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ABSTRACT.! Let M be a generic CR submanifold in C™t7,
m = CRdim M > 1, n =codim M > 1, d = dim M = 2m + n.
A CR meromorphic mapping (in the sense of Harvey-Lawson) is a
triple (f, Dy, [T'f]), where: 1. f: Dy — Y is a C'-smooth mapping
defined over a dense open subset D; of M with values in a pro-
jective manifold Y; 2. The closure I'f of its graph in C™" x YV
defines a oriented scarred C'-smooth CR manifold of CR dimen-
sion m (i.e. CR outside a closed thin set) and 3. Such that
d[T'f] = 0 in the sense of currents. We prove in this paper that
(f, Dy, [I'y]) extends meromorphically to a wedge attached to M if
M is everywhere minimal and C¥ (real analytic) or if M is a C*®
globally minimal hypersurface.
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ON THE LOCAL MEROMORPHIC EXTENSION
OF CR MEROMORPHIC MAPPINGS

J. Merker and E. Porten

Since the works of Trépreau, Tumanov and Joricke, extendability properties of CR functions
on a smooth CR manifold M became fairly well understood. In a natural way, 1. M is seen
to be a disjoint union of CR bricks, called CR orbits, each of which being an immersed CR
submanifold of M with the same CR dimension as M ([21]) ; 2. A continuous CR function f
on M is CR if and only if its restriction f|o,, is CR on each CR orbit Oc¢g ([9], [17], [16]) ;
3; For each CR orbit O¢g, there exists an analytic wedge W attached to Oc¢g, i.e. a conic
complex manifold with edge O¢r and with dimcW* = dimg (Ocr) — CRdim M, such that
each continuous CR function on O¢pr admits a holomorphic extension to W ([21], [9], [22],
[14]). The technique of FBI tranforms ([21]) or deformations of analytic discs ([22], [8], [14])
brings up the construction of the analytic wedges in a semi-local way.

This paper is devoted to the question of meromorphic extension to wedges of CR mero-
morphic functions in the sense of Harvey and Lawson ([5], see also [19]).

The classical theorem of Hartogs-Levi states that, if a meromorphic function is given on
a neighborhood V(b92) of a bounded domain Q@ cC C™ m + 1 > 2, then it extends mero-
morphically inside ). Using the solution of the complex Plateau problem, i.e. attaching
holomorphic chains to maximally complex cycles in the complex euclidean space, Harvey and
Lawson proved the following Hartogs-Bochner theorem for meromorphic maps: If m + 1 > 3,
any CR mapping b2 — Y, with values in a projective manifold Y, extends meromorphically
to €2. The method allows indeterminacies : a CR meromorphic mapping is defined by Harvey
and Lawson as a triple (f, Dy, [I's]), where f : Dy — Y is a C'-smooth mapping defined over
a dense open subset Dy C M = b with values in a projective manifold Y; the closure I'; of
its graph in C™! x Y defines a scarred C'-smooth CR manifold of CR dimension m (i.e. CR
outside a closed thin set) and such that d[I's] = 0 in the sense of currents. The case m =1
was open until Dolbeault and Henkin gave a positive answer for C? CR mappings f using
their solution of the boundary problem in CP™, n > 2 ([4]). For continuous f with values in
a compact Kihler manifold the second-named author devised a different proof, relying on the
fact that b2 is a single CR orbit and that the envelope of holomorphy of V(bS2) contains
([18], see Section 4).

Recently, Sarkis obtained the analog of the Hartogs-Bochner theorem for meromorphic
maps, allowing indeterminacies ([19], see Section 4). The main idea is to see that the set ¥, of
indeterminacies of (f, Dy, [I';]) is a closed subset with empty interior of some C*-scarred sub-
manifold A C M = b2, with codimy;A = 2, and that f defines an order zero CR distribution
on M\X;. Then the question of CR meromorphic extension is reduced to the local removable



singularities theorems in the spirit of Jéricke ([7], [8], [9]). We would like to mention that these
removability results were originally impulsed by Joricke in [7] and in [9].

The goal of this article is to push forward meromorphic extension on CR manifolds of
arbitrary codimension, the analogs of domains being wedges over CR manifolds. It seems
natural to use the theory of Trépreau-Tumanov in this context. Knowing thinness of ¥y
(Sarkis) and using wedge removable singularities theorems ([15], [16], [17]), we prove in this
paper that a CR meromorphic mapping (f, Dy, [I'];) extends meromorphically to a wedge
attached to M if the CR generic manifold M is everywhere minimal in the sense of Tumanov
and real analytic, C¥-smooth. We prove also that such CR meromorphic mappings extend
meromorphically to a wedge if M is a C**-smooth (0 < a < 1) hypersurface in C™"! that is
only globally minimal and we prove the meromorphic extension in any codimension if M is
everywhere minimal and if the scar set Sc(2) (in fact Sc(A)) of the indeterminacy set 3 is
of (d — 3)-dimensional Hausdorff measure equal to zero, d = 2m + n = dim M. These results
are parallel to the meromorphic extension theorem obtained by Dinh and Sarkis for manifolds
M with nondegenerate vector-valued Levi-form ([3]).

We refer the reader to Section 4 which plays the role of a detailed introduction.

Acknoweledgement. We are grateful to Professor Henkin who raised the question. We also
wish to address special thanks to Frederic Sarkis. He has communicated to us the reduction
of meromorphic extension of CR meromorphic mappings to a removable singularity property
and we had several interesting conversations with him.

1. Currents and scarred manif olds. In this section, we follow Harvey and Lawson for a
preliminary exposition of currents in the CR category. This material is known, and is recalled
here for clarity. Let «# C C™'" be an open set. We shall denote by D*(Uf) the space of all
complex-valued C* exterior k-forms on I with the usual topology. The dual space to D*(U)
will be denoted by D} (U). We adopt the dual notation Dj(U) = D'2(m+")~k(1f) and say that
elements of this space are currents of dimension £ and degree 2(m 4+ n) — k on Y. In fact,
every k-dimensional current can be naturally represented as an exterior (2(m + n) — k)-form
on U with coefficients in D5, ,, (U).

We let d : D*(U) — DF+(U) denote the exterior differentiation operator and also denote
by d : D}, (U) — D} (U) the adjoint map (i.e. d : D'Am+n)-k-1(gf) — Dr2Amin)-k(y)).

In the following, H?, g € R, 0 < ¢ < 2m+2n, will denote Hausdorff g-dimensional measure
on C™". The notation H} (E) < oo for a set E C C™"™ means that, for all compact subsets
K CCE, H{(K) < 0.

We have the Dolbeault decomposition D*(U) = &,,,—+D"*(U) and its dual decompo-
sition Dy (U) = Bpys—k D} ,(U) (or D'H™MR(Y) = @y gy D™ "™ =5(1f)). A current in
D, ,(U) = D'™*tr=rmEn=s(({) is said to have bidimension (r, s) and bidegree (m-+n—r, m+n—s).
Given a current 7' € Dy (U), we will denote the components of 7" in the space D; (U) =
pimAn-rman=s(if) by T, s of T™mFn-7m+n=5 : the subscripts refer to bidimension and the su-
perscripts to bidegree. Thus

DU >T= > T,,= > Tmtnrmins,
r+s=k r+s=k

Let M be an oriented d-dimensional manifold of class C! in U with H{ (M) < oo (we refer

the reader to the paragraph before Proposition 5.7 for a presentation of Hausdorff measures).
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Then M defines a current [M] € D) (U), called the current of integration on M, by [M](p) =
Jar ¢, for all ¢ € DIY(U). Furthermore, d[M] = 0 if bM = () by Stokes’ formula, in particular
if M is a closed submanifold of #. An obvious remark is that [M] = [M\o], for all closed sets
o C U with H% (o) = 0. For example, pure d-dimensional real or complex analytic sets ¥ C U
have a geometric decomposition in a regular and a singular part, ¥ = Reg(¥) U Sing(¥),
with Reg(¥) N Sing(¥) = 0, Reg(¥) is a closed d-dimensional submanifold of M\Sing(¥) and
H4(Sing(¥)) = 0, so one can define [¥] = [¥\Sing(¥)] = [Reg(¥)]. In the smooth category, it
is convenient to set up the following definition. Let » > 1 and work in the C" category, r > 1.

1.1 DEeFINITION. ([5], [19]). A closed set M in a real manifold X is called a C"-scarred
manifold of dimension d if there exists a closed set o C M with H{ (o) = 0, such that M\o

loc
is an oriented C"-smooth d-dimensional submanifold of X\o with H{ (M\o) < oo.

The smallest set 0 C M with the above properties is called the scarred set of M. We adopt
the notation 0 = Sc(M) and Reg(M) = M\Sc(M). Nonetheless, if M is C"-smooth, d[M] = 0
of course does not imply that d[M\o] = 0 for a set o C M with H{ (o) = 0.

Let M be a C"-scarred manifold of dimension d. It follows from Stokes’s formula that, if
HE(Sc(M)) = 0, then the current [M] has no boundary, i.e. d[M] = 0, in particular if M is

loc
a complezr analytic set. The current [M] given by integration over M\Sc(M) is well defined,
but to retain the local behavior of a smooth current of integration, one must add the condition
that d[M] = 0 locally, or globally, to have a globally closed object, for example to solve a
boundary problem.
When M is noncompact, the condition d[M] = 0 shall mean the following: d([M]NU) = 0,

for each oen set U CC X with Int U = U. One says that d[M] = 0 locally.
1.2. DEFINITION. M is called a C"-scarred cycle if, moreover, d[M] = 0 locally.

