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This memoir is divided in three pattsPart | endeavours a general, new theory (inspired by
modern CR geometry) of Lie symmetries of completely intbra@DE systems, viewed from
their associated submanifold of solutions. Part Il builésieral combinatorial formulas for the
prolongations of vector fields to jet spaces. Part Il chiamdaes explicitly flatness of some sys-
tems of second order. The results presented here are ddgidaid not appear in print elsewhere;
most formulas of Parts Il and Il were checked by means of &g#lease 7.

§1. COMPLETELY INTEGRABLE SYSTEMS OF PARTIAL DIFFERENTIAL EQUAIONS

1.1. General systemsLetK = RorC. Letn € Nwithn > 1andletr = (2!,...,2") €
K. Also, letm € Nwithm > 1and lety = (y!,...,y™) € K™. Fora € N, we denote
by a subscripy,.. the partial derivativé)*ly /0z* of a local mapgk” > x — y(z) € K™.

Letk € Nwithx > 1, letp € N with p > 1, choose a collection gf multiindices
B(1),...,8(p) € N* with |5(¢)] > 1for ¢ = 1,...,p andmax;<,<, |5(¢)| = &, and
choose integerg(1),...,j(p) with 1 < j(¢) < mforqg=1,...,p. Inthe present Part |,
we study the Lie symmetries of a general system of analytiigbaifferential equations
of the form:

(€) vl () = FY (2,9(2), (550 (0)) 1y, )
wherej with 1 < j < m anda € N” satisfy
(1.2) (J,a) #(5,0) and (j,a) # (j(q),8(q)).

In particular, all(x+1)-th partial derivatives of the unknown= y(x) depend on a certain
precise set of derivatives of order x: the system i€omplete In addition, all the other
partial derivatives of ordex « do also depend on the same precise set of derivatives.

Here, we assume that= 0 is a local solution of the syster@) and that the functions
F7 areK-algebraic (in the sense of Nash)+analytic, in a neighborhood of the origin in
K™tm+P_Even if our concern will be local throughout, we will notliatiuce any special
notation to speak of open subsets and simply refer to vafidus We will study five
concrete instances, the first three ones being classical.

Date 2006-4-18.
Part Il of [Me2005a] already appeared as [Me2005b].
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Example 1.3.With n = m = k = 1, a second order ordinary differential equation

(51) Yz = F(x, Y, y:c)a

and more generally,«+1 = F(x,y, ys, . . - ,ymm), wherez, y € K, see [Lie1883, EL1890,
Tr1896, Cal924, Sel931, Cal932a, 011986, Ar1988, BK198aN ™89, HK1989,
1b1992, 011995, N2003].

Example 1.4.With n > 2, m = 1 andx = 1, a complete system of second order
equations

(&) Ypirgin = Fiyi (2, y,000), 1<l i <,
see [Hal937, Ch1975, Su2001] and Part Il below.
Example 1.5. Dually, withn = 1, m > 2 andx = 1, an ordinary system of second order
(&s) Vi = F7 (2,97 y0). G=1....m,
see [Fel995, Me2004] and the references therein.
Example 1.6. With n = 1, m = 2 andx = 1, a system of the form
vp = F (29" % ys)
{ Yoo = G2, 9", 9%, y2).

Differentiating the first equation with respect toand substituting, we get the missing
equation:

(&4)

Vie = Fotyp Fp + 42 Fo + 4, Fip
1.7) =F4y Fp+y.Fe+GFEy
= H(:E,yl,yQ,y;).
Example 1.8.With n = 2, m = 1 andx = 2, a system of the form
Yoz = F(2', 2%, 4, Y1, o)
{ Yoot = G (2", 27y, Y, Yorn).

Here, five equations are missing. Differentiating the ficgiagion with respect te'! and
substituting:

(&)

Yoraz = For + Yot Fy + Yoo Fy | + Yy Fy
(1.9) =Fp+yn Fy+ypnkb,, +GF, |
= H (2", 2%y, yp1, Yur01),
and then similarly foty,2,2, Yy12122, Ypix222, Yz2e242.
1.10. Finitely nondegenerate generic submanifolds df"*™. Examples 1.3, 1.4, 1.6
and 1.8 (butnhot 1.5) are intrinsically linked to real submanifolds of complkubmani-
fmﬁzi M be a real algebraic or analytic local generic‘GRbmanifold ofC"*+™ of codi-

mensionn > 1 and of CR dimension > 1, and letp € M. Classically, there exists local
holomorphic coordinatels= (z,w) € C* x C™ centered ap in which M is represented

by
(1.11) w =0 (z,z,w), j=1,...,m,

2Fundamentals about Cauchy-Riemann geometry may be fourfiloh991, BER1999, Me2005a,
Me2005b, MP2005].
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for some localC-analytic map = (©!,..., ™) satisfying the identity
(1.12) w = @(2, z,0(z, z, w)),
reflecting the fact that/ is real.

Definition 1.13. ((BER1999, Me2005a, Me2005b, MP2003)) is finitely nondegenerate
if there exists an integer > 1 such that the local holomorphic map
(1.14) (z,w) — (6(0, z,w))

1<j<m
1Bl<k

is of rankn + m at(z, w) = (0,0).

From (1.12), the maps +— ©(0,0,w) is already of rankm atw = 0. One
then verifies ([BER1999, Me2005a, Me2005b, MP2005]) thatehexist multiindices
B(1),...,8(n) € N* with |5(k)| > 1for k = 1,...,n andmax; <<, |5(k)| = & to-
gether with integerg(1),...,j(n) with 1 < j(k) < m such that the local holomorphic
map

(L15) 75 (5,0) — ((0'0.2,0) Y, (80 0.2@) e

1<k<n
is of rankn + m at (z, w) = (0, 0).

1.16. Associated system of partial differential equationsGeneralizing an idea which
goes back to B. Segre in [Sel931, Sel932]£ m = 1), applied byE. Cartan
in [Cal1932a] and studied more recently in [Su2001, GM2008a]may associate tb/

a system of partial differential equations of the foré) &s follows. Complexifying the
variablesz andw, we introduce new independent variables C" and{ € C™ together
with the complex algebraic or analytie-codimensional submanifolé of C2"+™ de-
fined by

(1.17) W =0'(2,08),  j=1..m

We then consider the “dependent variableg”as algebraic or analytic functions of the
“independent variables?*, with additional dependence on the extra “parametesy).

Then by applying the differentiatiofl®! /92> to (1.17), we getw’.(z) = ©l.(z, ¢, €).
Assuming finite nondegeneracy and writing these equatiang fo) = (j(k), 8(k)), we
obtain a system of. + n equations:

wi(z) =8 (2,¢,6), j=1,...,m
wé’?i)()— Zﬁ(k)( 8, k=1,....n

By means of the implicit function theorem we can solve:

(1.19) (¢,6) = R(*, 0 (2), wlif), (2).
Finally, for every pair(j, o) different from(j, 0) and from(;j(k), 3(k)), we may replace
(¢, €) by R in the differentiated expressiam.. (z) = @ia(z, ¢, &), which yields

wha(2) =8 (= R w'(2), ) () )
= FJ (25,0 (2), 0l (2))

This is thesystem of partial differential equations associateflto

(1.18)

(1.20)
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Example 1.21.(Continued) Withn = m = 1,i.e. M c C? andx = 1, i.e. M is Levi
nondegenerate of equation

(1.22) w=w+12z+ Og,

wherez, z are assigned weight 1 and w weight 2, B. Segre [Se1931] obtained, =
F(z,w,w,). J. Faran [Fa1980] found some examples of such equationsahaotcome
from a)M C C2. But the following was left unsolved.

Open problem 1.23.Characterize equationg,., = F'(z,y,y,) associated to a real an-
alytic, Levi nondegenerate (i.ec = 1) hypersurfacel/ c C?. Can on read the reality
condition(1.12)on F' ? In case of success, generalize to arbitradfyc C"*™.

Example 1.24.(Continued) Similarly, the systerdgy{) comes from a Levi nondegenerate
hypersurfaceM/ ¢ C"*! ([Hal1937, CM1974, Ch1975, Su2001]. Exercise: why) (
cannot come from any/ C C” ?

Example 1.25.(Continued) Withn = 1, m = 2 andk = 1, the system{,) comes from
aM c C? which is Levi nondegenerate and satisfies

(1.26) T°M + [T°M,T°M] + [T°M, [T°M,T°M]] = TM

at the origin, namely which has equations of the followingripafter some elementary
transformations ([Be1997, BES2005]):

w' = w' +i22+ Oy,

2

(1.27) I B
w=w"+122(z + Z) + Oy,

wherez, z are assigned weight 1 and, w?, w!, w? weight 2.

Example 1.28.(Continued) Withn = 2, m = 1 andk = 2, the system{;) comes from
a hypersurfacé/ c C? of equation ([Eb1998, GM2003b, FK2005a, FK2005b, Eb2006,
GM2006])):

151 1,132 z151.2
(1.29) P i s Mo

1 — 2222

wherez, z1, z2, Z» are assigned weight 1 and, w weight 2, with the assumption that
the Levi form has rank exactly one at every point, and withdaesumption thafi/ is
2-nondegenerate at

1.30. Jet spaces, contact forms and Frobenius integrabiit Throughout the present
Part I, we assume that the systeff) (s completely integrablenamely that the Pfaffian
system naturally associated i6)(in the appropriate jet space is involutive in the sense
of Frobenius. This holds automatically in cagg €omes from a generic submanifold
M c C™*™. In general, we will construct aubmanifold of solutionsassociated tof).
So, we must explain complete integrability.

We denote by7yr,, the space of-th jets of mapK™ > = +— y(r) € K™. Let

Y

i § oG J ntm4mn+mn2+-+mn”
(1.31) T AT AT Yy inin) €K

denote the natural coordinates gff,, ~ K+t For instance(z, y,y1) €
Ji'1- We shall sometimes write them shortly:

132 (a5, 43) € Rrmmtn ),

where € N" varies and satisfigg/| < x. Sometimes also, we consider these jet coordi-
nates only up to their symmetrigg ,, , = y§0<1)7i0(2) _____ TNE whereo is a permutation

of {1,2,...,\}, so that7y,, ~ K™ Chvw, with O, = CEF,

n+kK k! n!
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Having these notations at hand, we may develope the carisggtam of contact forms
onJy,., ([011995], [Stk2000]):

;

¢ = dy’ — Z yi da”,

(1.33)

----- _Zyll Z,g lk

For instance, withh = m = 1 andx = 2, we have)! = dy — y; dr andf} = dy, — y» dx.
These (linearly independent) one-forms generate a subspaf;,, of the cotangent
T* 7y, whose dimension equaia C;\ ;. For the duality between forms and vectors,
the orthogonalC77, )+ in T.7y,, is spanned by the + m C#,, _, vector fields:

(1.34)
; 0
Z yz a i1 T+ Z Z yg,llcl k—1 8]177

Ji=1 J1=1 ki, kk—1=1 Yk .., kr—1

.....

the firstn ones belng the total differentiation operators, consiiénePart 1l. Forn =
m=1,k=2, Weget—erla +y28—1and 0
Classically ([O11986, BK1989 0I11995)), one associate&ddts skeleton\ ¢, namely
the (n + m + p)-dimensional submanifold Qﬁ’,;j;;l simply defined by the graphed equa-
tions:

- @
(1.35) v, = FJ (:c v, (y2<2>)1<q<p>

for (j,«) # (4,0) and# (ji(q), 3(q)) with |a| <  + 1. Clearly, the natural coordinates
onA¢ are:

j(q) — i(q) n m
(1.36) (37 Y, (Uhe ))qup) = (55 Y, (U l)\q(q))lgqu) € K" x K™ x K?,

where)\, := |3(¢q)| and (ll(q), - l)\q(q)) = [(q)-
Next, in view of the form (1.34) of the generators (aﬂ‘Tfjml)L and in view of the
equations ofA¢, the intersection

(1.37) CT ) NTAg

is a vector subbundle df A¢ that is generated by linearly independent vector fields
obtained by restricting th®; to A¢, which yields:

9 S (i J(ql) 9

p

P

qf i J(q1) 9

+ZB1( lvy yﬁ(ql)>a ()7
q=1 yﬂ(q)

(1.38)
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i =1,...,n, where the coefficientd? andB! are given by:

N { y! if the variabley/ appears among thevariabIeSyé((‘éll)),

F/ otherwise
(1.39)

7(a) J(q) J(q1
. Vi (@)t (0) LT I, BPPEArs among thevariablesy; ,
v 7 () i
B @)ty (@) otherwise
Example 1.40.For (£;), we getD = + Y1 Bx + F(x, y yl) ; exercise: treaté)

and €). For €,), we getD = 2 + y1 8y1 +F2 oy T G s For (55), whose skeleton is
writtenye = F,y111 = G, 112 = H, y110 = K, with ', G, H, K being functions of
(xla xza Y, Y1, 91,1) , we get

0 0 0 0
Di=-7+no+tyi—+G )
ox dy 31 Iy
(12.41) ’
DU TCAY A
2 (92 (9 83/1 891,1.

Definition 1.42. The system &) is completely integrablé the n vector fields (1 38)
satisfy the Frobenius integrability condition, namely iveie bracket[D;,, D], 1
11,19 < n, IS a linear combination of the vector fields, ..., D,,.

Because of their specific form (1.38), we must then have ih[@ag, D;,] = 0. For
n = 1, the condition is of course void.

§2. SUBMANIFOLD OF SOLUTIONS

2.1. Fundamental foliation of the skeleton.As the vector field®,; commute, they equip
the skeletomAs ~ K"t™*? with a foliation FA. by n-dimensional integral manifolds
which are (approximately) directed along thexis. We draw a diagram (see only the
left side).

The (abstract, not numerical) integration &) (s thus straightforwardly completed:
the set of solutions coincides with the set of leave$ of. This is the true geometric
content, viewed in the appropriate jet space, of the assampt complete integrability.
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2.2. General solution and submanifold of solutions.To construct the submanifold of
solutionsM ) associated tod) (sketched in the right hand side), we execute some ele-
mentary analytico-geometric constructions.

At first, we duplicate the coordinateiyg((‘;)),yj) ¢ K? x K™ by introducing a new
subspace of coordinatés, b) € K? x K™; thus, on the left diagram, we draw a vertical
plane together with- andb-axes. The leaves of the foliatiéia,. are uniquely determined
by their intersections with this plane, consisting of psiot coordinate$0, a, b) € K" x
K?P x K™,

Such pointg0, a, b) correspond to thaitial conditions(yi(ﬁ‘g) (0),y(0)) for the general

solution of (£). In fact, the (concatenated, multiple) flow {, ...,D,} is given by
(2.3)

exp ("D, (- -+ (exp(z'D1(0,a,b)))--+)) = (z,11(z, a,b), Az, a,b)) € K*xK" xKP,
for some two local analytic magds$ = (I1', ..., II™) and2 = (Q!, ..., QF) and the next

lemma is straightforward.

Lemma 2.4. The general solution €) is

(2.5) y(@) =z, a,b),
where(a, b) varies inK? x K™. Furthermore, forg =1, ..., p:
(2.6) Oz, a,b) = Hi(ﬁ(l(l)(x, a,b).

This leads to introducing a fundamental geometric object.

Definition 2.7. The submanifold of solution¥s (&) associated taf) is the analytic sub-
manifold of K7 x K? x K;* defined by the Cartesian equations:

(2.8) 0=—y + 1l (x,a,b), j=1,....,m.

There is a strong interplay between the study&®f and the geometry oPs(€). By
construction, the diffeomorphism:
(2.9)

A : K" [coordinates (2, a?, b)) — K™ |coordinates (a7, 3%
B(a)

A(;pi’ajq’bj) = (;pi’ Hj(x,a, b), Hi(ﬁq()q)(x,a, b),) ,

sends thdoliation F, by thevariablesr whose leaves arén = cst., b = cst.} (see the
diagram), to the previous foliatidf .

2.10.PDE system associated to a submanifoldinversely, letM be a submanifold of
K% x K x K& x Kj* of the form

(2.11) v =1l(x,a,b), j=1,....,m.

A necessary condition for it to be the complexification of aggc M C C"™™ is that
p = n (answer to an exercise above).

Definition 2.12. M is solvable with respect to the parametérs — 11(0, 0, b) of rank
m atb = 0 and if there exisk > 1, multiindicess(1),...,5(p) € N™ with [5(q)| > 1
for¢ = 1,...,p andmax;,<, |6(q)| = k, together with integerg(1),...,j(p) with
1 < j(q) < m such that the locaK-analytic map

(213) K73 (a,0) — ((0(0,0,0)' ¥, (00, 0,0,0)) ) e K™

1<q<p>
is of rank equal ton + p at (a, b) = (0,0)
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When M is the submanifold of solutions of a syste#),(it is automatically solvable
with respect to the variables, the paiy$q), 5(q)) being the same as in the arguments of
the right hand side&” in (£). Proceeding as if1.16, we may associate ot a system
of the form €). Since we need introduce some new notation, let us repeargument.

Consideringy = y(z) = Il(x, a, b) as a function of: with extra parameterg:, b) and
applying 0! /02, we getyl.(z) = IlJ.(x,a,b). Writing only the relevan{m + p)
equations:

(2.14) {y (z) = IV (z, a, b),

yif(ﬁq(zz) = H;(ﬁq()q) (xv a, b)?

the assumption of solvability with respect to parameteebéss to get

= A9y )
)

-t (xi,yjl,yg((qq))

For every(j,a) # (j,0) and+ (j(g), 3(q)), we then replacéu, b) in y/. = II/..

Yio () = Mo (af A2y (@), vh 0 (@), B(2', 7 (x), v (93))>
=: Fi(a',y" (), g0, (@)

Proposition 2.17. There is a one-to-one correspondence

(2.18) (Em) = (&) «— M = M),

between completely integrable systems of partial difteabequations of the general form
(£) and submanifoldéof solution3 M of the form(2.11)which are solvable with respect
to the parameters. Of course

(2.19) (Eme) = () and M, =M.

2.20. Transfer of total differentiations. We notice that the auxiliary function4? and
B’ enable to express the inversefof

(2.21) Al xh’yjl’yj(QI) N xz"Aq xil’yjl’yj(ql) 7Bj xil’yjljyj(QI) _
B

(2.15)

I

(2.16)

B(q1) (q1) B(q1)

More importantly, the total differentiation operator catesably simplifies when viewed
on M. This observation is useful for translating differentialariants of £) as differen-
tial invariants ofM.

Lemma 2.22. ThroughA, fori = 1, ..., n, the pull-back of the total differentiation oper-
ator D; is simply;Z;, or equivalently

0
(2.23) A*(@) —D,.
Proof. Let ¢ = g(xi, Y, yg((‘;))) be any function defined ofA:. Composing withA yields
the functionA := /o A, i.e.
(2.24) A(z,a,b) = E(xi, IV (x,a,b), Hi(ﬁq()q)(x, a, b))

Differentiating with respect ta’, we get, dropping the arguments:

aA_ae+2m: A Y

J -
ori  dr Was g7 T 2 etz 55107

(2.25) /.
83/] q=1 2B (a)

j=1
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Replacing the appearing’.. for which (j,a) # (5,0) and# (j(q), 5(q)) by FJ, we
recoverD; as defined by (1.38), whenég: = D,/. O

2.26. Transfer of algebrico-differential expressions.The diffeomorphismA may be
used to translate algebrico-differential expressionsffe to (£) and vice-versa:

(2.27) v (25— Ngy (I, F)-

z,a,b T,Y,Y1

Here,\ € N, the letterJ is used to denote jets, amd= 1, or = I (¢ is a polynomial or
more generally, a quotient of polynomials with respect $gjét arguments. Notice the
shift by x + 1 of the jet orders.

Example 2.28.Suppose: = m = 1 andkx = 1. ThenF = II,,. As an exercise, let us
computer,, F,, F,, interms ofJ? , II. We start with the identity

z,a,b
(2.29) F(z,y,y) =1, (567 A(z,y,1n), B(z,y, y1>)7
that we differentiate with respect iq to y and toy;:

Fy = Wy + Wawa Az + Wagp Ba,
(2.30) F, = Hpza Ay + Haap By,

F, = Mo Ay, + gy By, -

Thus, we need to computg,, A,, A,,, B,, By, B,,. This is easy: it suffices to differen-
tiate the two identities that definé and B as implicit functions, namely:

y= H(x7A(x7yay1)7B(x7yay1)) and
h = 11, (ZL’, A(ZL’, Y, y1)7 B(:E7 Y, yl))
with respect tar, to y and toy,, which gives six new identities:

(2.31)

0:H$+H(IA$+HI)B:L‘7 OZHmm+HxaAa:+beBm7
(2.32) 1= ILA,+1,B, 0= M, A, + Iy B,
0= I, A, + 11, By, 1= I, Ay, + 11, B,,,

and to solve each of the three linear systems of two equaltbcased in a line, noticing
that their common determinabi, I1,., — I1, I1,, does not vanish at the origin, sinde=
b+ za + O3. By elementary Cramer formulas, we get:

( A — _Hb HJ:J: + Hx be B - _Hx Hxa + Ha Hxx
o Hbea_HaHa:b 7 o Hmea_Habe 7
—II IT
(2.33) A, = b , B, = ra ,
1_-[b Hxa - Ha Hmb Hb Hara - Ha Hmb
Hb _Ha

\ . 1_-[b Hxa - Ha Harb’ . 1_-[b Hxa - Ha be

Replacing in (2.30), no simplification occurs and we get whatvanted:
( Hxxa —1II Hxx HJ: Hx HJ:J: - HJ: Hara Ha HJ:J:
Fm:H:v:v:c+ [ ’ i b]+ b[ ha }7
Hb Hara - Ha Hmb

(234) F o= _Hxxa be + H$$b Hara

Y Hb Hara - Ha Hmb ’
Hma}a 1_-[b - Hxxb Ha
Fy1 = )
\ Hb Hara - Ha Hmb
One seed F' = F, + 11, F, + 11, F,,, = I1,,, simply, as predicted by Lemma 2.22.
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Second order derivatives,,, F,,, F,,,, Fyy, Fyy., Fy,y, have still reasonable complex-
ity, when expressed in terms dﬁmb I1. Beyond, the computations explode.

Open question 2.35A second order ordinary differential equatign, = F(z,y, y.) has
two fundamental differential invariants, name¢yr1896, Cal1924, GTW1989, OI1995]):

(2.36)
oA
1 o
ey = Tyt and
I%Sl) = DD(Fylyl) - Fyl D(wal) B 4D(Fyy1) + 6Fyy o 3FyFy1y1 + 4Fy1 Fyyl-

Computd,, andl, .

Although the notion of diffeomorphism is clear and appdseobvious from the intu-
itive, geometric and conceptual viewpoints, in concretgiaptions and in explicit com-
putations, it almost never straightforward to transfeebhico-differential objects.

Open problem 2.37.For general(£) and M, build closed combinatorial formulas exe-
cuting the double translatio(®2.27)

2.38. Plan for the sequel.We will endeavour a general theory showing that the study of
systems £) and the study of submanifolds of solutiond gives complementary views
on the same object. In fact, Lie symmetries, equivalencblpnoes, Cartan connections,
normal forms and classification lists may be endeavouredotim §ides, yielding essen-
tially equivalent results, though the translation is seidsiraightforward. In Section 3, 4
and 5, we review some features from the siflg before studying some aspects from the
side of M. A more systematic and complete approach shall appear asagraphy.

§3. CLASSIFICATION PROBLEMS

3.1. Transformations of PDE systems. Through a localK-analytic change of variables
close to the identityz, y) — ¢(z,y) =: (2/,'), the system&) transforms to a similar
system, with primes:

&) Y l@) = FL( (@), (0700 () ey )

Example 3.2. Coming back temporarily to the notations §@f.12(ll), withn = m =

k = 1, assume thay,, = f(z,y,y.) transforms toV’xx = F(X,Y, Yy) through a local
diffeomorphism(z, y) — (X,Y) = (X(z,y),Y(z,y)). How F is related tof ? By

symmetry, it suffices to computgin terms of /', X, Y. The prolongation tg7?, of the
diffeomorphism has components ([BK1989, Me2004)): 7

Y.+ vy, Y,
3.3 Yy=-———2"Y
( ) X Xm_'_meya
and
v 1 (y X, Xy)+)x$ Xow | |
XX — Tx
[Xx + yny] ’ Y Yy Yo Y
X, X X X
(34 X Xy | | X X
x yy _ xy Y
Y2l {’ Y, Y, 2 Y., Y, }+

is
ie
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It then suffices to replacEx x above byF'(X,Y, Yy) and to solvey,,:

1 3 Y, +v. Y, X, X
v XX ([ Yo Xy ( X$+y$Xy) ‘Yx Yoo
v, v,
Xz Xxy Xox Xy
(35) ﬂ”'{_Q‘Yx Yoy *‘Ym Y, }*
3.5
‘H/a&yx{_‘ Xx ny ‘+2‘ me Xy }+
Y, Y, Yo Y,
X, X
+ zYxYx * vy Y ‘ )
YzY2 Y {’ Y,, Y,
= f(xayayx)~

Open problem 3.6.Find general formulas expressing tg in terms ofF"7 , z'", /7.

Conversely, given two such systen®) @nd €’), when do they transform to each
other? Letr, , denote the projection frorﬂ’fbj’; to Ag: defined by

i g g j e (03 0d(a)
(3.7) 7T,27P(SUI Y Yy i~+1) " (:1:' 4 ’ylﬁ(q)>'

.....

Let o*+1) be the(x + 1)-th prolongation ofs (Section 1(lI)).
Lemma 3.8. ([011986, BK1989, OI1995]Yhe following three conditions are equivalent

(1) ¢ transformg€) to (£);
(2) its (x + 1)-th prolongationp*+1) : 7t — 7"+ mapsAg to Agr;

, M

(3) ¢(n+1) . j;zjnl — j’z,’;i mapsA¢ to Ag and the associated map

(3.9) Qg or 1= W;,p 0 (@wﬂ) ’As)

sends every leaf ¢t to some leaf oFy , .

Equivalence problem 3.10.Find an algorithm to decide whether two givéh and (&)
are equivalent.

Elie Cartan’s widely applicable method (not reviewed hfEe1937, Ste1983, G1989,
HK1989, Fe1995, OI1995]) provides an answer “in princigtethis question by reducing
to an{e}-structure an initial G-structure associated £). (Due to the incredible size-
length-complexity of the underlying computations, thipagach almost never abutes: it
is forced to incompleteness. But in fact, the main quessdn classify.

Classification problem 3.11.Classify system&), namely provide complete lists of all
possible such equations written in simplified “normal”, é@asecognizable forms.

Both problems are deeply linked to the classification of Ugehras of local vector
fields. Forn = 1, m = 1 andx = 1, namely €;): y.. = F(z,vy,y.), Lie and Tresse
solved the two problemisTable 7 of [011986], below reproduced, describes the tgsul

3The author knows no complete confirmation of the Lie-Tredassdication by means d@f. Cartan’s
method of equivalence.
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| | Symmetry group | Dimension| Invariant equation ||
(1) 0 Yooz = F(l‘, Y, yx)
@) 0.0, 2 Yur = F(y:)
@) | 0, e*9, 2 Yor — Yo = F (Y — y)
(5) || 0xy Or — yO,, 220, — 220, | 3 Yoz = % + cy?
(6) 6&:1 xaa: - ya ) 3 Yooz = 6?/?/3[; - 4y3+
220, — (2zy + 1)0, +e(y. — y?)3?
(7) || Ox, Oy, 20, + ay0,, 3 Yor = c(yx)g_:?
a#0,2,1,2
(8) 81, 8y, SL’&E + (.T + y)ay 3 Yoz = ce Yz
(9) || O, Oyy YO, 0y, YOy, 8 Ygz = 0
220, + xyd,, xyd, + y*0,
Table 1.

However, the author knows no modern reference offering gobete proof of this clas-
sification, with precise insight on the assumptions (sonrenabforms hold true only at
a generic point). In addition, the above Lie-Tresse listiis "ightly incomplete in the
sense that it does not precise which are the conditiondiedtlsy F' (Table 7 in [O11986])
insuring in the first four lines tha&YM(&, ) is indeed of small dimensidn 1 or 2.

Open question 3.12.Specify some precise nondegeneracy conditions épiornthe first
four lines of Table 1.

§4. PUNCTUAL AND INFINITESIMAL LIE SYMMETRIES

4.1. Lie symmetries of(£). Let ¢ = (¢,v) be a diffeomorphism of<}; x KJ as
in (1.7)(IN).

Definition 4.2. (JO11986, OI1995, BK1989])y is a (oca) Lie symmetryof (£) if it
transforms the graph of every solution éf) (nto the graph of another solution.

To explain, we must pass to jet spaces. Denote the compootéthe (x + 1)-th
prolongationp* ™) : Fxf1 — 7t by

(4.3) ) = (¢h 7 B B

119 T 1,827

...... , ).

11,8250k 41
The restrictionp““)\Ag is obtained by replacing each jet varialpfeby F7, whenever

(j,) # (4,0) and+ (j(q), B(¢)), and wherever it appedr the@{1
Let m, , denote the projection fron}' to Az ~ K™ "7 defined by

(44) Tw,p (xi’ yj, yglv ) ygl ..... i,ﬁq) = (xi’ yj’ y?(?)) ’
and introduce the map
(4.5) PAg 7= Tpp O (WH)’AS) = (‘P(fcivyj% ‘I)Jﬁ(é)) (xi’yj’yff(éll))))'

Lemma 4.6. ([OI11986, 011995, BK1989],:]) The following three conditions are equiv-
alent

_4Remind from Section 1(Il) that we have not (open problemyjated a complete explicit expression of
PJ ;, forgeneral > 1,m > 1and\ > 1.

11500y ?
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(1) the diffeomorphisnp is a Lie symmetry off);
(2) ¢(“+1>]Ag sendsA¢ to Ag;

(3) D \Ag sendsA\¢ to Az andipa, = 7, (Y }AS) is a symmetry of the folia-
tion Fa,., namely it sends every leaf to some other leaf.
Then the set of Lie symmetrieg(6) constitutes a local Lie (pseudo)group.

4.7. Infinitesimal Lie symmetries of(£). Let

n A o m _ o
pum— v ] -
(4.8) L ;1 X(@y) 55+ jEl Y (x,y) g

be a (local) vector field oK™ having analytic coefficients. Denote its flow by
oi(z,y) == exp(tL)(z,y), t € K. As in Section 1(Il), by differentiating the prolon-
gation ()1 with respect tat at¢ = 0, we get the prolonged vector field+!) on
j;j;}, having the general form (Part I1):

rk+1

(49) LU =L3 S Vgt N Y —
j=1 i1=1 Yiy =1 Yi

with known explicit expressions for th‘;e’g1

Definition 4.10. £ is aninfinitesimal symmetrpf (£) if for every smallt, its time+ flow

mapy;, is a Lie symmetry of§).
The restrictionC < +1
Y/, ... Y!
) 21

217

>}AS is obtained by replacing eveny, by F7 in all coefficients

...+ Then the coefficients become functions(of!, y1, yg((‘f;l))) only.
Lemma4.11.([011986, 011995, BK1989],{]) The following three conditions are equiv-
alent

(1) the vector fieldC is an infinitesimal Lie symmetry ¢f);

(2) its (x + 1)-th prolongationZ“+1) is tangent to the skeletah,;

(3) £*+Y is tangent taA¢ and the push-forward

(4.12) Lag = (mp)o (L], )
is an infinitesimal symmetry of the foliatiéi ., namely for every = 1,...,n,
the Lie bracke{Lx,, D;] is a linear combination of Dy, ..., D,}.

According to [O11986, BK1989, OI1995], the set of infinitel Lie symmetries con-
stitutes a Lie algebra, with the properfg*+1, /"] = [, £/] 1 We summarize
by a diagram.

(r+1)

T - - Tk LD
Tk, Tk,
| "y \
PA
Ag £ = Ag Lag
Tk Tk
Tp Tp
Yy YY [

K x K > K5 x K L
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4.13. Sophus Lie’s algorithm. We describe the general process. Its complexity will be
exemplified in Section 5 (to be read simultaneously).

The tangency ofZ*t1) to A is expressed by applying“*t!) to the equation§ =
—y? + FJ, which yields:

J(q) 8F£

) OF?
4.14 =-Y/ g I a
@i o=-viey el y ol
i=1 =1 B(a)
for (j,a) # (4,0) and# (j(q),5(q)). Restricting a coefl‘icien‘li({1 to Ag, namely
replacing everywhere in it eagf by F7, provides a specialized coefficient

(415) ?gl ) :?] ) ( ’y yg((‘(llll J)\ X J)\ yjl)’

Yy Yy

that dependsnearly on the\-th jet of the coefficients of, as confirmed by an inspection
’ i i - %1 51

of Part Ilsformulas. Here, we use the jet notatigh, Z := (920} )\a1\+|61\<A We

thus get equations

v
B(q J(q) ’
dy Y5(q)

(4.16) 0——YJ+ZX181+ZJ/1W

involving only the variablegz?, 37, yé((ql)))

Next, we develope every such equation with respect to theepmmtyg((‘f;)

@17) 0= 3 W) (i) Y (2" T XN TSR,

.....

The ¥/ arelinear with respect to(J 71 X%, J=F1Yit), with certain coefficients

Q15

analytic W|th respect tdzx, y), which depend intrinsically (but in a complex manner) on
the right hand sidesy.

Proposition 4.18. The vector fieldC is an infinitesimal Lie symmetry ¢f) if and only if
its coefficientst’t, )/t satisfy the lineaPDE system

(419) 0= \If] 1 (qjil’yﬂ J“+1X11 JliJrlle)

QA ey )y Y,y ) XL,y
forall (j,) # (j.0) and# (j(q), 5(¢)) and for all (s, ..., j1,) € NP,
In all known instances, a finite number of these equatiorfecsegt

Example 4.20.With n = m = x = 1, a second prolongatiof® = x 2 + ya% +
Y, 8iy1 +Y, a% is tangent to the skeletah= —y, + F(z,y, ;) of (&) if and only if
0=-Y, +XF,+YF,+Y,F,,or, developing:
0= _ymm + [_ Qy:cy + Xmm] Y1+ [_ yyy +2 me] (y1>2 + [ny] (y1>3+
(4.21) + [ =V +2X]F+ [BX]y F+ [X] Fo + [V] Fy+
[y$}Fy1+[yy ]ylelJF[ Xy} (?/1)2Fy1-

DevelopingF' = Zk>o (y1)* Fy(x,y), we may obtain equations (4.19).



LIE SYMMETRIES AND CR GEOMETRY 15

5. EXAMPLES

5.1. Second order ordinary differential equation. Pursuing the study ot{), according
to Section 7 below, we may assume that O(y, ), or equivalently?’(x, y,0) = 0.

Convention 5.2. The lettersk will denote various functions dfz, y, y1), changing with
the context. Similarlyr = r(z,y), excluding the pure jet variablg. Hence, symboli-
cally:

(5.3) R=r+yr+ (y)?r+(y)’r+--
So the skeleton is
(5.4) y2 = Fla.y,p) =R =yir+ () r+ () r+ -
Applying £, see (2.3)(Il) for its expression, we get:
(5.5) 0=-Yo+ XF,+YF,+Y,F,,.

Observe that), = (y1 R), = ry; +r(y1)? + - - - and similarly forF,, but that(y; R),,
r+ry,+r(y)?+---. Inserting aboveY'y, Y, given by (2.6)(1l), replacing, by y; R and
computingmod (y;)*, we get:
0= = Voa+ [ = 2Vay + Xaw| 1+ [ = Vi + 2] (11)° + [X] (11)°+

[ =Yy 28] (yar+ ()’ e+ ()° 1) + 3] () r + () 1)+
(5.6) + [X] (yair+ W) r+ W)’ r) + [V] (yair+ )’ r+ ()’ r)+

+ [Ve] (r+ynr+ () r+ (11)° r)+

+ V= X] (a4 )’ r+ ) r) + [ = &) ()’ r+ (11)°r).
We gather the powerst., i1, (y1)? and(y;)?3, equating their coefficients ta

0=V +P(Ju),

0=—-2Vuy + Xow + PV, X, X, Y, V),
0=—Vyy +2Xy +P(Vy, X0, X, XV, V0),
0= Xy, +P(V,, X, Xy, X, 0, D)

Convention 5.8. The letterP will denote varioudinear combinations of some precise
partial derivatives oft’, ) which have analytic coefficients i, y).

