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ABSTRACT. We treat the problem of linearizability of a system of setonder or-
dinary differential equations. The criterion we providestagplications to nonlinear
Newtonian mechanics, especially in three-dimensionalepa

LetK =RorC, letz € K, letm > 2, lety := (y',...,y™) € K™ and let

Yoo = FH (2, 9,00) - Y = F™ (2,9, 4)
be a collection ofn analytic second order ordinary differential equationgyémeral
nonlinear. We obtain a new and applicable necessary andisuffcondition in order
that this system is equivalent, under a point transformatio

(@, gty y™) = (X (), Y, y), . Y (2, y)
to the Newtonian free particle systerig , = --- = Y = 0.
Strikingly, the explicit differential system that we obias of first order in the case

m > 2, whereas according to a classical result due to Lie, it issobad order the
case of a single equatidm = 1).
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§1. INTRODUCTION

Several physically meaningful systems of ordinary diffeti@ equations are of sec-
ond order, as for instance the free particlenindimensional space, the damped or
undamped harmonic oscillator, coupled or not, having @nmsime-dependent fre-
guency or notgetc. Such systems are ubiquitous in Newtonian Mechanics, in Hami
tonian Dynamics and in General Relativity.

Two classical major problems are to classify these systemm® point or contact
equivalence (Lie’s Grail) and to recognize when they calaavith the Euler equa-
tions associated to a Lagrangian (inverse variationallprp In small dimensions,
complete results hold (Lie, Tresse, Cartan; Darboux, Dem)glHowever, in arbitrary
dimension, both tasks quickly exceed the human as well adigiital computer scale,
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due to the intrinsic complexity of the underlying symbolmngputations (explosion,
swelling) and to the exponentially increasing number oesds be treated. We refer
to Olver's monograph [OL1995] for a panorama of problemsthoés and results.

At least, as a first step in classification, with respect tdiagpons, there are both
a mathematical and a physical interest in determining atacexplicit and applicable
(“ready-made”) criteria for a system of ordinary differihequation to be equivalent,
via a local point transformation, to a linear equation.

1.1. Scalar equation. In this respect, we remind the celebrated linearizabilityypdon
for a single equation, due to Lie. L& = R of C. Letz € K andy € K. Consider a
local second order ordinary differential equatign = F'(x, v, y..), possibly nonlinear,
with a locallyK-analytic right-hand side

Theorem 1.2.([Lie1883], pp. 362—-365; [GTW1989]; [OL1995], p. 40Bhe follow-
ing four conditions are equivalent

(1) yoe = F(z,y,y,) is equivalent under a local point transformation, y) —
(X,Y) to the free particle equatiol’y x = 0;

(2) Yoo = F(z,y,y,) is equivalent to some linear equatidn.y = Go(X) +
Gi(X)Y + H(X)Yx;

(3) the local Lie symmetry group 9f, = F(z, v, y,) is eight-dimensional, locally
isomorphic to the groupGL(3, K) of all projective transformations af,(KK).

(4) Fyoyoyoy. = 0, Or equivalently’ = G + y, H + (y2)? L + (y.)*> M, where
G, H, L, M are functions ofz, y) that satisfy

4 1 2 4
0=-2Gy + g Hoy ~ g Lax +2(GL)y ~2G: M ~4GM, + S HL, — 3 HH,,
2 4 2 4
0= 3 Hyy+ 5 Loy =2 Mz +2G My + 4Gy M —2(H M)y = S Hy L+ 5 L L.

Section 2 of this paper is devoted to a detailed expositiotheforiginal proof
of the equivalence betwedii) and (4), following [Lie1883]. In the contemporary
literature, to the author’'s knowledge, there is no modestittgion of Lie’s elegant
proof, whereas the description of an alternative proof cédrem 1.2 as a byproduct
of E. Cartan’s equivalence algorithm appears in the refesefild@1896], [Cal1924],
[GTW1989], [OL1995], [NS2003]

Lie’s Grail would comprise:

e a complete classification of all Lie algebras of local vedigds; Lie achieved
this task in dimensior2 over C (real case: [GKO1992]); however, as soon

1By borrowing techniques developed in [Ma2003], this thewees well as the next both hold under
weaker smoothness assumptions, namely with ar ai¥;,"> right-hand side.