This condition is geometric in nature and is rather independent of the measure-theoretic
largeness that H{ . (Sc(M)) = 0. Tt corrects globally the singularities (think of dim M = 1).

2. Geometry of M and CR currents. Our purpose in this section is to study the meaning
of the notion of a CR meromorphic mapping (f, Dy, [I'f]) in the sense of Harvey and Lawson,
in particular the implications underlying that [I'f] defines a C"-scarred manifold. Following [5],
we begin by establishing various useful equivalent formulations of the notion of CR functions.
These definitions take place in the category of CR objects and CR manifolds. Any locally
embeddable CR manifold being embeddable as a piece of a generic submanifold in C™*" j.e.
with CRdim M = m and codim M = n, we set up these concepts for M generic.

Let M be a C"-scarred CR manifold of type (m,n) in C™*" i.e. of dimension 2m + n, of
CR dimension m and of codimension n. Denote by t € C™*" the coordinates on C™*". Near
a point py € Reg(M), M can be defined by cartesian equations p;(t) = 0, 1 < j < n, where
dp1 A - -+ A Op, does not vanish on M. We then have

TEM = T,M N JT,M = {X € T,M : 8p;(X)=0,j=1,...,n},

where J denotes the usual complex structure on TC™*". Then J can be extended to the
complexification T{M ®gr C with eigenvalues +i. Let TSM ® C = T°M & T%'M denote
the decomposition into the eigenspaces for 7 and —¢ respectively. Then there is a natural C-
linear isomorphism from T¢M to T)°M given by the correspondence X — Z = (X —iJX).
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Moreover, the operation of complex conjugation is well-defined on T;M ®g C and we have

THOM =Ty M.

Suppose now that f : M — C is a function of class C!. f is called a CR function if Lf = 0,
for every section L of T%'M, i.e. f is annihilated by the antiholomorphic vectors tangent to
M. Equivalently, the differential df is complex-linear at each point p € M, df (JX) = idf (X),
for all X € T/M. The first definition continue to make sense for the wider class of CR
distributions on M.

To check a generalized definition in the distributional sense, let U C M be a small open
set, let 1y, ...,l,, € (U, T°M) and let Ay,..., N\, € D(U, TM) with Iy, Jli, ... by, Ty Ay ooy Ay
linearly independent.

These vector fields determine splittings TU = T°U & Ay and T*U = T°U* & A}, of the
tangent bundle and the cotangent bundle 7™M restricted to U. The two spaces T°M, called
the compler tangent bundle, and H°M = (T°M)+, the annihilator of T¢M in T*M, called the
characteristic bundle of M, are canonical; the other two depend on the choice of a splitting.
Let I3, JU;, ..., 1%, JU5 A%, ..., A be the dual covector fields. Naturally, if f € C'(U, C) :

df =3 (A5 + TL(NITE) + 3 M(FAE-
j=1 k=1

Then one can define an induced 0 operator on M by
n(f) =D L)Ly,
7=1
where L; = £(I; +iJl;) and f; = (Iy —iJI7), for j = 1,...,m. Clearly, the kernel of 9y is
the ring of CR functions on M, and the definition of O is independent of the choice of local
vector fields. However, the operator does depend on the choice of the splitting of TM.

Note that if we extend the local vector ﬁelds used in the definition of d;; above, to a
neighborhood U of U in C™*™, then we have 9(f) = Y7, L;(f)L; + Xr_; Ax(f)A;, where
Ap = L ( M +iJ)) and A, = (\p —iJXp), for k = 1,...,n. If, furthermore M = {p, = --- =
prn = 0} as above, then along M we can assume that A; = dp = (dpx, + idpy).

2.1. PROPOSITION. Let M be a piece of a C'-smooth manifold with dim M = 2m + n, closed
in an open set U C C™". Then the following conditions are equivalent.

(i) dimeT,M NJT,M =m for allp € M ;

(ii) [y @ =0 for all (r,s)-forms a on U withr +s=2m+n and |[r —s| > n ;

(iii) [M] = [M]mmtn + [Mlms1min-1 + -+ [Mlminm, where [M], s are the compo-
nents of the current of integration [M] with respect to the Dolbeault decomposition;

(iv) M is locally given by n scalar equations x; = h;(y,w), j = 1,...,n, in holomor-
phic coordinates t = (w,z), w € C™, z =z + iy € C", with h;j(0) =0 and dh;(0) = 0.

The proof is omitted. When M is C!-scarred, it is natural to allow singularities also for
maps defined over M. The precise formulation is due to Harvey and Lawson ([5], II) and
favores the graph viewpoint. We transpose it in the CR category.

2.2. DEFINITION. ([5]). Let M be a C"-scarred submanifold of C™*". Then a C"-scarred
mapping of M into a complex manifold Y is a C"-smooth map f : Dy — Y defined on an open
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dense subset Dy C Reg(M) such that the closure I'; of the graph {(p, f(p)) € Dy x Y} in
C™" x Y defines a C"-scarred cycle in C™*" x Y, i.e. d[I'y] = 0.

Scarred C" mappings will constantly be denoted by (f, Dy, [I'f]), to remind precisely that
they are not set-theoretic maps.

2.3. DEFINITION. ([5], [19]). (f, Dy, [[y]) is called a C"-scarred CR mapping if, moreover, [I'f]
is a C"-scarred CR cycle of C"™*" x Y of CR dimension m.

One can go a step further in generalization. Indeed, Harvey and Lawson have introduced
the notion of maximally complex currents. Accordingly, CR currents arise as generalized
currents of integration on CR manifolds as follows.

2.4. DEFINITION. Let M be a d = (2m + n)-dimensional current with compact support on a
(m 4 n)-dimensional complex manifold X. M is called a generic current of type (m,n) if the
Dolbeault components

M, =0, r+s=2m+mn, for |r—s|>n,

i.e. M(a) =0 for all (r, s)-forms @ on X where |r — s| > n.

Let M be a closed generic current of type (m,n) in an open set Y C C™". Then
M= M 4+ ... 4+ M™ and dM = 0 yield OM®" = 0, since = IM"", simply
for reasons of bidegree. Using this remark yields four equivalent definitions for a C!-smooth
function to be CR. [I';] denotes the current of integration over the closure of the graph of
f. Since d[[';] = 0, 9[[f]>® = 0. The variable ¢ is used to denote a coordinate on C,
f: M — C. Property (iv) below can be used as a new definition. Let 7 denote the projection
Cm™tm x C — C™™,

2.5. PROPOSITION. ([5]). Let M be an oriented real CR manifold of class C* in an open set
U C C™™", Then, for any f € C*(M), the following statements are equivalent:

(i) [ is a CR function on M;

(i) O (f) =05

(i) (f[M]O”) =0, i.e. fJynu fOp =0, for all p € D™ (Y);

(1 ) (W*(C[Ff]m—l—n m)) = 71->|F(C8[Ff]0 n) =0.

Proof. Equivalence of (i) and (ii) is obvious. To prove that (ii) implies (iii), it results from
dn(f) = 0 that fop = 0(f¢) = d(f), since d(fp) = 0 by bidegree considerations, hence
by Stokes’ formula, [,, fOp = f;, d(fo) = 0. The converse is obtained by choosing adequate
forms ¢. To prove that (iii) is equivalent to (iv), notice that d(f[M]*") = d(m.(CO[T;]%")),
obviously.

The proof of Proposition 2.5 is complete.

3. CR meromorphic mappings. The natural generalization of meromorphy to CR cate-
gory must include the appearance of indeterminacy points, not only being smooth CR from
M generic to P'(C) or to a projective algebraic manifold Y. The following definition was
devised by Harvey and Lawson and appears to be adequately large, but sufficiently stringent
to maintain the possibility of filling a scarred maximally complex cycle with a holomorphic
chain.



3.1. DEeFINITION. ([5], [19]). Let M be a C"-scarred generic submanifold of C™*". Then a
CR meromorphic mapping is a C"-scarred CR mapping (f, Dy, [['f]) with values in a projective
manifold Y.

By definition, a CR meromorphic mapping takes values in a projective algebraic manifold.
In particular, if Y = P'(C), the closure I'; of the graph of f over D; defines a C"-scarred CR
manifold of type (m,n) in C™™ x P!(C) satisfying d[';] = 0. Since any projective P*(C) is
birationaly equivalent to a product of k& copies of P!(C) ([5]), we can set Y = P!(C) without
loss of generality.

Remark. We would like to mention that a map defined on a dense open set Y C C™™" with
values in P!(C) is meromorphic over U if and only if the closure I'; of its graph {(p, f(p) €
U xP(C)} defines a C"-scarred complex submanifold of & x P!(C). This justifies in a certain
sense the above definition.

Let (t1, ..., tmin, [Co : C1]) = (¢, ¢) denote coordinates on C™" x P!(C) and let 7w : C™™ x
P!(C) — C™*" denote the projection onto the first factor.

3.2. DEFINITION. ([19]). A point p € M is called an indeterminacy point if {p} x P*(C) C T';.
Denote by Xy = {p € M; {p} x P!(C) C I';} the indeterminacy locus of f.

The following two propositions are due to Sarkis ([19]). The first one is a clever remark
about thinness of the indeterminacy set ¥;. We expose his proof for completeness.

3.3. PROPOSITION. (SARKIS, [19]). Let M be a C'-scarred CR manifold of type (m,n) in
C™" and let (f, Dy, [I'y]) be a CR meromorphic mapping on M. Then:

(i) For almot all a € P'(C), the level set A, = 7({¢ = a} NTy) is a C'-scarred
2-codimensional submanifold of M;

(ii) For every such a, the indeterminacy set ¥y = {p € M; {p} x P}(C) C Tt} of f
1s a closed subset of A, with empty interior.