(5.7)

By cross-differentiations and substitutions in the aboxstesn, all third, fourth, fifth,
etc. order derivatives of¢, ) may be expressed &X', Y, X,, X, Vu, Yy, Vay: Yy ) -

Proposition 5.9. An infinitesimal Lie symmetey >+ . of (€1) is uniquely determined
by the eight initial Taylor coefficients

(5.10) X(0), Y(0), X:(0), X,(0), Vu(0), Yy(0), Vay(0), Yy, (0).
The boundlim GYM(E;) < 8 is attained withF = 0, whence alP = 0 and
A =0, E :=y0,,
B :=0,, F:=y0,,
(5.11)

C :=z0, G :=xx 0, + 2y 0y,
D :=zx0,, H :=xy0, +yy0,.
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are infinitesimal generators of the group P@K) = Aut(P;(K)) of projective transfor-
mations

(5.12) (xy)'_)<ozx+ﬁy+7 ox +ny +e€ )
' ’ A+ py+v A+ py + v

stabilizing the collections of all affine lines @2, namely the solutions of theiodel
equationy,, = 0. Themodel Lie algebragl;(K) ~ sl3(K) is simple.

Theorem 5.13.The boundlim GYM(E;) < 8 is attainedif and only if (£;) is equiva-
lent, through a diffeomorphisifx, y) — (X,Y), to Yxx = 0.

Proof. The statement is well known ([Lie1883, EL1890, Tr1896, $419Cal932a,
011986, HK1989, 11992, OI1995, Sh1997, Su2001, N2003,00dD. We provide a
(new?) proof which has the advantage to enjoy direct geizatains to allPDE systems
whose model Lie algebras are semisimple, for instaéige (£5) and €;5).

The Lie brackets between the eight generators (5.11) are:

| A | B | D |E [F |G | H
A0 0 0 0 A B C D +2F
B0 0 A B 0 0 E+2D | F
C 10 —A 0 -C|C |D-FE|O G
D0 —-B C 0 0 —F G 0
E | -A 0 -C 0 0 F 0 H
F || —-B 0 -D+F | F —F 10 H 0
G| -C —FE—-2D 1|0 -G |0 H 0 0
H|-D—-2F|—-F -G 0 —H |0 0 0

Table 2.

Assuming thatlim G99 (&) = 8, taking account of (5.7), after making some linear
combinations, there must exist eight generators of the form

A =0, + 0(1), E'":=y0,+ 0(2),
B :=0,+ 0(1), F' =90, + 0(2),

61 , ), F=yason
C"=1x0,+ 0(2), G =z 0, + 2y 0, + O(3),
D' :=xz0,+ 0(2), H':=zyd, +yyd, + O(3).

To insure that the Lie brackets between these vector fieklsraall perturbations of the
model ones, we can in advance repléeey) by (ex,ey), so thaty,, = €F(€x,sy,y$)
isanO(e), hence all the remainde€¥(1), O(2) andO(3) above are alsO(¢). It follows
that the structure constants fdf, . . .| H’ ares-close to those of Table 2.

Theorem 5.15. ([OV1994]) Every semisimple Lie algebra ov& or C is rigid: small
deformations of the structure constants just give isomiorpie algebras.

Consequently, there exists a change of basis close to thetideading to new gener-
atorsA”, B”,...,G"”, H" having exactly the same structure constants as in Tableéh Th
A”(0) and B"(0) are still linearly independent. Sindel”, B”] = [A, B] = 0, there
exist local coordinatesX,Y) centered ab in which A” = 0y and B” = 0y. Since
[A”,C"] = [A,C] = 0and[B",C"] = [B,C] = A, it follows thatC” = X9y. The
tangency td) = —Y, + F(X,Y,Y]) (with F(0) = 0) of (8X)(2) = Oy, of (6y)(2) = Oy
and of(X&Y)(z) = X0y + Oy, yields F = 0. 0
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Open question 5.16.Does this proof generalize tg.-+1 = F(x, Y, Yz - - - ,yﬁ) ?

5.17. Complete system of second ordelVe now summarize a generalization ).
According to Section 7 below, one may assume that the sulfoh@rof solutions is
= b+ >0, a2’ + O(|z[*) + O(a) + O(b)], whencey,ii,ie = F 4 (2%, Y, yur)
with F(z,y,0) = 0. Applying to the skeleto) = —y;, ;, + Fi, ., (xi,y,yk) a second
prolongationZ(? having coefficientd’;, given by (3.9)(ll) andyY, ;, given by (3.20)(ll),

we get

n n

aﬂl 12 6Fjil,iz aF’ilaiZ
(5.18) 0=—Yip+ ), [¥]52+ [y}Ty +> 0[] 2=

k=1 k=1 WY

Replacingy;, ;, everywhere by, ;,, = y1 R+ --- + y, R, developping in powers of the
pure jet variableg; and picking the coefficients aft., of 3, of (yx)? and of (y;)3, we
get the linear system

= P(Vur)
8F Vyiny + 08 Yoy — Xy iy = PV, X2, XD, V1)
0L, Yy — 08 XL, —ob X5 =P(V,, X5 XL XY, V)

oL, X =P (Y, X3 XL XY V),

11,22 I

zleQ

(5.19)

upon which obvious linear combinations yield a known gelieation of Proposition 5.9.

Proposition 5.20. ([Su2001, GM2003aJjn infinitesimal Lie symmetry’,_, X* 8k +
Y a% is uniquely determined by thé + 4n + 3 initial Taylor coefficients

(5.21) X1(0), Y(0), X2, (0), X,(0), Yur(0), Yy(0), Vary (0), Yy (0)-

The boundlim SYM(E;) < n? +4n + 3 is attained with?;, ;,, = 0, whence alP = 0
and

A= 0,, E :=y0,,
B; =0, Fi =y 0u,
(5.22) C;:=1'0,, G, =xa (xl Opt + -+ 2" Opn + y(’?y) + 2y 0,
Dy, =" Oy, H::y(a:l@xl+~-~—|—x”8ﬂ+y8y).

are infinitesimal generators of the group BGLK) = Aut(P,.:(K)) of projective
transformations

(5.23) (z,y)— <

a x4+ 4 ™ + By + 51x1+-~-+5n:c"+?7y+6)
Mzt + Nt py v Npt e N+ py v

stabilizing the collections of all affine planesi§f*!, namely the solutions of theodel
equationy,., ... = 0. The model Lie algebragl, ,(K) ~ sl,,(K) is simple, hence
rigid.

Theorem 5.24.The boundlim SYM(E,) < n? + 4n + 3 is attainedif and only if (&)
is equivalent, through a diffeomorphigidt, y) — (X*,Y), to Yyk, yr = 0.

The proof, similar to that of Theorem 5.13, is skipped.
The study of £;) also leads to the model algehlygl,, . ,(K) ~ s(,,(K) and an analog
to Theorem 5.13 holds. Details are similar.
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§6. TRANSFER OFLIE SYMMETRIES TO THE PARAMETER SPACE

6.1. Stabilization of foliations. As announced ir§2.38, we now transfer the theory of
Lie symmetries to submanifolds of solutions.

Restarting fromt4.1, lety a Lie symmetry of £), namelypa, stabilizesF,,. The
diffeomorphismA defined by (2.9) transformis, to FA,. Conjugating, we get the self-
transformationA—! o o, o A of the (z, a, b)-space that must stabilize also the foliation
F.. Equivalently, it must have expression:

6.2)  [A'opa, oA](z,a,b) = (B(x,a,b), f(a,b), g(a,b)) € K" x K x K™,
where, importantly, the last two components are indepdrafehe coordinate:, because
the leaves of, are just{a = cst., b = cst}.

Lemma 6.3. To every Lie symmetry of (£), there corresponds a transformation of the
parameters

(6.4) (a,b) — (f(a,b),9(a,b)) =: h(a.b)
meaning thaty transforms the local solutiop, ;(z) := Il(x, a, b) to the local solution
Yh(a,b) (ZL‘) = H(l‘, h(a'7 b))

Unfortunately, the expression 8f ! o o, o A does not clearly show thgtandg are
independent of. Indeed, reminding the expressionsfoand of®, we have:
(65) PAe OA(I‘,CL, b) = ( (SC H(SE a, b)) (I)] ('ril7Hj1 (SC,CL, b)7Hi§6q(tz) (SC,CI,, b)))

1)

(9)

To compose withA~! whose expression is given by (2.21), it is useful to split=
(p,1) € K* x K™, so above we write

(6.6) p(z,1(z, a,0)) = (6(, 11(z, a,b)), ¥(x, 11(z, a, b)),
and finally, droping the arguments:

©7)  [A " opa oAl ab) = (o8 A(" v o)) B (6" 0 ) ).

In case £) = (&1), is an exercise to verify by computations that th&(-) and 57(-)
are independent of. In general however, the explicit expressionigf _; is unknown.

Unfortunately also, nothing shows hdvi(a, b), g(a, b)) is uniquely associated ta(z, y).
Further explanations are needed.

6.8. Determination of parameter transformations. At first, we state a geometric refor-
mulation of the preceding lemma.

Lemma 6.9. Every Lie symmetryz,y) — ¢(z,y) of (£) induces a localK-analytic
diffeomorphism

(6.10) (z,y,a,b) — (p(z,y), h(a, b))

of Ki; x K" x KP x K" that maps to itself the associated submanifold of solutions
(6.11) Me ={(z,y,a,b) : y=Ti(z,a,b)}.

Proof. In fact, we know that the:-dimensional leaf (z,I1(z,a,b)) : = € K"} is sent
{(z,11(z, h(a,b))) : © € K"}. O

Equivalently, setting: := (a, b) and writing(y, h) = (¢, ¢, h), we havey = I1(¢, h)
wheny = II(z, ¢), namely

(6.12) Y(z, (2, ¢)) = (p(z, U(z, ), h(c))
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Proposition 6.13. There exists a universal rational mé&psuch that

(6.14) he) = A(Jshh e, o), J2 o, ()

x,a,b
This shows unique determination ofrom ¢, given €) or equivalently, givenl.

Proof. Differentiating a functiony(z, I1(x, ¢)) with respect tar*, k = 1,...,n, corre-
sponds to applying tg the vector field

0 +zm:(‘9ﬂj 0

A Ly := — — —
(6 5) k (’3xk (’3xk (SC,C) ay]7

k=1,...,n.
j=1
Thus, applyind.;, to them scalar equations (6.12), we get

& OI
(6.16) L’ =) — Lo,

ox!
=1

forl < k < nandl < j < m. Itfollows from the assumption thast is a local
diffeomorphism thatlet (Lk ¢l(0))iﬁ§; # 0 also. So we may solve the first derivatives
I1, above: there exist universal polynomiﬁ[’Ssuch that

AR <n+m>

oIV B S ({Lk"p 1<k <n
o' det (L o) 5o

1<k <n

(6.17)

Again, we apply the., to these equations, getting, thanks to the chain rule:

: ' P 1< <nkm

(6.18) QUL Ri,x ({LkaLkgw }1<k’1,k’2<n>
. oxligle *T T N i<li<n 12
lo=1 [det(Lk/ o )1<k'<n]

Here,R{1 . are universal polynomials. Solving the second derivatﬂfgab, we get

_ j V1<V <n+m
0117 SR <{Lk’1 Liy }1<k'1,k'2<n
Oxhigl .

(6.19)

1<l’<n:|3

[det (Lk’ (bl/) 1<k <n

By induction, for everys € N":

i rg 1</ <n+m
9o Sp ({Lﬁ Y 5118 )
(6.20) _ ,
oxP N 1<U<n 2|B|+1
[det(Lk/qﬁ )1<k,<n]

whereS}lJ are universal polynomials. Here, f6f € N", we denote by.? the derivation
of order| 3’| defined by(L,)% - - - (L,,)".

Next, thanks to the assumption thet is solvable with respect to the parameters, there
exist integergi(1),...,j(p) with 1 < j(¢) < m and multiindices3(1),...,3(p) € N*
with |5(¢)| > 1 andmax;<,<, |3(q)| = x such that the locaK-analytic map

_ em [ OPDITTI(@)
(6.21) K35 e | (1(0,0))' ", ( (0, ¢) e Krtm
Oxta) 1<g<p
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has ranky+m atc = 0. We then consider in (6.20) only tlige+ m) equations written for
(7,0), ((q), B(q)) and we solvéi(c) by means of the analytic implicit function theorem:

(6.22)
3(1) g, i 1</ <n+m j(p) 1</ <n+m
S501) <{L Y5 181<181)] ) Sai) <{L 18'1<I8(p)| )
A1<U<n 2B(L)+17 A 1<U<n 2|B(p)|+1
det [(Lk’ ¢! )1<k’<n] det [(Lk’ ¢! )1<k’<n]
Finally, by developping every derivativeé’ " (includingL,.¢" as a special case), taking
account of the fact that the coefficients of the depend directly ordl, we get some
universal polynomiaP s (Ji" 7' 11, J)5, ¢'). Inserting above, we getthe mép [

~

h=H| o,

6.23. Pseudogroup of twin transformations.The previous considerations lead to intro-
ducing the following.

Definition 6.24. By G, ,, we denote the infinite-dimensional (pseudo)group of I@cal
analytic diffeomorphisms

(6.25) (z,y,a,b) — (p(z,y), h(a,b))
that respect the separation between the variables and thmeters.

A converse to Lemma 6.3 holds.

Lemma 6.26.Let M be a submanifolg = I1(z, a, b) that is solvable with respect to the
parameterga, b). If a local K-analytic diffeomorphisni, y, a,b) — (¢(x,y), k(a,b))
of K7 x K" x KI x K" belonging toG, , sendsM to M, then(x, y) — ¢(z,y) is a Lie
symmetry of theDE systen€ ,, associated toV1.

Proof. In fact, since(y, h) respects the separation of variables and stabiliegst re-
spects the fundamental pair of foliatiofB,, F,), namely{(a,b) = (ag,bo)} N M is
sent to{(a,b) = h(ag,bo)} N M and{(x,y) = (xo,y0)} N M is sent to{(z,y) =
¢(z0,Y0)} N M. Hencep,,  also stabilizes s, . O

Corollary 6.27. Through the one-to-one corresponden@&@® <«— M of Proposi-
tion 2.17, Lie symmetries ¢f) correspond to elements Gf , which stabilizeM.

Definition 6.28. Let Aut, ,(M) denote the local (pseudo)group(ef, i) € G, , stabiliz-
ing M. LetLie(€) denote the local (pseudo)group of Lie symmetries)f (

In summary:

(6.29) Lie(€) ~ Aut, (M) and Aut, ,(M) =~ Lie(En) |

6.30. Transfer of infinitesimal Lie symmetries. Let £L € GYM(E), i.e. La, is tangent
to A¢. Through the diffeomorphism, the push-forward of A, must be of the form

i( 0 K )
(6.31) (La,) Z@xab—JrZ]—"qab aq—i—;g](a,b)@,

where the last two families df-analytic coeff|C|ent§-“‘1 andg’ depend only orfa, b).

Lemma 6.32.To every infinitesimal symmettyof (£), we can associate an infinitesimal
symmetry

p 8 m )
* L E q E J -
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of the space of parameters which tells how the flow atts infinitesimally on the leaves
of Fa.. Furthermore,L + L* is tangent to the submanifold of solutiang .

Considering the flow of + £* reduces these assertions and the next to the arguments
of the preceding paragraphs. So we summarize.

Lemma 6.34. Let M be a submanifold) = Il(z,a,b) that is solvable with respect to
the parametersa, b). If a vector field that respects the separation between éemand
parameters, namely of the form

(6.35)

n . 6 m . 6 p 8 m ' 8
*: A ] g ” 0 ] 9
L+ L Zzl X' (z,y) ox' "‘;y (x,y) Dy +qz:;.7: (a,b) Dai +; G’ (a,b) pr

is tangent taM, then/Z is an infinitesimal Lie symmetry ()fM)

Corollary 6.36. Through the one-to-one corresponden&® «— M of Proposi-
tion 2.17, infinitesimal Lie symmetries @f) correspond to vector field§ + £* tangent
to M.

Definition 6.37. Let 6YMi(M) denote the Lie algebra of vector fields+ £* tangent
to M. Let GYM(E) denote the Lie algebra of infinitesimal Lie symmetries&. (

In summary:
(6.38) |&GYM(E) ~ 6@%(/\4(5)) and GQJZUI(M) o~ GQ_)EUI(SM) .

6.39. Dual defining equations.As in §2.10, letM C K} x Ki* x KE x Ki* given by
0 = —y + Il(x,a,b) and assume if to be solvable with respect to the parameters. |
particular, we can solve thé, obtainingdual defining equations

(6.40) V=10 (a,z,y), j=1,...,m,
for some locaK-analytic map mapl* = (ITI*!, ..., II*™) satisfying
(6.41) b=II* (a, x,1(x,a, b)) and y= H(x, a,IT*(a, z, y))

6.42. An algorithm for the computation of GQ9M(M). The tangency toM is ex-
pressed by applying the vector field (6.350te= —y’ + IT’(z, a, b), which yields:

n P
0= ) (z,y)+ Z X'(x,y) Hii(a:,a, b) + Z F(a,b) I (x, a,b)

i=1 q=1

(6.43) ,
+) 0 G'a,b) 11, (,a,b),
=1

for j = 1,...,m and for (z,y,a,b) € M. In fact, after replacing the variablg by
I(x, a,b), these equations should be interpreted as power serie#tigem K{z,a,b}.

Denote byA(z,a,b) the determinant of the (invertible) matri{l;, (z, a, l)))1<lj<m
and byD(x, a, b) its matrix of cofactors, so that, ' = [A]~! D. Hence we can solvé
from (6.43):
(6.44)

y

g(av b) = % y(x,l_[(x,a, b)) - Z Xi(x,ﬂ(x,a, b)) Hmi(xaaa b)_
i=1

=" FUa,b) Uy, a,b) | .

\ q=1
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Next, we aim to solve thé&?(a,b). Consequently, we gather all the other terms in the

brackets ad, (/1 , 11, X, )):
(6.45) G(a,b) = M zp: F9(a,b) Ty b)| + \IIO(J%,a,bna Xay)
. a, — A(l" a, b) q:1 a7 ad ZE, a,, A(x’ a’ b) .

Here, ¥, is linear with respect to.X', )), with polynomial coefficients of degree one in

Next, fork = 1,...,n, we differentiate this identity with respect iq. ThengG(a,b)
disappears and we chase the denominator

(

0= [AD] —i Fi(a,b) Mapr(z,a,b) | +

q=1
(6.46) P
+[AD,, — Ay, D] | =Y Fa,b) Hu(z,a,b) | +
q=1
\ + ‘I’k(Jia,bH, J;y)(, J;yy).

The W, are linear with respect to/; X', J; | V), with polynomial coefficients i/, ,I1.

Then we further differentiate with respecttcand by induction, for every € N", we
get:

;

p
_Z Fq(a'ab) Haqmﬁ(xvaab) +

g=1

+ Y Dgg (JH)
1611<|B]

+ (S, P, T Y),

[T A YY)

0= [AD]

(6.47)

p
- Z fq(a7 b) Haqxﬁl ('Ta a, b) +

q=1

\

where the expressior3; g, are certainm x m matrices with polynomial coefficients in
the jet.J)”'11, and where the termd; (J\)}'I1, J%, X, J17, ) are linear with respect
to (JL@X Y ), with polynomial coefficients inig‘ﬁ?(llzlﬂ.

Writing these identity for(j,5) = (j(¢),8(q)), ¢ = 1,...,p, reminding
maxi<,<p |5(¢)] = &, it follows from the assumption of solvability with respect
to the parameters (a boring technical check is needed) thatay solve

(6.48)  Fi(a,b) = @(JrH (2, a,b), JF X (2, (2, a,b)), J5 V(2 (z,a,b))),

z,a,b P TEY P TEY

for ¢ = 1,...,p, where each locaK-analytic function®, is linear with respect to
(J*X,J*Y) and rational with respect to"*'II, with denominator not vanishing at
(x,a,b) :==(0,0,0).

Pursuing, we differentiate (6.48) with respectafofor [ = 1,...,n. ThenF%(a,b)
disappears and we get:
(6.49) 0= &y (Jo31(z, a,b), Jit X (2, 11(z, a,b)), Joi ' Y(z, (z, a,b))),

z,a,b y Yy Y x,y
for1 < ¢ < pandl <[ < n. In(6.46), we then replace the functiof$ by their values
D1

(6.50) 0=V, (JrH Mz, a,b), JE X (2, 1(z,a,b)), J5 V(z, 1(z,a,b))),

z,a,b P TxY P TEY
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for1 < k < nmandl < ;7 < m. Then we replace the variabbeby I1*(a, =, y) in the
two obtained systems (6.49) and (6.50); taking account efftimctional identityy =
I1(z,a,1I*(a, z,y)) written in (6.41), we get

{o = &y, (JE (@, a, 11 (a, 2, y)), JE b X (2,y), JEb V(2. y),

x,a,b Yy Yy

0 = Wy (JEH(w, 0, T (0, 2, ), T2, Xz, ), T2, (x, ).

» Y,y

(6.51)

z,a,b

Finally, we develope these equations in power series wipeet tou:

0= > a" O (2, y, T35 X(x,y), JEH V(@ y)),

yENP

0= > o U (z,y, J5 X (2, y), J5,V(x,y)),

~yENP

(6.52)

where the term®,; , and ¥, , , are linear with respect to the jets &f, V.

Proposition 6.53. A vector field6.35)belongs taS9) (M) if and only if X'?, )7 satisfy
the linearPDE system

(6.54) { 0= Poin ot Loy X (e0), oy V1),

0= Hk,j,“/(x7 Y, Jg,y‘)(( )7 J;yy('ra y))7

wherel < ¢ <p,1<1<n,1<k<nandy € N°. ThenF defined by(6.48)and G’
defined by(6.45)are mdependent of.

This provides a second algorithm, essentially equivale®dphus Lie’s.

Example 6.55.Fory,,(x) = F(z,y(r),y.(z)), the first line of (6.54) is (the second one
is redundant):

(6.56)
( 0=Xx [_Hmaﬂzmxvﬂb + HaH:va:m::v - H:vamaHmb + H:vaHmH:m:b +

ol leally — HallpmpIlee] +

+ YV [1aalpm 4+ Hogally] +
+ Xy [—20 L0 [ 1Ty + 210, Tl Ty + T T 0 — T IT 0 I0e 0] +
+ Vo [0 + T I 0] +
+ Xy [ =3I, I T, + 311 I Iy + (1) T g — (I1,)*TLaITa0s| +
+ Yy (M — Tl Iy — T + TL T T, 0) +
+ X [-11 Hb va + LTI ,,) +
+ Xxy [ )2y g + 2(10,)* T ) +

[—( Hb ra + () Tl Ty] +
+ yxx [H — 1) +
+ Vey [211, Hb va — 21T T, +
|+ Ve () T, — (T1,) TaTT )
We observe the similarity with (4.19): the expression igéinin the partial derivatives of
X, Y of order< 2, but the coefficients in the equation above are more contplican

fact, after dividing by—II, I, + II, IL,;, this equation coincides with (4.21), thanks to
II, = y;, and to the formulas (2.34) far,, F,, F,,.

y2
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6.57. Infinitesimal CR automorphisms of generic submanifals. If the system §) is
associated to the complexificatiod = (M) of a genericM C C*™™ as in§1.16, then
a= (2= (b= (w)° = ¢ and the vector field* associated to an infinitesimal Lie
symmetry

pu ¢ '] P —
(6.58) L ; X'(z,w) 5 —l—; YV (z,w) B
of (£) is simply the complexificatiorf of its conjugate’, namely
SR b A ot
(6.59) £=L=3 (@9 {Kﬁ;y (69 55

Then the sumZ + £ is tangent toM and its flow stabilizes the two invariant fo-
liations, obtained by intersectingt by {(z,w) = cst.} or by {(¢,£) = cst.}.
In [Me2005a, Me2005b], these two foliations, denotéd F, are called (conjugate)
Segre foliations, since its leaves are the complexificatiohthe (conjugate) classi-
cal Segre varieties ([Sel1931, Pi1975, Pi1978, Wel977, BE18JT1985, DF1988,
BER1999, Su2001, Su2002, Su2003, GM2003a]) associateéf toewed in its ambient
spaceC™"™™. The next definition is also classical ([Be1979, Lo1981, BHKRE5, Kr1987,
KV1987, Be1988, Vi1990, St1996, Be1997, BER1999, Lo20&2#05a, FK2005b]):

Definition 6.60. By hol()) is meant the Lie algebra of local holomorphic vector fields
L=Y7" Xi(zw)gm + Y V(zw) 3% whose real flowexp (1£)(z,w) induces
one-parameter families of local biholomorphic transfdiiovas of C**t™ stabilizing M.
Equivalently,

(6.61) 2ReL=L+L
is tangent taV/. Again equivalentlyf + L is tangent toM = M.
Then obviouslyyol()M) is a real Lie algebra.

Theorem 6.62.([Cal932a, BER1999, GM2004The complexificatiohol(M) ®C iden-
tifies with &Y (£(M<)). Furthermore, ifM is finitely nondegenerate and minimal at
the origin, both are finite-dimensional amd(()/) is totally real inGYM (E(M*)).

The minimality assumption is sometimes presented by sahigighe Lie algebra gen-
erated byl“M generated'M at the origin ([BER1999]). However, it is more natural
to proceed with the fundamental pair of foliations asseddb M ([Me2001, GM2004,
Me2005a, Me2005b]). Anticipating Sections 10 and 11 to Wwtile reader is referred,
we set.

Definition 6.63. A real analytic generic submanifold c C"*™ is minimalat one of its
pointsp if the fundamental pair of foliations of its complexificatioV is covering atp
(Definition 10.17).

Further informations may be found in Section 10. We conclwdérmulating appli-
cations of Theorems 5.13 and 5.24.

Corollary 6.64. The bounddim hol(M) < 8 for a Levi nondegenerate hypersurface
M c C?is attained if and only if it is locally biholomorphic to thelsereS? c C2.

Corollary 6.65. The boundlim hol(M) < n? + 4n + 3 for a Levi nondegenerate hy-
persurfaceM c C"*!is attained if and only if it is locally biholomorphic to thelsere
SQn—}—l C Cn—}—l.
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§7. EQUIVALENCE PROBLEMS AND NORMAL FORMS

7.1. Equivalences of submanifolds of solutionsAs in §3.1, let €) and €’) be twopPDE
systems and assume thatransforms £) to (£'). DefiningA’ similarly asA, it follows
that

(7.2) A" o ®g g0 Az, a,b) = (0(x,a,b), f(a,b), gla,b)) =: («/,d, )

transformsF, to F/, hence induces a mdp, b) — (a’,b'). The arguments of Section 6
apply here with minor modifications to provide two fundanaitemmas.

Lemma 7.3. Every equivalencéz,y) — (2',y') between tePDE systemg€) and (£7)
comes with an associated transformatianb) — (a’,b’) of the parameter spaces such
that

(7.4) (2,y,a,b) — (2,4, d", V)
is an equivalence between the associated submanifoldsutioss M ) — M.

Conversely, letM and M’ be two submanifolds oK} x K" x K& x Ki* and of
K2 x Kb x KE, x Ky} represented by = I1(x,a,b) and byy' = 1I'(2/, a/, V'), in the
samedimensions. Assume both are solvable with respect to trenpeters.

Lemma 7.5. Every equivalence

(7.6) (2,y,a,b) — (gp(aj,y), h(a, b))

betweenM and M’ belonging toG, , induces by projection the equivalente y) —
¢(z,y) between the associateE systemg &) and (£}).

7.7. Classification problems.Consequently, classifyingDE systems under point trans-
formations (Section 3) is equivalent to the following.

Equivalence problem 7.8.Find an algorithm to decide whether two given submanifolds
(of solutions)M and M’ are equivalent through an element@f,.

Classification problem 7.9. Classify submanifolds (of solutionsM, namely pro-
vide a complete list of all possible such equations, inelgdheir automorphism group
Aut, ,(M) C G, p.

7.10. Partial normal forms. Both problems above are of high complexity. At least as
a preliminary step, it is useful to try to simplify somehove tiefining equations o1,

by appropriate changes of coordinates belonginG,tp To begin with, the next lemma
holds for M defined byy = I1(z, a, b) with the only assumption that— I1(0,0,b) has
rankm atb = 0.

Lemma 7.11. ([CM1974, BER1999, Me2005a]x]) In coordinatesr’ = (', ...,
andy’ = (y'',...,y'™) an arbitrary submanifold\’ defined byy’ = II'(2/, d/, ¥/
dually byt = 1" (¢, 2/, ') is equivalent to

(7.12) y =1I(z,a,b) orduallyto b=1II"(a,z,y)

with

(7.13) T11(0,a,b) = I(x,0,b) =b  ordually II*(0,z,y) = I1*(a,0,y) = v,
namelyll = b + O(za) andIT* = y + O(ax).
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Proof. We develope

(7.14) y =10'0,d,0") + AN (2') + O(2'd’).

Sincel’ — IT'(0, d’,b") has rankn att’ = 0, the coordinate change

(7.15) v =11(0,d,0), o :=d, "= ' =y,

transformsM’ to M” defined by

(7.16) y" =T10"(2",a" V") ="+ N(2") + O(2"a").

Solvingd” by means of the implicit function theorem, we get

(7.17) V' =1""(a",2",y") =" — N(2") + O(d"2"),

and it suffices to sej := " — A'(2”), x := 2" anda := d”, b :=b". O

Taking account of solvability with respect to the paramgténer normalizations holds.

Lemma 7.18.Withn = m = x = 1, every submanifold of solutions= v/ +'a’ [1+ 0O,
ofy.,., = F'(2',vy, y.,) is equivalent to

(7.19) Yow = b+ 2za + O(z%a?).

Proof. Writing 3/ = /' + 2/ [d’ + a’ A'(a’, V) + O(a'd’)], whereA’ = Oy, we seta” :=
a+ad N b)), =b,2" =2,y =y, whence/ ="+ 2" [a”+O(x”a”)}. Dually
b// — y// _ a// |:x// + x//x// A//(x//’ y//) + O(x//x//a//)} , SO We SetE — x// + x//x// A//(x//’ y//)’
y:=vy",a:=d",b:="b". O

Corollary 7.20. Every second order ordinary differential equatigh, = F' (2", v, y.,)
is equivalent to

(7.21) Yoz = (Y2)* R(2, Y, Ya)-

7.22. Complete normal forms. The Moser theory of normal forms may be transferred
with minor modifications to submanifolds of solutions asated to €,) and to €,).

Theorem 7.23.([CM1974, Jal1990],4]) A local K-analytic submanifold of solutions
associated t¢<&, ):

(7.24) y =V +2d + 03 = Z Z 1T, (0) 2"
K'>0 1'>0

can be mapped, by a transformatiori, y', a’, V') — (z,y,a,b) belonging toG, ,, to a
submanifold of solutions of the specific form

(7.25) y = b+ za+ Ty 4(b) v*a* + Ty 5(b) a’z* + Z Z Z 1T, (b) 2*a’.
k22 122 k4127
Solving(a, b) from y = IT andy, = 11, with II as above, we deduce the following.
Corollary 7.26. Everyy!,.. = F'(2', v, y.,) is equivalent to
Yoz = (42)” [2° Faa(y) + 2° r(z,9)] + (42)" [Foay) +zr(z, y)]+

(7.27) 33 S Raly) o (v

k>0 120 k+I>5

For the completely integrable systend;) having several dependent variables
(x,...,2™), n > 2, we have the following.
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Theorem 7.28.([CM1974], [«]) A local K-analytic submanifold of solutions associated
tO(Eéy

(7.29) y =+ > " +0,
1<k<n

can be mapped, by a transformatiori, y', o', ¥') — (z,y,a,b) belonging toG, ,, to a
submanifold of solutions of the specific form

(7.30) y=0b+ Z zFak + Z Z g (z, a,b)
1<k<n k>2 12

where
(7.31)

Hk,l(ﬂf, a,b) = Z Z gy okl 1, (b) (Jfl)kl T (fcn)kn (al)ll T (an)ln

kitetkn=k L1+ tHn=l
with the termdl, », I, 3 andll; 5 satisfying

(7.32) O :ZZ&IIZQ :ZZXZ&Ilzg :ZZXZ&II&Q :ZZXZXZ&Ilag,
where
82
7.33 A= —.
(7.33) Z Ozkda*

1<k<n

Exercise: solvinga®,b) fromy = II andy,, = II,, with I as above, deduce a
complete normal form for&y).

Open problem 7.34.Find complete normal forms for submanifolds of solutionsoas
ated to(&,) and to(&s).

§8. STUDY OF TWO SPECIFIC EXAMPLES

8.1. Study of the Lie symmetries of(£4). Its submanifold of solutions possesses two
equations:

(8.2) y' =10 (2,0, 0, 1) y? =10z, a, 0", 1?).

For instance, a generic submanifald c C? of CR dimension 1 and of codimension 3
has equations of such a form.

AssumingVs(&,) to be twin solvable and having covering submanifold of sohg
(seeDefinition 10.17), it may be verified (fak/ C C?, see[Be1997]) that at a Zariski-
generic point, its equations are of the form:

y' =b' +za+ O(z®) + O(b') + O(b?),

y® = b* + za(x + a) + O(x*) + O(b) + O(b?).
The model has zero remainders with associated system

(8.4) i =2xy; + ()% vz =0,

the third equations = 2y, being obtained by differentiating the first.
We may put the submanifold in partial normal form. Procegdisin [BES2005], some
partial normalizations belonging @, , yield:

y't=b"+ax + a®[I15,(b) 2® + I, (b) 2* + - - -] + O(a® 2?),
y =0 +alz® + i (b)a* + -] + @[z +15,(0)2° + -+ | + O(a’ 2?).

(8.3)

(8.5)
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Redifferentiating, we get an appropriate, partially noines systemg,):
(8.6)

vi =y (20 +g) + ) (1 +g°) + )’s+ () s+ ()’ s+ (n)°R,

v2 = (1) h+ (1)’ R,

vs = (2+8:) + () (g + 2r+gHh) + (1)’ r + (y1) r + (1) r + (1)° R,
where, precisely:

e g!, g% andh are functions of z, y', y?) satisfyingg’ = O(zz) + O(y!) + O(y?),
j=1,2andh = O(z) + O(y') + O(y?);

e r ands are unspecified functions, varying in the context{ofy!, y?) with s =
O(z) + O(y') + O(y?), but possibly(0) # 0;

e Ris aremainder function of all the variablés !, 4%, yi) parametrizing\g, .

Letting £ = X Z + V' ;% + V* ;% be a candidate infinitesimal Lie symmetry and
applying £? = L‘ +Y! ‘91 + Y2 a7+ Y] 2 a7 + Y32 5,z 10 Ag,, we obtain firstly,

computingmod (y;)®:

[X](yi(%gi)ﬂ D2gs + (1) r+ (1) r)+
( 4

+
(Y (yir+ W)’ r+ )’ r+ () ')+
(8.7) [ } )

1

1
(yir+ (y1)’r+ W)’ r+ (y)' )+

)

204+ g +y;(2+28°) + (y)’s+ (y1)* s+ (y1)*s),

~—~

1
1
and secondly, computingod (y1)*:

(8.8) 0=-Y,+2y Yih

The third Lie equation involvind’2 will be superfluous. Specializing (4.6)(Il) to = 2,
we getY: andY?:

1=Vt Yy = Xy + (V] y

8.9
B9 ye g prly e pE -y

and alsoY: andY? (in fact superfluous):

(8.10)
Yo =Yoo+ [2V00 — X i + [2V02] 01 + [Vyryp — 28] (1) +
+ 2V, — 2 X2y U + [Veye] W1 + [ — Xy ](y%)‘°’+

+ [ = 2X2] )05 + [ — Xz yt (1) + [V — 2 X, ] va+

+ Vel + [ =3 vis+ [— X viys + [—ZXy]yfy%,
= Voo + 2V ] 1 + [2V5, — m}yl [ysy]<1>2+

+[2yy21y2—2me]y1y1+[yy2y ]( ) [ ](yl) y%"‘
+ [_ 2Xy1y2] y% (y%)Q + [_ Xy2y2] yy21] Yy +
+[y§2—2xx]y§+[—2xy1}y}y2+[ Xolyiys + [ —3Xe] vivs.
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InsertingY? and Y in the first Lie equation (8.7) in which? is replaced by the value
(8.6), it has onA¢, and still computingnod (y1)°, we get, again with, s being unspeci-
fied functions of(z, y', ?) with s(0) = 0:
(8.11)

0=— V24 [ Va]yi+

+[=Ve+X] (e +g")+ (W) (L +g) + ()’s+ (yl)'s)+

Xl (1) (22 +g") + (y1)° (1 + %) + (y1)''s)+
2] (10)?122 + &' + (1)* (4o + 28") (1 + ) + (1) (1 +9)) +
(112 +g,) + ()% 82 + (1) r + (1) 1)+
vt () e ) e+ () )+
vt () e+ )+ () )+
(22 +g" +y(2+28%) + (11)*s + (1)°s + (y1)"s) +
V= X ] (2 +gh) + (n)*(2+28%) + (1) s+ (n)'s)+
(vi 22 + g7 + (y1)* (20 + g") (3 +38%) + (11)°(2+5) + (y1)*s) +
] (1) 22 +g") + (1) (2 +28%) + (y1)"s) +
] ()220 + g2 + (u)P (20 + g)(3 4+ 38) + (y) (2 +5)).

