [wy + iwhwy +iw? (1 + wh)wh + iwéwéz_’g + iw'géé]
whence
(4.51) r$ (A2) = {(w},0,w}, wy + iwiw) : wh, wh € C}

(4.52) r&(Qs) N (S 2 (AL) N (kS )2 (AZ) = {(21,0,0, 20)} U {(21,0,1, 24}
This completes Example 1.72. O
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