Proof. We begin by asserting that for almost all complex (m + n)-dimensional linear
subspaces H of C™*" x P}(C), we have : 1. H**(IyNH) < oo and 2. T{ :=T;NH is
a C'-scarred (2 + n)-codimensional real submanifold of H. This follows by known facts from
geometric measure theory, see [5]. After a small linear change of coordinates in C™*" x P'(C),
this holds for almost every a € PY(C) with H = H, = {¢ = a}. Write I't = H, N Ty.
Obviously, I't € M x {a} is a C'-scarred submanifold in H, if and only if I'} is a C'-scarred
2-codimensional submanifold of M. This gives (i).

Assume by contradiction that ¥, contains a nonempty open set £ C Reg(A,), so £ X
P!(C) C I'y. For reasons of dimension, £ x P*(C) = I'; there. Indeed, dimg (£ x P}(C)) =
2 + dimg L = dimgl';. Let py € £. That I'y is vertical over £ near Reg(A,) is impossible,
since I'f|p ;s a C'-smooth graph over the dense open set Dy C M whose closure contains py.

The proof of Proposition 3.3 is complete.

Remark. The small linear change of coordinates above was necessary, since all the H, can
be contained in the thin set of H where 1 or 2 do not hold.

A classical observation is that to each pair consisting of volume form dA,,; on an oriented
C"-scarred CR manifold M and an integrable function on M is associated a distribution 7%
in a natural way by (T}, ) = [y fedAy. However, Ty depends on dAy. There is associated



the transpose operator "L of a CR vector field L € T'(U, T%' M) with respect to d\ys, that is
Jar L(¥) dAar = [3y TL(¢) dAys for all functions ¢, with compact support. Then T} is CR
if and only if (7}, "L(¢)) = 0 if and only if f is CR. A distribution 7 on M is called a CR

distribution if <T, Tf(ap)> =0 for all ¢ € D(M). Although "L depends on the choice of d\ys,
this annihilating condition is independent. Indeed, given d\}, and d\?,, there always exists a
function a € C=(M, C*) with d\3, = ad)\},, so " L(p) = 17 L(ap), whence the equivalence
by linearity of distributions.

The statement below and its proof are known if Sc(M) = ), i.e. f is C'; here, the condition
d[['f] helps in an essential way to keep it true in the C'-scarred category.

PROPOSITION 3.4. (SARKIS, [19]). Let M be a C'-scarred CR manifold of type (m,n) in C™™,
let (f,Dy,[Ty]) be a CR meromorphic mapping on M and let ¥; = {p € M; {p} x P}(C) C
Ly}. Then there exists an order zero CR distribution Ty on M\X; such that Ty|p, = f. In
a chart (U,C) of M x PY(C) with (U x {oo}) N Tyl = 0, given a volume form dp on
M\Sc(M), Ty is defined by

CA(Cmpdhan) = [ ¢n(o daw),

for all o € C*(U).

Proof. As before, m : U x C — U denotes (z,() — z. By assumption, U C M\X;. Since
U x {oo} NT¢|ly = 0, one has SUPcer |, I¢| < co. Let V CC U be open, V compact and let
@ € C®(V). Then

[(Ty: ) | = IT71(Cm* (0 dAn))| < Sup <l HAT, N (V x POl ooy
elflu

(d = dimM), which proves that T} is a distribution of order zero over U (T}|y € L§5.(M).)

loc

T} is clearly equal to the distribution associated with f on the open dense set Dy C M
where f is C!. Indeed,

VeeC2(U), (Tne)= [

[y a0 = [, feid = 1,0).

%

Let now L € T'(U,T%'M) and complete the pair (L*,L") in a basis (L*,L", L}, Lo, ...
L:, L A\, ...,\E) of T*M, so that, furthermore,

I

dy = (%) L*ANL"ANLSALyA--- AL, AL AN A=+ AN
By Stokes’ formula, [;; L(¥)dAy = — [y L(¢)dAy for all o, € C2(U), so that the trans-
pose "L equals —L in the above chosen frame. One must prove that <Tf,7f(g0)> =0

for all ¢ € C*(U). To do so, notice that by introducing the (2m + n — 1)-form duy =
(4)ymL* ALy ALy A -+ A X, one has

L(p)dAsr = On(pdpnr) = O(pdpin)



on M, since 8y = ¥y L;(.)L; and 8|n = Ops. Therefore,

(T, L(9)) = [D4(¢* @(pdpn))) = [T/ @(Cr* (wdpar))) = 0,

by the above-noticed fact that 9[[';]%" = 0 and since O(C7*(pduar)) is a (m + n, m)-form on
U x C.
The proof of Proposition 3.4 is complete.

Remark. In fact, f induces an intrinsic CR current [Cf] on M\X; by [Cfl(a) = [I'f]({7*)
in a chart as above. CR distributions will be more concrete for the properties of extendability.

4. Local extension of CR meromorphic mappings. Let {2 be a bounded domain with
connected C!' boundary in C", where n > 3 and let Y be a projective manifold. Harvey
and Lawson proved that any C!-scarred mapping f : b0 — Y which satisfies the tangential
Cauchy-Riemann equations at the regular points of f and such that d[I'f] = 0 in the sense of
currents extends to a meromorphic map F' : {2 — Y. By considering the graph of f over b(2,
it is a corollary of the following extension theorem.

THEOREM. (HARVEY-LAWSON, [5]). Let (V,bV) be a compact, complex, p-dimensional sub-
variety with boundary in P*(C)\P" ¢(C), where bV is a scarred C'-cycle whose reqular points
form a connected open set. Then, if p > 2q, every scarred CR map of class C' carrying bV
into a projective manifold Y extends to a meromorphic map F:V — Y.

The case dimg (b2) = 3 and b2 C? follows from the work of Dolbeault-Henkin ([4]).

THEOREM. (DOLBEAULT-HENKIN, [4]). Let Q be a bounded domain in C?, with b§) of class
C%. Then every C?-smooth CR mapping b2 — P1(C) admits a meromorphic extension to .

In a forthcoming paper, Sarkis generalized the above result allowing indeterminacies for f
CR meromorphic and a holomorphically convex compact set K, in the spirit of Lupacciolu.

THEOREM. (SARKIS, [19l2. Let Q) be a relatively compact domain in a Stein manifold M,
dim M > 2, let K = Ky be a holomorphically conver compact set and assume that
bO\K is a connected C*-scarred hypersurface in M\K. Then any CR meromorphic mapping
(f, Dy, [Ty]) on QK admits a unique meromorphic extension to Q\K.

We would like to mention that the above theorem is known for f CR C' or CR meromorphic
C! without indeterminacies, by other methods ([18]), see Theorem 4.2 below.

Global and local extension theorems. A general feature of global extension of CR functions
is that in many cases two independent steps must be stated : I. Prove that CR(M) extends
holomorphically (meromorphically) to a one-sided neighborhood V?(M) (here, M is a C*-
scarred hypersurface); II. Prove that the envelope of holomorphy (meromorphy) of V°(M)
contains a large open set, e.g. 2 if M = b). Step II is known to be equivalent in both cases:
the envelope of holomorphy and the envelope of meromorphy of an open set coincide.

THEOREM. (IVASHKOVITCH, [6]). Let Y be a compact Kéihler manifold and f a meromorphic
map from a domain §2 in some Stein manifold into Y. Then f extends to a meromorphic map
from the envelope of holomorphy € of Q to Y.



Thus, every positive global extension theorem about CR functions extends to be a result
about meromorphic CR mappings, provided one can prove by local techniques that they extend
meromorphically to open sets V?(M) attached to real submanifolds M C C™*!. Indeed, the
size of ﬁ’(M ) can be studied by means of global techniques, e.g. integral formulas. In most
cases, including special results in partially convex-concave manifolds, the disc envelope of such
M will contain some attached open one-sided neighborhoods V?(M) or wedges W with edge
M.

In this direction, a classical result is the Hartogs-Levi theorem: Let Q. CC C", n > 2, be
a bounded domain and let V(bS2) be an open neighborhood of its boundary. Then holomorphic
(meromorphic) functions on V(b2) extend holomorphically (meromorphically) to .

Therefore, it is of great importance to answer the question of Henkin and Sarkis (which
was not raised by Harvey and Lawson in 1977): Is there a local version of the meromorphic
extension phenomenon? (e.g. a Lewy extension phenomenon). If the CR meromorphic map-
ping (f, Dy, [I's]) does not possess indeterminacies, it is locally CR, so the answer is positive.
We mention, however, that the most natural notion of CR meromorphic maps it the one where
indeterminacies really occur, see Definitions 3.1 and 3.2.

Thus, a satisfactory understanding of CR meromorphicity involves the local extension
theory and various removable singularities theorems ([8], [11], [15], [17], [16]). This paper is
devoted to delineate some.

CR meromorphy and removable singularities. Let M be a piece of a generic submanifold of
C™*"_ The local holomorphic extension phenomenon for CR(M) and Dz (M) as well arises
at most points of M, according to the theory of Trépreau and Tumanov.

By a wedge of edge M at py € M, we mean an open set in C™*" of the form

W={z+n; zeUneC},

for some open neighborhood U of py in M and some convex truncated open cone C' in T, C™*",
i.e. the intersection of a convex open cone with a ball centered at 0.
M is called minimal at py if the following property is satisfied.