+
— e e — — — — —
N T a
—_ )
—_~

<=
>

2

I
e~

+ + + + + o+t
|
i

Collecting the coefficients of the monomials., 41, (y1)?, (vi)?, (y1)*, we get, after
slight simplification (in the coefficient afy})?, the term(2z + g') X, annihilates with its
opposite; in the coefficient dfy; )?, two pairs annihilate and then, we divide Jay+ g?])
a system of five lineaPDESs:

0=-Y; + (22 +g")V,,
0=-V4 — (2x+g" V% + (2+g)X +rY' +rY*+
+ 2428V + 2z + gV + 22 + 8"V,
0= Y%+ X +g2[l +g% X +r Y +r)*+
+sVy +2V5 —2X, + (62 + 3g) Ve,
0=sVhr+sX + (1+g)X, + 2z +g")(2 + 28%) X2+
Fr X+ YV Y sV sV X+ (245) Ve
— (24 2gM)X,1 — (2 +g") (3 + 3gH) Xz,
0= syj2 +sX +sX+ (1+8) Xz +rX +rY +rY° +s)) +syy11+
+sX, +syy12 +sXp — (24 s)Xpe.

(8.12)

We then simplify the remainders usiag-s = s, r +s = r andr + r = r; we divide
(8.12) by (1 + s); we replaceY,. obtained from (8.12)in (8.12),; we divide (8.12) by
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(1+ g?); we then solveY,: from (8.12), and finally we insert it in (8.12) we get:
0=-Y2+ (22 +g"Y!,
0=V — (2o +g)Vp+ (2+8)X + 2428V + (22 + g )Y+
+ [22 + gl]nylg +rY )2
(8.13) 0=—-VoH —X, +2Y,; 4 (62+3g°) Vo +rYV' +rY> +sV,+
+gl+g’] 7',
0=—-X+Q2+9)Vp+rX+rV' +rV° +sX, +sY, +sVy +5Vo,
0=—Xp+rX+rV' +rY°+sX, +sV, +sVu +sVp +sVp.
Similarly, developing the second equation (8.8) and coimpgutod (y1)?, we get:
0= YL+ =2V + X] yl + [ — (4o +28") Vo2 — (2+ H)YL]+
+ 20 ;] yr-
Collecting the coefficients of the monomiais., yi, we get two more linea®DES:
1

0 Yo
(815) 1 1 1 1 1
0==-2Vp1 + X — (42 +2g)V,2 — 2+ )YV, +2h Y,

Proposition 8.16. Setting as initial conditions the five specific differentaéfficients
(8.17) P:=PX, VDV VX)) =r X +r Y +r Y’ +r), +r X,

it follows by cross differentiations and by linear subdiins from the seven equations
(8.13), 7 = 1,2,3,4,5, (8.15), j = 1,2, that X}x, Xjp, yyll, yylz, 2, yy%, yy% and
Xowr Xty Xoyzy Voo y;yl, y;yg are uniquely determined as linear combinations of
(X>y1>y2> iaXx)’ namely

(8.14)

V2IP, X.Z2P, YL 2P
(8.18) Xp =P, YLEP, VLEP, X, ZP, YL, P
Xp =P, YLEP, VLEP, X,.=P, YV.ZP.

Then the expressiorisare stable under differentiation:
P, = P+ry§ + ry;x—l— r X, =P,
(8.19) Pp=P+rX, +ryy11 +ry§1 +ry;y1 +rX,, =P,
Ppe=P+rXp+ ryy12 + rng + ry;yg +r&,,. =P,
and moreover, all other, higher order partial derivativesto of ! and of )2 may be
expressed aB(X, V', V%, VL, X,).

Corollary 8.20. An infinitesimal Lie symmetry ¢£,) is uniquely determined by the five
initial Taylor coefficients

(8.21) X(0), ¥1(0), ¥%(0), ¥;(0), X(0).

Proof of the propositionWe notice that (8.18)and (8.18) are given for free by (8.13)
and by (8.15). Differentiating (8.13) with respect tar, we get:

0= V2 — Xow + 250 + (64381 V) + (62 +3g") V). +r V' +

8.22
( ) +ryml+ry2+ry§—|—ryml+sy;x—|—rX+gi[1+g2]_1X$.
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By (8.15), s V!, vanishes. We replacg? thanks to (8.13) Differentiating (8.13) with
respect tg/?, we may substradt = —,,2 + (22 +g")Y, » +rY,. We get:
0= =X + 2V + (42 + 28" )V o+
+ (6438 Vi +rX +rY ) +r Y+ gl[l+ g7 A
By means of (8.15) we replace the first three terms and then soryg

(8.24) Vyp=rX+r Y +rY?+r), +k A,
introducing a notation for a new function that should be rded:
(8.25) k*:=g?[1+g* '[4+3gl —h]"
This is (8.18),. Next, we differentiate the obtained equation with respect getting:
(8.26) y;yg:rX+ry1+ry2+ryml+er+k*Xm.
This is (8.18);. We replace the obtained vaIuejziyiE2 in (8.13),, (8.13),, (8.15), and the
obtained value oj[\/;y2 in (8.15),. This yields a new, simpler system of seven equations:
0=-Y+ (22 +g");,
0=-Yp—(2z+g)Vp+(2+g)X+(2+28°)V, + 22 +g) Y+

+sX +rYV 4 r Y+ sY + k22 + g P AL,
0=—Vob =X, +2Vp +sX +rY +rY* +sY, + k' (62 + 3g") A,
0= =X +rX+rV' +rY° +sV +sX, +sV +s5Vo,
0=—Xp+rX+rV' +r)’+sV, +sX+sV, +5Va,
0=~V
0=—-2V1 + X (1 =K (42 +28") +r X +r V' +rI* + 1V, +5X,.
Restarting from this system, we differentiate (8 2Wjth respect toc:
0=—Vpe = X +2Vpn +r X +r V' + 1Y+

+r X, FrYr Y2+ sYL Kk (6r + 3gh) X,
We replace)?, we erase)! and we add (8.27)
(8.29) 0=—=Vp+KQ2r+g )X +rX+rV' +rd>+rY, +rX,.
We differentiate (8.27)with respect tar:

0=-Yo — 2+ — Qe +g")Vip +rX +(2+g) Xt
(8.30) +sV+ (2+28) V0, + 2+ 2V + 22 + 8V + 1 Xot
+sX YV Vs Y+ Ve V4 s YL+ K22 + g X

Differentiating (8.27) with respect ta', we may substra¢t= —)2 . + (22 +g")V, . +
r V1; we replace)? and eras@’! ; we substract (8.29) multiplied b2z + g'); we get:
(8.31) 0:—y§2+(1+s)xx+y;1+rx+ry1+ry2+ry;.
Comparing with (8.27)yields:
Vi=Q2+s) X +rX+r V' +r)° +rY,,
y§2 =B+, +rX +r Y Fr)?+r Yl

(8.23)

(8.27)

(8.28)

(8.32)
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These are (8.18)and (8.18),. Differentiating these two equations with respect:to
replacing)’? and erasing/! , we get:

y;yl = (248) X +rX +r YV + )+ V4 r A,

(8.33) ) ) ) .
Ver = B+8) X +r X +rY +rY +rY, +rX,.

We then replace this value oijg in (8.29) and solveY,,: this yields (8.18).

To conclude, we replac#,, so obtained in (8.27) this yields (8.18). We replace)/yl1
andny2 from (8.32) in (8.27) and in (8.27): this yields (8.18) and this yields (8.18)
Thanks to (8.18)(got) we observe that

(8.34) P,=P+rY. +rY>+rX, =P.

Differentiating (8.18) (got) and (8.18) (got) with respect ta: then yields (8.18)and
(8.18),. We replace)i;1 andyy?2 from (8.18) (got) and (8.18), (got) in (8.27): this
yields (8.18). Finally, to obtain the very last (8.18) we differentiate (8.18) (got) with
respect tor.

The proof of Proposition 8.16 is complete. O

We claim that the boundim GY)M(E,) < 5 is attained for the model (8.4). Indeed,
with 0 = r = sand0 = g' = g* = h (whencek* = 0) (8.24) isY, = 0 and then the
seven equations (8.27) are:

(0= -2+ 22,
0=-Vh—220VH+2X+2Y, 422V},
0 - —yy22 - Xx —+ 2y;1,

(8.35) 0=—X,,
0=—Xp,
0= _Y!

Tx)

\ 0=-2 ymlyl + Xa:a:a
having the general solution
X=a—d+ex,

(8.36) Vi=b+dx+2ey
V*=c+2ay' + 3ey® + daw.

depending on five parameters, ¢, d, e € K. Five generators a6 (&,) are:

(D :=20,+ 2" Oyr + 3y28y2,
L1 = =0, +x0p + 230,

(8.37) L) =0, +2y' 9,
EQ = ayl,
L Eg = 8y2.

The commutator table
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[D £ [£ |£2 | L
D |0 —L1| =L} 2Ly | —3L3
Ly Ly |0 —L5|0 0
e, L2 |0 —2L310
Lo|2L£510 2L5 10 0
L3]|3L5]0 0 0 0

Table 3.
shows that the subalgebra spanneddy £/, £, L3 is isomorphic to the unique irre-
ducible 4-dimensional nilpotent Lie algebsa ([OV1994, BES2005]). The®)M(E,)

is a semidirect product & with n}. The author ignores whether it is rigid. The following
accessible research will be pursued in a subsequent ptibtica

Open problem 8.38. Classify system&,) up to point transformations. Deduce a com-
plete classification, up to local biholomorphisms, of allranalytic generic submanifolds
of codimension 2 i3, valid at a Zariski-generic point.

8.39. Almost everywhere rigid hypersurfaces.When studying and classifying differen-
tial objects, it is essentially no restriction to assumerthee symmetry groups to be of
dimension> 1, the study of objects having no infinitesimal symmetries\gan inde-
pendent field of research. In particular)if ¢ C**! (n > 1) is a connected real analytic
hypersurface, we may suppose than hol(M) > 1, at least. So leC be a nonzero
holomorphic vector field withC + £ tangent tal/.

Lemma 8.40. ([Cal932a, St1996, BER1999f)in addition M is finitely nondegenerate,
then

(8.41) S:={peM: Lp) e T;M}
is a proper real analytic subset aff.
In other words, at every point belonging to the Zariski-dense subgét ¥, the real

nonzero vectorl(p) + L(p) € T,M supplementd 7). StraighteningC in a neigh-
borhood ofp, there exist local coordinatés= (zy,. .., z,, w) with T§M = {w = 0},
ToM = {Imw = 0}, whence) is given bylmw = h(z, z, Rew), and with = 2.

The tangency og% + a% = a% to M entails that: is indendepent of. Then the complex

equation ofM is of the precise form
(8.42) w=1w+1i0(z,2),
with © = 2h simply. The reality ofs readsd(z, z) = O(z, z).

Definition 8.43. A real analytic hypersurfackl/ ¢ C"*!is calledrigid at one of its points
p if there existsC € hol(M) with

(8.44) T,M =T:M ®R(L(p) + L(p)).
Similar elementary facts hold for general submanifoldsoddisons.

Lemma 8.45. Withn > 1 andm = 1, let M be a (connecte§l submanifold of
solutions that is solvable with respect to the parameter§.thére exists a nonzero
L+ L € GYPM(M), then at Zariski-generic points € M, we havel(p) € F,(p)

and there exist local coordinates centerecgha which £ = a%’ L = %, whenceM has
equation of the form
(8.46) y=>b+1(x,a),

with IT independent af.
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The associated systerdi\() has then equations, that are all independent gf

8.47. Study of the Lie symmetries of&;). In Example 1.28, it is thus essentially no
restriction to assume the hypersurfadec C3 to be rigid.

Theorem 8.48.([GM2003b, FK2005a, FK2005b]Jhe model hypersurface, of equa-
tion

9,151 4 L1152 | 5151,2
(8.49) w=w-+1 zz+2222’+zzz

1— 2272
has transitive Lie symmetry algebiyal( /) isomorphic taso(3, 2) and is locally biholo-

morphic to a neighborhood of every geometrically smootimipai the tube
(8.50) (Rew')? = (Rez;)* + (Re 2})?

over the standard cone &°®. Both are Levi-degenerate with Levi form of rank 1 at every
point and are 2-nondegenerate. The associ&®eH systen(&,y,)

1

(851) Y2 = Z (yazl)Qa Yzglglagl = 0

(plus other equations obtained by cross differentiatibas infinitesimal Lie symmetry
algebra isomorphic teo(5, C), the complexificationo(3,2) ® C.

Through tentative issues ([Eb2006, GM2006]), it has beapected thatl/, is the
right model in the category of real analytic hypersurfadésc C? having Levi form
of rank 1 that are 2-nondegenerate everywhere. Based oigttiyrof the simple Lie
algebraso(5, C) (Theorem 5.15), Theorem 8.105 below will confirm this expgon.

8.52. Preparation. Thus, translating the considerations to HmeE language, witm = 2
andm = 1, consider a submanifold of solutions of the form
y=>b+1(z,a)
(8.53) 2ztal + 2'ata® + alala?
=b + + 047
1 — 22a?
whereQy, is a function of(x, a) only. The terme z'a! corresponds to a Levi form of rank
> 1 at every point. The term'z'a? guarantees solvability with respect to the parameters
(compare Definition 2.12). Let us develope

(854) H("Ea a) - Z Z Hkl,kz,h,lz (xl)kl (l,Q)kg (a’l)h (a2)l2’

k1,k220 11,1220

with Hk17k2’11712 € K. Of COUI’SGHLO’LO = 2, H2’070’1 =1 andH071’270 =1.

Lemma 8.55. A transformation belonging tG, , insures

g, ka00 = 0, ki1 + ke 2 0, o000, =0, l1 +13 20,
(856) Hk‘l,kg,l,o - 07 k:l + ka 2 27 Hl,O,ll,lg = U, ll + l2 > 27
Hk‘l,kg,Q,O - 07 k:l + ka 2 27 HQ,O,ll,lg = U, ll + l2 > 2.

Proof. Lemma 7.11 achieves the first line. The monomialbeing factored bya' +
Oq(a)], we seta' := a' + O(a) to achievell, g;,;, = 0, l; + I > 2. As in the proof
of Lemma 7.18, we pass to the dual equatica y — I1(z, a) to completdly, x,10 =0,

ki + ke > 2. Finally, z' 2! is factored byja® + O, (a)], S0 we proceed similarly to achieve
the third line. O
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Sincell(z, a) is assumed to be independentpthe assumption that the Levi form of
M c C3 has exactly rank 1 at every point translates to:

(8.57) 0

Mg T,
200 Tl,2,2

For later use, it is convenient to develope somehbdwith respect to the powers of
(a', a?):
2ztal + 2'zta® + alatx?
1 — 22a?
+a’b(z) + a'a®d(z) + a’a’* e(x) + a'a'a £(z) + a'a'a® g(z)+
+ (a1)4 R + (a1)3a2 R + al(a2)2 R + (a2)3 R,

y=>b+
(8.58)

with R = R(z, a) being an unspecified remainder. Thanks to the previous lertirea
coefficientsa of a! andc of a'a' must vanish. The functioh is anOs.

Lemma 8.59.The functiorb depends only on!, is anO3(z') and the functiorg satisfies
242 (0) =0.

Proof. Developing[l — 2?a?]™! = 1 + 2%a® + (2%a?)? + O3(2%a?), inserting the right
hand side of

y—b=d'[2z'] + a*[z'a! + b(z)] + a'a' [¢°] + a'a® 222" + d(z)]+
(8.60) +a*a’[z'z'a” + e(z)] + a'a'd' [f(2)] + a'a'a®[z72® + g(z)]+
+ (a')*R+ (a")*a* R+ a'(a®)* R+ (a*)*R
in the determinant (8.57) and selecting the coefficientssof of a!, of ¢ and ofa'al,
we get fourPDES:

0 =2b,e,

0=2d,2 —2b,1,

0=4e, —22'd,2 — 22" b,y —d,2 by,
0=2g,2 —2d, — [62' +3b,1] fe.

(8.61)

The first one yield$ = b(x'), which must be ai®;(x'), because the whole remainder
is anO,. Differentiating the fourth with respect t&, it then follows thafg, 2,2 (0) = 0.

8.62. AssociatedPDE system(&5). Next, differentiating (8.60) with respect to', to
r'z! and tor'z'z!, we computey,: andy,,1, we substitute); andy,; ; and we push the
monomialsa?a?, a'ata' anda'a'a? in the remainder:
(8.63)
Y1 = 2a* + a®[22' + by + a'a®[22% + d ] + (@®)? R+ (a')) R+ (a')? a®R,
Y11 = a*[2 + by + a'a®[dyi] + (@*)? R+ (a')* R+ (a')? a® R,

Y111 = Cl2 [bmlxlxl] + a1a2 [dxlmlml] + (a’2)2 R+ (a1)3 R+ (a1)2a2 R.

Here, the written remainderannot incorporatea'a!, so it is said that the coefficient
of a*a' does vanish in each equation above. Solvingdoanda? from the first two
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equations, we get

(8.64)
1 221 + b, 222 +d 1
“ = 2 LA 44 2b,1,1 yiy1a 8+ 4b,i1,1
+ (51,1 R+ (11)° R+ (11)*y11 R,

d 1,1
2 _ . 'z 2 R 3 R 2 R.
a® =y [72 +bx1x1] Y1911 {—2(2+b11x1)2] + (y1,1)" R+ (y1)” R+ (y1)“y11
We then get (notice the change of remainder):
(8.65)

1
ata' = Z (y1)2 — YY1 [

222 +d, 1
8+4b,1,1

221 + b,
442b 1,1

] — (y1)%y11 [ ] + (1)’ R+ (y1,1)* R,

1 d 1,1
1.2 2 zlz 3 2
= - |- — R R
a'a”® =y [4+2bx111} (y1)“y1.1 [(4+2bm1x1)2] + ()" R+ (y1,1)” R,
a’a® = (1)’ R+ (y1.1)° R,

62! +3b,1
16 +8b 1,1

1 3 2
— | + R+ R.
8 —|—4bm1x1:| (yl) (yl’l)

atala' = —(y1)2y1,1 [ } (y1)* R+ (y1,1)* R,

alalaQ _ (y1)2 yl,l |:

Differentiating (8.60) with respect te?, substitutingy, for y,> and replacingl,- by b,
thanks to (8.61) we get

(8.66)
yo = alal + ata®[2z' + bya] + a?d?[zlz! 4 e,2] + alalal[f2] + alata?[22% + g 2]+
+ (a)*R+ (a')®a* R+ a'(a®)*R+ (a*) R.
Replacing the monomials (8.65), we finally obtain:
(8.67)
B 1 9 9 2g.2—2d,1 — (6:61 + 3 bml)me (2:61 + bml) d,i
2 =7 )"+ (1) yia 16 78b.0 TETYmE

+ (1)’ R+ (y1.1)* R

Thanks to (8.61) the first (big) coefficient ofy; )y, 1 is zero; then the remainder coef-
ficient is anO(z'), hence vanishes at= 0, together with its partial first derivative with
respect tar?. Accordingly, bys* = s*(z!, 2?), we will denote an unspecified function
satisfying

(8.68) s'(0)=0 and s»(0)=0|

2

Lemma 8.69. The skeleton of theDE system(&;) associated to the submanifol8.58)
possesses three main equations of the form

( Y2 = ! (y1)> + (y1)° r+ (y1) r+ (y1)° r + (y1)° R+

4
oy [(w)?s" + W) r+ () r+ (1) r] + (y10)? R,
1
(As.) Y12 = 3 yiyin+ W)’ r+ (y) r+ (1)’ r+ (y1)° R+

Fyia (W) r+ W) r+ () r+ ()’ 1] + (1)° R,
yii1= )’ r+ (y)'r+yia [r +yir+ (y)’r+ (n)° r} +
+ (1) [r+yr+ )’ r+ (1)’ r] + (111)° R,
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where the letter denotes an unspecified function(ef, z2), and where the coefficiest
of (y1)%y1.1 in the first equation satisfig8.68)

Proof. To get the second equation, we compute:
Y10 = a*a’[2 + byi] + a'ata®[g,e] + (')’ R+ (a?)*R

(8.70) 1

= B Y1Y1,1 + (y1)2y1,1 r—+ (y1)3 R+ (?/1,1)2 R.
The third equation is got similarly from (8.63)To conclude, we develope the first two
equationsnod [(y1)%, (y1,1)?] and the third onenod [(y1)*, (y1,1)?]. O

This precise skeleton will be referred to as, in the sequel. With the letter the
computation rules arest.r = r+r =r +s* = r-r = r; sometimess* may be replaced
plainly byr.

8.71. Infinitesimal Lie symmetries of(&5). Letting £ = X' 5% + X% ;% + YV £ be a
candidate infinitesimal Lie symmetry and applying

0 0 0 0
L =x' — 4+ x? _— Y Y, —
oyl + 82+y + 16y+ 28y2+
0 0 0
Y Y Y Y
(8.72) + Y1 Dy + Y2 Doa + Yoy e + Yoo B 2,24‘
0 0
+Y +otY
1,118 11 2,2,2 ay222
to the skeleton\¢,, we obtain firstly, computingnod [(y1)®, y1.1]:
1
=-Yy+ 5 5 Y+
(8.73) + ()’ r X+ () r X+ (?Jl) rX 4 ()" r X°
+Y 1 [(y)*r + ()’ )]+
+Yui[(n)’s" + (y1> r+ <y1)4 ],
secondly, computingiod [(y1)°, y1,1]:
1
=-Yi»+ 2y1Y11+
(8.74) + ()" r X+ () r X+ () r A+ () r A

+ Y [(n)r 4 () r 4 () r]+
+ Y1 [(5n)’r+ ()’ r+ (y1)'r],
and thirdly, computingnod [(y1)?, (y1.1)?]:
0=-Yy 11 +ya X'+ A%+
oy Xty X2+ (h)? X+ ya () X%+
Y1 ()] Y r e+ () ]y YalrFyr+ () ]+
+y11 Y [r +yrr+ () r} .

Specializing ton = 2 the formulas (3.9)(Il), (3.20)(ll) and (3.24)(I), we g&t;, Y,,
Y1’1, YLQ anle’Ll:

(8.75)
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B.77) Yo=Y+ |[—Xolyi+ [Vy—X2]p+ |- Xyl] yiye + [ — X;] Y2y2.

(8.78)
Yo = Vo 4 2V, — X b [~ Y] ve + D - 2208, ] ()4

+ [ =228 [y + [ = &) () + [ = AL] (1) e+
+ [yy —2 Xmll} Yia+ [— 2 Xfl} Y12 + [— 3Xyl} Y1y11+
+ [_ Xyﬂ Y2u1,1 + [ - QX;] Y1Y1,2-

(Y12 =Yorr + [Vary — ]y1+[yxy Xip2] Yot
[ — X ] (y ) [yyy x2 - Xxly} Y1Y2 + [ - Xﬁly} Yoyot
+ [ =X, W)y + [ = &, vi(y)*+
[ x2] Yyiat [y - X% - Xacll:| Yi,2 + [— szl] Yoo+
[ ] Yiyr2 + [—QX;} Y2Y1,2-

(8.79)

(Y11= Vorgror + [3Varary — Xpigigr | 1 + [ — Xlipign] yot
+ [3 Yty 3Xmlmly} (1) + [ 3X$1x1y} Y1Y2+
+ [ Vyyy — 3 X yy} () + [ 3% yy:| (1) Yo+
Xz}yy} (yl) + [ Xyny} ( ) Yot
3oty =3 X ] yia + [ =30, ot
3Vyy —9 Xmly] Yiyia + [ -3 Xg?ly} YolY1,1+
=60, | vy + [ —6X,] (y)*yi+ [ =345 yiyayia+
-3 XyQy:| (11)? Y12 + [ -3 Xyl} (y1,1)2 + [ -3 Xyz} Y1,1Y1,27+
Yy —3 lel] Y1+ [ -3 Xﬁl] Y112 + [ - 4Xyl] Y1Y1,1,1+
- Xzﬂ Yoyr111 + [_ 3 Xyz] Y1Y1,1,2-

(8.80)

InsertingYs, Y12, Y111, Y1, Y1 in the three Lie equations (8.73), (8.74), (8.75),
replacingys, y1.2, y1.11 by the values they have ok, we get firstly five lineaPDEs by
picking the coefficients ofst., of y;, of (1), of (y1)3, of (y1)* in (8.73):

(0= V,e,
0=X) +%yx1,
0=V, +X% —2X4 +rVu +5" Vo,
(8:81) Y 0=2X + X% +r X +r X241V +rY, +r XL+
+r Vg + 5 Yoty + 5" X,
0= Xy2+r2(1 +r X2+t Y Y, +r XL+ r XA +er1+
+r Vgt + 1Vt +r X0 + 5 XA + 5" Y, + 55 AL

{L’y’




LIE SYMMETRIES AND CR GEOMETRY 39

secondly, we get three more linermEs by picking the coefficients dfy;)?, of (y,)?, of
(y1)*in (8.74):

(0=3Vu, + X2 +4X5, —2X 0 +r X +r X2 1V 1V,
0=2Yy, +2X5, —6X,, — X1 +r X +r X+ r Y +rY, +r X+
(8.82) Fr Vprgr +1r V1, + er}lxl,
0=4X, +3X%, +rX' +rX?+rVu +rY, +r X +r XA +r X+
+ t Vprgt 1 Vpty Fr XL 0 X2 1Yy + erlly.

and thirdly, we get five more line@pes by picking the coefficients ekt., of v, of y; 1,
of Y1Y1,1s of (y1)2y171 in (875)
(8.83)
(0= yxlxlxl + ryazlarlu

0 = —3 yl'lmly + X;lexl + rym1m1 + ryxly + rXxllxl,

0=Voy =X +r X +r X2+ 1V +r Y, +r XL + 1V

3
0=—3 et 3V — 9, Fr X+ X+ XL Vo 1Y+
+ ngfl + erl +r Ve +r Ve, + rXxllxl,
15

0=06X,,+ i Ay X X X Y+t Y+ r XA 4 X +r X+

L —|—ry$1$1—|—ryx1y—|—er}1x1 +erZ1l,1 —|—ryyy—|—ng}1y.

Proposition 8.84. Setting as initial conditions the ten specific differentiaéfficients
(8.85)
P:= P(Xla XQ) ya Xyla sz, ymla yya Xilm% ymlzvla yyy)

= rX1+rX2+ry+er1 XS AtV Y, v X2 o+t Vi + 1Yy,

it follows by cross differentiations and by linear subditas from the Lie equations
(8.81), i = 1,2,3,4,5, (8.82), j = 1,2,3, (8.83), i = 1,2,3,4,5, that X}, A2,
y:):21 X121 XQ! X;lya X§21.21 yx1x21 X£2y1 X;?Qy) yxlya Xyly1 nyya Xflxlgﬁa ymlmlmla X21

T Y rlr22
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) . : . :
Virarazs Xz Vatatys Yaryys Vazyys Vyyy are uniquely determined as linear combina-
H 1 2 1 2 2 .
tions of (X1, X2, Y, X}, X%, Vo1, Yy, X210, Varar, Vyy ), NaMely

(xL, 1P, X% 2P, Vp2 = P,
XL =P, x22p,

Xxlly g P, X:EQQ:EQ ; P, yx1x2 i Pa

XL 2P, X%, 2P, Vary = P,

XL 2P, Yoz, = P,

(8.86) X%, 2P, Vi 2P,

X2, 2P, Vgt = P,

X2, 2P, Vyrary = P,

Vityy Z P,

Vizyy = P,

\ yyyy 2 P

Then the expressiorn are stable under differentiation with respectitq to 22, to
y and moreover, all other, higher order partial derivativestd, of X2, of Y may be
expressed aB(X', X2V, X}, X2, Vor, Vy, X2 o, Varar, Vyy ) -

Corollary 8.87. Every infinitesimal Lie symmetry of ti®E system(&;) is uniquely de-
termined by the ten initial Taylor coefficients

(8.88) Xl(o)a X2(0)’ y(0)7 Xyl(o)a Xg??(o)? yxl(o)a yy(0)7 Xx21x2(0)7 Vi1 (0)7 yyy(o)'

Proof of the propositionAt first, (8.83) yields (8.86);; (8.81) yields (8.86); differen-
tiating (8.81) with respect tor! yields (8.86); differentiating (8.81,) with respect tay
yields (8.86),; differentiating (8.81) with respect tac'z! yields (8.86),; and differenti-
ating (8.81) with respect tqyy yields (8.86),. Also, rewriting (8.81) as

1
(8.89) Xh = =5V,

we get (8.86); and rewriting (8.81) as

1 1
(8.90) Xl = 3 X2 + 3 Vo1V 48 Vo,
we get (8.86).

Next, differentiating (8.81)with respect tor! and (8.81) with respect tar?, we get,
taking account 00 = Y.z, = V,1,2 = V,1,1,2, replacingX;1,2 by —% V.11 and solving
for X% .:

1 1
0= XmlmZ + 5 yxlxla
X:EQQ:EQ = —(1 + S;z) yxlxl + ryxl.

This is (8.86). Differentiating (8.91) with respect tor!, taking account of (8.83) we
get (8.86):

(892) Xx21$2$2 = rym1 + rymlml.

(8.91)
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We then replace’, from (8.90) in (8.81):

(8.93) 0=X4+2X +rX' +r X2+ r X5+ 1V +rY,+

+r Vgt + 5" Vory + 5" X0

We differentiate this equation with respectitq knowing),» = 0:

0=A%,+2X5, +r X +r XL +r X+ r X% +r X5+ 1V +r Y+
1 Vot + Sp2 Yoty + Spe X + 5" Xy,

We replace:X’;, from (8.89);.X% ., from (8.91); we differentiate (8.81)with respect to
z'a! to replaceX’’, , , byrY,i,1, thanks to (8.83) and we reorganize:

(8.95) 2 X5, +5%> Vyry+sia X1y = =X 041 X 41 X241 X 41 Vo1 Vytr Vo
We differentiate (8.81)with respect tg; and (8.81) with respect tar:

(8.94)

Xy 5 Yoy =0,
Vaty —2Xh 0 = X2 o+t Vo + 1 V.
For the three unknown&’, ., V.1, X , we solve the three equations (8.95), (8,96)
(8.96),, remindings’.(0) = 0:
X =X r X2 v X+t Y 1Yy + Vo +r XA,
(8.97) Vg =t X+ 0 X2+ v X%+t Y + 1Y+t Vi +r X2,
Xy =t X +r X2 4 r X% + 1V + 1Yy + 1 Vg +r X
We get (8.86), and (8.86).
Thus, we may replac&’), , andY,:, in (8.81), to get (8.86):
(8.98) XL =—2X +r X' +r X+ r X+ rVa 1Y+ Vo +r X

Next, we differentiate (8.83)with respect tox' and we replace:X, from (8.90);
X2 from (8.98); Y,1, from (8.97); X, . from (8.97); V1,12 from (8.83); and we
compare with (8.83) we differentiate (8.96)with respect tar! and (8.96) with respect
to 2!; solving, we obtain four new relations:

(8.96)

Xl = r X 1% 4 X% 1V + 1Yy + 1 Vo +1 X,
Vpraty = 1 X+ r X2+ r X% + 1V + 1Yy + 1t Vi +r X2 2,
szlxgy =rX! +rX2+rsz2 Fr Vot 1Yy 4+ r Yy + erle%

Xigige =1 X 12 1 X5 4 Vo + 1Yy + 1t Vot + 1 X,

We get (8.86), and (8.86);,.
Next, in (8.81), we replace:X’}, from (8.90); X2, from (8.98);),., from (8.97); we
get:

(8.99)

X2 =r X 4+ r X+ r X+ XL vV 1Y, r Y+
(8100) ! * 2 * ’ *x21 !
+5s X$1$1 +s yyy +s X$1y-

We differentiate (8.98) with respect td and we replaceX’!; from (8.90); X2 from
(8.98); V.1, from (8.97); V,1,1,1 from (8.83); X2, . from (8.99); we get:

(8.101) X2, +2X, = r X +r X2+ r X +r X% +r Vo + 1Yy + 1 Vi +1 X
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In (8.82),, we replace:X}, from (8.90); X}, , from (8.97); V,:, from (8.97); and we
reorganize:

(8.102)

2X§2y—6X3§1y—X§1$1 = —nyy+rX1+rX2+rX§2+ryml Fr Yy +r Vo +rX$21$2.

Differentiating (8.81) with respect toy, we replace:Y,:, from (8.97); V,1,1, from

(8.99),; and we reorganize:

(8.103) X%, — 2, = =Yy +r X +r X2+ 1 X5 +r Vo + 1Yy +t Vot +1 X o

For the three unknown&™, ,, X, , X% , we then solve the four equations (8.101),
(8.102), (8.103), (8.83)(in which we replace:X’, from (8.90); X% from (8.98); V.1,
from (8.97); X, , from (8.97)):
(8.104)

Xﬁlxl —r X s erl + ngfg Fr Yo +r Yy r Ve + rszlxg +r Vyys

Xxlly —r X a4 erl +r X%+ r Yo+ r Yy +r Ve + rXA,. + r Vyy,

Xoy =t X +r X2+ r X +r X%+t Vo 1Yy 4t Vo + 1 X + 1Y,
We get (8.86) and (8.86),. Replacing therk’”, ,, X}, in (8.100) gives

(8.105) A7 =r X' +r X% +r X, +r X5 +rVn + 1Y+ r Vg +r X +1),.