THEOREM. (TREPREAU: n = 1; TUMANOV: n > 2.) Assume M C C™™ is generic,
C?>* (0<a< 1), CRdim M =m > 1, codim M = n > 1 and let p € M. Then there
exists a wedge W, of edge M at p such that CR(M), Lj,.cr(M), L5, cr(M), Dpp(M) extend
holomorphically to W, if and only if there does not exist a CR manifold S C M with S > p
and CRdim S = CRdim M.

By Proposition 3.4, all components of CR meromorphic mappings (f, Dy, [['s]) on M be-
have locally like a CR distribution outside the thin set ¥ of their indeterminacies, therefore
extendability properties hold everywhere outside X, if M is minimal at every point. Thus, to
extend f along steps I and II, one is naturally led to the problem of propagating holomorphic
extension up to wedges over Y. It appears that X; has small enough size to be coverable by
wedges. Namely, in the hypersurface case, which has been intensively studied, all the neces-
sary results are already known : A wedge attached to M\®, & C M closed, codim M = 1,
is simply an open set V® (b = £) containing at each point of M\® a one-sided neighborhood
of M such that IntV® = V. An open connected set W, is called a wedge attached to M \®

10



if there exists a continuous section n : M — T3;C™*" of the normal bundle to M and W,
contains a wedge W, of edge M at (p,n(p)) for every p € M. A closed set & C M is called
W-removable (VP-removable if n = 1) if, given a wedge W), attached to M\®, there exists a
wedge W attached to M with holomorphic functions in W, extending holomorphically to W.

Joricke in the C2-smooth case and then Chirka-Stout weakening the smoothness assump-
tion, using the profound solution by Shcherbina of the three-dimensional Cauchy-Riemann
Dirichlet problem with continuous data, showed:

THEOREM. (JORICKE: C? | [8]; CHIRKA-STOUT, [2]). Let M be a locally Lipschitz graphed
hypersurface in C™, let ¥ C M be a closed subset with empty interior of a C'-scarred two-
codimensional submanifold A C M. Then ¥ is V* removable.

In the greater codimensional case also, to prove local extension of CR meromorphic map-
pings one has in a natural way to prove W removability of ¥;. Let us denote by Sc(Xy) the
scar set of a scarred manifold A which contains the indeterminacy set by Section 3.

The main result of this paper is the following.

4.1. THEOREM. Let M be a smooth generic manifold in C™™", CRdim M = m > 1,
codim M = n > 1 and assume that M is minimal at every point of M. Then there ex-
ists a wedge Wy attached to M such that all CR meromorphic mappings (f, Dy, [L'f]) extend
meromorphically to Wy (Xf is W-removable) under the following circumstances

(i) n =1 (hypersurface case), M is C>* and (only) globally minimal:

(ii) M is C** and H>(Sc(Xy)) = 0;

(iii) M is C¥ (real analytic).

Remark. The wedge W, is universal: it does not depend on (f, Dy, [I'f]).

Remark. The smoothness assumptions make Theorem 4.1 weaker in the hypersurface case
than the local meromorphic extension theorem that follows from the theorem of Joricke-Chirka-
Stout or than the global theorem of Sarkis. Nonetheless, M need not be minimal at every
point, see Lemma 4.4 below.

Applications: global ﬁzeromorphz’c extension. In the following results, it is known that V°(M)
M =0Q, M = b2\ Kg, contain 2, Q\Kg respectively ([11], [17]). In the meromorphic case
they were proved by Sarkis ([19], see also [12], [13], [9], [17]).

4.2. THEOREM. Let Q cC C™! be a C?-bounded domain. Then any CR meromorphic
mapping (f, Dy, [T'f]) on b with values in P'(C) extends meromorphically to .

4.3. THEOREM. Let Q CC C? be a C?-bounded domain and let K C bS) be a compact set.

Then any CR me/r\omorphic mapping on bQ\K with values in P*(C) extends meromorphically
to Q\Kg, where Kg = {p € Q; |f(2)| < maxg |f|, for all functions f € H(V(Q))}.

Remark. In the above two theorems, the hypersurface M = b{) need not be everywhere
minimal: CR(M) automatically extend holomorphically to some V°(M), since M is known to
be a single CR orbit ([9]). To explain the phenomenon, we need some definitions.

Let M be a C%.smooth CR manifold. The CR orbit of a point p € M is the set of all
endpoints of piecewise smooth integral curves of T°M with origin p. CR orbits partition M.
Sussmann (see [21], [11]) showed that each CR orbit O¢r possesses a structure of a smooth C*
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manifold making the inclusion Ogcg — M an injective C' immersion. By construction, each
Ocr is a CR manifold with CRdim O¢gr = CRdim M. Each CR manifold as O¢p is locally
embeddable as a generic submanifold of some CV¥, N < m + n. A CR manifold M is called
globally minimal if M consists of a single CR orbit.

The relevance of CR orbits to the extendability properties of CR functions are owed to
Trépreau and yielded the following finest possible extension theorem:

THEOREM. ([21],[22],[9],[14],[17]). If M is a globally minimal locally embeddable generic C**-
smooth (0 < a < 1) manifold, there exists a wedge Wy attached to M such that CR(M),
Ligecr(M), LS. cr(M), Dig(M) extend holomorphically to W.

Proof of Theorems 4.2 and 4.3. It is a fact that in the hypersurface case, thin sets as X
do not perturb CR orbits:

4.4. LEMMA. Let M be a C? hypersurface in C™ ! and let ¥ be a closed subset with nonempty

interior of some C'-scarred two-codimensional submanifold A C M. Then, for all CR orbits
Ocr C M, Ocr\(OcrNX) is a single CR orbit of M\X.

Proof. The real dimension of a O¢gg is > 2m and < 2m+n=2m+1if n =1. So ¥ is too
small to make obstruction to an orbit. However, the lemma can fail in codimension > 2.

Thus, Theorems 4.2 and 4.3 rely on the following properties.

PROPOSITION. Let M = b2 or bQ\Kg, codim M = 1, M C* and let (f, Dy, [I']) be a CR
meromorphic mapping on M. Then
(i) M is a single CR orbit ([10));
(ii) M\X; is a single CR orbit, hence f extends meromorphically to VP (M\X;);
(iii) X s V° removable, hence f extends meromorphically to V°(M).

One then concludes 4.2 and 4.3 with the Ivashkovitch theorem.

W-removability. Theorem 4.1 is reduced to the WW-removability of X¢. By Proposition 3.3,
¥, is a closed subset with empty interior of some C'-scarred two-codimensional submanifold
A C M, ¥y C Sc(A) UReg(A). Write ¥y = EU®, & = Reg(A) N Xy, E = Sc(A) N Xy,
HY2(E) = 0. ® is already known to be removable.

THEOREM. ([15], [16]). Let M be a C*>*-smooth (0 < a < 1) generic manifold in C™™,
minimal at every point, CRdim M = m > 1, and let N C M be a connected C'-smooth
submanifold with codimy N = 2. Then every proper closed subset ® C N s W-removable.

The purpose of Section 5 is to establish:

4.5. THEOREM. Let M be a C>*-smooth generic manifold in C™", globally minimal with
CRdim M =m > 1. Then
(i) If n =1 or M is C¥, then any closed E C M with H;" ™™ *(E) = 0 is W removable;

(ii) If M is minimal at every point, then any closed subset E C M with H;™ " *(E) = 0
s W removable.

Remark. Dinh and Sarkis obtained Theorem 4.5 assuming that M is of type one in the
sense of Bloom-Graham, i.e. the first order Lie brackets of vector fields in 7°M generate 7'M,
[T¢M, T°M] =TM, for M C*-smooth ([3]).
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LP removability. Let M be a locally embeddable CR manifold of class C2. A closed subset ®
of M is called LP removable, p > 1, if each function f € L} (M) which satisfies the Cauchy-
Riemann equations Lf = 0 (in the distribution sense) on M\® satisfies the equation Lf =0
on the whole of M, or, for short, if
Lfoc,C’R(M\Q) n LP

loc

(M) = Lfoc,CR(M)'

The authors have proved in [16] that LP removability holds if W removability holds, for closed
subsets ® C M with H> ?(®) < co. Therefore:

loc

4.6. THEOREM. Theorems 4.5 and 5.1 are true for LP removability, 1 < p < oo.

5. Removable singularities. As pointed out in Section 4, the relationships between extend-
ability properties of CR functions and the geometry of a CR manifold are adequately reflected
by its CR orbits. It is thus natural to state a removable singularities theorem in the most
general context.

5.1. THEOREM. Let M be a smooth generic globally minimal manifold in C™" with CRdim M =
m>1, codim M =n > 1 and dim M = d = 2m + n. Then every closed subset E of M such
that M\E is globally minimal is VW removable under each of the following conditions

(i) n=1, M is C>* and H* %(E) = 0;

(ii) M is C** and H*3(FE) = 0;

(ifi) M 4s C¥.

Proof. Following the scheme of proof devised in [15] and [16], we present the developement
of the proof of (i), (ii) and (iii) in five essential steps. Let E C M be closed with H? 2(E) = 0.

Step one: Reduction to the removal of a point. By assumption, M\E is globally minimal.
Then, according to the extension theorem, CR function are wedge extendable at every point
of M\ E. Nonetheless, the direction of the above mentioned wedges can suffer of discontinuities.
Fortunately, the edge of the wedge theorem enables one to fill in larger wedges by means of
attached analytic discs at points of discontinuity. Therefore, there exists a wedge W, attached
to M\ E to which CR(M) holomorphically extends.

Using a C?*-smooth partition of unity on M\ E, we can deform M inside W, over M\ E in
a C»*-smooth manifold M¢. Then, instead of a function f € CR(M\FE), we get a function f,
holomorphic in a neighborhood w (= Wp) of M?\E in C™*". The aim will be subsequently
to prove that such holomorphic functions extend into a wedge W¢ attached to M? The
construction will depend smoothly on d, so that letting d tend to zero, one obtains a wedge
Wi attached to M (for details, see Section 5 in [15]).

The first key point is that the continuity principle along analytic discs with boundaries in
w can now be exploited to show that the envelope of holomorphy of w contains a wedge W¢
attached to M?.

Let A denote the unit disc in C and bA its boundary, the unit circle. An embedded analytic
disc A attached to M is said to be analytically isotopic to a point in M if there exists a C'-
smooth mapping (s,() — A4,(¢),0 < s <1,( € A, such that Ay = A, each A, is an embedded
analytic disc attached to M for 0 < s < 1 and A; is a constant mapping A — {pt} € M.
Using Cauchy estimates and controlling connectedness, it is possible to prove (the embedding
condition yields monodromy, [15], Proposition 3.2):
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5.2. PROPOSITION. Let M be generic, C>%, let ® be a proper closed subset of M and let w
be a neighborhood of M\® in C™". If an embedded disc A attached to M\® is analytically
isotopic to a point in M\®, then, there exists a neighborhood V(A(A)) in C™™ such that,
for each function f € H(w), there exists a function F € H(V(A(A))) such that F = f in a

neighborhood of A(bA).

Call a point p € E W removable if there exists a wedge W, of edge M? at p with H(w)
extending holomorphically to W,.
Define

A ={¥ C FE closed; M\V is globally minimal and M\W¥ is W removable in M\¥ }

and define E,, = Nyec 4V, the non removable part of E. Then M\ E,, is globally minimal too.
By deforming M in a manifold (M %)% over E\E,,, we can assume that we must remove E,,
for H(V((M4)#\E,,)) instead of E. But E,, is the smallest non-removable subset of E keeping
(M%)4\E,,, globally minimal. Assuming that E,, # (), we shall now reach a contradiction by
showing that a point p; € E,, is W removable. We take now the notations £ and M instead
of (M4)%. Thus, to prove Theorem 5.1, it is sufficient to prove that the new E is removable
near one of its points.

According to Lemma 2.3 in [16], the fact that M\E is globally minimal and the existence
of chains of infinitesimally small analytic discs approximating integral curves of T°M insure
the existence of a generic manifold M; of codimension one in M through a point p; € E such
that T, My 2 T7; M and E C M, , the closed negative side of M, in M, near p;. Let us quote
this (elementary) differential geometric statement as: Let M be a C?> manifold, let K C TM
be a C' subbundle, let E C M be a closed nonempty set and assume that M and M\E are
both single K-orbits. Then there exists a point p, € E and My, C M a C' hypersurface with
p1 € My, T,, My p K(p1) and E C My near p;.

Finally, by the definition of A, and by disposition of My, E C M, , it suffices to show that
p1 is W removable. Indeed, for a small neighborhood V(p;) of p; in M, (M\E) U V(py) is
globally minimal, as T}, My 2 T;; M. Thus, to prove Theorem 5.1, it is sufficient to prove that
a neighborhood of p; € E is W-removable.

Step two: FExistence of a disc. Let p; € E as above and choose holomorphic coordinates
(w,2) = (W1, ooy Winy 21, - 2), 2 = T + iy on C™™ such that py = 0, TuM = {z = 0},
T§M = {z = 0}, M is given by n scalar equations x = h(y, w), in vectorial notation, h(0) = 0,
dh(0) = 0 and M, is given in M by the supplementary equation u; = k(vy, we, ..., Wy, y), for
a C2-smooth k with £(0) = dk(0) = 0. We denote M, = {u; < k(vy, wa, ..., Wy, y)}.

Our first construction of analytic discs attached to M proceeds as follows.

5.3. LEMMA. ([16], Lemma 2.4). There exists an embedded analytic disc A € C*P(A) with
A(1) = p1, ABAN{1} € M\M; and &0 A(e”) = vy € T, M.

It suffices to take, for small p; > 0, the disc A(¢) with W, ({) = (p1(1 —(),0,...,0) and
with Y component satisfying Bishop’s equation Y,, = T1h(Y,,,W,,) on bA (here, T} denotes
the Hilbert transform L?(bA) — L?(bA) vanishing at 1, (Tyu)(1) = 0).

Therefore, removability of p; wille be a consequence of the following proposition 5.4, proved
below, and of Theorem 5.10 below. This is the main technical part of the article. This
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proposition provides extension outside a thin set £¢, which is studied below and which lives
in an open (wedge) set W of C™*™.

5.4. PROPOSITION. Let M be generic, C*%*-smooth, let p, € M, let E C M be a closed subset

with HE2(E) = 0, let py € E and assume that there exists a one codimensional generic C*-

smooth manifold My C M such that E C My and let w be a neighborhood of M\ E in C™™,
Let A € C*P(A) be a sufficiently small embedded analytic disc attached to M, A(1) = pi,
Llog—0A(e?) = vy € Ty, My, with ABA\{1}) C M\M; . Then for each ¢ > 0, there exist
voo € Tpp, My with [vgg — vo| < €, voo & 15 M, a wedge W of edge M at (p1, Jvgo) and a closed
set Ep,, which is C>* foliated by complex curves with H*™ 21 (Es,) = 0 such that for every
holomorphic function f € H(w) there exists a function F € H(w U W\Es,)) with F = f in
the intersection of W\Es, with a neighborhood of M\E in C™*™".

Remark. For any e > 2, we obtain statement 5.4 above for H¢ ¢(E) = 0 with H2m+2n—etl(£y ) =
0 (H%%(F) = 0 is crucial for isotopies, see 5.8 below).

Step three: Mazimal families of analytic discs. This step consists in including the above
analytic disc in a very large parameterized family of analytic discs obtained by varying the W
component, and its approximate radius, the base point A(1) = p in a small neighborhood of
0, and the point A(—1) in w ([15], [16]).

Let u = p(y, w) be a C*, R-valued function with support near the point (y(—1),w(—1))
that equals 1 there and let x : R® — R™ be a C* function with x(0) = 0 and «/'(0) = Id.
We can assume that the supports of 4 and k are sufficiently concentrated in order that every
manifold M; with equation

(1) z=H(y,w,t) = h(y, w) + £(t) u(y, w)

is contained in w and the deformation is localized in a small neighborhood of A(—1) in C™*".
Let x = x(¢) be a smooth function on the unit circle supported in a small neighborhood of
¢=-1

We consider the disc with W component

WT,G,P,P(C) = (eiT(pl - IOC) + ’LU?, (1 - C)alp/pl + wg’ ) (1 - g)am—lp/pl + ’LU?n),

where € C™ ! runs in a small neighborhood A of 0, 0 < p < p;, w® € C™, a point p € M
runs in a neighborhood of 0 is represented by its coordinates (w?,4°) and with ¥ component
Y} ra,pp Which is the solution of Bishop’s equation with parameters

Yirapp = TlH(KE,T,a,p,pa e’ (pl - PC) +w(1)a (1 - C)alp/pl +wg> ey (1 - C)am—lp/pl +w?n’ tX) +y0a

which exists and depends in a C?>#-smooth fashion on (t,7,a, p, p, (), for all 0 < 3 < a. Then
At rapp(l) =p. When 7 =0, a=0, p= p; and p =0, simply denote A; 0,0 by A:.

Let us recall that the normal deformations of A near A(—1) in w can be chosen in order
that the inner tangential direction —0A;/d¢(1) will describe a whole open cone in the normal
bundle to M at A(1) = 0.

Let II denote the canonical bundle epimorphism IT : TC™t"|,, — TC™™|,/TM and
consider the C'# mapping

(2) D: R">¢t — 11 (——(1)) € ToC™"/TyM ~ R™.



We refer to [16] for a proof of the following.
5.5. LEMMA. (TumANOV [22]). x can be chosen such that rk D'(0) = n.

This statement is more or less equivalent to the fact that the union of the discs describes
a wedge of edge M at 0. We also have:

5.6. LEMMA. ([16]). x can be chosen such that the following holds: there exist o > 0, T a
neighborhood of 0 in R™ and A a neighborhood of 0 in C™ ! such that the set

dA T,01,0
(3) rO:{st’digh"’(n; s>0,teT, 7€l ac A}

is a (2m + n)-dimensional open connected cone with vertex 0 in Ty M.

For convenience, we shall allow us to shrink any open neighborhoods arising in the next
constructions without explicit mention. By reasons of rank, the geometric meaning will be
clear for sufficiently small parameters.

Step four: Isotopies. The main hypothesis so far is H? 2(E) = 0. Boundaries of analytic
discs Ay ra,pp(bA) are embedded C%#-smooth copies of S* in M, so one expects naturally that
At rapp(BA) N E = ( generically. Furthermore, an isotopy property is required as stated in
Proposition 5.2, in order to have that H(w) extends holomorphically to V(At;.qpp(2))-

To prove an isotopy lemma, we recall briefly some facts concerning Hausdorff measures,
taken from the very clear exposition of Chirka [1].