This is (8.86).
Next, we differentiate (8.103) with respectitband we replaceX’!, from (8.90); X%
from (8.98);),1, from (8.97); V,1,1,1 from (8.83); X2 , . from (8.99); we get:

(8.106) Vyryy+ Xipo, —2 X1 yn, = r X Hr X2 r X1 Vo Yy r Vo +r X

Also, we differentiate (8.83)with respect toy and we replace?(y2 from (8.105);),1,
from (8.97); Xxlly from (8.104); V,1,1, from (8.99); we get:

(8.107) ymlyy—)(ll o= X X% Xyl—l—r Xﬁg—l—r V11 Yy4r Yy +r X§1$2+ryyy.

zlzly

Also, we replace in (8.82) X, from (8.90); X2 from (8.98);),1, from (8.97); X, ,
from (8.97); X2, from (8.104); Xmlly from (8.104); we get:

(8.108) 4Xy1y+3 szly =r X r X% 4r Xyl—l—r szﬁ—r Vo141 Yytr Yyrg1+r X§1$2+r Vyy-

We differentiate this equation with respect:té and we replacez Xxgyy by —2 V1.,
from (8.89); X, from (8.98); X, from (8.97); (notice0 = V1,2 = Vy2,); X2 > from
(8.91); X2 , , from (8.92); we get:

(8.109)

2V 3 X0, = 1 X 0 X0 X v X+t Vo +t Yyt Virgr +1 X 1Yy,

For the three unknown&’), ., Yoy, X7,
(8.107), (8.108); we get:
(8.110)

Xty =t X 0 X240 X +r X5 41 Vo + 1Yy + 1t Vot + 1 X2 + 1Yy,

Vptgy =X +r X% + erl XStV + Y+t Vo 1 X2+ 1Yy,

Kooy =0 X 0 X2 0 X +r X5+ 1 Vo + 1Yy + 1 Vot + 1 X2 + 1Yy

We get (8.86), and (8.86).
Next, in (8.93), we replacey,, from (8.97); X!, , from (8.97); we get:

(8.111) X2 —|—2Xyl =r X+ r X r XS 1 Yp +rYy +rVe +r X2 .

o We solve the three equations (8.106),
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We differentiate this equation with respectit@nd we replace;/”(y2 from (8.105);X§2y
from (8.104); Y1, from (8.97); V1,1, from (8.99); A7 . from (8.99); we get:

(8.112) Xfly—l—Q Xy, = r X Hr X240 X 41 XAt Vo1 Yyt Vorgr +t X o1 Yy
For the two unknowns’,), and X’

\..» we solve the two equations (8.108) and (8.112); we
get: oY

(8.113) Xyly - I’X1+rX2~|»er1 ‘|“FX122 FrYVp +r Yy +rYun +I’Xx2lmz +r Vyy,
| szly - rX1+rX2+er1 ~|>er22 1Y +l’yy+ryx1x1 +r-)(x2112 +ryyy'

We get (8.86),.
Next, we differentiate (8.113)with respect tac' and we replaceXy, X7, X, Vary,
yxlxlxli X§1x1x21 yxlyy; We get

(8.114) X)), = r X v X2+ r X 1 X5+t Vot + 1Yy 4t Vgt + 1 X + 1Yy

Also, we differentiate (8.113)with respect tar! and we replace:
(8.115) A1, = r X +r X% r X +r X5 +r Vot + 1 Yyt Vot +1 X +1 Yy

Also, we differentiate (8.83)with respect tg/; we replaceleyy from (8.114), we replace
sz%ly from (8.115); and we achieve other evident replacementgeie

(8.116) Vyyy = r X' +r X2 +r X, +r Xo +r Vo + 1Yyt Vorg +r X + 1Yy,
This is (8.96),, which completes the proof. O

Theorem 8.117.The boundlim GYM(E;) < 10 is attained if and only if&5) is equiv-
alent, through a diffeomorphisfa?!, 2%, y) — (X!, X2 Y), to the model system

(8.118) Yyr =0, Yyixix = 0.
Proof. Firstly, settingr = s* = 0 everywhere, the solution to (8.81), (8.82), (8.83) is
X'=k+(ct+j)a' —ba® —hy+er'as! —da'a® + fa'y — ex?y,
(8.119) X2 =g+ 2ha! +2j2* —da*a® + 2ex'a? — fala?,
Y=a+2bx" +2cy+datat +2ex'y+ fyy,

wherea, b, c,d, e, f, g, h, j, k € K are arbitrary. Computing the third prolongations of the
ten vector fields

(8.120)
9 0 o
Oxl’ 0x?’ oy’
0 0 0 0 0 0 0 0
.2 9 19 1 9 o 1 9 2 0 .9 1 9
Yol T ey Tad "oy Toaad T o Vo TR
0 0 0 0 0 0
o129 909 0 410 1.1 .2 9 1.2 9 1, 9
e 8:62—|—£E£U a5’ (x z" — z7y) x1+2xaz 8x2+2xy8y’
0 0 0
1 1.1
Yol T T a2 TG

one verifies that they all are tangent to the skelejpn= i(yl)Q, Y111 = 0. Thus
the bound is attained. One then verifies ([FK2005a]) thatstpenned Lie algebra is
isomorphic toso (5, C).
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Lemma 8.121.Assuming the normalizations of Lemma 8.54, the remai@den (8.53)
isanOs(z!, al):

2ztal + 2'zta® + alatx?
2

(8.122) y = b+ + (") R+ (zh)2a' R+21(a')* R+ (a')* R.

1 — 22a?

Proof. Indeed, writing

(8.123) y=0b+ ' AY +at A% 2t A0 4+ 2tat AV 4 ata A%+ Os(2t at),
with A% = A% (2% a?), and developing the determinant (8.54) with respect to tvesps
of (x!, a'), the vanishing of the coefficients aft., of 2!, of a! yields the system

0= ALO AO,I
=Np

229

(8.124) 0= AN ALY, —2AZ0 A% — AL A

202

_ A1,1 40,1 1,1 40,1 0,2 41,0
0=A AJCQG2 — Aa2 Aa:2 -2 Aa:2 Aa2 .

If the first equation yields\\;’ = 0, replacing in the second, using® = a> + O, we
deduce that’; = 0 also. Similarly,A” = 0impliesA!;’ = 0. Since the coordinate
system satisfies the normalizatibif0, a) = II(x,0) = 0, necessarip\* = O(a?) and
A% = O(2?). We deduce:

(8.125) 0=AY =A%

Redeveloping the determinant, the vanishing of the coefftsiofz!'z!, of 2'a!, of a'a’
yields the system

2 2 1,1
0=AM A%, —2AZ0 AL

2

(8.126) 0= A" AL, — AL A — 4 A2 A%,

z2a?

0= AM AN, —2A0 A

SinceAbM(0) = 2 # 0, we may divide byA!!, obtaining aPDE system with the three
functionsA?,,, AL, ,, A%, in the left hand side. We observe that the normalizations of
Lemma 8.55 entall

(8.127) A*? = a* + O(a%a?), A =24+ 0(2%a?), A%? = 2% + O(2%a?).
By cross differentiations in the mentionedEe system, it follows that all the Taylor coef-

ficients ofA%9, AL, A®2 are uniquely determined. As already discovered in [GM2(03b
the unique solution

a? 2 x?
8.128 A= — AVl = —— A2 — &
( ) 1 — 22a?’ 1 — 22a?’ 1 — 22a?’
guarantees, when the remaindy(z!, a') vanishes, that the determinant (8.45) indeed
vanishes identically. O

Conversely, suppose théditm SY)M(E5) = 10 is maximal.
With e # 0 small, replacindz!, 2%, y, a', a* b) by (ext, 2%, %y, cat, a?, ecb) in (8.122)
and dividing byse, the remainder terms become small:
2ztal + 2'zta® + alatx?

1 — 22a2

(8.129) y=b+ +0(e).

Then all the remainders in the equatiahg, of the skeleton aré(s). We get ten gen-
erators similar to (8.120), plus dn(¢) perturbation. Thanks to the rigidity @b (5, C),
Theorem 5.15 provides a change of generators, close ttkel 0 identity matrix, lead-
ing to the same structure constants as those of the ten ettty (8.120). As in the end
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of the proof of Theorem 5.13, we may then straighten someasterector fields (exer-
cise) and finally check that their tangency to the skeletguligs that it is the model one.
Theorem 8.117 is proved. OJ

Corollary 8.130. Let M C C? be a connected real analytic hypersurface whose Levi
form has uniform rank 1 that is 2-nondegenerate at everytpdinen

(8.131) dim hol(M) < 10,
and the bound is attained if and onlyMf is locally, in a neighborhood of Zariski-generic
points, biholomorphic to the modéf,.

§9. DUAL SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS

9.1. Solvability with respect to the variables.Let M be as in§2.10 defined by =
II(z, a,b) or dually byb = I1*(a, z, y).

Definition 9.2. M is solvable with respect to the variabldsthere exist an integer
xk* > 1 and multiindicesi(1),...,d(n) € NP with |6(/)] > 1forl = 1,...,n and

maxi <, |0(1)] = ¥, together with integerg(1), ..., j(n) with 1 < j(lI) <m such that
the localK-analytic map

(9.3) K" 3 (z,y) — ((H*](O x y)) (H*J§<)l) (0, y))

is of rank equal tov + m at (z,y) = (0,0)

) e Kmtn
1<i<n

If M is a complexified generic submanifold, solvability withpest to the parameters
is equivalent to solvability with respect to the variablesgausdl* = II. This is untrue
in general: withn = 2, m = 1, consider the system.. = 0, y,1,» = 0, whose general
solutions isy(z) = b + z,a with 22 absent.

To characterize generally such a degeneration propertgewelope both

y =11 (z,a,b) = Zxﬁﬂjab and
BeNn

V=11 (a, z,y) = ZaH*J:cy

deNP

(9.4)

with analytic functionsﬂg( b), I} (x, y) and we introduce twi&>-valued maps

(9.5) Qe (@,0) = (T5(,0))

1<j<m

QL (r,y)r— (H*g(x,y))égw

Sinceb — (T1(0, b))lgjgm andy — (I1(0, y))lgjgm are already both of rank at the
origin, the generic ranks of these two maps, defined by @#ti& nonvanishing of minors
of their infinite Jacobian matrices, satisfy

genrk Q.. = m + pup and
genrk Q° = m + n

Isgsm
and

(9.6)
for some two integer8 < py, < p and0 < ny < n. So at a Zariski-generic point, the
ranks areequal to m + p and tom + n .

Proposition 9.7. There exists a local propé€-analytic subsel v, of K x KI' x K x Kj"
whose equations, of the specific form

(9.8) ZM:{TV(a,b):O,I/GN, r(z,y) =0 ,uEN},
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are obtained by equating to zero @t + pr¢) x (m + pag) minors ofJac Q.. and all
(m+na) x (m+np) minors ofJac Q% , such that for every point = (z,, y,, a,, b,) &
Y m, there exists a local change of coordinates respecting épasation of the variables
(x,y) and(a,b)

(9.9) (v,y,a,b) — (gp(az,y), h(a, b)) =: (2, ¢, d, V)
by whichM is transformed to a submanifolét’ centered and localized at = p having
equations

(9.10) y =1I'(2',d',b') anddually b =1I""(d,2,y)
with IT" andII"* independent of
(9.11) (:E’nMH,...,x;) and of (a;MH,...,a;).

SoM’, may be considered to be living K x K77 x Ki7* x Ki and in such a smaller
space, ap’ = p, it is solvable both with respect to the parameters and to/tr&ables.

Interpretation: by forgetting some innocuous variablés, Zariski-generic point, any
M is both solvable with respect to the parameters and to thablas. These two as-
sumptions will be held up to the end of this Part I.

9.12. Dual system(£*) and isomorphisms GYM(E) ~ SPM(Vs(E)) =
SYM(Vs(E¥)) ~ SYM(E*). To a system &), we associate its submanifold of
solutionsM := Vs(€). Assuming it to be solvable with respect to the variables and
proceeding as ir§2.10, we can derive aual system of completely integrable partial
differential equationsf the form

() b (a) = & (a.0(a), (9 (@) . ):

where(j,v) # (j,0) and# (j(l),0(1)). Its submanifold of solution¥s(E*) = Vs(E)
has equations dual to those§(&).

Theorem 9.13.Under the assumption of twin solvability, we have
(9.14)  SYM(E) ~ SYM(Vs(€)) = SYM(Vs(E)) =~ SYM(E™),
throughl «—— L+ L* =L+ L «—— L*.

§10. FUNDAMENTAL PAIR OF FOLIATIONS AND COVERING PROPERTY

10.1. Fundamental pair of foliations on M. As in §2, let €) and M = Vs(€) be
defined byy = I1(x, a, b) or dually byb = IT*(a, z, y). Abbreviate

(10.2) z:=(z,y) and c:=(a,b).

Every transformatiotiz, c) — (¢(2), k(c)) belonging toG, , stabilizes botz = cst.}
and{c = cst.}. Accordingly, the two foliations of\1

(10.3) F, ::UMﬂ{c:co} and F, ::U./\/lﬂ{z:zo}

are invariant under changes of coordinates. We(€allF,) the fundamental pair of foli-
ationson M. The leaves of théoliation byvariables, aren-dimensional:

(10.4) Fu(co) = {(z,co) Sy = H(:c,co)}
The leaves of théoliation byparameter$, arep-dimensional:

(10.5) Folco) = {(20,¢) : b=11"(a, 20) }
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We draw a diagram. In it, the positive codimension is invisib
(10.6) m=dimM —dimF, —dimF, > 1

. i

Ye

10.7. ChainsI';, and dual chainsI’;. Similarly as in [GM2004, Me2005a, Me2005Db,
MP2005] (in a CR context), we mtroduce two collectioits )1 <r<, and (L} )1<q<p Of
vector fields whose integral manifolds coincide with thevésaofF, and ofF,,:

;

0 o1 0
Ly = — b k=1,...
k 6[Ek +Z 6[Ek (:E a, )6yj7 ) )y 1,
(109 0 " oI+ 0
Lq::%+j;1 St (a,x,y)%, g=1,...,p.

Let (z0,c0) = (20, Y0, a0,b0) € M be a fixed point, letr; := (z1,...,27) € K* and
define the multiple flow map
(10.9)

{ Lz, (%0, Yo, ao, bo) := exp(x1L)(po) := exp (a:’an( - (exp(21L1 (20, c))) - - ))
= (:co + x1, [l(zg + 21, ag, by ), ao, bo).
Similarly, fora; = (aj, ..., d}) € K?, define the multiple flow map
(10.10) Ly, (0, Yo, a0, bo) = (5607 Yo, ao + a1, I1*(ag + a1, xo, 3/0))-
Starting from thg 2, ¢y) = (0, 0) and moving alternately alorig,, F,, F,, etc, we obtain
[y (1) == L, (0),
Fay(21,01) == L7, (Le, (0)),
Ly(w1, a1, 22) := Loy (Ly, (Lay (0))),
)= Lo, (L (LG, (L, (0)))),
and so on. Generally, we gebainsT', := T'.([zali), where[zaly, := (1, a1, 29, a2, .. .)
with exactlyk terms, where each, € K" and eachy;, € K?.
If, instead, the first movement consists in moving alépgwe start withl'j(a;) :=
L (0), I5(ay, z1) == Ly, (L}, (0)), etc, and generally we getual chaind; ([azx]i.), where

lax]g :== (a1, x1, as, 29, . . . ), With exactlyk terms. Bothl', andI’; have range in\1.
Fork =1,2,3,-- -, integers;, ande; are defined inductively by

{ €1 + €9 + €3 —+ -+ € = genrkK(Fk),
e; +es+e;+ -+ e = genrkg (I7).
By (10.9) and (10.10), it is clear that = n, e; = p, €] = p, andej = n.

(10.11)

F4(5617 a1, T2, A2

(10.12)
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Example 10.13.For y,, = 0, the submanifold of solutiong/ is simplyy = b + za,
whence
['(x1) = (21,0,0,0),
(10.14) [y(z1,a1) = (21,0, a1, —z107),
321, a1, 22) = (21 + 22, x2aq, ay, —T107).
The rank at0, 0, 0) of I'; is equal to two, not more. However, its generic rank is equal t

three. Similar observations hold for the two submanifoldsobutionsy = b+ zxa + xaa
andy = b + xa' + zxa? (in K°).

Lemma 10.15.If genrky (I'y+1) = genrkg (I'x), then for each positive integér> 1, we
havegenrky (I'y4;) = genrkg (I'y). The same stabilization property holds 10y.

10.16. Covering property. We now formulate a central concept.

Definition 10.17. The pair of foliationgF,, F,) is covering at the origiif there exists an
integerk such that the generic rank bf, is (maximal possible) equal timg M. Since
for a; = 0, the dual(k + 1)-th chainl;, , identifies with thek-th chainl’;, the same
property holds for the dual chains.

Example 10.18.With n = 1, m = 2 andp = 1 the submanifold defined by* = ' and
y? = b? + za is twin solvable, but its pair of foliations is not coveringtie origin. Then
SYM(M) is infinite-dimensional, since far = a(y') an arbitrary function, it contains
a(y") 3x + a(bh) 2.

Because we aim only to study finite-dimensional Lie symmgtoups of partial dif-
ferential equations, in the remainder of this Part |, we wolhstantly assume the covering
property to hold.

By Lemma 10.15, there exist two well defined integgrsand p* such that
€3, €4, ¢u11 > 0, bute,y; = 0foralll > 2 and similarly,e3, ei, ..., €. > 0,
bute;.,, = 0foralll > 2. Since the pair of foliations is covering, we have the two
dimension equalities
{ n+p+es+---+e, =dimg M=n+m+p,

10.19 .
( ) ptn+tey+---+e g =dmg M=n+m+p.

By definition, the ranges df ., and of[';.. , cover (at least; more is true, see: Theo-

rem 10.28) an open subset.®f. Also, it is elementary to verify the four inequalities
<1+m, *< 1+m,

(10.20) s "

ps<pt+ 1, wos p+ L

In fact, sincel’;,.; with z; = 0 identifies withl';, the second line follows.
Definition 10.21. Thetype of the covering pair of foliatiori§,, F,) is the pair of integers
(10.22) (py 1), with  max(p, p*) < 1+ m.

Example 10.23.(Continued) We write down the explicit expressiond gfand ofl's:
(10.24)

Ly(1, ay, @, a2;0) = (21 + &2, Toa1, a1 + a2, —T101 — T1as — T202, ),
[s(z1, ar, o2, a, 73;0) = (561 + X + T3, T2y + T3a1 1 T3a2, a1 + a2

— T1a1 — r1a9 — 1‘2(1,2).
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Here,dim M = 3. By computing its Jacobian matriX}; is of rank 3 at every point
(71,a1,0, —ay, —21) € K> with a; # 0. Since (obviously)

(10.25) U5 (21,a1,0,—ar, —z1) =0 € M,

we deduce thatl';s is submersive (“covering”) from a small neighborhood of
(z1,a1,0, —as, —z1) in K® onto a neighborhood of the origin iv.

10.26. Covering a neighborhood of the origin inM. For (2, ¢y) € M fixed and close
to the origin, we denote by, ([zaly; (z0, co)) and byl'; ([az]y; (20, o)) the (dual) chains
issued from(zo, ¢y). For given parametetsal, = (x1, a1, s, ... ), we denote by—zaly
the collection(- - - , —z5, —a;, —z5) With minus signs and reverse order; similarly, we
introducel—az|;. Notably, we havé _,, (L., (0)) = 0 (becausé_,, .., (-) = Lo(:) = Id),
and alsd__,, (L*, (L% (L;,(0)))) = 0 and generally:

(10.27) Fk([—xa]k; Tk ([ralg; 0)) =0.
Geometrically speaking, by following backward th¢h chainl';,, we come back to.

Theorem 10.28.([Me2005a, Me2005b],+]) The two mapd’,,,; andIl’; ., are sub-
mersive onto a neighborhood of the origin . Precisely, there exist two points
[zal3, ., € KWt andaz]g,. , € KF e arbitrarily close to the origin with
Lo ([zal), ) = 0andly,.  ([az]y,. ;) = 0 such that the two maps

(10.29) { Ktbmenr 5 [$a]2u+1 — F2u+1([m]2u+1) e M and

R )p 5 [ax]Qu*H — Fgu*+1([ax]2u*+1) €M

are of rankn + m + p = dimg M at the points[zal, and [az]5,. respectively. In

particular, the ranges of the two maps,,., andI% ., cover a neighborhood of the
origin in M.

Letr.(z,c) ;= z andr.(z, ¢) := c be the two canonical projections. The next corollary
will be useful in Section 12. In the example above, it alstofet that the map

(10.30) [zal, — 7TC(F4([IECL4])) = (a1 + o, —T101 — T109 — x2a2) e K?
is of rank two at all pointgeal$ := (29, a?, 0, —a?) with af # 0.

Corollary 10.31. ([Me2005a, Me2005b],+{]) There exist two pointcalj, € K#"*)
and [ax]3,. € K ("*?) arbitrarily close to the origin withr.(I'5,([za]9,)) = 0 and
7. (3, ([az]3,.)) = 0 such that the two maps

(10.32) { K*) 5 [zals, — 7 (Dou([zals,)) € K™ and

K* ) 3 Jaz]ye +— ., (T3, ([az]ae)) € K™

are of rankm + p at the point[za]9, € K*"*?) and of rankn + m at the pointjaz]3,. €
K" (n+p)

In the casen = 1 (single dependent variable € K), the covering property always
hold with = p* = 2.
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§11. FORMAL AND SMOOTH EQUIVALENCES BETWEEN SUBMANIFOLDS OF
SOLUTIONS

11.1. Transformations of submanifolds of solutionsLemma 7.3 shows that every
equivalencep between tworPDE systems §) and €’) lifts as a transformation which
respects the separation between variables and parametieesform

(11.2)

(z,y,a,b) — (o(z,y),¥(x,y), f(a,b),9(a, b)) = (e(z,y), h(a,b)) =: (', ¢, d, V)

from the source submanifolds of solutiond := Vs(€) to the targetM’ = Vs(&'),
whose equations are

y =1(z,¢) ordually b=1II"(a,z) and
y =1I'(2',c) ordually b =1I""(d, 7).

The study of transformations between submanifolds of Bwigtpossesses strong similar-
ities with the study of CR mappings between CR manifoldsi@?b, We1977, DW1980,
BJT1985, DF1988, BER1999, Me2005a, Me2005b]). In fact,roag transfer the whole
theory of the analytic reflection principle to this more gexieontext. In the preseffil0
and in the nexg11, we select and establish some of the results that arel usehe Lie
theory. Some accessible open questions will also be foteuila

(11.3)

Maps of the form (11.2) send leaveskgfand off, to leaves of, and ofF, respec-
tively.

n+2m-+ n+2m+p
K ! Fp K F/
/
| é ; ; \ A
e v
M M
O ([az]s)] (s h)
| 1
’—‘\:’/ \\N\ |
] 4 \ (¢(2), h(c)) ./ \
t ] —_— \ ]
F.q il == [ 5 ==
F! 5
ran) TF*([aa:m v
0 z 0 z
[ [ >
" J " _J

11.4. Regularity and jet parametrization. Some strong rigidity properties underly the
above diagram. Especially, the smoothness of the two p&jtsF,,) and(F), F) governs
the smoothness dfy, h).

We shall study the regularity of purely formalmap (2, ¢') = (¢(z), h(c)), namely
©(z) € K[z]""™ andh(c) € K[c]’*™, assumingg) and €’) to be analytic. Concretely,
the assumption thdty, ) mapsM to M’ reads as one of the four equivalent identities:

@/)(x,l_[(x c)) = H'(gb(x (x,c)), h(c)),

U(z) = 1(6(2), h(a, 1" (a, 2)),
(11.5) 9(a,IT*(a, 2)) = 0" (f(a, H*(a 2)), ¢(2)),
9(0) = " ((0), ol TI(z, ),

in K[z, ]™ and inK[a, 2]™.
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Theorem 11.6.Let (p,h) := M — M’ be a purely formal equivalence between two
local K-analytic submanifolds of solutions. Assume that the foretdal pair of foliations
(F., Fp) is covering at the origin, with typéu, *) at the origin. Assume that1’ is both
r-solvable with respect to the parameters atidsolvable with respect to the variables.
Setl := p*(k + £*) and(* := u(k* + k). Then there exist twK"*"-valued andK?*"-
valued localK-analytic mapsp, and H,-, constructible only by means &f I1*, IT’, I1'"",
such that the following two formal power series identitietdh

{ﬂ@E¢A%ﬁﬂ®%

11.7
(11.7) h(c) = Hp(c, JE h(0)),

in K[z]"™™ and inK[c]"*™, where.J!x(0) denotes the-th jet of . at the origin and
similarly for 5" h(0). In particular, as a corollary, we have the following two autatic
regularity properties:

e o(z) € K{z}""™ andh(c) € K{c}**™ are in fact convergent

e if in addition M and M’ are K-algebraic in the sense of Nash, thépand H/-
are alsoK-algebraic, whencey(z) € Ax{z}"*" andh(c) € Ax{c}**™ arein
fact K-algebraic.

Proof. We remind the explicit expressions of the two collectionsexftor fields spanning
the leaves of the two foliatiorfs, andF,:

( 0 < T 0
Ly, = — — — k=1,...
k axk + ; aSL’k (ZL’, C) ay] ; ) , I,
(11.8) 5 o 5
I_q ::% ; 8aq (a,Z) %7 q:17,p

Observe that differentiating the first line of (11.5) witlspect tar® amounts to applying
the derivationL,. Similarly, differentiating the third line of (11.5) withespect toa?
amounts to applying;. We thus get fo(z, c) € M

L) = 3 O0(6(:), h(0) Li'(2) and

L0 =3 20 (1) 0(2) L £70),

It follows from det (%%)(0) # 0 anddet (22)(0) # 0 that the two formal determinants

(11.9)

1<i<n
1<k<n

1<rsp
1<g<p

(11.10) det (Ly, ¢'(2)) and  det (L! f"(c))

have nonvanishing constant term. Consequently, these atigass are invertible ifX[ -]
and inK[c]. So there exist universal polynomi&sandS*/ such that

§ ‘ , o 1<i' Sntm
GBI Sg ({Lk/ ¥ (Z) 1<k <n )
o't ((2), h(c)) = () SEsn and
a1 x det (L ¢ (z))1<k/<n
J— (60 5+ ({LZ, K (c) E;Z+m)
/m C), Pz = * ! 1<r'<p ’
8(1 det(l_q/ f (C)) 1<q'<p
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forit <j<m,forl<i<n,forl <r<pandfor(z,c) € M.
Again, we apply the vector fields; to the obtained first line and the vector fieldsto
the obtained second line, getting, thanks to the chain rule:

(11.12)
( ) i i 1</ <n+m
L 9T R,k ({Lk’ll‘k’z‘p (2) 1<k’,k’<n>
Z W((b(z), h(c)) L (bb(z) - , 1<zz<; 22 and
et (L 0 ()1 2]
: *J * |k i 1<i'sp+m
~ o % pro R ({LqiLqéh (c) 1<q’17qé<p>
s (116, 0()) Ly (0) = i
a"a R
| re=1 [det(Lq, f (c))lgq,gp}

for1 <j<m,forl <ly,ly <n,forl <r,ry < pandfor(zc) € M. Here,R{hk and
R*f;hq are universal polynomials. Then applying once more Cranweté, we get

( i . 1</ <n+m
O211" St s ({Lkll Liye® (2) 1<k’1,k§+<n>
Gt (0(2),hle)) = T iwren and
[det(l-k’ ¢! (Z>)1<k’<n]
(11.13) j 1 1;‘/<\+m
o211 S s ({LZg Liht(e) 1;(1@2@)
da/" '™ ((0), (=) = foony1<r<p]?
[det(Lj} fr (c))1 < gp]

\
By induction, for everyj with 1 < j < m and every two multiindices € N" andj € N?,
there exists two universal polynomizﬂg andS*} such that

( 1</ <n+m

91811 S ({LB/‘Pi/(z) 181<18| )
oz'? < 7h(c>) - oy 1<V <n A
|:det(|—k’ ¢! (Z))lgk/@}

) ] w5 1.4 1<’ Sp+m
IRt N A ), ¢(2)) 5% ({L "hD 110 )
¢),p\z)) = |
3a/5 * ’ 1<’ 2090+1
[det (I—q/ fr (C)) 1<q’<§]

Here, for 3 < N, we denote bylL” the derivation of order|3’| defined by
(Ly)% -+ (L,)%. Similarly, for & € Np, L*' denotes the derivation of orde#’|
defined by(L})% - - - (L%)%.

Next, by the assumption thatt” is solvable with respect to the parameters, there exist
integersj(1),...,j(p) with 1 < j(¢) < m and multiindices3(1),...,3(p) € N™ with
|8(q)] = 1 andmax;<,<, |3(¢)| = x such that the locaK-analytic map

and

(11.14)

\

m j 1<j<m 9lB@Ii(@ .
(11.15) KPt™ 5 ¢ —s (H/J(07 c’)) J ’ (W(Ov C/) c K
1<q<p

is of rankp+m atc = 0. Similarly, by the assumption thau’ is solvable with respect to
the variables, there exist integers(1), ..., j~(n) with 1 < j~(I) < m and multiindices
d(1),...,d(p) € N™ with [§(¢)| > 1 andmax;<,<, |0(¢)| = x* such that the locakK-
analytic map

nm %] 1<j<m ROl G .
(11.16) K" 3 2/ — ((H/ 7(0,27)) T, (W(O’Z/) -
1<i<n
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is of rankn +m at 2’ = 0. We then consider from the first line of (11.14) only the
(p + m) equations written for5,0), (j(q), 5(¢)) and we solveh(c) by means of the
analytic implicit function theorem; also, in the seconckliof (11.14), we consider the
(n + m) equations written fo(j, 0), (7~ (1), (1)) and we solvep(z). We get:

](1 g i 1</ <n+m
- S ({L ' (2) \ﬁ’|<\ﬁ(1)\>
(C) - ¢(Z)7 ) 1<U'<n 218(1)[+17 """
det [(Lk/ ¢’ <z))1<k/<n:|
i(p) 1</ <n+m
S ({17 D} i)
r<n 1218@)I+1 |7
det |: I—k’ ¢l’ 1<l < ]

1<k’<n
xJ" x6’ 1,4/ 1</ <ptm
S <{L h*(c) |5'|<\6<1>\>

(11.17)

o o d<ep] PO
[det(Lq/ fr(c)) 1<q/§pi|
xJ™~(n) w8 1l ¢ A LS <ptm
S 5(n) ({L h* (c) |5’|<\6(n)\>
1<r/<p]26(n)+1 )

[det (LZ/ f7(c)) 1;(1/;19

\
for (z,c) € M. The mapsﬁ and® depend only odl’, IT"".

Lemma 11.18. For every3’ € N", there exists a universal polynomiBj in the jet

variablesJ!”| havingK-analytic coefficients iz, ¢) which depends only of, IT* such
that, fori’ = 1,...,n+m:

(11.19) L7 4" (2) = Py (z, c, Jz‘ﬁ"sof%z)) -

A similar property holds fot**' 1" (c).

We deduce that there exist two lo@lanalytic mapping®{ and A{ such that we can
write
o(z) = @} (z, c, Jf*h(c)),

11.20
(11.20) { h(e) = Hy (2, ¢, JEo(2)),

for (z,c) € M. Concretely, this means that we have two equivalent pairforofal
identities

—~
8
=
—~
8
¥
o
~
E
=
=

11.21
(11.21) be) = Yo, (), €, 5 T(r, )

h(a,H*(a, z)) = Hg(z, a, IT*(a, 2), Jf(p(z))
in K[a, 2]"™™ and inK[z, c]”"™. We notice that, whereas and /. area priori only

purely formal, by constructionp) and H{ are K-analytic near(O, 0, Jf*h(o)) and near
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Next, we introduce the following vector fields witk-analytic coefficients tangent to
M:

(11.22)

Indeed, we check that;, "> — I1*/2(a, z)] = 0 and thatV;, [y7> — 1> (z, ¢)] = 0.

Foré’ € N™, we observe that® ¢ = 88‘(;!,“". Applying thenL?" with 3 € N”, we get
fori=1,....n+m:
(11.23) LIV (2) = Qurr (2, ¢, TG (2)),

with Qg & universal. Since the + m vector fieldsL, andV;, having coefficients de-
pending on(z, c), span the tangent spacelfg x Ki", the change of basis of derivations
yields, by induction, the following.

Lemma 11.24.For everya € N**™ there exists a universal polynomi@y, in its last
variables with coefficients being-analytic in(z, ¢) and depending only ofl, IT* such
that, fori=1,...,n+m:

(11.25) 02¢'(2) = Pa (Z ¢, (L'V76'(2) |B’\+I6’\<Ia\> '

We are now in position to state and to prove the first fundaalgathnical lemma
which generalizes the two formulas (11.20) to arbitrarg.jet

Lemma 11.26.For every\ € N, there exist two locaK-analytic maps®) valued in
K™ +mCimix and H) valued inK® ™% mix, such that

{ Lo(z) = ®) (2, ¢, JFh(e)),

(11.27) TMh(c) = HY (2, ¢, J50(2).

Proof. Consider for instance the first line. To obtain it, it suffitespply the derivations
L7V with |3'| + |¢'] < A to the first line of (11.20), to use the chain rule and to apply
Lemma 11.24. O]

Letd € K, 1 € N, letQ(0) = (Qi(0),- .., Quiomsp(0)) € K[]""*™*" and let
a; € KP. As the multiple flow ofL* given by (10.10) does not act on the variakllesy),
we have the trivial but crucial property:

(11.28) v (L2, (Q0))) = ¢ (m:(L3, (Q(0)))) = ¢ (m(Q(0))) = ¢ (Q9)) -

At the end, we allow to suppress the projection this slight abuse of notation will
lighten slightly the writting of further formulas. More gerally, for A € N, a; € K?,
r1 € K™

T2o(L5,(Q(0) = J2¢(Q(0))  and

11.29
(1129 Ph(L.(Q0)) = Ph(Q()).
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As a consequence, fak even and foRk+ 1 odd, we have the following four cancellation
relations, useful below (we drop andr, after 2y and afterJh):

JZ<P(F2k ([zalak)) = 2@ (a1 ([za)ak-1)),
J h h(Ts5([ax]ar)) = J h h(T3_1 ([az]k-1)),
J;\SO(F%H (laz]or 41 ) = J/\ ( ax]%))

Jc)‘h(F%H([xa]%H)) = JcAh(ng([:ca]zk)) .
We are now in position to state and to prove the second maimigs proposition.

(11.30)

Proposition 11.31.For every even chain-lengthk and for every jet-heighk, there exist
two localK-analytic maps®3, valued inK ™™ mix, and H2, valued ink #+™ %
such that

(11.32) {JA o (T3, (Jax)or) ) = ©3, ([azlar, JEET 2 0(0))  and

I (Do ([walaw)) = Hyy, ([wa)o, JEETIH20(0))
Similarly, for every odd chain lengthk + 1 and for every jet eighk, there exist two local

K-analytic maps,®), ., valued inK"+™Cmix and Hy,,, valued inK® ™ mis,
such that
(11.33) { J2@ (Parg ([ra)ans1)) = oy ([walapgr, JETEDH20(0))

TR (Ta ([az]onin)) = Hoppy ([a)apir, JEHH7520(0))

These maps depend only OnIT*, I, IT'".

Proof. For 2k + 1 = 1, we replace(z, ¢) by I'y([zal;) in the first line of (11.27) and
by I'i ([az];) in the second line. Taking crucially account of the cantiellaproper-
ties (11.29), we get:

[ J2p(Ty([za)y)) = @

. A K* A
(11.34) =: @} ([waly, JZh(0))

|
[az]y), JE0(0))
—: # ([aahy, J70(0))

Here, the third line define®;} and the sixth line defined;'. Thus, the proposition holds
for2k +1 = 1.

The rest of the proof proceeds by induction. We treat onlyitkdection step from an
odd chain-lengtl2k + 1 to an even chain-lengtbk + 2, the other induction step being
similar.

To this aim, we replace the variables c) in the firstline of (11.27) by, ., ([az]ok+2)-
Taking account of the cancellation property and of the itidmcassumption:

(11.35)

T2 (Do (azlars)) = O (Tapaa(lanhoera), JE R (Tha(lazlaess)) )
= 0 (Taipallazlanse), JER(Tsip (a]2n41)) )
= o) <F§k+2([ax]2k+2)v Hé’”kiﬁ ([ax]zmh JC(HU(H%*H/\P(O)))

L <[al"]2k+2> Jc(kﬂ)(nﬂ*)ﬂw(o)) ’
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The last line define®y, ,,. Similarly, we replacez, ¢) in the second line of (11.27)
by Tor1o([zalaryo). Taking account of the cancellation property and of the atidm
assumption:

(11.36)

J2h(Dorsa([zalonsn)) = Hp (F2k+2([m]2k+2)7 J:+A¢(F2k+2([xa]2k+2))>

B (s S0

This completes the proof. O

End of the proof of Theorem 11.8Nith (u, 1*) being the type ofF,, F,) and with
[aa;]gm given by Corollary 10.31, the rank property (10.32) insutes existence of an
affine (n 4+ m)-dimensional spacé& c K* »*") passing throughuz]3,. and equipped
with a local parametrization

(11.37) K" 3 s+ [ax]a(s) € H
satisfying[az]y,- (0) = [ax]3,., such that the map
(11.38) K™ 5 5 — . (T3, ([az]aus (5))) =: 2(s) € KM

is a local diffeomorphism fixing € K"*™. Replacing: by z(s) in ¢(z) and applying the
formula in the first line of (11.32) with = 0 and withk = 2u*, we obtain

p(2(s)) = ¢ (m=(I5,e ([az]pe (5)))
(11.39) = ¢ (I3, ([az]2. (5)))
= @y, ([az]zye (5), JECH0(0))
Invertings — z = z(s) asz — s = s(z), we finally get
o(2) = p(2(5(2))) = e ([axzpe (s(2)), T2 p(0))
=: §, (Z’ Jg*(n+m*)¢(0)) ’

with ¢ := u*(k + £*), where the last line defineb,. In conclusion, we have derived the
first line of (11.7). The second one is obtained similarly.

If 11, II*, I, IT"* are algebraic, so aig,, I';, [, , &}, H), ®}, H) and®,, Hy-.

The proof of Theorem 11.6 is complete. O

(11.40)
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[I: Explicit prolongations of infinitesimal Lie symmetries
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§1. JET SPACES AND PROLONGATIONS

1.1. Choice of notations for the jet space variablesLet K = R or C. Letn > 1 and
m > 1 be two positive integers and consider two sets of variables(z!, ..., z") € K"
andy = (y',...,y™). In the classical theory of Lie symmetries of partial diéfetial
equations, one considers certain differential systemsseltfmcal) solutions should be
mappings of the forny = y(z). We refer to [011986] and to [BK1989] for an exposi-
tion of the fundamentals of the theory. Accordingly, theiablesz are usually called
independentwhereas the variablesare calleddependentNot to enter in subtle regu-
larity considerations (as in [Me2005b]), we shall assuittesmoothness of all functions
throughout this paper.