Let E be an arbitrary subset of a metric topological space. For § > 0, define

H;(E) = inf{) _r; E is covered by |J B;, B; = balls of radius r; < 6}.
j=1 j=1

Clearly, H3(E) < Hj; (E), for ' < §, so the limit #*(E) = lims_,o Hj(E) exists in [0, oco] and is
called the s-dimensional Hausdorff measure of £. The important property is that there exists
a critical v > 0, the so-called Hausdorff dimension of F, such that H*(E) = oo for all s < 7

and H*(E) = 0 for all s >+, and the value of H7(F), if in (0, c0), is not important.
This notion of dimension especially applies in the category of C! manifolds. Let M and N
be connected real riemannian manifolds, of class C!, dim M =d > 1 and let E C M be closed.

5.7. PROPOSITION. ([1], 346-352). (i) H*(E) = Card(E);

(i) H? coincides with the outer Lebesgue measure on M;

(iii) If H¥"Y(E) = 0, then M\E is locally connected;

(iv) Let 7 : M — N be a C'-smooth map and let E C M such that H*(E) = 0, for a
s>e=dim N. Then H*"¢(EN7'(y)) =0 for d\n-almost all y € N.

Properties (i), (iii) and (iv) are naturally involved in the proof of the following.
5.8. LEMMA. Let E C My be a closed set with Hi-2(E) = 0. Then for all small (t,,a, p,p),

loc

each disc with Ay 4,,(bA) N E = 0 is analytically isotopic to a point in M\E.

Proof. During this proof ¢, 7, a and w{ are fixed. Then there exist 0 < p1, I,, = (0, p1), a
neighborhood V* of 0 in C™% ', w* = (ws, ..., w,,) and a neighborhood Y of 0 in R" such that
the mapping (note that p is parameterized by (w?, w%,y%)):

S x bA =1, xXV* xbA > (p, w”, 9%, ¢) — At rapp(Q) €M
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is an embedding. Indeed, this follows by differentiating Bishop’s equation, noting first that
8%,0,0,0,0/8y0 = Id, BWO,O,O,O/awO* = Id, that Ipl X bA > (p, é) — (pl - pC) € C is an
embedding and recognizing that A ;. ,,(¢) is C*# with respect to all variables. This exhibits

a foliation of an open set in M by C?? real discs Dy .0, = Dy raud,ss 8 = (W, 9°), where

DtyT)a)w(l))s = {At,T:aaP;P(C) E M; 0 S p < IO2,C 6 bA}
Now, since H4"2(E) = 0, the set
S\Spmaut = {5 € S; Dy a0, N E) = 0}

is a full measure (d — 2)-dimensional subset of S = I,, x V* x J ~ R%"?, by Proposition 5.7
(iv). This shows that D, 4,0, N E = 0 for d\s-almost s = (w”,3°) € S, where t,7,a and w?
are fixed. Clearly, the mapping

I, U{0} x A>3 (p,¢) = Aprapp(C) € C™"

yields an analytic isotopy of the analytic discs A, q,,(C), for all 0 < p < p;, provided
5 € S\Spt,rau0- It Temains to show that discs such that Ay;q,,(0A) N E = () but

Dt,r,a,w?,s N E 7é @

are also analytically isotopic to a point in M\E. But Hd_2(SE,t,'r,a,w(1]) = 0. Therefore, it
suffices to shift slightly the parameter s of A, ., , 0, In a nearby parameter s', which makes
At,m,p!w?,s and At,T,a,p,w?,sl isotopic to each other, so that D ; ;0 « N E = 0.

The proof of Lemma 5.8 is complete.

Step five: Holomorphic extension. Let vog € To My with vy & T{M and |vy — vgo| < €, let C be
a n-dimensional proper linear cone in the (2m + n)-dimensional space ToM and contained in
I’y such that vyy € C, such that the projection ToC' — To M /T§M is surjective and such that
CNTE{M = {0}. Fix p = p; and set first p = 0. Note that A;,4,,0(1) = 0. Let Pc denote
the set of parameters

'PC = {(t, T, G/) € T X I’rg X Aa %At,T,a(l) € C}’

which is a C'-smooth (n — 1)-dimensional submanifold of 7 x I, x A. We choose a nearby

piece of a manifold, still denoted by P¢, with same tangent space at 0 which is C?-smooth.
Let K C M be a germ of a C'-smooth one-codimensional submanifold of M with 0 € K

and ToK @ R%A(l) =ToM. Let K be small neighborhood of 0 in K. By Ay, we denote a

small neighborhood of 1 in A and ﬁlc A its interior.
One observes that a consequence of the isotopy property 5.2 and of the fact that the

mapping
PC X {pl} X KX A19 (tv T,a, p1, P, C) — At,T,a,m,p(C) € Cm+n\M

is a smooth embedding is that H(w) extends holomorphically into the open wedge set
WPC = {At,’r,a,m,p(C); (ta 7—’ a’) E PCap E ICa C EAI}
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minus the set
Ep, = {At,T,a,pl,p(g); (t,7,a) € Po,pe KN, At,T,a,pl,p(bA) NE#0,( €A1}

Indeed, since the mapping remains injective on Pgc X {p1} x K minus the set &5 C Pc X
{p1} x K of (t,7,a, p1,() such that the boundary disc meets E at one or more points, we can
set unambiguously

Z :

/ foAtm )

2z7r

as a value at points z = A, 4 (¢) for an extensmn of flm\g, for such (t,7,a,p1,p) €
Pc x {p1} x K\®g. Since f extends holomorphically to the interior of these discs, we get a
continuous extension F' on each A; ;4 ,, »(A1), (¢, 7,a,p1,p) € Pc x {p1} x K\®g. Thus, the
extension F of f| Mm\E also becomes continuous on

Wro\Eap) U (M\E),

where £, is the proper closed subset of Wp,, defined by

€ E {At,T,a,pl,p(C); (t’ T, a,plap) € ‘I)E,C E&1}-

Since f|anr extends analytically to a neighborhood of Ay, »(A), F is holomorphic in
(Wpo\Es,). Indeed, fix a point (£,7,d, p1,P0) € Po x {m} x (K\®g) and let P x {p;} x K
be a neighborhood of (¢, 7, &, p1, Po) in Po X {p1} X (K\®g) such that for each (t,7,a, p1,p) €
Px{p1} xK, Atrapp(A) is contained in some neighborhood @ of A; A) in C™*" such
(bA). Let

¢ 6&1 and Z = Ajz a5 5o (5) To check that the previously defined function F' is holomorphic
in a neighborhood of Z, we notice that for z = A;;.,(C), (t,7,a,p1,p) € Px{m} xK, in

t,7,01, apo(

that there exists a holomorphic function f € H (@) with f equal to f near Ai 7.4 p1o

some neighborhood A; of ¢ in 51, f (z) is given by the Cauchy integral formula

7R L fo At,T,a,m,p f o AtTa,m,p( ) _

As a consequence, f(z) = F(z) for z in a small neighborhood of 7 in C™t", since the mapping
(t,7,0,D,C) = Agrapp(C) from P x K x A; to C™" has rank 2n at (£,7, @, o, C).

This proves that F' is holomorphic into Wy, \Es -

By shrinking w near 0, which does not modify the possible disc deformations, we can insure
that w N Wp,, is connected, since C N T¢M = {0}. By Lemma 5.9 below the same is true for
wNWp,\Es,. Indeed, the fact that s, is of zero (2m+2n—1)-dimensional Hausdorff measure
implies such connectedness. Therefore f € H(w) and F' € H(Wp,\Es,) stick together in a
single holomorphic function in w U (Wp,\Es,), since both are continuous up to M\ E, which
is a uniqueness set, and coincide there.

5.9. LEMMA. The set g, is a union of compler curves and H*™+*=1(€5,) = 0.

Proof. Namely, near the origin,

g<I>E = U At,T,a,pl,p(AI)-

(taTaaypl 7p)€¢E'
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Fix t € C, 7 and a, consider the sets

tha = {At,T,a,php(O; peK,( EAI},

depending on ¢. Then Wy, is foliated near 0 by the manifolds M, ; ,, dim M; ;, = 1+dim M,
that contain M in their boundaries near 0 and M is foliated by the arcs A; ;4 ,, p(A1 NDA).
Notice that A ;4 p p(BA)NE = Ay 1 apy p(BANA;)NE by the choice of A = Ay with A(1) € M;,
A(bA\{1}) € M;"\My, by E C M; and by continuity. A direct application of Proposition 5.7
(iv) entails that, for all fixed (¢,7,a), the set

Kitra={p€K; Atrapmp(bBANA)NE #0} CK,
contained in the (d — 1)-dimensional manifold I, satisfies
H?(Kgtra) = 0.
Therefore, H* (Mg .r.) = 0 too in M, ., and since Wp,, is regularly foliated by the M, , ,,

%2m+2n71(8¢E) — 1H2m+2n71( U ME,t,T,a) — 0'

(taT’a)GPC

The proof of Lemma 5.9 is complete.

Remark. By Proposition 5.7 (iii), the set \Kg ., is connected. This provides another
proof of the isotopy property Lemma 5.8.

A closed set £ contained in an open set W C C™" with H*™*?" 1(£) = 0 being not
automatically removable, we must study the structure of £¢, with respect to the local complex
structure of W.

The hypersurface case. Let us first give a proof for removing £, in the case m =n = 1. To
begin the variations on this theme, recall that £5, would be removable if H2"27"2(£5 ) = 0,
which completes the proof of Theorem 5.1, (ii).

THEOREM. (see [1]). Let € be a closed subset of an open set U C C™™ m+n > 1, with
HPr2n=2(E) = 0. Then, for every function f € H(U\E), there exists a function F € H(U)
such that F = [ in U\E.

Proof. We can, by localization, assume that &/ = P is the unit polydisc A™*" and that
0€é&. Let G(k,m+n), 0 < k <m+ n, denote the grassmannian of k-dimensional complex
planes passing through the origin in C™*".