Let x > 1 be a positive integer. For us, in a very concrete way (witlfibetr bundles),
the r-th jet space7,;,, consists of the spad§”+m+m% equipped with the affine co-
ordinates

A R j
(1.2) (fclv Yol Yiggs - vyz‘l,z‘z,...,in) g
having the symmetries
j _
(13) yilyianvi)\ o yio’(l)vio'@)v"'vio'()\)’

for every A with 1 < A < « and for every permutation of the set{1,...,\}. The
variableygl7Z.27___,iA is an independent coordinate corresponding to\tktepartial derivative
maﬁ.ﬁgﬂm. So the symmetries (1.3) are natural.

In the classical Lie theory ([OL1979], [O11986], [BK1989§Il the geometric objects:
point transformations, vector fieldsic, are local, defined in a neighborhood of some
point lying in some affine spac&”. However, in this paper, the original geometric
motivations are rapidly forgotten in order to focus on conalborial considerations. Thus,
to simplify the presentation, we shall not introduce anycggdaotation to speak of certain

(n4+m)!

local open subsets &"*™, or of the jet spaceJ,;,, = K"+ i, etc. we will
always work in global affine spacés" .

1.4. Prolongationy* of a local diffeomorphism ¢ to the «-th jet space. In this para-
graph, we recall how the prolongation of a diffeomorphisrthex-th jet space is defined
([OL1979], [O11986], [BK1989])).

Let z, € K" be a central fixed point and let: K**™ — K"*t™ be a diffeomorphism
whose Jacobian matrix is close to the identity matrix, asti@aa small neighborhood of
z,.. Let

Koo (0,0 J J K
(15) Ja:* T (x*7y*il7y*i1,i27 """" 7y*z'1,z'2,...,in) € jn,m’m*
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be an arbitrary:-jet based at... The goal is to defined its transformatipf) (J% ) by .
To this aim, choose an arbitrary mappi§ > = — g(z) € K™ defined at least in a
neighborhood of., and representing thisth jet,i.e. satisfying

, Mg
J _
(16) y*il ..... i 8.Ti1 . '8.’17i>‘ (.T*),
for every A € N with 0 < A\ < ., for all indicesiy, ... iy with 1 < iy,...,7\ < n and

for every; € N with 1 < j < m. In accordance with the splitting:, y) € K" x K™ of
coordinates, split the components of the diffeomorphisasy = (¢,1) € K* x K™.
Write (7, 7) the coordinates in the target space, so that the diffeonsrppis:

(1.7) K™ 5 (z,y) — (T.7) = (¢(z,y),¥(z,y)) € K™

Restrict the variableéz, y) to belong to the graph af, namely puty := g(z) above,
which yields

L.8) {fz o(x, g(x)),

Y =v(z, g(x)).
As the differential ofp atz, is close to the identity, the first family of scalar equations

may be solved with respect to by means of the implicit function theorem. Denote
x = X(7) the resulting mapping, satisfying by definition

(1.9) T =¢(X([@),9(X(T))).
Replacer by Y () in the second family ofn scalar equations (1.8) above, which yields:
(1.10) y=1¢(X(@),9(x(7)))

Denote simply byy = g(7) this last relation, wherg(-) := ¥ (X(-), g(X(*)))-

In summary, the graph = ¢(z) has been transformed to the graph- g(z) by the
diffeomorphismy.

Define then theransformed jeto™) (J% ) to be thex-th jet of 7 at the pointz, :=
¢(x,), namely:

g o\l
w1 ) = (G )

It may be shown that this jet does not depend on the choice eéa graphy = g(z)
representing thex-th jet J; at z.. Furthermore, ifr, := 7, — K™ denotes the
canonical projection onto the first factor, the followinggiam commutes:

K
€ Tl -
1<i1,...,ix<n, 0KASK

(r)
")
Tpm —= Ti'm

ml lm .

Kner —<p> Kner

1.12. Inductive formulas for the x-th prolongation ©*). To present them, we change
our notations. Instead d@f, 7), as coordinates in the target spdce x K™, we shall use
capital letters:

(2.13) (Xl,...,X”,Yl,...,Ym).
In the source spacE"*™ equipped with the coordinatés, i), we use the jet coordi-

nates (1.2) on the associatedh jet space. In the target spak&*™ equipped with the
coordinateg X, Y), we use the coordinates

(1.14) (XY YL Y igeeeee Y )

» F Xy X X )T X X2, Xk
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on the associategtth jet space; to avoid confusion with,, v;, ;,, . . . in subsequent for-
mulas, we do not writ&’,,Y;, ;,,.... In these notations, the diffeomorphismwhose
first order approximation is close to the identity mapping imeighborhood af, may be
written under the form:

(1.15) o (@) (XLY) = (X7, VI T))

for someC*>-smooth functions\(z",4/), i = 1,...,n,andY’ (z% /"), j = 1,...,m.
The first prolongationp") of ¢ may be written under the form:

(1.16) ¢(1) : (xi/’yj/’yg{> . (Xi(xz‘”yj/)’ Yj(l,i/’yj/)’ Y)];il (‘”i/ayj’,yf{» ’
for some functiond’/.,
way how these functions depend on the first order partiavaves functionsy’,, X;'j/,

(:ci’, Y, yi) which depend on the pure first jet variabﬁ:s The

ij ijj and on the pure first jet variablg% is provided (in principle) by the following
compact formulas ([BK1989)):
Yi, DIX' ... DIxn
(2.17) : = : : :
Y. D!X' ... Dlxn D}Yyid

~' / Dlyi

)

where, fori’ = 1,...,n, the symbolD;, denotes the'-th first order total differentiation
operator

0 "0
( ) 7 ale +J/Z:1 yl ay]/

Striclty speaking, these formulas (1.17) are not expli@gause an inverse matrix is in-
volved and because the termig, X*, D} Y7 are not developed. However, it would be
feasible and elementary to write down the correspondirajlyogxplicit complete formu-

las for the function&’/, = Y7, (:cl,yﬂ,ygl>
Next, the second prolongatian? is of the form
(1.19)

30(2) : (xl ) yj 7yzj/1 ) yzj/l,z/2> = (30(1) ('ril7 yj/7 yi&) ) Y)J(zl X2 (xl ) yj ) yillu ZUZ/M/Q)) )

for some functionéf)ﬂ;ilxi2 (xi’, Y7, yf,l/, yjl i,2> which depend on the pure first and second
jet variables. For = 1,...,n, the expressions of?

_ Vi x: are given by the following
compact formulas (again [BK1989]):

. N .
ij X1 DiXt ... DIX Dij(i1
(1.20) : = : . : : ,
1 1 1 1 n j
y)ﬂ( oy D, X' -+ D.X DELY)J(Z-1

where, for’ = 1,..., n, the symbolD? denotes the-th second order total differentiation
operator

a m , 8 m n , a
2 _ Y i it 2
(121) Di’ T 8.Ti/ _'_ Z yi’ ayj/ + Z Z yi% ay]//
j’=1 Jj'=1 =1 i
Again, these formulas (1.20) are not explicit in the senaedh inverse matrix is involved

and that the term®), X", DZ%Y)J;Z.1 are not developed. It would already be a nontrivial
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computational task to develope these expressions and tafindome nice satisfying
combinatorial formulas.

In order to present the general inductive non-explicit folas for the computation of
thex-th prolongationy*), we need some more notation. Le€ N be an arbitrary integer.
Fori’ = 1,...,n, letD; denotes thé&-th \-th order total differentiation operatoefined
precisely by:

(1.22)

LRSI IAFCED WP DRI

/1/1 1 /1112 1122

y 0
o Z Z yg/vi/lviz SNy ﬁ

; -/
L J'=1d b, 00 = LRL SR W

Then, fori = 1,...,n, the expressions af’

i xiai i are given by the following com-
pact formulas (agaln [BK1989)):

. o
Y DIX! ... DX DY ol
(1.23) 5 - :
j iyl ... plyn M
YXil...XiAflxn DnX DnX Dnyle LXIA—1

Again, these inductive formulas are incomplete and urfsatisry.
Problem 1.24.Find totally explicit complete formulas for theth prolongationy ).

Except in the cases = 1,2, we have not been able to solve this problem. The case
r = 1is elementary. Complete formulas in the particular cases2, n = 1, m > 1
andn > 1, m = 1 are implicitely provided in [Me2004] and in Section ?(?), evh
one observes the appearance of some modifications of thbidaadeterminant of the
diffeomorphismy, inserted in a clearly understandable combinatorics. ¢t there is a
nice dictionary between the formulas fo®) and the formulas for the second prolongation
£ of a vector fieldZ which were written in equation (43) of [GM2003a3eealso
equations (2.6), (3.20), (4.6) and (5.3) in the next pagatggh In the passage fropt?)
to £?), a sort of formal first order linearization may be observed e reverse passage
may be easily guessed. However, fop 3, the formulas forp(*) explode faster than the
formulas for thex-th prolongationZ ) of a vector fieldZ. Also, the dictionary between
o) and £*) disappears. In fact, to elaborate an appropriate dictjpmas believe that
one should introduce before a sort of forngal— 1)-th order linearizations ap*), finer
than the first order linearizatioff). To be optimistic, we believe that the final answer to
Problem 1.24 is, nevertheless, accessible after hard work.

The present article is devoted to present totally explmihplete formulas for the-th
prolongationZ®) of a vector fieldC to T forn > 1 arbitrary, form > 1 arbitrary and
for k > 1 arbitrary.

1.25. Prolongation of a vector field to thex-th jet space. Consider a vector field

(1.26) L= ixi(

defined inK™*™. Its flow:

(1.27) pi(,y) = exp (tL) (2,y)
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constitutes a one-parameter family of diffeomorphismK®f™ close to the identity. The
lift (¢,)™*) to thex-th jet space constitutes a one-parameter family of diffeqrnisms of
T m- By definition, thex-th prolongationC*) of £ to the jet spacg,;,, is the infinitesi-
mal generator of, ), namely:

d
1.28 W)= —
(1.28) L i,

[(Spt)(ﬁ)] .

1.29. Inductive formulas for the s-th prolongation £*). As a vector field defined in
Kr+mtm S | the s-th prolongatiorﬁ(“> may be written under the general form:

(L(” ZX’
m n ) 6 m n 6
(1.30) +ZZY§18y—j+Z 3 Yi”zaf bt

Here, the coefficienty? Yfl i - Ygl ir...i, are uniquely determined in terms of
partial derivatives of the coefflc‘;lenézsZ andyﬂ of the original vector field’, together with
the pure jet variableé;yfl, Y i,.;)’ by means of the followindqundamental inductive
formulas(JOL1979], [011986], [BK1989])):
(
Y =D} ( Z D} (X*) i,

Y, = D2 ( D} (x%) ,

(1.31) LR Z ) vha

n
j K j E 1 k J
Yzl 09, D (Yn 09,0 ) - Dzh (X ) yi177;27___77;n717k;7
\ k=1

where, for everyA € N with 0 < A\ < «, and for everyi € N with 1 < i < n, thei'-th
\-th order total differentiation operatd?) was defined in (1.22) above.

Problem 1.32. Applying these inductive formulas, find totally explicihgaete formulas
for the k-th prolongationZ ).

The present article is devoted to provide all the desirechidas.

1.33. Methodology of induction. We have the intention of presenting our results in a
purely inductive style, based on several thorough visualgarisons between massive
formulas which will be written and commented in four diffeteases:

(i) n=1andm = 1; k > 1 arbitrary;
(i) n > 1andm = 1; k > 1 arbitrary;
(i) n=1andm > 1; k > 1 arbitrary;
(iv) general case: > 1 andm > 1; k > 1 arbitrary.

Accordingly, we shall particularize and slightly lightemronotations in each of the
three (preliminary) cases (i) [Section 2], (ii) [Sectionadid (iii) [Section 4].
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§2. ONE INDEPENDENT VARIABLE AND ONE DEPENDENT VARIABLE

2.1. Simplified adapted notations.Assumen = 1 andm = 1, letk € Nwith x > 1 and
simply denote the jet variables by:

(22) (%?/,?/1,?/27~--ayn) € \71’71'

The k-th prolongation of a vector field = X a% +Y a% will be denoted by:

(2.3) LW:X%+y%+Yl%+Yzaiw+m+Ynai

The coefficientsy{, Y,, ..., Y, are computed by means of the inductive formulas:
Y, :=D'(Y) - D'(X)u,

(2.4) Y2 = D*(Y1) = DY(X) ys,
Y, = D"(Ys1) — DHX) ys,

where, forl < A < &:

(2.5) DA::%+y1%+ygaiw+-~ +yA6y?_1

By direct elementary computations, fer= 1 and forx = 2, we obtain the following two
very classical formulas :

Y=Y+ [V, — Xy + [=&] ()
(2.6) Yo =V,2 + [2 yxy - sz] Y1+ [yy2 -2 Xxy] (yl)2 + [_Xyz] (yl)g+
+ [Vy = 2X,] y2 + [-3X,] v1 92

Our main objective is talevise the general combinatoric¥hus, to attain this aim, we
have to achieve patiently formal computations of the negffa@entsY;, Y, andY;. We
systematically use parenthegggo single out every coefficient of the polynomidfs,
Y, and Y5 in the pure jet variableg,, y», y3, y4 andys, putting every sign inside these
parentheses. We always put the monomials in the pure jetblasy, 2, y3, y4 andys
after the parentheses. For completeness, let us providatdrenediate computation of
the third coefficieniY ;. In detalil:
Y; =D’ (Yy) — D! (X) ys
0 0 0 0
<8x+y18y+yzayl+ygay2) (y2+[ Yy 2] 1+

+ [yy2 -2 Xﬂﬁy] (?/1)2 + [_Xzﬂ] (?/1)3+
+ Yy = 22Xy + [-3X, ] n yz)

= + [2 ym2y - Xm3] ?/1@ + [y:vy2 -2 Xx2y] (?/1)2@ + [_X:vyz] (91)3E+
(2.7) + [Vay — 2 X52] Yot [—3 Xy Yrbary + [Vaz,] Yyt
+ [2 ya:y2 — Xﬂy] (yl)QE + [yy3 —2 Xxyz] (?/1)3E + [_Xy?’] (y1)4{5+
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+ [yy2 —2 Xl‘y] y1y2E +[-3 XyQ] (3/1)23/2[] 2 Voy — X,z y2D

+ V2 — QXxy] 2y1yzm + [ X,2] 3(11)? y2D [—3X,] (12)? D+

+D7y ]?/3- +[-3 ]?/193-
— X, ]3/3@ X, ]%ZB@

We have underlined all the terms with a number appended. Bawctber refers to the
order of appearance of the terms in the final simplified exgpo@sof Y3, also written

in [BK1989] with different notations:

= Vs + [3Va2y — Xos] 41 + [3 Vg2 — 3 X2y ] (11)°+
+ [ Vyp = 3 X2 (1) + [~ X (91)* + [3 Yy — 3 Xie] gt
+[8Yye — 9 X 19z + [-6 Xp2] (1) %2 + [-3 4] (92)*+
+ [y = 3 X ys + [—4 X ] y1ys.

After similar manual computations, the intermediate detaii which we will not copy in
this Latex file, we get the desired expression¥gfand of Y. Firstly:

Y= Vo + [AVpsy — Xpa] y1 + [6 V22 — 4 X, ] (11)°+

+ [4 Vs = 6 Xp2p2] (y1)® + [Vyr — 4X,0] ()" + [~ Xy] (11)°+
(6,2, — ] Y2 + [12 V2 — 18 X2, | y1y2+

(6, —24 Xzy 2] (y1)%y2 + [—10X,3] (y1)*yot

[3y 2 = 12X (12)” + [15 X,2] 1 (1)*+

[4 Yoy — 6 X,2]ys + [4V,2 — 16 Xoy ] yays + [—10 X,2] (y1)°ys+
[—10 Xy ] yoys + [Vy — 4 Xy ya + [—5 Xy] y1y4.

(2.8)

(2.9)

+++++

Secondly:

Y5 = Vos + [5 sy — Xos] g1 + [10Vas,2 — 5 Xpa, ] (11)*+

[10 ym 28 = 10 Xy 2] (41)° 4 [5 Yyt — 10 Xp2p] (1) +

[Vys =5 X (y )5 + [=Xy5] (01)° + [10 Vs — 5 Xa ] yo+

[30 Varye = 30 Xy | y1ya + [30 Vpys — 60 Xy2y2] (y1) 2+

(10,0 — 50 X,.,5] (y 1)%y2 + [—15X,4] (1) "yt

2.10) [15 Va2 = 30 X2y | (y2)* + [15 V0 — 75 Xy ] 91 (32)°+

(=45 X,8] (y1)%(y2)* + [-15 X,2] (12)°+

[10 Yy2,, — 10 Xxs] Y3+ [20 Vyye — 40 X2y | y1ys+

(105 — 50 Xy2] (y1)%ys + [—20 Xya | (1) ys+

[10Y,2 — 50 Xaﬂy] Yoys + [—60 X2 ] yryays + [—10 X] (y3)*+

5Vey — 10 Xp2] ya + 52 — 25 Xy | yrya + [—15 X2 ] (y1)?ya+
15Xy yays + [Vy — 5 X, ys + [—6 Xy y1ys.

2.11. Formal inspection, formal intuition and formal induction. Now, we have to

comment these formulas. We have written in length the fivgrmpmhialsY, Y, Y3,

Y, andY in the pure jet variableg,, y-, 3, y4 andys. Except the first “constant” term
V., all the monomials in the expression¥f, are of the general form

(212) (yh)m (y>\2)u2 e (ykd)ud 5

N
N
N
+
+
N
N
N
N

[
+[-
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for some positive integet > 1, for some collection of strictly increasing jet indices:
(2.13) 1< A< A<~ < A<k

and for some positive integers, . . ., g > 1. This and the next combinatorial facts may
be confirmed by reading the formulas giviNg, Y,, Y3, Y, andYs5. It follows that the
integerd satisfies the inequality < « + 1. To include the first “constant” tery,-, we
shall make the convention that puttidg= 0 in the monomial (2.12) yields the constant
term1.

Furthermore, by inspecting the formulas giviNg, Y, Y3, Y, andY;, we see that
the following inequality should be satisfied:

(2.14) HIAL + foAe + -+ pgAg < K+ 1

For instance, in the expression¥f,, the two monomials$y, )y, andy; (y»)* do appear,
but the two monomialsy, )*y, and(y1)?(y2)? cannot appear. All coefficients of the pure
jet monomials are of the general form:

(2.15) [AY,ays1 — B Xpariys]

for some nonnegative integefs B, «, 3 € N. Sometimesi is zero, butB is zero only for
the (constant, with respect to pure jet variables) tgtm Importantly,X is differentiated
once more with respect toand) is differentiated once more with respectitoAgain,
this may be confirmed by reading all the terms in the formutas\f;, Y,, Y3, Y, and

Ys.

In addition, we claim that there is a link between the couplg?) and the collection
{p1, A1, ..., pa, Aa}- To discover it, let us write some of the monomials appeairinte
expressions oY 4 (first column) and ofY 5 (second column), for instance:

( [6 yz 242 4)( 3 ] (yl)z, [5 yxy4 — 10 szys] (y1)4,

12 Vo2 — 18 X2y | 1190, 30 Vs — 60 Xy2y2] (y1) v,

(2.16) (10 Xys] (1) w2, (=15 X,] (11) e,
[4 Y2 — 16 Xyy] 113, [10 Y,z — 50 Xy y2ys,

L [—10 X,2] (1) w3, [—60 Xy2] Y123

After some reflection, we discover the hidden intuitive rulee partial derivatives oy
and of X’ associated with the monomig},, )** - - - (y», )"+ are, respectively:

{ yxﬁ—fqh—'”—ud/\d yH1t i

XIN*/H Al mhgAg Tl gt =1

(2.17)

This may be checked on each of tHeexamples (2.16) above.

Now that we have explored and discovered the combinatadribegure jet monomials,
of the partial derivatives and of the complete sum giving we may express that it is of
the foIIowing general form:

k41
Yooney % > >
d=1 1S <-<XA<kh i 2lpa2l pi i+ +pgAa<k+1

(218) [A/({ul’)\l) 7777 (:u'dvAd) .

yg;”*#l AL= TR yH Tt T

17)\1 7777 7>\
—B,(_j‘ )y (HdsAa) Xi&—ulxl—---—udxdﬂyu1+---+ud—1} .

\ ’ (y)q)m T (y)\d)ud'
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Here, we separate the first tegh. from the general sum; it is the constant termvip,
which itself is a polynomial with respect to the jet varialg. In this general formula, the

only remalnlng unknowns are the nonnegative integer cwﬁﬂlsA (A (uada) o

their exact value.
At present, even if we are unable to devise their expliciregpion, we may observe

that the value of the special integer coefficienﬁgl’l) andBffl“’l) which are attached to

the monomialst., y1, (y1)?, (y1)3, (y1)* and(y,)> are simple. Indeed, by inspecting the
first terms in the expressions &f;, Y3, Y3, Y, and Y5, we of course recognize the
binomial coefficients. In general:

Lemma 2.19.For x > 1,

(2.20) yx”+z [( ) AN (Ail) Xprmatiyr- } (y)*+

+ [—Xyﬁ] (y1)" + remainder,
where the termmemainder collects all remaining monomials in the pure jet variables.

In addition, let us remind what we have observed and used iredqus co-signed
work.

Lemma 2.21. ([GM2003a], p. 536)or ~ > 4, nine among the monomials &f, are of
the following general form

Y. = Vo + [Cf Von-1y — Xow| 1 + [CF Vw2 — Cp Xypnt | Yo+
+ [C’E Vrzy — Cy Xx?’] Yr—2 T [C,i Yy — C2 Xﬁ] Yr—11
+ [Ch Ve — K Xy y1y—1 + [—C2 X,] oy +
+ [V, — ct X, + [—C’;H X, ] y1ys + remainder,

(2.22)

where the ternremainder denotes all the remaining monomials, and whéte :=

ﬁ'),» is a notation for the binomial coefficient which occupiesslepace in Latex

“equation mode” than the classical notation

(2.23) (’;) .

Now, we state directly the final theorem, without furtheruotive or intuitive informa-
tion.

Theorem 2.24.For x > 1, we have

k+1

SRS IS SUED SR S

d=1 1< << <k 2l pqg2l pidi+-Fpgrhg<s+1

/{"'(/{_Ml)\l_"'_udAd+1),y \ R _
(2.25) (/\1!)u1 gyl (/\d!)ud fhg! ZRTHIAL =l A g1t
_li---(li—ul)q —"‘—Md>\d+2)(ﬂl>‘1 +"'+Md>‘d),
(A gl (Agh)ka pg!

: ng"@—ﬂlf\l—---—udAd‘H yh1 g1 (y)\l)ﬂl s (y)\d)ud
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Once the correct theorem is formulated, its proof followsasgessible induction ar-
guments which will not be developed here. It is better to icme through and to ex-
amine thorougly the case of several variables, since ithélp us considerably to ex-

plain how we discovered the exact values of the integer aveffis AV )t gng
B,(im A1)y (HasAd)

2.26. Verification and application. Before proceeding further, let us rapidly verify that
the above general formula (2.25) is correct by inspecting itvétances extracted from
Ys.

Firstly, the coefficient ofy,)?y; in Y is obtained by puttings = 5, d = 2, A\, = 1,
11 = 3, Ay = 3andu, = 1 in the general formula (2.25), which yields:

5:4-3-2-1-6

{0 EGUEEIE)ET Xy3:| = [—20 X}s].
This value is the same as in the original formula (2.10): cordtion.

Secondly, the coefficient af, (y2)? in Y5 is obtained by =5, d =2, A\, =1, u; = 1,
Ao = 2 anduy, = 2 in the general formula (2.25), which yields:
5~4-3~2-1y 5-4-3-2-5
(A)T 120227 T (a1l (21)2 2!
This value is the same as in the original formula (2.10); mgeonfirmation.
Finally, applying our general formula (2.25), we deducevieie ofY s without having

to useY 5 and the induction formula®.4), which shortens substantially the computations.
For the pleasure, we obtain:

Yo = Vyo + [6 V5, — Xoo] 41+ [15 Va2 — 6 X5, ] (11)*+

+ [20 V3,8 — 15 Xpaye] (y1)® + [15 Vyzys — 20 Xpaya] (y1)*+

[6 Vays — 15 X2ya] (1)° + [Vyo — 6 Xys] (51)° + [~ Xys] (1) +
(15 V1, — 6 Xys| y2 + [60 Vys,2 — 45 Xy | yr1yo+

(90 Vy2y3 — 120 Xysy2| (y1)2y2 + [60 Yyt — 150 Xy2y3] (y1)>yot
(15,5 — 90 X, 0] (y1) v + [—21 Xys] (1) g+

[45 V2,2 — 60 Xya,) ] (y2)® + (90 Vyys — 225 X2 | y1 (y2)*+
[45 Vs — 270 Xy ] (y1)*(y2)* + [~210 Xy ] (1) () +
(1505 — 90 X, ] (y2)? + [—105X,3] y1 (y2)*+

20 V3, — 15 Xm4] Y3 + [60 Vyz,2 — 80 Xysy | y1ys+
(60,5 — 150 Xy2p2] (y1)%y3 + [20 Vs — 120 X, ] (y1)Pys+
-

[

-

-

3

-

-

[

(2.27)

(2.28)

Xxyz} = (15,5 — T5 Xypo] .

(2.29)

35X, (y1)"ys + [60 V2 — 150 X2, | yoys+
60 Vys — 360 X2 ] y1yous + [—210 Xys] (y1) y2ys+

105 X,z ] (y2)%ys + [10 V2 — 60 Xy ] (y3)°+

70 X,2] y1(y3)® + [15 Vyzy — 20 Xy | yat

0 Va2 — 75 X2y | y1ya + [15 Vs — 90 Xy ] (y1)%yat

35 X,5] (y1)°ya + [15 V2 — 90 Xy | yoya+

105 X2 | y1y2ya + [—35 Xy ysya + [6 Yoy — 15 Xy2] ys+
6,2 — 36 Xuy] y1ys + [—21 X2 ] (11)%ws + [~21 Xy ] yays+
Yy — 62X, ys + [T X,y y1ys.

+ 4+ + + + + o+ +
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2.30. Deduction of the classical Fadi Bruno formula. Letz,y € K and letg = g(z),
f = f(y) be twoC>-smooth function& — K. Consider the compositiol := f o g,
namelyh(z) = f(g(z)). ForA € N with A > 1, simply denote by, the A-th derivative

d)\ H H . d)\
== and similarly forh,. Also, abbreviatef, := W{

By the classical formula for the derivative of a compositediion, we havé,, = f; g;.
Further computations provide the following list of subsexjuderivatives oh:

(h1 = f1g1,
ho = fo(g1)” + f1 2,
hs = f3(91)* + 3 f2.91 92 + f1 g3,
ha= f1(90)" +6f3(91)° g2+ 3 f2(92)° + 4 f201 93 + [1 g4,
hs = f5(91)° +10 f1(91)* g2 + 15 f3(91)* g5 + 10 f3 g1 (g2)*+
+10 f2 9293+ 5 f291 94 + 1 95,

he = fo (91)° + 15 f5 (91)* g2 + 45 f1(91)” (92)* + 15 f5 (g2)*+

+20 f1(91)* g3 + 60 f391 g2 93 + 10 f2 (g3)* + 15 f3(91)* ga+
+15 f2 9294+ 6 f2.91 95 + f1 gs.

(2.31)

Theorem 2.32.For every integerx > 1, the k-th derivative of the composite function
h = f o g may be expressed as an explicit polynomial in the partiaivdives of f and
of g having integer coefficients

I SHED YD SHED S

(2_33) d=1 1< <<Ag<k 121, pa 21 pr e+ pgAg=k
Kl d,u1+---+udf d)‘lg H1 d’\dg Hd
)t gl (AgD#a pg! dyrt=tma \da™ ) sy :

This is the classicdfaa di Bruno formula Interestingly, we observe that this formula
is included as a subpart of the general formula¥qr after a suitable translation. Indeed,
in the formulas forY, Y, Y3, Y4, Y5, Y and in the general sum far,., pick only the
terms for whichu; Ay + - - - + ug g = x and dropX’, which yields:

)SIED SRS S S

(2.34) d=1 1A <<Ag<h 121,001 A+ +pghg=k

k!
pa jz
Lll!()\l!)’“ .. 'Md!()\d!)“d yy“”'"*“d} (?/Al) T (y)\d) ‘.

The similarity between the two formulas (2.33) and (2.34)aw clearly visible.
The Faa di Bruno formula may be established by means ofituiiiss of power series
([F1969], p. 222), by means of the umbral calculus ([CS139&] by means of some
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induction formulas, which we write for completeness. Defimedifferential operators
(2.35)

0 0
Fyi=gy~—+ -,
2:1=02 o g1 (fz 8f1>

0 0 0 0
+91<f2—+f3—+" + fia )
1 1 Ofr—1

Then we have

hy = F?(hy),

hsy = F3(hy),
(2.36) 3 (h2)

hy = F*(hy_1)

§3. SEVERAL INDEPENDENT VARIABLES AND ONE DEPENDENT VARIABLE

3.1. Simplified adapted notations.As announced after the statement of Theorem 2.24,
it is only after we have treated the case of several indepgndeiables that we will
understand perfectly the general formula (2.25), validnea tase of one independent
variable and one dependent variable. We will discover masgirmal computations,
exciting our computational intuition.

Thus, assume > 1 andm = 1, letk € N with x > 1 and simply denote (instead
of (1.2)) the jet variables by:

(32) (xivyayilvyil,iga' <y Yig g, iﬁ) .
Also, instead of (1.30), denote theth prolongation of a vector field by:

,
Le) = ZXZ —+ZY“8 +ZYM&(9 +

Yiy i
11=1 i1,i2=1 1,12

+-+ Z Yzl 12,...,0k %

L i1,i9,..., - 1,225k

(3.3)

The induction formulas are

e

Yi, = D} ( ZD (X%) v,

(3 4) Yil,ig :_ Z D Xk yll k>

n
R K 1 k
Yiiiain =D (Yiig i) — E D! (X") Yiyinoin 1 s

\ k=1

where the total differentiation operatof) are defined as in (1.22), dropping the sums
>, and the indiceg’.
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3.5. Two instructing explicit computations. To begin with, let us comput¥’;,. With

D = amn + Ui 5y 9 we have:
Y, = Z D} (X% yy,
(3.6) et :
- ymil + yy yi1 - Z Xkl ?/kl Z X;‘l yil ?/kl-
k1=1 k1=1

Searching for formal harmony and for coherence with the tdaf2.6),, we must include
the termy), y;, inside the sun} ;' _, [-] yx,. Using the Kronecker symbol, we may write:

n

(37) yy Yi, = Z [55‘11 yy] Yk -

ki=1

Also, we may rewrite the last term of (3.6) with a double sum:

n

(3.8) =Xy = Y [0 X vk ks

k=1 k1,ko=1

From now on and up to equation (3.39), we shall abbreviatesany) ,_, from 1 ton
as) .. Putting everything together, we get the final desired jpedrpression oY,

(3.9) yn+z (00 Yy = X8 Ty + D> [0 28] Y Y-
k1,k2

This completes the first explicit computation.
The second one is abolY;, ;,. It becomes more delicate, because several algebraic
transformations must be achieved until the final satisfyorghula is obtained. Our goal
is to present each step very carefully, explaining every dietail. Without such a care,
it would be impossible to claim that some of our subsequempzdations, for which we
will not provide the intermediate steps, may be redone amdiee Consequently, we
will expose our rules of formal computation thoroughly.
Replacing the value 6f; just obtained in the induction formula.4), and developing,
we may conduct the very first steps of the computation:

Yi1,i2 = Di22 (Yll) - Z Dz‘lg <Xkl) Yiq, k1
k1
0
= (a Zg—’_yZZ@ +Z ywkla ) (y i1 +Z |:(5k1 Xkl]ykl+
+ Z [_5f11 X;Q} ylﬂykz) - Z [Xkl + Yiy ngﬂ] Yiq

k1,k2 k1
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(3.10)

<8xl2> (y i+ Z [5k1 Xkl } Yk, + Z [—5?11 Xy]”} yk1yk2) +

k1,k2

k1,k2

<y22 ) (y i+ Z [5/61 Xkl } Vi, + Z [—5511 X;Q} yk1yk2) +

(Z Yia, k1 e ) (y i+ Z [5’?1 Xkl } Yk, + Z [—55?‘11 ij} yklykg) +
k1,k2
+ Z [ Xkl } Yk iq + Z [ } YiaYiq ,kq
k1

k k k
z19312 + Z |:5 i zi2y xillng} Yky T Z |: 5 ! zgy] Yk Yk T

k1,k2
K k
+ yxilyyb -+ Z [(5 1 yyy lly:| Yk Yis + Z [—51‘11 X;?JQ] Yk Yho Yin T
k1,ko
k k K
Z [5 'Yy — ] Yig, k1 T Z |:_5i11 X;@] YkaYio ey T Z [_5i11 XJQ] Yk Yiz o+
k1,ko k1,k2

+%: [_ }y,ﬂ“jtZ[ }ymyzlm

Some explanations are needed about the computation ofghisviaterms of line 11i,e.
about the passage from line 7 of (3.10) just above to line 14 hd#ve to compute:

(3.12) <Z Yio k1 %) (Z {7511,@11 X;w} yklyk‘z) .
k1 !

k1,k2

This term is of the form

(3.12) <Z Ap, %) (Z [Bkl,kz]y]ﬂykz) ,

k1 k1 ;k2

where the terms3,, ;, are independent of the pure first jet variabjes. By the rule of
Leibniz for the differentiation of a product, we may write

<Z Ak %) (Z [Bklvké]ykly]%) =

k1 k1,k2

(13 - _ > [Broks) s (Z Ay 75— (Ur, ) + > [Bryka] b (Z Apy 5— (’)y (Yo )

k‘l ,kz kl k2 :

= [Briko Uks Ak + Y [Brokol Uk Ars-
ki1,k2 ki1,k2
This is how we have written line 11 of (3.10).
Next, the first termd),.., v, in line 10 of (3.10) is not in a suitable shape. For reasons
of harmony and coherence, we must insert it inside a sum dothe) _, [-] y.,. Hence,
using the Kronecker symbol, we transform:

(314) yxily yig = Z |:5Zk21 yxily] yk;l'

k1
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Also, we must “summify” the seven other terms, remainingimes$ 10, 11 and 12
of (3.10). Sometimes, we use the symmelty,, = v, ., Without mention. Similarly,
we get:

Z [5k1 yyy Z1y] Yk Yin = Z |:5Z/€11 522 yyy 522 szlly] Yk1 Yk

k1 k1,k2

Z [_521 kagﬂ Yk YkoYin = Z [_5511 5ZSX;;] Ykr YkoYks

k1,ko k1,ko,ks
k k _ k1 <k k k
Z [5i11 Yy — & 1] Yki iz = Z [51'11 5i22 Yy — 5 ;X 1} Yk k2>
k1 k1,k2

o [0 AR ks = D [0 ] Yk Yres

k1,k2 k1,k2

§ ko ks vk
[_5i1 5i2 Xy j| yklyk%kS?
k17k27k3

(3.15)

kl k2 J— kl kg kg
E (=05 X2] Yk Yhosi = E (=05 02 X0 Yk Yo s
k1,k2 k1,k2,k3

Z[ Xkl]y/ﬁu Z [ 5k2Xk1}yk1kga

k1 k1,k2

Z [_Xzfl] YirUki,in = Z [_X;Q] YioYka,in

k1 ko
Z [_51121 5513 X;ﬂ Yk Yko ks -

k1,k2,k3

In the sequel, for products of Kronecker symbols, it will meenient to adopt the fol-
lowing self-evident contracted notation:

(3.16) o o = o7 F2 generally : O o2 5"CA = §rukzhy

21,22 ) 21,12, )\

Re-inserting plainly these eight summified terms (3.14)1%B in the last expres-
sion (3.10) ofY,, 4, (lines 10, 11 and 12), we get:
(3.17)

k k k k
Yi i, = ywilng. + ; [6i11 ymy X 2113:12} Yk, T kzk: { 6 LY éy} Yk Yko T+
1 @ 1,k2 @
E1k
Z { zhl y] Yka + Z |:5Z11 222 yyy - 6k2 szll y] Yk Yko +
@ k1,k2 E
5k1,k3 5k1,k2 5k2 Xkl
+ Z i1, i Yk YkoUks T Z it i Yki ke T
k1,k2,ks E k1,k2 E
ko y kik
+ Z [ 5112, 123 } Yk1Yko ks + Z [ 5111 123 XkQ} Yk1Yka ks +
k1,k2,k3 @ k1,k2,k3 @
k1,k
+ Z [ (5192 Xkl } Ykike T Z [ 61217“3 Xk2i| Yky Yo s

k1,k2 E k1,k2,k3 @
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Next, we gather the underlined terms, ordering them acogrth their number. This
yields 6 collections of sums of monomials in the pure jetalales:

Yil,iz = Vypit gio + Z |:5k1 12y + (55;1 yxily Xk111$12:| yk1+

Zl ’52 lgy 'Lly
k1,k2
k1,k
(3.18) + > [ Sitis Xy }yklykgykﬁ
k1,k2,k3

i Z [5k1,k2 _5k2 Xkl _5k2 Xkl] Yis ot

i1, 12
k1,k2

n Z [ 5k2 k3 Xkl (Skl ks XkQ (5k1 k3 XkQ} Yk Yko k3 -

21,12 11,12 12,141
k1,k2,k3

To attain the real perfect harmony, this last expressiorstitido be worked out a little
bit.
Lemma 3.19. The final expression of;

11,12

( Yil,ig - z13[:12 + Z 5k1 z2y + 55; yaﬁily X 1119312} ykl_'_

is as follows

- Z [55117522 Vyy — 5k1 X 5k1 xr ] Yky Yro +

7,2y lly
k1,k2
k1,k
(3.20) + > [ 0iy iy X, ’“} Ykr Yk Y+
k1,k2,k3
+ Z |:5f?11 Zk'22 5]61 sz 5k1 Xk2:| . k2+
k1,k2

+ >0 [ ek A — AR g

21,12 11,12 11,12
\ k1,k2,k3

Proof. As promised, we explain every tiny detail.