PRrROPOSITION. ([1]). Let € be a closed subset in A™™ such that H**1(£) = 0 for some
integer k < m +mn. Then for almost every plane L € G(m+mn —k,m+n), HY(ENL) = 0.

Choose therefore a complex line L through 0 € £ such that H'(LNA™™ N E) =0 and an
orthogonal complex (m + n — 1)-dimensional space H, H @ L = C™*". By Proposition (iv),
for almost all h € H, {h} x LNE = (. Write A, = LNA™™_ choose a point p € AL NE (e.g.
0) and draw a small complex disc AL (p, o) of radius ro > 0 and center p with Ap(p,79) C Ap.
For almost all r < rg, bAr(p,7) N E = O, still thanks to Proposition 5.7 (iv). Furthermore,
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Ar(p,r)+h C A™"\E for arbitrarily small h € H. Therefore, such a disc yields removability
of p for H(A™"\E) along an obvious isotopy.
The proof is complete.

PROPOSITION. Let J and K be closed subsets of A with H'(J) = HY(K) = 0 and set £ =
(J x A)N (A x K) C A% Then € is removable for H(A?\E).

Proof. Fix f € H(A?\E). For all (; € A\K, one has A x {(,} C A%\E. For (; € K,

Ax{GHNE=(Ax{G}HN(J xA)=Jx{¢},

so HY(A x {{,}) N E) = 0 and f is holomorphic near each point (i, () € A X {G}\E. There
exists Ao € C arbitrarily small with A x {{, + Ao} C A%\E. Applying Proposition 5.7 (iv), we
have HO(rbA x {(;} N &) = 0 for almost all 0 < 7 < 1. In other words, rbA N E = (). For such
r, the continuity principle along the family (s,{) — (r¢, (1 — 8)Aa + (), 0 < s < 1, makes
an extension of f in a neighborhood V(rA x {(;}) C A?. Notice that V(rA x {(}) N A%\E
is connected, since A%\(A x K) and A%\(J x A) are connected, by Proposition 5.7 (iii), so
uniqueness is guaranteed.

The proof is complete.

Remark. The argument above relies upon two facts: 1. Almost all compler discs lay in
A?\E&; 2. Every disc touching & satisfies H'(ANE) = 0.

These preliminaries provide us with a proof of Theorem 5.1 in the case that M C C?is a C>*
hypersurface. Indeed, the a-space in the maximal family of discs is empty and we can choose
small (¢, 71) and (¢, 72) so that vy and v, are linearly independent, vy = 0/00A, +, p, 0(1) and
vy = 0/00Ay, 1, ,,0(1) so that v; and v, point out in the same side of T§M relative to Ty M
and vy, ve & TSM. This is clearly possible, by Lemma 5.6. Simply denote these two families
by A1,(¢) and As,(¢). Then, since the normal bundle to M is of rank one and since Jvy, Jvy
point in the same side of M in C?, the two following wedges (same one-sided neighborhood)
with edge M at 0

Wy = {Al,p(gl); pEK}, W= {AZ,p(glﬁ p € K}

contain a side W of boundary M at 0. As above, one can construct two holomorphic extensions
Fy and F; of f to Wi \&; and W\ &, respectively, where & and & denote the sets corresponding
to the discs touching F:

Er={A1p(Q); pEK,( 651,A1,p(bA NA)NE #0}

and similarly for £&. By Proposition 5.7 (iv), the one-dimensional Hausdorff measure of ®; =
{p € K; A;,(bA)NE # 0}, j = 1,2, is zero. Indeed, recall that A(bA)NE = A(bANA;)NE for
such discs with p very close to 0 (in comparison with the size of A1) and that {A,,(bANA,); p €
KC} foliate a neighborhood of 0 in M.

Let z € W C Wi NW, such that z € & or z € &, say z € &, 2z = A1y, . (G,.) and
z = Agp,,(Cs,). Notice first that there are arbitrarily close to p;, points p € K such that
A1 (bA) € M\E. Second, since Ay, , and Ay, , are transversal in C? at z (by the choice of
(v1,v2)), for all points p varying in a neighborhood V(p;,;) C K, the discs Ay, ,NAy, = {2(p)}
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intersect transversally in a single point z(p) such that z(ps,.) = z and V(p1) > p — 2(p) €

Ag,p(&l) is a local C' diffeomorphism. But only for p € &, is the disc Ay, not analytically
isotopic to a point in M\ E and H?(&,;) = 0. Thus, this shows that F is already holomorphic at

each point of V(z) N A1,p1,z(51) outside a thin closed subset e; C A1,p1,;(£1) with H'(e;) = 0.
Now, there exists a small circle contained in this disc not meeting e; and the isotopy used

in the proof above can be applied once again in this analogous context to prove that z is
removable for ' € HW\(E1 N &)).

Remark. A general proof in the hypersurface case (i.e. for m > 1) follows along the
same lines as above or by reduction to C? by slicing and using a separate analyticity theorem
like, for example, Shiffman’s theorem below (see Chirka and Stout, [2], Section 4, for related
reductions). This completes the proof of Theorem 5.1 (i).

End of proof of Theorem 5.1. By construction, there exists F' € H(w U Wp,\Esy))
extending f. Let A be a disc in the family generating Wy, and assume that A(bANA;)NE # (.

We shall remove A(Al). Notice that, by construction, A(bANA;) ¢ E.

There always exist a point p = A((), ¢ 651, such that p € bw N €g,. Simply denote
W =Wp, and € = Wp_\(wU Wp,\s,)), F € HW\E).

By imitating the first step reduction, we can assume (see the explanation below) that, after
perharps changing p, there is a germ of a one-codimensional manifold M; such that p € M;
and the remaining part of £ to be removed is contained in a half-space M .

Indeed, a neighborhood U of p in W is foliated by discs of the family generating the wedge
W (= Wp,) and these analytic discs are integral real surfaces of a subbundle, say K, of TW,
which they span. In this neighborhood, one half of each disc lies in w N, the other half is
outside w and all discs are transversal to bw (assuming, from the beginning, that bw\M is
smooth after shrinking w).

Furthermore, since A(bA N A;) ¢ E for each disc of the family (hence A(&l) Nw # 0),
setting &€ = Wp, \(w U (Wp,\Es,)), one has that W and W\E are K-minimal, i.e. both are
a single K-orbit.

This is a key geometric fact (¢f. [11], [15], [17], [16] and 5.1 here).

Then after introducing a similar set A as in Step one, and after making use of the differential
geometric lemma quoted in Step one, we remove a point p = A((,) € bw and the other ones
are removed similarly.

To complete the proof of Theorem 5.1 (iii), let us recall that if M is real analytic, it is
known by works of Bloom-Graham or Baouendi-Rothschild that there exists a real analytically
parameterized family of analytic discs attached to M as A;,,,, filling a wedge at the base

point so that the foliation of W by pieces of A(&l) is a real analytic foliation. Furthermore,
contrarily to the globally minimal case, it is superfluous to deform M step by step after
removing points of E, since 1. M is already minimal at every point and 2. The isotopy lemma
5.8 holds without assuming that E is contained in a half-space M .

5.10. THEOREM. Let U C C™™ be a domain (connected) equipped with a C¥ foliation by

complex analytic curves and let £ C U be a closed subset which is a union of leaves, with
H2m2n=1(E) = 0. Then a function F € H(U\E) extends holomorphically in a neighborhood
of a whole leaf A whenever F extends holomorphically through a single point of A.
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Remark. When m = n = 1, we provide a proof below that £ is removable for a C?* foliation
in Theorem 5.13 below.

Proof. After the above reduction, the geometric assumption is: there exists a neighborhood
U of p which is foliated by complex analytic curves, U = Ugep Ag, D C R*™T2"=2 gmall open
set, there exists a closed set G C D with H*™*?"=3(G) = 0 (corresponding in the proof of
Theorem 5.1 to the discs attached to M which meet E) and the set £ to be removed (in
U =W near p) is a union of half discs, & = Upeg Ay , where Ay = Ag N My .

5.11. PROPOSITION. Let U C C™™ be a small open set C¥-foliated by complex curves
Ag, U = Upep Ay, 0 € U, D C R*™2=2 gpen, 0 € D, let G C D be a closed set with
H2m2=3(G) = 0, let My be a C' hypersurface through 0 in U with TyM; + TyAy = T,C™ ™
and set € = (Upeg Ag) N My . Then there ezists a neighborhood V of 0 such that for every
function f € H(U\E), there exists a function f € H(V) with F = f in V\E.

Proof. 1t is not true that the foliation of W by discs of the foliation is a complex analytic
foliation, 4.e. locally equivalent to C x C™"~! after a biholomorphism. Neither in 5.10, 5.11.
Nevertheless, let us first investigate geometrically this case.

The case of a holomorphic foliation. Here, the geometric situation is that there exists a smooth
hypersurface M; through 0 and a closed set G C A™" ! with H?*™™2"=3(G) = 0 such that
E = M7 N (A x G) near 0. Indeed, one just straightens the holomorphic foliation.

Notice that by Proposition 5.7 (iv), for almost all two-dimensional affine complex planes
L=CxC,LN(CxG)=CxGy CCxC for a closed set G C C with #'(Gz) = 0. Hence
we are in the following situation (a particular case of Proposition 5.11).

5.12. LEMMA. Let U be a connected open set in Cfu,z, 0 €U, let My C U be a closed
hypersurface, 0 € My, ToM; ® Ry, = T;C?, u = Re w, and let £ = (Cyp, x E)NUN My be
closed, where E C C, is closed and H},.(E) = 0. Then there exist a neighborhood V of 0 such

that for every function f € H(U\E), there exists a function F € H(V) with F = f in V\E.