The first lines of (3.18) and of (3.20) are exactly the samer. the transformations
of terms in the second, in the third and in the fourth lines,use the following device.
Let Ty, , be an indexed quantity which is symmetri€, ., = Ty, x,. Let A, ,, be an
arbitrary indexed quantity. Then obviously:

(321) Z Akl,k‘z Tk17k2 = Z Ak27k1 Tkl,k‘z'
ki1,ko k1,k2

Similar relations hold with a quantity;, ;, .;, which is symmetric with respect to its
indices. Consequently, in the second, in the third and ifidbgh lines of (3.18), we may
permute freely certain indices in some of the terms insi@éehitackets. This yields the
passage from lines 2, 3 and 4 of (3.18) to lines 2, 3 and 4 00}3.2

It remains to explain how we pass from the fifth (last) linefi@) to the fifth (last) line
of (3.20). The bracket in the fifth line of (3.18) containseirterms:[—1 — 1T — T3].
The termT; involves the produc; ", which we rewrite ag;*’\", in order that, appears
beforei,. Then, we rewrite the three terms in the new orge¥, — 73 — 73], which
yields:
(322) Z [ 5k1,k3 sz 5193 k1 ng 5k2,k3 Xk?l Yhy Yo s -

11,42 i1,1%2 i1,1%2
k1,k2,ks
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It remains to observe that we can permigeandks in the first term—1T5, which yields
the last line of (3.20). The detailed proof is complete. O

3.23. Final perfect expression ofY;, ;, ;,. Thanks to similar (longer) computations, we
have obtained an expression %f, ;, ., which we consider to be in final harmonious
shape. Without copying the intermediate steps, let us wloten the result. The com-
ments which are necessary to read it and to interpret itjsistrbelow.

_ § kl k1 o k1 o k1
Yil,z‘g,ig - 11122123 + |:5 223y + 51'2 yxanSy + 51‘3 yxnxlzy - Xxi1$i2$i3:| yk1+

kl,kg klka klka
+ Z { in,iz Yassy? T 05y iy Yaizy2 05y iy Voiny2 =

k1,k2
k k k k k
A Y L e S P zlwy] Yiey Yhea -
k1,ko,k3 kl,kz ks kl,kz ks kl,kz ks
+ Z [611,12,13 y 6@1 i2 XmiSy 6@1 i3 Xmizy 6@2 i3 XmilyQ} Yk Yka Yks
k1,k2,k3
k1,ka,ks yk
+ Z [ 511,12 i3 Xy??] Yky Yo Yk Yk T
k1,k2,k3,ka

k1Ko k1,ka k1, ko
+ Z [611 12 y zi3y +6Z3 1 y zi2y +512 i3 87 zily

k1,k2
5k1 223313 5k1 zlng 5k1 lelQ Yk kot
(3.24) £ 00 [ e O Ve R
1,k2,k3
_5511,2122 Xk%y _ 5!613,21621 Xk’?gy - 55912711923 Xk;llgy_
5511”22 szgzy _ 5513’721 fﬁéy 5216127,2113 :ZIQy
5!“217,2122 Xfi?:ly ZS,’Q,I Xfiy 22,75933 f}ly} Yty Yoo+

k1,k2,ks pk ko,k3, k1 pk ks,k2,k1 pk
+ [5 X o) Xl ghelah

11,12,13 11,12,13 11,22,%3 "y
k1,k2,k3,ka
k3,k4,k1 ko k3,k1,k4 ko k1,k3,k4 ko
621 22 23 X - 611 12 Z3 X - 621 22 23 X yklkayk3,k4+
k1,k2,ks kg ko,k3,k1 kg k3,k1,k2 kg
+ Z |:—621 22 i3 X - 5@1,@2 i3 X - 621 22 i3 X yk‘hk@yk&kél_'_
k1,k2,k3,ka

s [5k1,k2,k3 A e S A 5k1’k2xk3}yk‘1,k2,k‘3+

i1,12,13 i1,i2 “Tzi3 Q1,13 “xi2 Q2,13 gt
k1,ko,ks
k1,k2,ks kg ka,k1,k2 ks ks, ka,k1 ko ka,k3,kq
+ Z { Oy igis Xy~ Oiyin)is Xy~ ~ Oiv)in)is Xy~ Oiris,ig Xy | YkrYka ks ka-
k1,k2,k3,ka

3.25. Comments, analysis and inductionFirst of all, by comparing this expression
of Y;, ;,., With the expression (2.8) oY ;, we easily guess a part of the (inductional)
dictionary beween the cases= 1 and the case > 1. For instance, the three monomials
[(y1)®, [ y1ye and[-] (y1)? y2 in Y are replaced ifY;, ;, ;, by the following three sums:

(326) Z [] Yk kaykgn Z [] Yk ykg,kga and Z [] Yk ykzykg,k4-
k1,k2,k3 k1,k2,k3 k1,k2 k3, ka
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Similar formal correspondences may be observed for all tbeamials ofY, Y;,, of
Ys, Y, ., and of Y3, Y, ;, ;.. Generally and inductively speaking, the monomial

(327) H (yM)m e (yAd)ud

appearing in the expression (2.25)%f. should be replaced by a certain multiple sum
generalizing (3.26). However, it is necessary to think, amge and to search for an
appropriate formalism before writing down the desired mpidtsum.

The jet variabley,, should be replaced by a jet variable correspondingitg-é partial

derivative, SaYYky ... ke, wherek,,... ky, = 1,...,n. For the moment, to simplify
the discussion, we leave out the presence of a sum of the EH{" . - The p4-th
""" 1

power (y,, )" should be replacedot by (ykl,,,,,;ﬂl)m, but by a product of:; different

jet variables;y;ﬂ,m,;CAI of length A, with all indicesk, = 1,...,n being distinct This
rule may be confirmed by inspecting the expression¥ of of Y;, ;, and ofY;, ;, ;. SO
Yk:,...ky, Should be developed as a product of the form

(3.28) Yk,oskay Ykay11okaxn, =" Yk —1yng 410k ag 0
where
(3.29) Fiy ook kg = 1,001,

Consider now the produci,, )" (y»,)"*. How should it develope in the case of several
independent variables? For instance, in the expressidn,of ;,, we have developed the
product(y;)? y2 aSyk, Yk, Yks ks~ THUS, @ reasonable proposal of formalism would be that
the producty,,)"" (v,)"* should be developed as a product of the form

(3.30) Yki,ooskry Yhaggiekany " Yk —1)ag 110kugag
Ykpoag+1 kg txe " YRug g +(ug—1)ag+1r K A +ugrg ?

where

(331) k?l, ey k’Al, ey k:lﬂ)\l? ey ku1>\1+u2>\2 = 1, o, n.

However, when trying to write down the development of the egah monomial
(yr)™ (yan)" + -+ (yn,)", we would obtain the complicated product

Yki,oskay Ykx, p150k2x; 77 Yk 1) +10kuy 0
yk;41k1+17---7ku1k1+k2 T yk;tl/\1+(;42—1)k2+17---7k;41>\1+u2k2
yku1%1+---+ud71/\d,1+1 ----- Kugxy+tug_1rg_1+xa

U yk/'Ll)‘l+”"H"dfl)‘d—1+(’"‘d71))‘d+1""’k“1>‘1+'”+/"‘d>‘d .

Essentially, this product is still readable. However, irs@me of the integerk, have a
too long indexx, often involving a sum. Such a length @fwould be very inconvenient

in writing down and in reading the general Kronecker symlﬁé‘tsf::fﬁ which should
appear in the final expression &f;, ;.. One should read in advance Theorem 3.73
below to observe the presence of such multiple Kroneckebs{snConsequently, for

a=1,..., A1, ..., 1A+ - -+ pugAg, Wwe have to denote the indices k., differently.
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Notational Convention 3.33.We denote collection ofu; groups of)\; (a priori distinct)
integersk, = 1,...,n by

kl:l:lu tety kl:l:)\m ceey kl:,ul:h cee kl:,ul:)qu
VvV - ~" -

)\1 )\1

J

w1
Z{:Qzlzla ) ka:l:)\gja EIR) kQ:ugzla R k2:u2:)\27

(3.34) g y

Correspondingly, we identify the set
(38.35)  {1,... A1, Ay, ST F oA, S AL F oo + -+ pgAg )
of all integersa from 1 to py A1 + pe Ao + - - - + ugAg With the following specific set

(3.36) {11, LAy, o LA, o, 20 Agy e d g Ag )
_}\:_/
H1A1
1AL Fp2A2

HIAL Fp2d2 4+ g Ag

written in a lexicographic way which emphasizes clearlygbbdivision ind collections
of 4 groups of)\; integers.

With this notation at hand, we see that the development,varakindependent vari-
ables, of the general monomialy, )" - - - (v»,)""*, may be written as follows:

(337) ykl:l:lv---vkl:l:)\l T ykl:ulilwnvklzul:)\l e ykd:l:h"'vkd:l:)\d ...... ykd:ud:lwnvkd:ud:)\d'

Formally speaking, this expression is better than (3.38)n¢yproduct symbols, we may
even write it under the slightly more compact form

(338) H ykl:y1:17~~~yk1:u1:)\1 e H ykd:l/dzlv---vkd:ud:)\d'

IEZRNT 1<va<pa

Now that we have translated the monomial, we may add all therstion symbols:
the general expression &f,. (which generalizes our three previous examples (3.26)) wil
be of the form:

(3.39)
k+1

Y/{ — yxil...mir@ + é é § §
d=1 1< << <k pi2lpma 2l padi+-FugAg <1

n n n n

Z Z ...... Z Z

kl:l:la"'7k1:1:>\1:1 kl:y‘lila---vkl:;tlzklzl kd:l:lr--vkd:l:/\d:l kd:udzlr--ykd:ud:/\d:l

[’)] H ykl:ylzla---vkl:ylzkl e H ykd:ud:lv---vkd:udzkd'

1< < 1<vg<pa
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From now on, up to the end of the article, to be very precisewilleestitute the bounds

> ., of all the previously abbreviated sun)s,. This is justified by the fact that,

since we shall deal in Section 5 below simultaneously witless independent variables
(x',...,2™) and with several dependent variablgs, . . ., y™), we shall encounter sums
> ~,, not to be confused with sunms;_,.

3.40. Combinatorics of the Kronecker symbols.Our next task is to determine what
appears inside the brackd® of the above equation. We will treat this rather delicate
guestion very progressively. Inductively, we have to guess we may pass from the
bracketed term of (2.25), namely from

H<H_Ml)\l__ﬂd>\d+1)y B
N i Oy ] oMy g
(3.41) k(R A = = pgha + 2) (At - pada)
()\1!)#1 JRIERE ()\d!)ud fig!
. Xx'ﬂ*mh*“‘*udkfrl yu1+<~+ud71] 5

to the corresponding (still unknown) bracketed tg@h
First of all, we examine the following term, extracted frome tomplete expression of
Y, 4,4, (firstline of (3.24)):

(3.42) Z [5?11 Vyingisy + 5521 Virgizy + 5?; Vit ging — Xml?illxizxi?,} Yk -

k1=1

Here, the coefficien3 ),2, — X,s| of the monomialy, in Y3 is replaced by the above
bracketed terms.

Let us precisely analyze the combinatorics. Herg, is replaced bef}lx%iS, where
the lower indices,, is, i3 come fromY,, ,, ,, and where the upper indéx is the sum-
mation index. Also, the integeXin 3 ),., is replaced by a sum of exactly three terms,
each involving a single Kronecker symbil in which the lower index is always an index
1 = 11, 12, 13 and in which the upper index is always equal to the summatidexk;. By
the way, more generally, we immediately observe that alktlezessive positive integers

(3.43) 1,3,1,3,3,1,3,1,3,3,3,9,6,3,1, 3,4

appearing in the formula (2.8) fa¥'; are replaced, in the formula (3.24) faf;, ;, .., by
sums of exactly the same number of terms involving Kroneskerbols. This observation
will be a precious guide. Finally, in the symb¥t, if i is chosen among the st , iy, i},
for instance ifi = 4, it follows that the development @¥,2, necessarily involves the
remaining indices, for instan¢g,., s, Since there are three choices fof i, iy, i3, we
recover the numbe.

Next, comparingy,, — 2 X.,] (v1)? with the term

i3y

(3.44) > [k v, - ol

xi2y
k1,ko=1

k1 k1
- 5@'2 Xxily] Yk1Yka s

extracted from the complete expression¥gf ;, (second line of (3.18)), we learn and we
guess that the number of Kronecker symbols beJgres must be equal to the number of
indicesk, minus~. This rule is confirmed by examining the term (second andl tlimie
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of (3.24))
k1,k k1,k 1,k
> [51'11,@'22 Vaisyp + 033" Voizye + 03,357 Yarny2 =
(3.45) kuka
k:l k‘z k‘l k‘2 kl k?2
_5i1 Xxi2xi3y - 51'2 Xxilmi?)y - 5i3 Xmilxléy] yklyk27

developing3 V.2 — 3 X2, ] (y1)*.
Also, we may examine the following term

n

kl,kg k17k2 k17k2
Z |:5i1,i2 yxin”%yQ + 5@'1,1'3 yxiQ;pMy? + 51'1,@4 yxiQxiSyQ+

k1,ka=1
kika ny kika ny kika vy
(346) +5i2,i3 yxllx“lyQ + 5i2,z’4 yx11$'3y2 + 5i3,z’4 yx11$'2y2_
k‘l k:l k‘l k‘l kl k?l
_51'1 X$i2xi3xi4y - 51'2 Xxil$i2xi3y - 5i3 X$i1xi2$i4y_

k1 yki
_51-4 X$i1xi2xi3y] Y1 Yo

extracted fromY;, ;, ;, ;, and developing6 V,2,2 — 4 X,3,] (y1)?. We would like to men-
tion that we have not written the complete expressio¥ gf,, ;. ;,, because it would cover
two and a half printed pages.

By inspecting the way how the indices are permuted in theiplalKronecker symbols
of the first two lines of this expression (3.46), we obsenad the six terms correspond
exactly to the six possible choices of two complementargd couples of integers in
the set{1, 2, 3,4}, namely

{1,2} U {3,4}, {1,3} U {2,4}, {1,4} U{2,3},

(3.47) 2,3} U{1,4}, {2,4} U {1, 3}, {3,4yu{1,2}.

At this point, we start to devise the general combinatoBefore proceeding further, we
need some notation.

3.48. Permutation groups. For everyp € N with p > 1, we denote byS, the full
permutation group of the sét, 2,...,p — 1, p}. Its cardinal equals!. The lettersr and
7 will be used to denote an element®f. If p > 2, and if¢ € N satisfiesl < ¢ <p-—1,
we denote byS? the subset of permutations € &, satisfying the two collections of
inequalities

(349) o(l)<o(2)<---<0a(q) and olg+1) <o(g+2)<---<a(p).

The cardinal of57 equalsC} = Tt
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Lemma 3.50. For k > 1, the development d2.20)to several independent variables
(', ... z")is:

n
oo R o ) k1 ) ) k1
Yissiasnin = Votraoain + 2 | D Oty Vytewr ety ~ Koo | Ya+

ki=1 |re&L i

. Z

k1, ko ) ) o Z k1 ko
+ Z Z 61}(1)7@'7(2) y:rlf<3)---:rlf<”)y2 51}(1) Xm%(z),,,xif(n)y Yk Ykot

k1,ka=1 |7€62 TEGL ]

ki, ko, _
+ Z Z 67(1) ir(2); ZT<3)y“<4> 2T y3

k1,ko,k3=1 | r€eG3

(3.51)
. kl, ko k3
Z T<1>ZT<2> e Rk
TEGZ

_|_ ...... _|_

n

kla _ Z kl, ...... ,kn—l kﬁ o e

+ Z 611, yy“ 5i7(1)=---=i7(~—1) Xmi“”)y”_l Yk Ui
k1,...kk=1 7_66:_1

n

Ketyookr 2ok .
+ Z [ O X "““] Yki * YknYknyr T remainder.
k17~~~7kmkn+1:1

Here, the termremainder collects all remaining monomials in the pure jet variables
z/klyn'7kA

3.52. Continuation. Thus, we have devised how the parf¥f _; which involves only
the jet variableg,, must be written. To proceed further, we shall examine thieviohg
term, extracted fronY;, ;, ;, (lines 12 and 13 of (3.24))

k1,k2,ks ks k2,k3,k1 qrky k3.ko,k1 ks
E : [ 521 i2,13 X - 521 ia,13 X - 511712 i3 X
(3.53) k1,k2,k3,k4

k3, ka,k1 ko ks,k1,ka ko k1,k3,ka
_5“,22 i3 X 521 22 i3 X 521 22 i3 X :| yklkayk37k47

which developes the terfr-6 X,2] (y1)y» of Y3 (third line of (2.8)). During the compu-
tation which led us to the final expression (3.24), we orgashithe formula in order that,
in the six Kronecker symbols, the lower indicgsis, i3 are all written in the same order.
But then,what is the rule for the appearance of the four upper indiceg,, k3, k4?

In April 2001, we discovered the rule by inspecting both 83.&nd the following com-
plicated term, extracted from the complete expressioW of, ;, ;, written in one of our
manuscripts:

k1,ko,ks ko,k1,ks k2,k3,k1
E : |:5217 i2, i3 y tay? + 511 i2, i3 y iay? +0; Y 14?/2_'_

i1, 12, 13
k1,k2,ks

+ 5k1,k2,k3 Y . + 5k2,k1,k3 y . + 5k2,k3,k1 y

i1, d2, 4 YTy i1, 12, 14 3y i1, 12, 14 ’3y2+

(3.54) k1 ko k ko k1 k ko ks k
- ) sR3 2,~R1,R3 2,R3,~1
+511 i3, Z4y i2y2 +5l1 i3, Z4y t2y2 +5l1 i3, Z4y 22y2+

k1,ko,ks ko,k1,ks k2,k3,k1

_'_512 i3, Z4y 1y? +5l2 i3, Z4y i1y? +5l2 i3, Z4y y2 ™
k1,k ko k ko k.
51,2Xk‘3 52,1Xk‘3 _ Shaiks k1 _

11, 12 Z3;17'L4y 11, 12 231'243/ 21, 12 xi31i4y
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5k1 k2 yks 5k2 k1 yks 5k2,k3 k1 _
i1, i3 “Txl2piay i1, 13 “Tzpi2xidy i1, 13 “Tzi2xidy
o 5]61,]62 ks . 5]62,]61 ks . 5k2,k3 k1 o
i1, 14 “Tzi2xi3y i1, i “Tgi2zizy i1, 14 “Tgi2xi3y
_ 5k1,k2 k3 . 5]?2,]?1 k3 o 5k2,k3 k1 .
12,13 “Txilgidy 12,93 “Txilgiay 12,93 “Txllgiay
k1,k2 ks ka,k1 qoks3 ko,k3 1,k
B 5@2 iq X ziigizy 522 iq X 2123y 522 g “Txilzisy
k1,k2 ks ka,k1 k3 ko,k3 k1
5@3 i “riigioy 5@3 14 “rpiigioy 523 14 “rpiigioy yklyk%kS'

This sum developes the terft2 ), 2 — 18 X2, ] y1y» Of Y3 (third line of (2.9)). Let us
explain what are the formal rules.

In the bracketed terms of (3.53), there are no permutatidghefndicesiy, i, i3, but
there is a certain unknown subset of all the permutationseofdur indicesk, ko, k3, k4.
In the bracketed terms of (3.54), two combinatorics aregres

e there are some permutations of the indices$,, i3, 7, and
e there are some permutations of the indikgsks, ks.

Here, the permutations of the indicgsis,, i3, i, are easily guessed, since they are the
same as the permutations which were introducej8id8 above. Indeed, in the first four
lines of (3.54), we see the four decompositions

(3.55) {iy,d0,i3}U{ia},  {i1,d0,04}U{is},  {i1,d3,04}U{in},  {io,i3,94}U{i1},
of the set{iy, i, 3,14}, @and in the last six lines of (3.54), we see the six decomioosit
{i1,i2} U{iz,i4}, {i1,13} U {ig, 4}, {1,114} U{ig, i3},

{ig,i3} U {i1, 14}, {ig,is} U {iy, i3}, {is,is} U{iy,ia},

so that (3.54) may be written under the form

(3.56)

(3.57)
T(1> k7(2)7 7 (3) Z Z 7(1)7 @) y kr(3)
Z Z Z ir(1)yir(2)507(3) Yy 2T y2 ir(1)sir2) T RT3 gty Y1 Yk ks3>
kik2,k3 | Te&} o€? TG} 0€?

where in the two above sums __,, the lettero denotes a permutation of the dét 2, 3}
and where the sighrefers to two (still unknown) subset of the full permutat@oupSs;.
The only remaining question is to determine how the indiceare permuted in(3.53)
and in(3.54).

The answer may be guessed by looking at the permutationedfei k1, ko, k3, ks}
which stabilize the monomialy, v, vk, x, N (3.53): we clearly have the following four
symmetry relations between monomials:

(358) Yk Yko Yk ks = YkoYk1Yks ks = YkrYkoYka ks = YkoYki Yka ks>

and nothing more. Then the numlseof bracketed terms in (3.53) is exactly equal to the
cardinal24 = 4! of the full permutation group of the sék, k-, k3, k4 } divided by the
number4 of these symmetry relations. The set of permutation$ {1, 2, 3, 4} satisfying
these symmetry relations

(359) yk0(1>yka(2)yka(3),k0(4) = Yk, kaykSJM
consitutes a subgroup &, which we will denote b%(2,1)7(172)_ Furthermore, the coset

(3.60) oY = e,/ nP!
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(1233) (e31d) (said)
(3i72) (s1d2) (13i2)

which exactly appear as the permutations of the upper isdi€eur example (3.53). Of
course, the question arises whether the choice of suchiggentatives in the quotient
S4/9P 1 is legitimate.

Fortunately, we observe that after conjugation by any p&atanoc € 55512’1)’( , we
do not perturb any of the six terms of (3.53), for instancetthel term of (3.53) is not
perturbed, as shown by the following computation

ko (3):ko(2):ko(1) 1 K0 (a)
Z |:_5@'17 ia, i3 Xy2 Ykr Yo Yks kg =
k1,k2,k3,ka

_ _ ck3kak1 ko4
(3.62) - Z { 6i17 i2, 13 XyQ Yk, 1) Yk y—1(0) Yk, 13y Ky —1(a)
k1,k2,k3,ka

possesses the six representatives

(3.61)

_ W W W
_ N W N

=N N
- w = W
W N NN
- w = W

172)

— k3,k2,k1 Ko(4)
- Z {_5@ ia, i3 Xy2 Ykey Yko Yks ka
k1,ka k3 ka

thanks to the symmetry (3.59). Thus, as expected, the chbicarbitrary representatives

o € F2V02 in the bracketed terms of (3.53) is free. In conclusion, weehshown
that (3.53) may be written under the form:

ko’(l)vko'@)vko'(?)) ko’(4)
(363) E - E 5i1, ia, i3 Xy2 Yk1 Yo Yks ka s
k1,k2,k3,ka oegF 12

This rule is confirmed by inspecting (3.54) (as well as all otieer terms ofY;, ;, ;,
and ofY;, ;,,..,)- Indeed, the permutationsof the set{k, k,, k3} which stabilize the
monomialyy, yx, 1, consist just of the identity permutation and the transpwsif £, and

ks. The cosets;/H{""""? has the three representatives

123 123 123
(3.64) (123)’ (213)’ (231)’

which appear in the upper index position of each of the teesliaf (3.54). It follows
that (3.54) may be written under the form

k k k
o(1):Na(2)s7a(3) ) o
Z Z Z 5i7(1),i7(2)7i7(3) ysz(4) y?

ki,k2ks | re&? Uegél’l)v(lﬂ)

ko’(l)vko'(Z) Xko'(?))
}: E: 5@'7(1)@(2) i) gir () | YR Yk ks

ced? Tegém),(m)

(3.65)

3.66. General complete expression df;, ;.. As in the incomplete expression (3.39)
of Y;, ., considerintegers < \; < --- < A\g < kandy; > 1,...,pu > 1 satisfying
paAte s pgAa < K+L BY Dy 4ot WE denote the subgroup of permutations
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Spinit S, that leave unchanged the general monomial (3.38), namat\sttisfy

H yko(l:yl:l)7---=ko(1:y1:/\1) Y H yko(d:yd:l)7---7ko(d:udzkd) =

(3.67) 1<vigm 1Sva<pad
= H ykl:yl:la---yklzulz/\l e H ykd:yd:lv---vkd:ud:kd'
1<vrigm 1Sva<pad
The structure of this group may be described as follows. Feryee = 1,...,d, an

arbitrary permutatiom of the set

(3.68) {g: il en Lo, e 20l 60200, 0o ,\e:uezl,...,e:ue:)\g}
e Ae Ae

He

J

which leaves unchanged the monomial

(369) H yko’(e:yezl)7"'vko'(ezue:)\e) = H ykﬁ’/eih"”k‘i?l’ei)\e.

1SveSpe 1<ve Spe
uniquely decomposes as the composition of

e 1. arbitrary permutations of the. groups of). integers{e:v.:1,... e:v.: A},
of total cardinal(A.!)#<;
e an arbitrary permutation between thesegroups, of total cardinal.!.

Consequently

(3.70) Card (ﬁ(ul7>\1)7---a(ud,>\d)) = p (AP g (AP

HAAL+ g Ag

Finally, define the coset

Ao (B Aa) A1) 5o (g, A
(3.71) FUAA A = & s tuana /D )
with
Card (g(m,)\l),---v(udAd)) _ Card (6“1)‘1+"'+“d>‘d)
pid -t para Card (81,215 (s Aa)
(3.72) ¢ Do

_(mA A A paAa)!
pat Al pgt(Agh)pe

In conclusion, by means of this formalism, we may write dolma tomplete generaliza-
tion of Theorem 2.24 to several independent variables.
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Theorem 3.73.For everyx > 1 and for every choice of indicesiy, ..., i, In the set
{1,2,...,n}, the general expression &f;, ;. is as follows
(3.74)
r+1
Yil,...,’i,@ - y{ril---xim + Z Z Z Z

d=1 1M <-<Ng<k 2l pa 2l padi+-+pg g <+l

n n n n
kia:1,e0k110, =1 Eiipgatseskipg g =1 ka:ai1y-skaiag=1 Edpgitskdipgng=1

(B A1) 5eees (Bg A q) WIAT o Frghg
esﬂ'lklﬁh"‘ﬂ"d}\d ’7'66,i

ko‘(l:l:l)7"'7k0'(1:,u,1:)-\1)7"'vka(d:ud:)\d) aﬁ_ﬂlAl_"'_Nd)\d+ul+"'+ﬂdy

br(1)orebr(uaAg) s ol (A g Ag) 8$i7(#1>\1+~'+ud>\d+1) < Ol (ay)m—’—“""ﬂd o

-2 2

(11,31)5-- (g A q) 1AL+t pghg—1
TES N T hgrg | TEOR

SN — e — g A Ko (d:p ;-
ko(l:l:l)a"'ako(l:p,lzkl)7"'7ko(d:ud:>\d—1) O —HiAL HdAd+ 1+t g Y Ro(d:pg:dg)

iT(l)7"'7iT(u1/\1)7'"’ZT(H1%1+"'+l‘dkd_1) 8xi7(#1)\1+.4.+#d)\d) . 8£Ei7('i) (ay)ﬂlJF"'JﬂU«d*l

H ykl:yl:ly---yklzyl:)\l e H ykd:yd:h"'vkdzud:Ad :

I<vrigm 1SvasSpa

Since the fundamental monomials appearing in the last li§@.84) just above are not
independent of each other, this formula has still to be medli& little bit. We refer to
Section 6 for details.

3.75. Deduction of a multivariate Fa di Bruno formula. Letn € Nwithn > 1, let
r = (2',...,2") € K", letg = g(z',...,2") be aC>-smooth function fromK" to
K, lety € Kand letf = f(y) be aC> function fromK to K. The goal is to obtain
an explicit formula for the partial derivatives of the comsfimn i := f o g, hamely
h(z',...,z") == f(g(z',...,2")). ForA € N with A > 1 and for arbitrary indices
i1,...,ix = 1,...,n, we shall abbreviate the partial derivatigg% by g:,..., and

similarly for h;, ;.. The derivativefl;—{ will be abbreviated byf,.
Appying the chain rule, we may compute:

hil = f [921]
hihiz = f [921 912] + fl [921712]
hiyigsis = f3 91 i 9@3] + f2 9, Gigis + Giy i1 is + Gis 921,@2] + f1 [9@1,22713]
[

Pivsizisiia = fa19ir 9ia Gis 9ia) + 13 93z Gis Ginia T Gis Gir Gizsia + Gir iz Gis,ia+
+Giy Gia Ginsis + Gia Gis Gir iz + Gis Gis Girin) +
+ f2(9irin Gisia + Giris Ginyia + Girsia Ginis) +
+ f2(9iy Ginsiziia + Gis Girisyia + Gis Girinyia + Gis Girinyis) +
+ f1(9i1in,i3,ia] -

(3.76)
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Introducing the derivations

0
Z k15— T 9i <f2 <9—f1> ;

(3.77) kln 1 ) , )
Fz3 = Z ki + k1 kea,i + g; <f2 — + f3 —) ,
k1=1 0 k1 K1, ko=1 9 1,k2 afl 8f2
n n
0 G,
F =3 guig -+ D Gk — +
ki1=1 k1,ka=1 ’
n
0
+ Z Gk1,....kx_1,i 87""
ki,...kx_1=1 Ik k1,..nka—1
0 0
+gz‘<f28f +f38f +f)‘6f)\ 1)

we observe that the following induction relations hold:
hil,iQ = F2 (hh) )

(3.78) iats T g

— A .
hil,iz,---7 S Fz,\ (hi1,12,---7h—1) :

To obtain the explicit version of the Faa di Bruno in the ca$eseveral variables
(z',...,2™) and one variablg, it suffices to extract from the expressionf, ;. pro-
vided by Theorem 3.73 only the terms corresponding,to, + - - - + g A\q = &, dropping
all the X terms. After some simplifications and after a translatiom®ans of an elemen-

tary dictionary, we obtain a statement.

Theorem 3.79.For every integer. > 1 and for every choice of indices . . . , i, in the set
{1,2,...,n}, thes-th partial derivative of the composite functién= h(z!,... z") =
f(g(xt, ... ™)) with respect to the variableg", . . ., 2~ may be expressed as an explicit
polynomial depending on the derivativesfofon the partial derivatives of and having
integer coefficients

e Z 2. 2. 2

d=1 1< <<Ng<k p1 21 pma 21l g M-+ pghg=r

Mg
(3-80) Z H Oxlot) oL Hploivrag)

JES,(JLI Ao (girg) 1<vr <

g
H axia(d:udzl) e axia(d:udszkd)

1Sva<pd

du1+~~+udf
dy#1+"'+ﬂd

In this formula, the cosg¥ )22 was defined in equation (3.71); we have made
the identification:
(3.81) {1,.. .,k ={1:1:1, . Lo A, e A1 di g At

and also, for the sake of clarity, we have restituted the detainot abbreviated) notation
for the (partial) derivatives of and ofg.
We refer to Section 6 for the final writing of the above form(8z80).
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§4. ONE INDEPENDENT VARIABLE AND SEVERAL DEPENDENT VARIABLES

4.1. Simplified adapted notations.Assumen = 1 andm > 1, letk € Nwithx > 1
and simply denote the jet variables by (instead of (1.2)):

(4.2) (2,9 Y YY) € T
Instead of (1.30), denote theth prolongation of a vector field by:

( m m m
0 0 -0 .0
(k) — v 2 s j Y i Y
L _Xax+zy]8j+ZYlaj+ YQaj
i—1 Y i—1 n =1 Y
(4.3) " ) ’ ’
\ j=1 "
The induction formulas are:
Y/ .= D! (V7)) = D' (Xx) i,
. Y3 = D? (Y{) - D' ()3,
YJ = D*(Y{_,) - D' (X) ],

where the total differentiation operatal®' are denoted by (instead of (1.22)):

0 - 0 - 0 - 0
D=2 g 4 Lt g7
o2 oy T2y 2 MG

Applying the definitions in the first two lines of (4.4), we cpuate, we simplify and we
organize the results in a harmonious way, using in an esserdy the Kronecker symbol.
Here, the computations are more elementary than the cotigndafY;, and ofY;, ;,
achieved thoroughly in the previous Section 3, so that weal@rovide a Latex track of
the details. Firstly and secondly:

(4.5)

m
. . : ; 1 j I, 1
Y{ = y% + Z |:y;ll — 6{1 Xx] yll + Z |:_5IJ1 Xylg} yllyf,
l1=1 l1,la=1
Y=Y 200 - x| S [V, - 2]l
(46) =1 l1,l2=1
30 [0l Ay il + 37 [V, - o] 2wl
l1,l2,l3 I
m
j j Il
+ Z [—5{1 Xy — 0,2 Xyzl] Y1y
I ,la=1
Thirdly:
Yi=y,+Y [3 Vs =0 Xmg} i+ 3 [33’iyz1yz2 — 5 3Xx2y12} o
l1:1 l17l2:1
j ] 1,12, 1
(4.7) + ley@yzg -4, 3 mebyls} yLYryr+

l1,l2,l3

+ Z [_551 Xyl2y13yl4]

l1,l2,l3,l4

li,l2, 13,14

YTV

m
S [ st
I1=1
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NE

+ (339, 0 = 0, 8,0 = 81,6 %, |yl +

1

l1,l2

I
Ms

m
[_6{1 3Xy12y13 5 3X llylz} y1lyl12yl23 + Z [—5{3 3 Xyl2:| yély;2+

I1,l2,l3= l1,l2=1
m m . .
Z 0, = 3] b+ 30 o X — o 3 | ok
1=1 I1,la=1
Fourthly:
m m
Y AV = X [ YD (607 — O A X bl
l1=1 l1,la=1

m
j la, 1
+ Z |:4yiyl1yl2yl3 5 GX 2 lgyl3:| yl y12y13+

m
] j 1,12, 13,1
+ Z {yﬂ hytaysyls 51]1 4mel2yl3yl4} yligleylsylag

Yy
l1,l2,l3,l4=1
m m
E ’ J by, l2, 13 14, 15 § J J Il
+ |:_5l1 Xyl2yl3yl4yl5:| yl yl yl yl yl + |:6 y$2yl1 - 5l1 4X1‘3 y +
l1,l2,03,l4,l5=1 =1

NE

30 1299 = 06 e — 612X, | W+
I la=1
m
, » ; I 1
(4.8) + Y [6 Vi sass — O 12,0 — 0], 12 mellyIQ] gyttt
l1,l2,l3=1
m . .
+ Z [—5{1 6Xy12y13yz4 — 5{4 4Xyllyl2yls} yl11yl12yl13yl24+
l1,l2,l3,l4=1

m
+ Z [3 yg]/llyb - 51]1 12X } yély?""

l1,l2=1
m m
] ] Iy la 1 ] j l
+ 3 [—5{1 X 1y — 01, 12 xyllylg} g+ [4 Vi~ 0,6 Xﬁ] Y+
712,l3 1 l1=1

m

+ Z |:4y]l1 12_51]14X 2 _5] 12/1) }yllly?—i_
m

+ Z |: 5 4X12y13 5 6Xl1y12} y11y112y2l’,3+

m
j j Iy, 1
+ Z (81, 42,0 — 81,6 2, | byl +

1,lo=

m m . .