Proof. Notice that H3(€) = 0. Define B,(¢) = (w, (), |w| small and r > 0. By the fact
that #!'(E) = 0, then for almost all r > 0, the boundary of the disc ¢ — 7¢ does not meet E.
Hence also B, (bA) N E = ( for such r > 0, because £ C C,, x E. Fix such r. Then all B,
for different w are analytically isotopic to each other in U\E, By(0) = 0 and, moreover, B, is
analytically isotopic to the point (u,0) in U\E if u > 0. Therefore 0 is removable.

The proof of Lemma 5.12 is complete.

For general m +n > 2, the above constructed isotopies lay inside a fixed complex plane L,
so that the continuity principle in C™*" applies, giving holomorphic extension at 0.

Remark. The C** (even C') foliated version of Theorem 5.10 admits a proof in C? that we
give below.

5.13. THEOREM. Let U C C? be a domain equipped with a C* foliation F by complex analytic
curves. Further let € be a closed union of leaves with H*(E) = 0. If a function f € H(D — &)
admits a holomorphic extension into the neighborhood of some point p € &£, then it extends
analytically into a neighborhood of the leaf L containing p.

Proof. Let L' be the set of all points z € L such that f extends holomorphically into a
neighborhood of z. As all such extensions obviously fit together, it is enough to show L' = L.
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Let us assume L' # L. Clearly L' is an open subset of L with respect to the leaf-topology.
Fix a point ¢ on the relative boundary of L'. In a neighborhood U of ¢ we choose a holomorphic
function z with z(¢) = 0,dz(q) # 0, such that the curve {z = 0} intersects the leaf L
transversely in ¢ . Hence H!'(€ N {z = 0}) = 0 (after contraction of U), and we may draw a
simple closed curve vy C {z = 0} surrounding ¢ and avoiding £ N {z = 0}.

If we choose 7y in a small neighborhood of ¢, we get a family of contours v, C {z =
(} — &, |¢| < e by flowing (i.e. moving) vy along the foliation. By hypothesis, for an open set
of parameters (, the restriction of f to {z = (} is holomorphic near the closure of the domain
G surrounded by . As f is holomorphic near Uj¢<. ¢, it extends by the continuity principle
to a neighborhood of Uj¢< G¢, in contradiction to the choice of g.

The proof of Theorem 5.13 is complete.

Remark. However, the reduction to C? is impossible for a general C* foliation, since there
need not be families of complex surfaces foliated by complex curves of the foliation. Therefore,
5.13 in C? does not provide 5.13 for any C™",

The case of a real analytic foliation. Here, we shall use a separate analyticity theorem due to
Shiffman. A subset Q of a polydisc A™*"~1 is said to be a full subset of A™*"~1if DNQ is a
set of full measure in D for almost every coordinate disc D C A™+* 1,

THEOREM. (SHIFFMAN, [20]). Let A"t cC C™™ ! be a polydisc and let Q@ C A™! pe
a full subset of A™t" 1. Then a function F : Q — C has a holomorphic extension to A™ "1
if and only if, for almost every coordinate disc D C A™™ ' F|png extends holomorphically
to D.

First, p = 0 in coordinates (w, z) € C x C™" 1y = u + v, with C x {0} = Ty 4y and
ToM, = {u = 0}, TyM; = {u < 0}. There are, in the whole the grassmannian of affine
complex lines passing near 0 in U, the lines a + h(Ly), a € {0} x C™~! close to 0, with
h € GL(m +n, C) close to Id, where Ly = C,, X 0 which are cut by M in two pieces. Draw a
small enough analytic disc B(¢) = (¢(¢(—1)—5,0), ¢ € A, inside Ly, with ¢ > 0 small and fixed
throughout, with b > 0, b << ¢ and define B, () := a+ho B(() so that B, ,(A) C a+h(Ly).
Notice that for small |a| << ¢, ||h—Id|| << ¢, then B, ,(bA)NM; C B, (bANA,), for fixed
A; ={|¢-1] <1} NA, with ¢; = ¢/5 say. (In other words, the boundaries B, ,(bA) can meet
€ only along a fixed part of their boundaries.) And notice that for fixed h, ¢ then |, By n(A)
makes a holomorphic foliation by complex discs with the origin point in its interior. Varying
h, to apply Shiffman’s theorem, it suffices to show that for almost all @ € C™*" ! close to 0,
a fixed function F' € H(U\E) extends holomorphically to B, 5(A).

Clearly, if ¢ is small, B, ,(bA) N My C Ban(bA N {|¢ — 1| < 5b}) for all a,h, so that
Ba (DA N Ay) is much longer than its intersection with M .

Let 3 = U, Ban(bA N A;). The hypersurface 3 is transversal to the real foliation, hence
H2mH2=2(33 N E) = 0. Hence by Proposition 5.7 (iv), for almost all a, B, ,(bANA)NE =0
(by the property H'(Bqn(bA N A1)) = 0). In other words, for almost all a, B, ,(bA) N E = 0.
To complete the proof of Theorem 5.10, the remaining point is to isotope the boundaries
B, »(bA) analytically to a point inside U\E.

By the foliation assumption, there exist some real analytic coordinates (u,v,z) so that
U=R., xR (here, (u,v) are real coordinates in general distinct from (Re w,Im w))
such that the sets R , x {ct.} correspond to discs of the foliation and £ = M; x (R2 ,xG). We
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can assume that the Jacobian matrix of the change from the holomorphic coordinates (w, z)
to (u, v, z) is the identity at the origin (so that u and v are close to Re w and Im w).
Denote vg := B, 5 (bA N A;) and set

Yoh={p+uel; peyp,—bb<u<5bb}

in these real analytic coordinates and come back to the original holomorphic coordinates.

Then X, is a piece of a C¥-smooth surface near 0 with the property that ¥,, N € = 0.
However, 3, ;, is not immediately seen to be a union of boundaries of analytic discs as in the
case of a holomorphic foliation.

Therefore, we shall apply a complexification argument.

From the beginning, we can assume that b << ¢, |a| << ¢, |a|] &~ b and ||h — Id|| << |a|
also, since the set of such h still contain an open set in GL(m + n, C), which is sufficient
to apply separate analyticity locally. Therefore, for all p € ¥,,, the tangent space T,3,
(considered as a linear subspace of ToR?*™127 ig close to ToLg = C, X {0}. Therefore, ¥, is
a graph over a domain D, j, contained in the w-space. Since the transformation from (w, z) to
(u,v, ) is close to the identity in the C! norm and since ||h — Id|| and |a| are very small, this
domain D, C C,, is approximately the domain

D:={c(C—1)—b4ug € Cy; C€bA,|(—1| <c¢/5,—5b< uy < 5b}.

Anyway, by taking X, a little bit larger, D, j will contain D for all small |al, ||h — Id||.

Hence there exist C¥ functions s; : D — C, 1 < j <m +n — 1, such that ¥, is given by
the equations 21 = s1(4, ), ..., Zmin—1 = Smin—1(4,v) as a graph over D.

Notice that the domain D is foliated by the real analytic arcs 7v,, : bDANA; 3 ( —
C(C—l)—b-{-Uo €D.

We write them as [—d,d] 3 0 +— (uy,(0), vy, (0)), with ¢ = €? and ¢/5 = |¢! — 1|. Notice
that by the disposition of M, if m, : C™*" — C,, denotes the projection, then m,(M; ) N
Yuo ([—d,d]) = 0 for 2b < uy < 5b. Hence X, is foliated by the analytic arcs I'y, : 0 +—
(Vug (0)5 51 (Uag (8), Vi (0)), +ees Smrn—1(Uug (0), 04y (0))) and for ug > 2, these arcs are far from
M.

Now, we complexify # in a complex variable © € [—d,d] + i[—5b,5b] =: T such that
Re © = 6. Since u,,, vy, and the s; are analytic, such a complexification exists and ,,(©)
makes a biholomorphism from this strip 7" to a strip neighborhood of 7,,([—d, d]) in D which
contains, say, {7V, (0) + u; 0 € [—d,d],—3b < u < 3b} =: D,,. The domains of definition of
the complexification are uniform since the piece ¥, comes from the real analytic foliation,
which can be supposed to be given by converging series in a fixed neighborhood of 0. By
the implicit function theorem over D,,, we can replace I',,(©) by a parameterizing variable

w = T, (©) so that Ty, (IO”) will be a complex manifold of dimension one given by a graph
Dy, > w = (w,p1(w0), ey Oman_1(w)) € C™™ and which we will denote by E,,. Notice
that E,, CC U. Therefore, for all uy with 0 < uy < 5b, E,, intersects M; transversally and
Puo([_d’ d]) n Mf C Fuo([_5b’ 5b])

Now, inside the complex curve E,,, we can close-up the analytic arc I'y,([—d,d]) outside
M7, making the boundary of an analytic disc B,,, parameterized by ug, a part of its boundary
being given by 7,,([—d, d]) and the other part living in M;"\ M;.
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Notice that, by construction, all the B, for 0 < ug < 2b are analytically isotopic to each

other and that all their boundaries are contained in U\E. But I'y(D) is a piece of the disc
By p(A) (recall that yp is contained in 3, ), so that By is analytically isotopic to B, in U\E
(isotope their boundaries inside a + h(Lg)\M; ). And By, is analytically isotopic to a point in
M\ M,. This yields the desired isotopy.

The proofs of Theorems 5.10 and 5.1 are complete.
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