Z {yjzl - 5{1 4 ] Z [_5?1 Xyo — &, 4y vl
— I a=1

4.9. Inductive elaboration of the general formula. Now we compare the formula (2.9)
for Y, with the above formula (4.8) foY]. The goal is to find the rules of transformation
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and of development by inspecting several instances, inr dodgevise how to transform
and to develope the formula (2.25) to several dependerdblas.

First of all, we have to develope the general monortyal )" - - - (yx,)"*. In every
monomial present in the expressions¥f, of Y3, of Y} and of Y/ above, we see that
the number of indicesl; appearing in all the sumys ", _, is exactly equal tgi; +
-+ + pq. To denote thesg, + - - - + pq indicesls, we shall use the notation:

(4.10) by ool o laas - gy,
- ~~ g . ~~ g
p1 Hd
- ~~ >
M1t pg

inspired by Convention 3.33. With such a choice of notatisa,may avoid long sub-
scripts in the indicegg, like [, ....,,. It follows that the development of the general
monomial (y,, )" - - - (yx,)"¢ to several dependent variables yielas' "+« possible
choices:

(4-11) H yi\i”l ...... H yl;jd,

1<vrigm 1Svaspd
where the indicesly.,... Ly, la1, ..., lay, take their values in the set
{1,2,...,m}. Consequently, the general expressioiYdfmust be of the form:

k+1

J
Y=Vt > > >
d=1 1< << g<k 121, a2 pa A4+ pg g <p+1

m m m m

(4.12) E E ...... E E [?]
l1:1=1 ll:;q:l lg.1=1 ld:,u,d:1
ll:ul ld:ud
M o T v
IS 2N 1<va<pa

where the term in brackef®] is still unknown. To determine it, let us examine a few
instances.
According to (4.8) (fourth line), the ternt),:, — 4 X,s]y, of Y, developes as

S 6379]6‘23111 — 4 4)(363} Y in Y. Here, 6,2, just becomes yjéyll. Thus, we

(K N — - — g A1 .
suspect that the terr?*.(A(l’j)u‘flml!__.(Adl‘;ﬁdﬂ;,) “ Vpromrr——ngra g +-+ug OF the second line

of (2.25) should simply be developed as

Kk —1) (k= 1AL — - = pghg + 1)
(D il ()
aﬁ_ﬂl)‘l_"'_Nd>\d+ll1+"'+udyj

(ax)/fﬁulAlf...f,ud)\dayh;l R ayll:ul ce ayld:l . 8yldiud .

(4.13)

This rule is confirmed by inspecting all the other monomidl¥d, of Y3, of YJ and of
Y.

It remains to determine how we must develope the terdi mppearing in the last two
lines of (2.25). To begin with, let us rewrite in advance tieisn in the slightly different
shape, emphasizing a factorization:

(4.14)
Koo (k=A== pgha +2)
(MDAl (Aah)#d pg!

(1AL + -+ Md)\d)Xxn—mAl—---—udkdﬂym+---+ud—1] :
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Then we examine four instances extracted from the compkgtession oNﬁ:

( m

J l,l2
Z |: llyl2yl3 - 5[1 6 X{L'QyZQyZS] yl yl yl 5

2,l3=1

—
—

l1,

m
Z |:12 y] /2 5{1 6 XmQyZQ — (5{2 12 Xmlel] ylll yl22,
l1,l2=1
m
; j I 1
Z [—6?1 6 Xytaytayta — 6l]4 4 Xylly”yl?’} yllyfyl y2 ’
l1,l2,l3,l4=1

(4.15)

m
7 7 la 1
Z [—511 4 Xyl2yz3 — 513 6 Xyllyzz] y11y12y33,
l1,l2,l3=1

and we compare them to the corresponding terms of

[4yxy GX 2y ] (91)37
[12 yzy 18X 2 ]y1y2>
(10 X,5] (11)*v2.

[—10Xy2]( 1) ys3.

In the development from (4.16) to (4.15), we see that the fotagers just beforet’,
namely6 = 6, 18 = 6 + 12, 10 = 6 + 4 and10 = 4 + 6, are split in a certain manner.
Also, a single Kronecker symbéj is added as a factowhat are the rule®

In the second splitting8 = 6 + 12, we see that the relative weight 6fand of12 is
the same as the relative weightlodnd2 in the splitting3 = 1 + 2 issued from the lower
indices of the corresponding monomigly2. Similarly, in the third splittingl0 = 6 -+ 4,
the relative weight ofy and of4 is the same as the relative weightlof- 1 + 1 and of
2 issued from the lower indices of the corresponding monowiiaf?y'*y4. This rule
may be confirmed by inspecting all the other monomial¥ef Y}, of Ys, Y and of
Y., Y. For a generak > 1, the splitting of integers just amounts to decompose the
sum appearing inside the brackets of (4.14u@k;, pio s, . . ., ugAq. In fact, when we
wrote (4.14), we emphasized in advance the decomposalte fag\; + - - - + pgAg).

Next, we have to determine what is the subsctiph the Kronecker symb(ﬂlja. We
claim that in the four instances (4.15), the subscdips intrinsically related to weight
splitting. Indeed, recall that in the second line of (4.1t&g numbel6 of the splitting
18 = 6 + 12 is related to the numbadrin the splitting3 = 1 + 2 of the lower indices of
the monomial/'y/2. It follows that the index,, must bethe index; of the monomiaf;"*.
Similarly, also in the second line of (4.15), the numb2rof the splittingl18 = 6 + 12
being related to the numberin the splitting3 = 1 + 2 of the lower indices of the
monomialy''y2, it follows that the index,, attached to the second term must be the
index!, of the monomlay2 .

This rule is still ambiguous. Indeed, let us examine thalthire of (4.15). We have the
splitting 10 = 6 + 4, homologous to the splitting of relative weighits= (1 + 1+ 1) + 2
in the monomialyilylfyi?’yé‘1 Of course, it is clear that we must choose the index
l4 for the Kronecker symbol associated to the secahderm —4 Xz, thus obtaining
—87 42X, ., However, since the monomiaf'y;>yi* has three indices, i, andls,
there arises a questiomhat index/, must we choose for the Kronecker sym&jglat-
tached to the firsk’ term6 &s: the index/;, the index, or the indexs;?

(4.16)
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The answer is simpleany of the three indiceg, [, or I3 works Indeed, since the
monomiaky'' 12y is symmetric with respect to all permutations of the set mé¢findices
{ll, lg, lg}, we have
(4.17)

J by, la I3, la _
Z [_511 6 Xylzyl3yl4 YT Y1ryry =
11,l2,l3,l4=1

m

>

l1,l2,13,la=1

11,127123,:141
In fact, we have systematically used such symmetries duhiegntermediate computa-
tions (not exposed here) which we achieved manually to oliteg final expressions of
Y/, of Y}, of Y] and of YZ. To fix ideas, we have always choosen the first index. Here,
the first index isl;; in the first sum of line 9 of (4.8), the first ind€x for the second
weight12 is 5. ‘

This rule may be confirmed by inspecting all the monomial¥éf of Y7, of Y7 (and
also ong, which we have computed in a manuscript, but not copied slthtex file).

From these considerations, we deduce that for the generalfa, the weight decom-
position is simplyi; Ay, . . ., ugAg and that the Kronecker symbdj| is intrinsically associ-
ated to the weights. In conclusion, building on inductivas@nings, we have formulated
the following statement.

li, 02,13, la

[_51]2 6 Xyllyl3yl4] Y1Y191Y9 =

li, 02,13, la

[_51]3 6 Xyllyl2yl4] Y1Y1917Y9 -

Theorem 4.18. For one independent variable, for several dependent variables
(y',...,y™) and for x > 1, the general expression of the coefficievif of the
prolongation(4.3) of a vector field is

(4.19)

Kk+1

Yi=Vetd, )

2.

2.

d=1 1M <<Ag<Kk p1>1

-----

pazl pidite+pgAa<e+1

m

m

m

m

Kk —1) (k= piA + -+ pgAag + 2)

SRR SRR S S = L
o=l l1;#1:1 It ld:ud:l ()\1.):“1 H1? ()\d.)lu’d Hd:

_ 8H—M1)\1_“‘_Md)\d+ﬂl+"'+udyj 7]
(K — 1AL =+ — pgAg + 1)

(81‘)“7#1Al*"'fﬂdAdayllzl e 8yl1:ltl e ayld:l e ayldiud —
5]' A HF— AL = —praAgtpattpa
— Oy, M1 — _
l1:1 (856)“7“1)‘1*"'*“d)‘dJrl@yll:l .. aylliﬂl . 8yld:1 o ayldwd

; Gr—mA = —pgAatp et
-0

ld:l

HdAd

(ax)n—;u)\l—~~~—ud)\d+1ayl1;1 ... ayll:m - a/y\ldil

ll:ul ld:yd
II w I

1< 1<va<pad

oo ayldiud

Here, the notatio@l means that the partial derivative is dropped.

Since the fundamental monomials appearing in the last lié.©9) just above are not
independent of each other, this formula has still to be medi little bit. We refer to
Section 6 for details.

4.20. Deduction of a multivariate Fa di Bruno formula. Letm € Nwithm > 1, let
y= (.. .,y") e K™ letf = f(y',...,y™) be aC>*-smooth function fronK™ to K,
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letz € K and letg! = ¢g'(z),...,¢™ = ¢"(x) beC> functions fromK to K. The goal
is to obtain an explicit formula for the derivatives, wittspect tor, of the composition
h := fog, namelyh(z) := f(¢'(z),...,g™(x )). For A € N with A > 1, and for

j = 1,...,m, we shall abbreviate the derlvatl\iﬁ by gA and similarly forh,. The

partial derlvatlvesm will be abbreviated byf;, . ;,
Appying the chain rule, we may compute:

(4.21)
m
!
hl — Z fl1 glla
=1
m m
1 l2 l1
fll,lg 91 99 + fll 99
l1,l2=1 =1
m m m
l Iy 1 1
D A L L Lo S S N O
l1,l2,l3=1 l1,l2=1 hi=1
m m
lo I3 1 I s 1
hy = Z T o030 91 97 97 97 +6 Z Tt doiis 91 972 95 +
l1,l2,l3,l4=1 l1,l2,l3=1
m m m
o1 I 1 !
+3 Z fll,l2921 922+4 Z fl1,l2911 932+ Z fll .9417
l1,l2=1 l1,la=1 =1
m m
I3 lg s lo I3 1
hs = Z Fivtodsiots 95 9% 97 91 97° + 10 Z Fuutoisia 91 912 95 g5+
l1,l2,l3,l4,l5=1 l1,l2,l3,l4=1
m m
lo 1 1 lo 1
+15 Z finto s 91 65 g5 + 10 Z S o gs 91 97 95+
l1,l2,l3=1 l1,l2,l3=1
m m m
1 Iy 1 l
+ 10 Z fll,lz 921 932 + 5 Z fl1,l2 gll 942 + Z fl1 951
I ,la=1 I ,a=1 =1

Introducing the derivations
(4.22)

m

F2::Z

Z Z S 5 8f ;

=1 1 h=1 lo=1
m a m
3. I
FP=D oyt (Y g af £ hutni g af -
l1=1 1 l1=1 2 li=1 lo=1 2, =1 la,l3
m m m
0 0 0
P Y e Yt Y
1 3 51 DY
1=1 8911 =1 8921 l1=1 89}\1—1
m m 8
!
+ >4 th,lz f + Z Juods 57— af -+ Z Jutoiy 57— a7,
li=1 lo=1 oy, =1 2,13 lo,eyly=1 byl

)
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we observe that the following induction relations hold:

hy = F? (hy),

hs = F3 (hs),
(4.23) ’ (ha)

hy = F* (hy_1)

To obtain the explicit version of the Faa di Bruno in the cakene variabler and sev-
eral variablegy', ..., y™), it suffices to extract from the expression'¥{ provided by
Theorem 4.18 only the terms correspondingitd, + - - - + uqA\g = &, dropping all the
X terms. After some simplifications and after a translatiomisans of an elementary
dictionary, we may formulate a statement.

Theorem 4.24.For every integerx > 1, the x-th partial derivative of the composite
functionh = h(z) = f(g*(x),...,¢g™(x)) with respect tor may be expressed as an
explicit polynomial depending on the partial derivativésfoon the derivatives of and
having integer coefficients

(4. 25)

K!
o SEDS . > BT
d=1 1< <-<N\g<k p1 21,021 gy Mi+-+pghg=k ( 1) i ( d) fd

m m

ll:ly"'7l11;l,1:1 ld:lv---vld:udzl

au1+~~+udf d)\dgld vy
ayllzl e 6yl1¢#1 e ayldzl e 6yld4‘d H d.CCAl o H dx‘)‘d ’

1< < 1<vg<pa

dAlgllzul

We refer to Section 6 for the final writing of the above form(#a25).

§5. SEVERAL INDEPENDENT VARIABLES AND SEVERAL DEPENDENT VARIABRES

5.1. Expression onJ , of YJ i, and of Y/ Applying the induction (1.31) and

i1,i2,13"

working out the obtalned formulas until they take a perféete, we obtain firstly:

(52) Y, =, +> > [ah v, — ol k| + Z Z EnEarT s

=1 k1=1 l1,lo=1 ki,ko=1
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Secondly:
(5.3)
m n
J _ k1 ) k1 vy _ 5 kl
Yi1,i2 - yxilxiQ + Z [5 y xi2yh +5 y i1yl 6 11122} yk1+
I1=1 ki1=1
m n
kl,k2 J ] k1 ko _] k1 ko 11 1o
+ Z [21,Z2y11y12 _6 5 Xlzyll _5 5 Xnyll yk1yk2+
l1,l2=1 k1,k2=1
m n
j ck1,k2 1ks3
+ Z Z { 6 521,12 thyb yk1yk2yk3+
l1,l2,l3=1 k1,k2,k3=1
m n
kl,k2 J 7 ck1 ko k1 k‘g
+ Z Z [ 11, 2 yy _611 6i1 Xﬂ?i? _61 5 X yk1 k2+
I1=1 ki,ka=1
m n
kg,kg k‘l 7 k3,k1 k:2 i kl,kQ k‘3
+ Z Z [_6 611 io X _6 611 io X _6 521 io X /ﬂykzyks
l1,lo=1 ki1,ka,k3=1
Thirdly:
m n
J _ k1 vy kl J kl J _ 57 vk
Yi17i2,i3 _yxilxi2$i3 + Z Z [5 N 12x13y11 N 113;13:[/11 N zilgizyl 5l Xnggwxls] yk1+
=1 ki=1
m n
k1,k2 J kl,k2 J kl,k2 J
™ Z Z [11,22 Y zi3yliyl2 +0 13, 11 Y zi2yl1yle +0 i2, lsy ityliyle
l1,lo=1 ki,k2=1
Y k‘1 Y k2 J k‘1 b, l2
6 5 12 i3q01 6 6 11 i3yl 6 5 leZlel] yklyk2+
m n
k1,k2,k3 ~J k1,k2 yrks
+ Z Z [521,2271332113/123/13 _5 521,12 XziSyhylz_
l1,l2,l3=1 k1,k2,k3=1
_si skike _ 57 skik2
J 511 i3 Z2yl1yl2 9 512 i3 z1yl1yl2 yklkayk3+
m n
37 ck1,k2,k3 kg
+ Z Z [ 5 611722,13 Xyllyl2yl3 yk‘1yk‘2yk‘3yk‘4+
l1,l2,l3,la=1 k1,k2,k3,ks=1
m n
k1,k2 5 k1,k2 ~,7 k17k2 J
+ Z Z [6“ 12 Y i3yl 613 i1 Y zi2y 11 12713 Y zityll
I1=1 ki,ko=1
J sk1 ko _]/ﬁkz _jk1
o ol ks - o ok aks o otk L+
(5.4)

n
§ : § : k1,k2,k3 ~s7 ka,k1,k2 4,] ka,k3,k1 4,7
+ [611712 my yhiyl2 +6z1 i2, my yliyle +6z1 i2, my yliyle
l1,lo=1 ki,k2,k3=1

_5{152, SXk‘1 _5?15 2, leﬂ _ 5‘27'3/121?1

1, d2 “pizyle i1, i3 “xiz2yl2 11 Yo, i3 xllle_
_ 57 skskr pka 57 sksk pka _ sJ sks.k1 .
Y 5@1 i2 X zi3yl 5!2 521, i3 X zi2yh 5!2 12,13 “Txpiiyh
j k1,k2 J k1,k2 i cki,k2 ks
_6l2 621 12 X 13 o 612 6117 i3 X 12 Iy 612 6i27 i3 X Zlyll yklykg k‘3+
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m n
_sJ skika ks ks sf skaks,ky yksa o) skskaki ks
+ Z Z |: 513 5i17 i2, 13 XyllyZQ 513 5i17 i2, 13 XyllyZQ 513 51'1, i2, 13 XyllyZQ
l1,l2,l3=1 k1,k2,k3,ka=1
57 skskakr ko 57 ska,ki,ka ko N
512 i1, 12, 13 Xyllyl3 5l2 5i1, 12, 13 yllyl?;

J skikska ko b, la, 13
_512 i1, 42, i3 T yliyls Yier Vi Yiea ka T

m n

J cki,k2,k3 ks J cko,kak1 ks J ska,k1,k2 ks I lo
+ Y X [—5 5 Xk — o], ks — o, okl x }ykl,myk&m%—

lp Vi1, i2, i3 la Vi1, 12, 43 la Vix, iz, 43 Tyl
l1,l2=1 ki,k2,k3,ka=1

m n

kikoks Ny i skike yks  of skike pks 57 skike ks | DL
+Z Z [6 yyll Oy Xa:ia 9, 9; Xxlé 9, 0; X yk1,k2,k3+

11, 12,13 Iy i1, d2 Iy Vi1, i3 Iy Tig, i3 “Tzh
li=1 k1,ko,k3=1

m n
J cki,k2,k3 ks J ska,k1,k2 ks 3 ck3,kak1 ko
+ 5 S [o akheks ak o afuhuke aks o] gfkuk xhs

o “i1, 12, 13 lo Vi1, i2, i3 lo Vi1, d2, i3
l1,l2=1 ki1,k2,k3,ka=1

57 skoks,ka pk l1, 12
511 11, 12, 13 yl2] Yy Yio ks ks

5.5. Final synthesis.To obtain the general formula fmfgh.,.ﬂ.ﬂ, we have to achieve the
synthesis between the two formulas (3.74) and (4.19). Wewitth (3.74) and we modify
it until we reach the final formula on{h___’iK.

We have to add thg, +- - - 4 pqg SUMSY " | - -~ 2&1:1 ------ DDREE Ef;#dzl,
together with various indicds. About these indices, the only point which is not obvious
may be analyzed as follows.

A permutations € S,(fﬁfi)ﬂ(fﬁ; Y

o(1:1:1),...,0(1:1:Xy),...o(L:pg:1), ..o o(TipiAy), ...
coo(di1:1), o o(1i1i Ay, cco(dipg: ), o (d g N,

In the sixth line of (3.74), the last term(d : 14 : A\q) Of the above list appears as the
subscript of the upper indée¥; 4.,,,.»,) of the termX’*- (a0 According to the formal
rules of Theorem 4.19, we have to multiply the partial deivesof X*-(=:a20) by a certain
Kronecker symboJS{Q. The question iswhat is the subscript and how to denote®

As explained before the statement of Theorem 4.19, the gpbscis obtained as
follows. The termo(d: j14: \y) is of the form(e: vy : 7. ), for somee with 1 < e < d, for
somev, with 1 < v, < p. and for somey, with 1 < 4. < A.. The single pure jet variable

(5.7) vl

e:ue:la---yke:l/ewe a---ake:ue:ke

yields the list:

(5.6)

appears inside the total monomial

H ll:Vl H ld:ud
(58) yklil/l:la"'7k1:l)1:>\1 ykd:ud:la---akd:yd:/\d’

IEZRNTS Iva<pa

-----

total monomial generalizes to several dependent varidb&ettal monomial appearing
in the last line of (3.74)). According to the rule explainesfdre the statement of Theo-
rem 4.18, the indek, must be equal t¢..,, sincel..,, is attached to the monomial (5.7).
Coming back to the termi(d: uuq: \g), we shall denote this index by

(59) le:ue = lﬂ(e:l/e:’ye) = lﬂU(d:,ud:)\d)a
where the symbat denotes the projection from the set
(5.10) {1:1:0, 0 L A, e A1 di g Mg}
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to the set
(5.11) {1:1,.. Loy, ooydi 1, o drpg}

simply defined byr(e:v.:7v.) = (e:ve).

In conclusion, by means of this formalism, we may write doWwa tomplete gener-
alization of Theorems 2.24, 3.73 and 4.18 to several inddgarnvariables and several
dependent variables

Theorem 5.12.For j = 1,...,m, for everyx > 1 and for every choice of indices
i1, ..., i inthe sef{1,2,...,n}, the general expression &f] , is as follows
(5.13)

) K41
Ygl,. ik yjll ik dz Z Z Z
=1

IS < <A<k p1 2 pa 21 A+t pugAg <+l

m m m m
l1:1=1 ll:/,q:l lg1=1 ld:;l,d:1
n n n n
kl:l:l7---akl:l:/\1:1 kl:u1:17---akl:p,1:>\1:1 kd:l:la---7kd:1:>\d:1 kd:ud:lr-wkd:ud:/\d:l
B Z Z 5k0(1:1:1)7"'7ko'(1:/,1.1:)\1)7"'7ko'(d:,u,d:>\d) T
Lr(1)see ZT(;41>\1) aaaaa ZT(;41>\1+---+ud/\d)

(11,A1) 5 (g A g) 1A+ trgAg
E8ui a1t dngrg | €Ok

QA g Aatp et a ))
axiT(ul,\ﬁ---ﬂLd,\dH) .. ,8xi7(n)8yll:l .. @yld:ud
— Z Z 5{90(1:1:1)'7'"7ka(1:u1:/'\1) ----- ko(d:;td:/\d—l) .
T Wy At G AL A=)
1AL ) seees HgsAg H1ALt g A g —
Su Xt gy - TESw

a/’v*Hl)\l*-"*Hd)\dJrHl+"'+Hkav(d:ud:Ad)

j
Olotdinng ) ‘ —
I (d:pging) O At rara) . Pgir) Gyl .. aylﬂa(d:ud;xd) ...8yld:y.d ]
ll:ul ld vq
H ykl:y1:17~~~7k1:y1:)\1 e H ykd vg: 1e 7kd vq: )\d
I<vism 1<va<pa
In this formula, the cose}fﬁ;’ﬁ +L’:§’Ad) was defined in equation (3.71); as in Theo-
rem 3.73, we have made the identification:

(5.14) {1,.. .,k ={1:1:1, . Lo A, e A1 di g A}

Since the fundamental monomials appearing in the last I‘il(le. 99) just above are not
independent of each other, this formula has still to be medi little bit. We refer to
Section 6 for details.

5.15. Deduction of the most general multivariate Fa di Bruno formula. Letn € N
withn > 1, letx = (z,...,2") € K", letm € Nwithm > 1, let¢’ = ¢/(2!,... 2"),

j =1,...,m, beC>-smooth functions fronk" to K™, lety = (y',...,y™) € K™ and
let f = f(y',...,y™) be aC> function fromK™ to K. The goal is to obtain an explicit
formula for the partial derivatives of the composition= f o g, namely

(5.16) h(z',...,2") = f ( Yot o), g™ (2t ,x")) )
Forj=1,...,m,for\ € Nwith A > 1 and for arbltrarylndlcea, oiy=1,...,n,we
shall abbreviate the patrtial derivatl\ge— by g, and similarly forh“ . For

1.9 yeeesn
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arbitrary indices,,...,l, = 1,...,m, the partial derivativ%ylff%gyu will be abbreviated

by fl17--.,l>\'
Appying the chain rule, we may compute:
(5.17)

m
l
hil — Z fll |:gli:| )
=1
m
Il l
hiyin = Z Jur o [911 gzﬂ + Z T [gii,lé] )

l1,l2 1 =1
m
J— ll l2 13 ll l2
21712713 - Z fl17l27l3 |:gzl gi2 glg:| + Z fl1712 |:gll gig,lg + gzg gll i3 + glg gzl 2 +
l1,l2,l3=1 l1,la=1
m
I
+ > fu [Qimvz‘a] ;
=1
m
Rt o o s = 1 lo I3 la
11,02,83,04 — f117l27137l4 951 93 953 9iy | T
l1,l2,l3,la=1

1 la I3
Z fl17l27l3 |:gzg gig gi1724 + 923 gzl glg i4 + gll gzg 923 Z4+
l1,l2,l3=1

+gll 924 gZQ 13 + 922 gl4 ng (51 + gZS 924 911722:| +

m
§ : l1 l2
+ fll,l2 |:gi17@'2 gi3,14 + 911,23 922714 + 921,14 ng,ZS:| +
I1,la=1

m
1 2
+ Z fllvl? |:gi1 Gis iz ia + glz 911,23,24 + 923 921712 4 + 924 911,22713} +
I1,la=1

m
l
+> [gz'i,z‘z,z's,u} :

l1=1

Introducing the derivations

m m
Z Z kl, Z g Z li,lo 57 af s
k1=1 1=1 k1 li= lo=1
n m
3 .
B3 St 3 S i
klzl l1:1 kl kl kg 1 l1 1 gk17k2

m
+Zg§1 th,lg + Z Jidots 57— 8f -
273

=1 lo=1 Jia lo,l3=1

(5.18)
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Z Z kl, 11 + Z ng17k27 g +o Tt

k1=1 l1=1 k:1 k1,ko=1 l;=1 k‘l ko

)
+ Z nglv’%“"’“-“iaghiJr

kikoyenky_ =1 ;=1 K1yeky_1

m
+Z g Z fl1,l2 + Z Judods 55— 6f l
273

=1 lo=1 2 la,l3=1

0
et Z S 2, lA@fwm),

12,13,...,l>\ .....
we observe that the following induction relations hold:
hi17i2 = F;Qg (hi1) 5

(5.19) Bigisis = F (hisa).

_mA
hil,iz,---,iA - F;A (hilai%---yi/\—l) .

To obtain the explicit version of the Faa di Bruno in the ca$eseveral variables
(x',...,2") and several variablgg’, . . ., y™), it suffices to extract from the expression
of Y7 . provided by Theorem 5.12 only the terms corresponding 8g+- - -+ g \q =
k, dropping all theX terms. After some simplifications and after a translatiom®ans
of an elementary dictionary, we obtain the fourth and thetrgeseral multivariate Faa di
Bruno formula.

Theorem 5.20.For every integers > 1 and for every choice of indices, . . ., i, in the
set{1,2,...,n}, thex-th partial derivative of the composite function

(5.21) h=h(z .. 2" =Ff (gl(ajl, I N L ,x"))
with respect to the variables’, . . ., 2%~ may be expressed as an explicit polynomial de-
pending on the partial derivatives gf, on the partial derivatives of the’ and having

integer coefficients
(5.22)

3:17“ . 8:th Z Z Z Z

d=1 1S <<Ag<k 12l pma 2l A+ t+pgda=r
m m orttha f

Z ct e Z 6yl1:1 . e 8:1/11:#1 “ e 8yld:1 . 8yld:‘u’d

ll:ly---yll:/,q:l ld:lr--vld:ud:l

oM gl

> 11 -
axio(lzulzl) e 8xio(l:yl:/\1) T

(11,A1)5- (kg g) 1< <

oESk
8>\d gld:ud

H axio(d:ud:l) P axia(d:ud:/\d)

1Svaspd
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[1l: Systems of second order
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§1. EXPLICIT CHARACTERIZATIONS OF FLATNESS

In 1883, S. Lie obtained the following explicit charactetinn of the local equivalence
of a second order ordinary differential equatiéh)( y.. = F(z,y, y.) to the Newtonian
free particle equation with one degree of freedgm, = 0. All the functions are assumed
to be analytic.

Theorem 1.1.([Lie1883], pp. 362—-365)et K = R of C. Letx € K andy € K. A local
second order ordinary differential equatian.,. = F(z,y,y.) iS equivalent under an
invertible point transformatioitz, y) — (X (z,y), Y (z,y)) to the free particle equation
Yxx = 0if and only if the following two conditions are satisfied

() Fy.yov.y. = 0, Or equivalentlyF is a degree three polynomial i, namely there
exist four functiongr, H, L and M of (z, y) such thatF’ can be written as

(ii) the four function€~, H, L and M satisfy the following system of two second order
qguasi-linear partial differential equations

( 4 2
O:_Qny +§ :cy_gL:m:_'_
2 4
+2(GL)y—2G, M —AGM, +=HL, —~HH,,
(1.3) ) ) 3 3
0= 5 Hyy +5 Loy = 2 Mot
2 4
+2G M, +4G, M~ 2(HM), - S H,L+ 3 LL,.

\

Open question 1.4.Deduce an explicit necessary and sufficient condition ferasoci-
ated submanifold of solutions= Il(x, a, b) to be locally equivalent t&” = B + X A.

Assumingl’ = F(z,y,) to be independent of, or equivalently assumind ) to be:

(1.5) y=>b+1l(z,a),
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the author has checked that equivalence&te: B + X A holds if and only if two differ-
ential rational expressions annihilate:

Mg ey [y Moge (Mae2)®  Tlyege Mg
+15 4

4

(Lza) (Ma)” (M)’ (M)’
3
. 2, Haz5a4 +10 I Haﬁa?waz 15 Ilo2q (fo) and
(1.6) (H:m) (Hma) (H:m)
- | B 11,3, 11,2, B I1,3, 112,42 B 11,4, 11,2
(Me)® () (Moo)” ()’
Mg (y2,)” T, IT,0, I1,,2 (My20 ) Mg
+15 ) 10 w5 e
(Hma) (Hma) (H:va)

As an application, this characterizes local sphericity oiged hypersurfacer = w +
i©(z,z) of C2. The answer for a genergl = II(z, a, b), together with a proof, will
appear elsewhere.

A modern restitution of Lie’s original proof of Theorem 1.Jagnbe found in [Me2004].
In this reference, we generalize Theorem 1.1 to several mikgpe variablesy =
(y', 9% ...,y™). In the present Part Ill, we will instead pass to several peaelent vari-
ablesry = (z!,22,... 2").

Theorem 1.7.Let K = R or C, let n € N, suppose: > 2 and consider a sys-
tem of completely integrable partial differential equaisoin » independent variables
z = (x',...,2") € K" and in one dependent variablec K of the form

(18) Ypi1 g2 (ZC) = Fjl’jé (.T, y($)7y$1($€), s 73/1"(:6))7 1< j17j2 <n

where F/172 = FJ271 Under a local change of coordinates:,y) — (X,Y) =
(X (z,y),Y(x,y)), this systenfl1.8)is equivalent to theimplest‘flat” system

(19) YXJ'1XJ'2 - 0 1 < j17j2 < n

if and only if there existarbitraryfunctionsG;, ., H]’““llp, L;?j and M* of the variables
(z,y), for 1 < j1, j2, k1 < n, satisfying the two symmetry conditiofis, ;, = G, ;, and

HJ’?]Q HJ’“] , such that the equatiofi.8)is of the specific cubic polynomial form

- 1 1
(110) Ypit giz = Gjl,jQ + Z Yk (I‘[]kllj2 + 5 Yoin L i 5 Yodo L + Y31 Yy Mk ) y
ki=1

fOI‘jl,jg:l,...,n

It may seem quite paradoxical and counter-intuitive (omefase?) thakeverysys-
tem (1.10), forarbitrary choices of functions;;, ;,, HJ’?]Q, Lfll andM*:, is automatically
equivalent toY'yj; . = 0. However, a strong hidden assumption holds: thatashplete

integrability. Shortly, this crucial condition amounts to say that

(1.12) Dy, (Fiv72) = Dy, (F)
for all ji, 72,75 = 1,...,n, where, forj = 1,...,n, the D; are thetotal differentiation
operatorsiefined by
0
1.12 D= — ;=
(1.12) ji= o T Y + Z 6yxz
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These conditions are non-void precisely when> 2. More concretely, developing
out (1.11) when theé/+72 are of the specific cubic polynomial form (1.10), after some
nontrivial manual computation, we obtain the complicatedic differential polynomial

in the variablesgy,.». Equating to zero all the coefficients of this cubic polynaimwe
obtain four familes (I'), (1I'), (III") and (IV’) of first order partial differential equations
satisfied byG;, j,, H)" ;,, L5 andM*:

J1,J2?

n n
1] _ L . k1 R k1 .
(" {0 B Gj17j279633 Gj17j379632 + 2 : Hjl J2 levﬁ § : HJIJS Gkh”'
ki1=1 ki=1
(0 Sk ki k1 Ik
0= 5j3 GJMM/ 5]’2 GJLJ?HZJ + H 1,j2,273 Hj17j37xj2
1 1
+5 GJMJS L 9 Gjmz ng, +

2 5;611 Z Gk27j3 LkQ - 2 5;? Z Gk27j2 Lk2+

(I k:g 1 ka=1
n
k1 k‘z k1 ko

+3 L § Gy L2 — 5@3 Y Grogs L2+

ko=1 ko=1
n

k‘l k‘2 kl 2

+ Z Hk2 J3 HJl J2 Z Hk‘zdz J1,J3"

\ k2:1 kQ 1

4
_ ka) rrko(1) ko(2) rrko(1)
0= (5 R S
eSS
4= 5 ko (2) 1% koy _ 15/’?5(2) I Ko (1) 4
2 2 il 2 g3 Tl
0(2) ko (1) = 0(2) ko (1)
+2 05 Djyass = 3 5]1 Ly an™
Eo(2) ko ko (2) ko
+5 GJl ,J3 M — 5 GJ1 ,J2 M (1)‘|‘
a(l) ’fo<2) G Mk gFoor ko<2) G Mk
(|||1) k3.js J1, k3,52
kS 1 kg 1
1 5
o<1) } : ko2) rhs o(1) Z ko) 1ks
2 Jl Hks]aL 2 ]1 Hkssz +
k‘S 1 k:3 1
o<1) }: ko(2) kg L ko 2: ko) 1 ks
2 J2 Hks,Js L 9 5]3 Hk‘s 2J2 L +
kS 1 kg 1
o<1) } : ks o<2) L2 ¢)) Z ks o<2)
2 J3 Hjl \J2 ks 9 5]2 Hjl ]3 ) :
\ k3 1 ]{,‘3 1
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_ lkcr(a)ka(z) koqy L ko) ko) ko)
= 0. L. —_ L.+

2 73 J1 j2y 2 J2, jl j3y
ceG3

+5 Ko (3)s ’%<2> M o (1) _ s ko (3)ks(2) M a<1)+

x93 J3, g1 xI2

(V) & "
0(3) o(l) 0(2) ka4 _ 0(3) o(l) 0(2) ka
+5 § He® M § Hye® M4
k4 1 k4 1
0(1) k0(3) L cr(2) Lk4 o 1 kcr(l) k0(3) L 0(2) Lk4
T30 Z 301 Z '
\ k4=1 ka=1

(These systems (I'), (1), (III") and (IV’) should be distguished from the systems (1),
(1, (1) and (V) of Theorem 1.7 in [Me2004], although theare quite similar.) Here,

the indicesyy, jo, js, k1, ko, k3 vary in{1,2,...,n}. By &, and by&;, we denote the

permutation group of1, 2} and of{1, 2, 3}. To facilitate hand- and Latex-writing, partial
derivatives are denoted as indices after a comma; for iostéh, ;, ,s; is an abreviation

for G, ;,/0x7. To deduce (I'), (II'), (1II") and (IV’) from equation (1.1}, we use the

fact that every cubic polynomial equation of the form

0=A+ Z By » Ygry + Z Z Chriky * Yuh1 Yoo+

k1=1 k1=1 ko=1

+ Z Z Z Dkl koks © Yzkr Ygpka Ypks

k1=1 ka=1 ko=1
is equivalent to the annihilation of the following symmetsums of its coefficients:
0=A,
0 = By,
0= Chyy + Chy s
0= Dy koks + Dis ey ks + Droks ey T Dio by ks + Dis koky + Dy s ko

fora” ]{Z17l{}2,]{73 = 17...,71

In conclusion, the functions), ;,, HJ’?]Q, L;?j andM* in the statement of Theorem 1.7
are far from being arbitrary: they satisfy the complicatgdtem of first order partial
differential equations (I'), (II'), (1) and (IV’) above

Our proof of Theorem 1.7 is similar to the one provided in [\@2], in the case of
systems of second order ordinary differential equatioaghat most steps of the proof
will be summarized.

In the end of this paper, we will delineate a complicatedesysbfsecondorder partial
differential equations satisfied l6y;, ;,, /. , L’ andM* which is the exact analog of
the system described in the abstract. The main technicebptire proof of Theorem 1.7
will be to establish that this second order system is a caresazg, by linear combinations

and by differentiations, of the first order system (I'), JJI(1II') and (IV’).

(1.13)

(1.14)

Open question 1.15.Are Theorems 1.1 and 1.7 true under weaker smoothness assump
tions, namely with &2 or a W, right-hand side ?

loc

We refer to [Ma2003] for inspiration and appropriate tools.

Open question 1.16.Deduce from Theorem 1.7 an explicit necessary and sufficeamnt
dition for the associated submanifold of solutigns b+ I1(z¢, a*, b) to be locally equiv-
alenttoY = B+ XAl +... 4 X"A",
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As an application, this would characterize local spheriot a Levi nondegenerate
hypersurfacél/ c C**! withn > 2.

Generalizing the Lie-Tresse classification would be a grehtevement.

Open problem 1.17.For n = 2 establish a complete list of normal forms of all possible
systemg1.?) according to their Lie symmetry group. In case of successsdy Levi
nondegenerate real analytic hypersurface€éfup to biholomorphisms.

§2. COMPLETELY INTEGRABLE SYSTEMS OF
SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

2.1. Prolongation of a point transformation to the second oder jet space. LetK = R
orC, letn € N, supposer > 2, letx = (z!,...,2") € K” and lety € K. According to
the main assumption of Theorem 1.7, we have to consider & loemalytic diffeomor-
phism of the form

(2.2) (27, y) — (X7 (@7, y), Y (2", y)),

which transforms the system (1.8) to the systég, x, = 0, 1 < j1,j2 < n. Without
loss of generality, we shall assume that this transformaB(I;Iose to the identity. To
obtain the precise expression (2.35) of the transformesy§l.8), we have to prolong

the above diffeomorphism to the second order jet space. Weduce the coordinates
(27,9, Yuir » Yuir w32 ) ON the second orderjet space. Let

0
2. Dy = — —_—
( 3) k Ok + Yk + Z Yak :vl xl )

be thek-th total differentiation operator. Accordlng to [Ol1198BK1989, 0OI1995], for
the first order partial derivatives, one has the (impliainpact) expression:

Yy DiX' .. DyX"\ '/ DY
(2.4) : = : e : : ’

Yxn D, Xt ... D, X" DY
where (-)~! denotes the inverse matrix, which exists, since the tramefton (2.2) is
close to the identity. For the second order partial derregtiagain according to [O11986,

BK1989, OI1995], one has the (implicit, compact) expressio
-1

YXle Dle e Dan DlYXj
(2.5) E = E ce : E ;
Y xn D, X! ... D,Xn D, Yy
forj =1,...,n. Let DX denote the matriXDin)EEZ, wherei is the index of lines

and; the index of columns, let’y denote the column matrid’x:), .;,, and letDY be
the column matrixD;Y'), ;.-

By inspecting (2.5) above, we see that the equivalence leet@e (i) and (iii) just
below is obvious:

Lemma 2.6. The following conditions are equivalent

() the differential equation¥y;x= = 0 hold for1 < j, k < n;
(il) the matrix equation®(Yx) = 0 hold for1 < k: <n;
(iii) the matrix equation® X - Dy (Yy) = 0 hold for1l < k£ < n;
(iv) the matrix equation8 = Dy (DX) - Yy — Dy(DY') hold for1 < k < n.
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Formally, in the sequel, it will be more convenient to ackiéive explicit computations
starting from conditior{iv), since no matrix inversion at all is involved in it.

Proof. Indeed, applying the total differentiation operafy to the matrix equation (2.4)
written under the equivalent forth= DX - Yx — DY, we get:

(2.7) 0= Dy(DX) -Yx+ DX - Dp(Yx) — Dp(DY),
so that the equivalence betwe@i) and(iv) is now clear. O

2.8. An explicit formula in the casen = 2. Thus, we can start to develope explicitely
the matrix equations

(2.9) 0= Dy(DX)-Yx — Di(DY).

In it, some huge formal expressions are hidden behind thésl,. Proceeding induc-
tively, we start by examinating the cagse= 2 thoroughly. By direct computations which
require to be clever, we reconstitute sotng 3 determinants in the four (in fact three)
developed equations (2.9). After some work, the first equas:

XL XL X[ XL, XL XL,
Ozymlml' Xazzl XJ232 XZ? + XJ2:1 X§2 Xﬂ%lml +
Yo Y Y, Yo Y Yn
XLoXlL XL, Xha XL oX)
(210) + y$1 . 2 X$21 Xig Xily - Xill‘l X$22 Xy2 +
Yo Y Y, Yog Ye Y,
XL Xl X
+ Yg2 - § — X§1 Xilxl Xy2 +
Yo Ypu Y,
XLoXL XL XL, XL X}
+ y:El y{[’l . X1.21 XIQQ Xsy - 2 X1.21y X:?Q Xy2 +
Yy Y Y, Y, Y Y,
XL XL, X}
+ Ygl Y2+ -2 Xil Xﬁly Xy2 +
Y, Ya, Y,
X;y X;2 Xyl
T Yot Yot Y1 - — ij XiQ Xy2 +
Y,y Y2 Y
X;I Xz}y X,
+ Yut Yo Y2 - § — Xil ij Xy2
Yo Y, Y,

This formula and the two next (2.22), (2.23) have been cleéedke Sylvain Neut and
Michel Petitot with the help of Maple.

2.11. Comparison with the coefficients of the second prolomgion of a vector field.
At present, it is useful to make an illuminating digressiomieta will help us to devise

what is the general form of the development of the equati2r®y.(Consider an arbitrary
vector field of the form

" 0 d
2.12 = Jr apn— —
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where the coefficientd’* and) are functions ofz¢, y). According to [011986, BK1989,
011995], there exists a unique prolongati®f) of this vector field to the second order jet
space, of the form

(2.13) £ .—r 4 Z Y, % + Z Z Y ay%a“;

Ji=1 Ji=1 ja=1
where the coefficienty ;,, Y, ;, may be computed by means of formulas (3.4) of Sec-
tion 3(Il). In Part Il, we obtained the following perfect foulas:

4 n
Yj1,j2 = yxhsz + Z Yopky * {5?11 yszy + 5;621 yagjly - kajllmh} +

ki=1

(2.14) F 0D Y Yo - {ﬁfiﬁf Vyy = 05t X5, — 05 Xﬁiy} +

k1=1 ko=1
k1,k
+ Z Z Z Yykr Ygko Ygks - {_51'11,]22 X;;} )
L k1=1 ko=1 ks=1
for ji,j. = 1,...,n. The expression oY ;, does not matter for us here. Specifying this

formula to the the case = 2 and taking account of the symme® , = Y, ; we get the
following three second order coefficients:

( Y171 = ymlml + Yyt - {2 yxly — Xl}lml} + Y2 - {—Xﬁlxl} +
Yo Yo - {Vyy — 2800, } + Yor o2 - {22, } +
+ Yzl Yzt Yo - {_Xyly} + Yzt Yzt Ya2 {_X;y} )
Y1,2 = y:rlmQ + Ygt {yzQy - Xa}lmz} + Y2 {yzly o X§1x2} +
+ Yzl Yot - {_X112y} + Yot Y2 - {yyy - Xmlly - XmQQy} +
T Yp2 Yg2 {_Xa?ly} +
+ Yzl Yzt Ya2 {_Xyly} + Yzt Y2 Ya2 {_X;y} )
Y272 — y1.21.2 —'— yxl . {_X;2$2} + me . {2 y{L'Qy — X1?21‘2} _'_
+ Yzl Ya2 {_2 X112y} + Y2 Yg2 - {yyy —2 X:EQQy} +
\ + Yt Yoz Yor - { =Xy} + Y2 2 e - {2 )
We would like to mention that the computation'®t, ;,, 1 < ji, j» < 2, above is easier
than the verification of (2.10). Based on the three formu2asy), we claim that we can
guess the second and the third equations, which would bénebtdy developing and
by simplifying (2.9), namely withy,:,» and withy,2,» instead ofy,:,> in (2.10). Our

dictionary to translate from the first formula (2.15) to @.inay be described as follows.
Begin with theJacobian determinant

DG, & X;
(2.16) X2 X2 X

Yoo Y Y,
of the change of coordinates (2.2). Since this change oficoates is close to the identity,
we may consider that the following Jacobian matrix appration holds:

(2.15)

XL XL X 100
(2.17) X% X% X2 =010
Yy Ye Y, 001
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The jacobian matrix has three columns. There are six p@ssdatond order derivatives
with respect to the variablés’', 22, y), namely

(2.18) (')xlxlv (')x1x27 (')0620027 (')xlw (')J32y7 (')yy'

In the Jacobian determinant (2.16), by replacing any ondénefthree columns of first
order derivatives with a column of second order derivatiwesobtain exactlyy x 6 = 18
possible determinants. For instance, by replacing the totumn by the second order
derivative(-),1, or the first column by the second order derivative:,:, we get:

Xp X2 X, X X X,
(2.19) Xil X§2 Xﬁly or X§1m1 X§2 X;
Yo Y Y, Yo Y Y,

We recover the two determinants appearing in the secondfirf2.10). On the other
hand, according to the approximation (2.17), these twornetents are essentially equal
to

1 0 X:lljly Xxllxl 0 0
(2.20) 0 1 X2, |=Ya, or to X4, 1 0|=X4,
00 Y'mly Yo, 0 1

Consequently, in the second line of (2.10), up to a changeali@@phic letters, we
recover the coefficient

(2.21) 2 Vaty — Xpi

of y,, in the expression oY, ; in (2.15). In conclusion, we have discovered how to pass
symbolically from the first equation (2.15) to the equati@riQ) and conversely.

Translating the second equation (2.15), we dedugout any further computatign
that the second equation which would be obtained by devado@.9) in length, is:

XL X X, XLoXxL XL
0= Ygp1z2 X:il X:iQ Xy2 + X:il XmQQ X121:132 +
Yo Y. Y, Yo Y Yoo
Xpo Xpo Xpoy || X X X
(222) + Ygr Xil XZ.QQ Xﬁzy - X1.211.2 X§2 X; +
Yoo Yoo Y, Yige Y Y
Xil Xa1:2 Xalrly Xalzl X;1x2 XZ}
+ Yg2 Xil X1.22 X1.21y - X1.21 X;ile X; +
Yo Y Y, Yo Y Y,
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1 1 1
X2, X2 Xy

F Yt Yor - — | Xy XD XJ |0
Yy, Y2 Y,
Xél X;2 X;y Xély X;Q XZ}
fun e Q| Xoo X2 Xp, |- | X2, XZ X; |-
Yoo Y2 Y, Yo, Y Y,
Xp Xp, X, Xp X, X,
—| X4 XL, X7 | tueue—| Xo X4, X, |+
Yoo Y, Y, Yoo Yo, Y,
Xyly Xa1:2 Xz}
F Y Yot Yo - § — | Xy, X2 Xy |
w Ya2 Yy
Xil Xz}y Xz}
+ Ypl Y2 Yg2 - § — Xﬁl XyQy XS
Yo v Yy

Using the third equation (2.15), we also dedueghout any further computatighat the
third equation which would be obtained by developing (29gngth, is:
X1, X; XL XL X!

2222

0 — meIQ . X21 X$22 Xj + X$21 ng X§2$2 +

le sz Yy Yxl Yx2 Y;2x2
X{L'12£B2 X;Q Xyl
(2.23) e | Xoe X X0
Yiee Y Y,
XL XL XL | [ XL XL, X!
sy {2 X5 X5 X Xh XL XL
le sz YZEQZJ Yxl Y$2$2 Yy
XL, XL X!
+ yxl me . —2 Xigy ng Xy2 +
Yoy Yo Y,
XLoXxLo X}, Xy Xp, X,
—'— ny me N X:L,Ql X:L.QQ ng - 2 X:L,Ql X{L'22y Xy2 _'_
Yo Ye Y, Yo Y, Y,
Xz}y X;2 Xy1
Yzt Y2 Y2 - § — ng X:%Q Xy2 +
w  Yaz Yy
XL x1 X!
+ Y2 Y2 Yg2 - § — X;%l ng Xy2
Yo Yy

2.24. Appropriate formalism. To describe the combinatorics underlying formu-
las (2.10), (2.22) and (2.23), as in [Me2004], let us intr@ethe following notation for



LIE SYMMETRIES AND CR GEOMETRY 105

the Jacobian determinant:
Xml1 X;Q XZ}
(2.25) Az |2?y) = | X4 X5 X
Yoo Y Y,

Here, in the notation\ (z!|z?|y), the three spaces between the two vertical lineer
to the three columns of the Jacobian determinant, and thestey, 22, y in (z!|2?|y)
designate the partial derivatives appearing in each colu#maecordingly, in the following
two examples omodified Jacobian determinants

( XL, XL X!
zlz? x2 Y
Alz'2?|a®ly) = | X2,. X% X and
Yoz Y Y,

XLoXL X
A(SC”.T%&) = Xil Xiz X21
Voo Yo Yoy
we simply mean which column of first order derivatives is ageld by a column of second
order derivatives in the original Jacobian determinant.

As there ares possible second order derivative, 1,1, (-)z1z2, (+)atzv, (2202, (+)a2y
and (-),, together with3 columns, we obtair3 x 6 = 18 possible modified Jacobian
determinants:

(2.26)

( A(z'z'|2%|y) Alz'|z'2ty)  Az'|2?|z'a’)
A(z'2?|2?]y) A(z'|z'2?ly)  Az'|2?|z'2?)

A(z'y|2?|y) A(z'z'yly)  Az']a®|z'y)

(227) 2 212 1 2 2 11..21..2 2
A(z=2®|z7|y) Az |z 2 y)  Aa |27z z7)

A(z?y|2*y) Az |2?yly)  Az']2?|ay)

L Ayyl2ly) Al lyyly) Al |2?[yy).

Next, we observe that if we want to solve with respecytq.: in (2.10), with respect
to y,1,2 In (2.22) and with respect tg,»,> in (2.23), we have to divide by the Jacobian

determinantA (z'|z?|y). Consequently, we introdud® newsquare functionas follows:
(2.28)

|:|11 1= M |:|11 9 1= M Dll — M
o A(xt|22]y) v Az |22]y) w'y T A (21 [22]y)
o, L AR Aty Allely)
o Azl |22]y) Y A(xt|22|y) W Az 22]y)
|:|21 1= M |:|21 9 = M D21 = M
o Azt |22]y) v Az |22]y) 7y T A (2 [22]y)
0%, 5 := M 2, = M 2 .— Az yyly)
o A(zt|22]y) 2y Az [22]y) w T A 22ly)
|:|31 1= w |:|31 9 = W D31 = M
o A(zt|22]y) v A(zta2]y) w7 A2 |22]y)
|:|32 2 1= M D32 = M 3 .= M
o A(z!]z?ly) Y Azt 22]y) v Az 22|y)

Thanks to these notations, we can rewrite the three equafioh0), (2.22) and (2.23)
in a more compact style.
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Lemma 2.29. A completely integrable system tbfeesecond order partial differential
equations

yaclxl(x) =Fh! (le,xz,y($)7y$1(£€),y$2(33)) )
(230) Y12 (l‘) - FLQ (xla {L‘Q, y(x)ayml(x)aymz (l‘)) ’
Y242 (37) = F?*? (xla x2’ y(x>7yar1 (x>7yar2 ('T)) )
is equivalent to the simplest systéf: y1 = 0, Yxix2 = 0, Yx2 x> = 0, if and only if

there exist localk-analytic functionsX'!, X2, Y such that it may be written under the
specific form

Yzt =~ + Yot (—2 05, + Dilxl) +ypz - (O,) +
gy (<05, +20%,)) 4y e (20%,) +
Yt Yot Yot (Oyy) + Yt Yot Yoz - (O5)
Yaig2 = —Torge + Yot - (—Dizy + Dilmz) + Ya2 - (_Dily + Dazclaﬂ) +
(2.31) + Yt Yy - <Di2y) + Yyt Y2 - (—Diy + 04, + Dizy) +
+ Y2 Yy - (Dily) + Yar Y1 Yoz - (Op) + Yot Yo v - (O3,
Yora2 = =0 + 1 - (Thaga) + g2 - (—2 (2, + Dizmz) +
+ Yt Ya2 - (2 Dizy) + Ya2 Ya2 - <—D§}y +2 Di@) +

+ Yot Yoz Y2 - (D) + Ya2 Y2 Ua2 - (3, -

2.32. General formulas. The formal dictionary between the original determinarfoad
mulas (2.10), (2.22), (2.23), between the coefficientsyPdf the second order prolon-
gation of a vector field and between the new square formul&d)2Zbove is evident.
Consequentlywithout any computatignust by translating the family of formulas (2.14),
we may deduce the exact formulation of the desired genataizof Lemma 2.29 above.

Lemma 2.33. A completely integrable system of second order partiakdfitial equa-
tions of the form

(234) y:vjlmh(x> :Fjl’jQ ('ray<x)7yml(x)77ym"(x)>7 .j17.j2 = 17"'”7

is equivalent to the simplest systéfp;, x. = 0, j1,j. = 1,...,n, if and only if there
exist localK-analytic functions\’, Y such that it may be written under the specific form
(

n
L n+1 k1 k1 —n+1 k1 —n+1
Yzitgiz = _thsz + E Yahr - {(Dx~71$~72 B 5j1 |:|$~72y - 5j2 Da:hy) +

k1=1
(2.35) 1 . 1 n
+Ypir (ngy 3 5;21 Dy;1> + Yaio - (Di;ly 9 5?11 Dy;1> +
\ Hyarn Yoo+ () } -
Of course, to define the square functions in the context Bf2 independent variables

(x', 2%, ..., 2™), we introduce the Jacobian determinant

XL XLooX)
2.36 Al ay) = | & : : ,
(2.36) @)= T

Yy - Y Y,
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together with its modifications
(2.37) A(x1|---|k1 ) :Ej2|---\y),

in which thek;-th column of partial first order derivative’s z*1| is replaced by the col-
umn | g7 72| of partial derivatives. Here, the indicés, j;, j» satisfyl < ki, j1, j2 <
n + 1, with the convention that we adopt the notational equivegen

(2.38) =g |

This convention will be convenient to write some of our gah&rmulas in the sequel.
As we promised to only summarize the proof of Theorem 1.7 imghper, we will not
develope the proof of Lemma 2.33: it is similar to the prookemma 3.32 in [Me2004].

§3. HRST AND SECOND AUXILIARY SYSTEM

3.1. FunctionsG), j,, HJ’?JQ, L;?j and M*. To discover the four families of functions

appearing in the statement of Theorem 1.7, by comparin®)2:3d (1.10), it suffices (of
course) to set:

( . n+1
Gjl J2 T -0

2I1 3I2)

Hio=00 oot — oot

J1 _]2 2I1 2J2 q;JZy J2 ley’
(3.2)

Lh=208 —shopt
J1

xly JL Yy
| MR =0
Consequently, we have shown the “only if” part of Theorem Wfiich is the easiest
implication.
To establish the “if” part, by far the most difficult implicah, the very main lemma
can be stated as follows.

Lemma 3.3. The partial differerential relationgl’), (II'), (11I") and(IV’) which express

in length the compatibility conditiond.11)are necessary and sufficient for the existence
of functionsX!, Y of (2%1,y) satisfying the second order nonlinear system of partial
differential equation$3.2) above.

Indeed, the collection of equations (3.2) is a system ofigladifferential equations
with unknownsX', Y, by virtue of the definition of the square functions.

3.4. First auxiliary system. To proceed further, we observe that there(aret 1) more
square functions than functiowds;, ,,, HJ’?JQ, Lfll and M*. Indeed, a simple counting
yields:

O, ) = 0D, #{D’;;y} —n,
) Il pJ2 2 ?
#{D;;; =n, #HOp 'y =1,
whereas
o 1 2 1
5 ey =MD gy - D,
#{LE} =n?, LIMFY =,

Here, the indiceg, jo, k; satisfyl < ji1, 72,k < n. Similarly as in [Me2004], to

transform the system (3.2) in a true complete system, lettnsduce functionﬂ;Cl ', Of



108 JOEL MERKER

(2", y), wherel < ji, j2, k1 < n+ 1, which satisfy the symmetr&[]1 p Hfllﬁ, and let
us introduce the followingjrst aux:llary system
k1 k1 k1 k1 ki _ 17k1
(3 7) Da:71a:72 H]1 ,J27 Dxny H_]1 n+17 D 1 Hn+1 n+1»
' n+1 n+1 n+l _ pyn+l n+1 _ 1yn+1
Dmnmm H]l j2? D;,;le Hjl,n—i—l? Dyy - Hn+1,n+1'

It is complete. The necessary and sufficient conditionsterexistence of solutiong?,
Y follow by cross differentiations.

Lemma 3.8. For all j1,jq2,73, k1 = 1,2,...,n + 1, we have the cross differentiation
relations
n+1 n+1
k k k
(39) (Dm}mm)xjg - (Dxnxm o Z Dmnwz DI;Sku + Z D;mm 1;21@’62'
k2 1 kQ 1

The proof of this lemma is exactly the same as the proof of LarBrd0 in [Me2004].

As a direct consequence, we deduce that a necessary andestiffiendition for the
existence of solutlonﬁ’i1 ;, to the first auxiliary system is that they satisfy the follogi
compatibility partial differential relations:

orrk ik =1
1.4 Ju.ds k
(3.10) o ;32 N 8;5;23 - Z HJl g2 ]37]92 Z Hﬂfjs' ]2 koo
1

ko= ko=1

for a” j17j2,j3, ]{]1 = 1, o, n + 1.
We shall have to specify this system in length according ¢éosilitting{1,2,...,n}
and{n + 1} of the indices of coordinates. We obtain six families of e equivalent
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to (3.10) just above:
(3.12)
(

n

n+1 . n+1 _ ko n+l _ yn+l i+l
(Hjl,p)xjg (Hjl,js)sz = E : L L VAP L VAR
ko=1

n
ko n+1 n+1 n+1
+ E : L0575 T e + 105 T
ko=1

(H"+1 )y - (Hn—’—r}-‘rl)xm - Z HkQ Hn+1 - HTH—l HZI%,nJrl‘I»

J1,J2 Ji, J1,92 T n+1ks J1,J2
ko=1

k n+1 n+1 n+1
+ > oI T I T

J2,k2 Ji,n+1l “Tj2,n+10
ko=1
n
n+1 o n+1 _ ko n+1 _ 1+l n+1
(Hjl,n+1)y ( n+1,n+1)xj1 - E : Hjl,n+1 Hn+1,k2 Hj1,n+1 Hn-i-l,n—i—lao+
ko=1
n

+ § Hk‘z Hn+1 + Hn+1 HnJrl

n+1,n+1 ~"j1,k2 n+1,n+1 ]1,n+1307
ko=1

n
k1 o k1 _ ko k1 o n+1 k1
(Hj17j2)xj3 (Hjhjs)sz - z : Hjl,jQ Hjs,k‘z Hjhjz Hjstrl+
ko=1

+ Z Hk‘z Hk‘l + Hn+1 Hkl

J1,J3 ~ g2,k J1,J3 ~Tj2,mn+1l
ko=1

n
k1 - k1 _ ko k1 1+l g7k
(Hjl,jQ)y (1050 1) e = E : T30 5 Ty ey = 10, Tl
ko=1

n
ko k1 n+1 k1
+ Z Hj17n+1 Hj27k2 + Hjl,n+1 Hj27n+1’
ko=1

n
k1 - k1 _ ko k1 o n+1 k1
(Hjhn-l—l)y (Hn+1,n+1)xj1 - Z Hj17n+1 Hn-i-l,kz Hj17n+1 Hn+1,n+1+
ko=1

n
ko k1 n+1 k1
+ Z Hn—i—l,n-‘,—l Hjl,kg + Hn-l—l,n—f—l Hjl,nJrl‘
\ ko=1

where the indiceg,, j», js, k1 vary inthe se{1,2,1,...,n}.

3.12. Principal unknowns. As there ardm + 1) more square (or Pi) functions than the

functionsGy, ;,, H]’i{p, Lfll and M*1, we cannot invert directly the linear system (3.2).

To quasi-inverse it, we choose the + 1) specific square functions

(3.13) O =05, ©°:=0

n+1 ,_ n+1
...... ’@ = Dmn+lmn+17



110 JOEL MERKER

calling themprincipal unknownsand we get the quasi-inversion:

(3.14)
7
k1 k1 I 5 ¢ I v B & o) k1 i1 k1 QJ2 k1 ]1
H]l J2 |:|1'71{L']2 Hjl ,J2 2 5]1 H]Z ]2 2 6]2 Hjl ,J1 + 2 6]1 @ + 2 5]2 @
k1 Mk 1 k1 k1 n+1
M =08, = 5 14+ 5 Lo
k1 _ Mk k1
Hn+1n+1 Dyy—M ,
n+l _ —n+l o
HJ1 g2 T |:|$~71$~72 - _GJLJQ’
1 1 .
n+1 ntl _ _ = i ey
| = O = S L 5O

3.15. Second auxiliary systemReplacing the five families of functiors}® ,  TI%* ..,

I e, TELTI2H ) by their values obtained in (3.14) just above together with t
prlnC|paI unknowns

(3.16) . =e, Ity =0,
in the six equationg3.11);, (3.11), (3.11)s, (3.11)4, (3.11)5 and (3.11)s, after hard
computations that we will not reproduce here, we obtainamifies of equations. From
now on, we abbreviate every sum,_, as)_, .

Firstly:

(3.17) 0=Gj, joais — Gjy jyain T Z Gjs H]klljg Z G ij11j3
k‘l kl

This is (I') of Theorem 1.7. Just above and below, we plainigerline the monomials
involving a first order derivative. Secondly:

.
@]m.liz = 2G5y + Hjjlljl :cjz_'_
k k
+ Z Gjor Ly Hjjlljl ]2 g2 Z i, kll ki
(3.18) . A
n+
- Gj17j2 © N 2 J1 J1 @JQ - Hj]22J2 @]1 + Z Hjlljz O +
+lenen
\ 2
Thirdly:
( +1 1 J1
@le + @jl = 2 Hjl Jiy
1
k k k
. -5 Gt d S
k k1
1 HJl @nJrl . 1 Z Lk‘1 @kl _ l@jl @nJrl
4 J1,J1 4 J1 4 )
\ k1
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Fourtly:
(3.20
5k1 632 . 5k1 @j3 4= 5k1 @Jl . 5k1 @Jl

2 Jj1 T xd3 2 J1 T axd2 9 J2 Tals 2 Jj3 Taxiz T

k k k k
=-H" . +H" 5 ! 5 ! —
J1,J2,273 T Judsedz 2 Jn ]3 J3,292 T 9 N ]2,1271”’
Lsvg + = L st gy —

9 s J1]17l"2 9 J2 J17J1796J3

5k1 Hjl sz 4= 5k1 H]l Hj3 .

T4 Tas v Tgasga Ty Ye T T s

1
- 5 Gj17j2 Lkl +5 GJ17]3 L?gl

_ kg kg kl - kl k2 k2 kl k2 k2 _
Z HJl J2 J37k2 Z HJI J3 J2J€2 9 5]2 HJI .J3 sz ka2 +5 9 5]3 H]l J2 Hk2 ko

- 5 5;621 G]17.73 @nJrl 2 5?‘31 G]h.]? @nJrl
k k j k k j
4 5]21 Hjjll J1 S +7 4 5]31 Hjjll J1 07 — 4 5]21 Hyji’gs C +7 4 5]31 HJJQQ Jo 07—
k k k k k k
B 5 5]31 Z Hj12J2 0™ + 5 5]’21 Z H]127j3 0" —
k‘l kl
_ = 5k1 O @2 + 5k1 e @
L 4 s
Fifthly:
(3. 21)
( k k k1 on
5 5]11 @]2 + = 2 5j21 @jl 3 5j11 @mjgl =
k k k k2 k k k
= Gj g M™ Z Hyll,kz LTS Z HJ12J2 k; Ty 5]21 Z H/@Jﬁz L -
ko
k n+1 k k k k n+1
—15];111;;]1@ 45J21ZL2@2+ ¥ e e
\ ko
Sixthly:
(ki on+l _ k k
5]‘11@31 - _thy+2M Wt
1
k k k k k ko 7k
(322) +22H]11k2M2_5]11ZHk§7k2M2_§ZL2Lk;+
" ko ko ko

+ o0 Z M7 e+ o 5?; orttertt,

\

3.23. Solving@”m, e, 0"+ and O, From the six families of equations (3.17),
(3.18), (3.19), (3.20), (3.21) and (3.22), we can sab/e,, ©71, ©"' and©"*!. Not
mentioning the (hard) intermediate computations, we olftestly:

(3.24)
_ l
@ZglJQ _ Gjlv.]va _'_ ]1 _]1,:13J2 _'_ Z G.]Qv L _'_ 9 _]Jll J1 ]2 \J2 - Z j17]2

1 . .
- Gjmé ot — 2 Jl 1 e — HJQ C + Z J1 Jz 5 @]1 o,

J2,J2
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Secondly:

(3.25)

\
Thirdly:
(3 26)

291

\

Fourtly:

(3.27)

( .
On = - HI S

@nJrl _

JOEL MERKER

1 2
+3 G]1]1M1+ ZGjllMl

3 Ju,J1ny 3 j1,x91

Z H L+

2 j n
+§ZHjjlllLl __Z ]1]1L{1_ HJ]11]1@+1+ ZLI @l
l

+ 1 @j1 @nJrl.
2

2 . 1
_5H3J1J1y+§len+ Gjlh]w]l+ ZGgllMl
1 l 1 n 1
+§ZHJ]111L __Z j1]1le__Hjjllj1@+
l

e
2

Ty T T g gl

@nJrl LJl + 2M]1 +2 Z H]l Ml Z Hll7l Ml
l

(NaY, n+1 on+1
+ZM@+§@ Clas
l

Z H L+
Z Ll @l

Z LL L'+

These four families of partial differential equations datase thesecond auxiliary system
By replacing these solutions in the three remaining famibéequations (3.20), (3.21)
and (3.22), we obtain supplementary equations (which weala@opy) that are direct
consequences of (I'), (I), (1r), (V7).
To complete the proof of the main Lemma 3.3 above, it suffices to establish the
first implication of the following list, since the other tler&ave been already established.

e Some given function&’;

i H’“] L' andM* of (21, y) satisfy the four fami-

lies of partial differential equations (I ), (I, (Nand (1V’) of Theorem 1.7.

Y

e There exist function®’t, ©"*! satisfying the second auxiliary system (3.24),
(3.25), (3.26) and (3.27).

Y

e These solution function®’t, ©"*! satisfy the six families of partial differential
equations (3.17), (3.18), (3.19), (3.20), (3.21) and (B.22

Y

e There exist functionﬂé‘?;j2 of (21, y), 1 < j1, jo, k1 < m + 1, satisfying the first
auxiliary system (3.7) of partial differential equations.

Y

e There exist functionsX’?, Y of (z,y) transforming the systeng,;,

Fj17j2<xl17yuyxl2)’ .j17.j2 = 17---7

jl,jlzl,...,n.

n, to the simplest systeny’y;, v = 0,

3.28. Compatibility conditions for the second auxiliary swtem. We notice that the
second auxiliary system is also a complete system. Thusstablesh the first above
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implication, it suffices to show that the four families of cpatibility conditions:

(61112 ) ] (@?Ja ) zJ2 )
(@?D) - ( )sz ’
(O, = (O35 i »
(

(3.29)

2I1 292

o), - (65"

292

0
0
0
0

zi2

are a consequence of (I), (1), (IIP), (IV’).

For instance, ir{3.29);, replacing@g;2 by its expression (3.24), differentiating it with
respect tav’3, replacing@g;3 by its expression (3.24), differentiating it with respext:t2
and substracting, we get:

3. 30)
J1
—2 G]l J2,yais + 2 G]l J3,y272 + Hjl,jl 172173 Hjl,jl,ijij a+
J1 J2 J1 J2 o Ji Jj3 __ Jj1 QJ3 _
%3 0" + - Lo er, @M C @ es,

- 1 HI' e lHﬁ of +imr enylm en -

9 “jrg1,a73 9 ina :1:33 9 a2 9 Ting Zal2

1 . . 1 1 ) . 1
I & Ji_ J1 J3 J1 Ji

2 HJé,jz,:ﬂS © 2 J27]2 @xJS 2 Hjs J3,492 "+ 5 2 JSJS 6172

) n+1 n+1 n+1 n+1
o Gj17j2 xI3 © o GJl,Jz @xJa + G]l 3,292 S + GJle @$J2
l
+ Z J1.92,%93 O + Z 91,42 sz o Z 3171370612 Z 1,73 m12
l l

~|>1H +1HJ1 Hj2 . _lHjl . Hjs _lHJI Hjs o

92 J1,41,273 ]2 J2 9 IL J1 "7 jo,jo,xI3 2 J1,1,292 777373 2 J1,J1 77 jg,g3,292
- § : 71,742,273 Hll z : J1,J2 ll:vJS + E : J1,j3,292 Hll + z : 71,73 llmj2+
+ z : G]Ql:):JS L + E GJ27 51,293 E : Gj37l7$]2 : : GJSv j1,292°

\ l

Next, replacing the twelve first order partial derivativeslarlined just above:

(._.)Jl @]2 @]1 @]3 @]2 @]3

2337 2937 zJ2) zJ2? 2937 zJ2?

J1 J1 n+1 n+1 l l
S ) ) ) e, o,

I3 2 I3 2

(3.31)
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by their values issued from (3.24), (3.26) and adapting tinensation indices, we get the
explicit developed form of the first family of compatibilionditions(3.29);:
(3.32)

(0="=-2G, +2G,

J1,J2,293y J1.J3,x92y

_ E Tl E I e J3 o J2
GJ's,l,r]Q le + GJ'QJ,:EJS le GJM? Y HJ3 J3 + GJMS Y HJz J2

_QZGUS ]1]2+QZGlJQ J1,J3 Z ]1]296J3H”+Z 31339572

2 2 2 2
_ZHR G 4+ EHB . q L o Gig+ 5 L2, Gl gy—

3 72,92,y 71,73 3 73,73,y J1,J2 3 73, I3 J1.J2 3 j2, xJ2
l l
- Z le,l‘j? Gj3vl + Z Lj1,$~73 Gj?vl_
l l

2 - 2 4
g Gjl,jé Gja,j3 M7 + g Gj17j3 Gj27j2 M7 — g Z Gj17j2 Gja,l Ml+

4 1
+ g Z Gj1,j3 sz,l M- 2 Z Gja l HJ]11J1 T 5 Z GJz l Hjjlljl o
l l

1 1
_§ZGJSIHJ]22]2 §1+§ZGj2lHJJ§JS ZGhJSHll
Z GJl J2 Hlll - Z Gjl J2 jlel Z GjleS Hjjlel
l
Gjl ,J3 Hjlz J2 LJZ +3 GJl J2 HJlS J3 Lgs_

_ZZGDP Jlstp+ZZstpH]lusz_
_ZZ ]1]2 1,j _'_ZZ J1,J3 lszHp
\

Lemma 3.33. ([Me2003, Me2004])This first famlly of compatibility conditions for the
second auxiliary system obtained by develogihg9); in length, together with the three
remaining families obtained by developi(®29),, (3.29)s, (3.29)4 in length, are con-
sequences, by linear combinations and by differentiatiohgl’), (1), (1), (IV’), of
Theorem 1.7.

The summarized proof of Theorem 1.7 is complete. OJ
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