2We note that in these references, the already substantigdutations are stopped just after the re-
duction to an{e}-structure on an eight-dimensional (local) principal bienalver the three-dimensional
first order jet space. The vanishing of two (among four) fundatal tensors in the structure equations
of the obtained{e}-structure yields two partial differential equations s¢id by the right-hand side
F(z,y,y.), which are equivalent t¢4) of Theorem 1.2. We mention that with the help of Maple pro-
gramming, the complete reduction to &} -structureon the basenot only on the principal bundle) is
achieved in [HK1989], in the simpler case of so-calfébr-preservingransformations, namely point
transformations leaving invariant the “vertical” foliati {x = ct.}. To the author’'s knowledge, the
complete confirmation of Tresse’s results by means.atartan’s method has never been achieved.
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as the dimension i& 3, the complete classification is unknown, due to the
intrinsic richness of imprimitive Lie algebras of vectolldis;

e a list of all the possible Lie algebras that can be realizemhf@stesimal Lie
symmetry algebras of partial differential equations, tbge with their Levi-
Malcev decomposition;

e an explicit Grobner basis of the (noncommutative) algedjrall differential
invariants of each equation in the list.

However, complete results hold only for the scalar secodéroordinary differen-
tial equation. Some tables extracted from Li@ssammelte Abhandlungemd from
Tresse’s prized thesis [TR1896] may be found in [OL1995].

1.3. SystemsLetz € K, letm > 2, lety := (y',...,y™) € K™ and let

(14)  yp(@) =F (2,y(2),5.(2)) ... Y (@) = F™ (2, y(2), Y (7))

be a collection ofn analytic second order ordinary differential equationsssuoly
nonlinear, of the most general form.

Motivated by physical applications and by geometrical tjoes, some au-
thors (Leach [Lel1980], Grissom-Thompson-Wilkens [GTW4]98 Gonzalez-
Lopez [GL1988], Fels [Fel995], Crampin-Martinez-SarldCMS1996],
Doubrov [D02000], Grossman [Gr2000], Mahomed-Soh [MS20Gnd others)
have been interested in a least characterizing those thattha Lie symmetry group
of maximal dimension. In [Le1980], based on the belief thatéquivalence between
(1), (2) and(3) of Theorem 1.2 would persist in the case> 2, it was conjectured
that the symmetry algebra efrery linear system

(1.5) yiszé<x>+ZylG +thHJ j=1,...,m,

=1 =1
of m > 2 second order differential equations has a Lie symmetrymlocally isomor-
phic to the full transformation groupGL(m + 1, K) of the projective spacg,, . (K).
However, Gonzalez-Lopez [GL1988] infirmed this expeaotatand produced a neces-
sary and sufficient conditiors€eCorollary 1.8 below) for local equivalence of such
linear systems to the free particle system

(1.6) Y, =0, j=1,....m

Applying Lie’s algorithm it is easily seen ([GG1983]) thattfree particle system has
a local symmetry algebra of dimensiesnm? + 4 m + 3, the bound being attained by
Y{y =0,7=1,...,m, with groupPGL(m + 1, K).

~In 1939, for fiber-preserving transformations only, Che@n1939] conducted the
E. Cartan algorithm through absorptions of torsion, normaséibns and prolongations
up to the reduction to afe }-structure. Remarkably, in 1995, Fels [Fe1995] conducted
the E. Cartan algorithm for general systemis = F’(z,y,y.) and for general point
transformations. As a byproduct of the uniqueness of thaioét{ ¢ }-structure for
which all invariant tensors vanish, Fels deduced in [Fel1 884 the flat systerﬁ’(){X =
0,7 =1,...,m, s, up to equivalence, the only system of second order pesgga
symmetry group of maximal dimension. Alas, the}-structures obtained by Chern
and by Fels are not parametric, so that the counterpaf)tof Theorem 1.2 was
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lacking as soon as > 2. The extraordinary heavinessBf Cartan’s method is a well
known obstacle.

Recently, Neut [N2003]9eealso [DNP2005]) wrote a Maple program to compute
(among othefe}-structures) Fels’ tensors in a parametric, explicit wahe Tigital
computations succeeded in the case= 2, yielding Theorem 3 of [DNP2005], a
statement that may be checked to be equivalent to Theorel{8)Lj7st below in the
casem = 2. In the physically most meaningful case= 3, a present-day computer is
stuck ([N2003], [DNP2005]).

Extending Lie’s less heavy computatiohsve present here a complete solution to
the characterization df} ,, = 0 for arbitrarym > 2.

Theorem 1.7. Supposen > 2. The following three conditions are equivalent

(1) the systeny), = F/(x,y,¥.),j = 1,...,m, is equivalent, under a local point
transformation(z, ) — (X, Y7) to the free particle equatioby. , = 0;

(2) the local Lie symmetry group of/, = FV(x,y,y,) is (m? + 4m + 3)-
dimensional and locally isomorphic 0GL(m + 1, K);

(3) the right hand side$" (z, y, y.) are of a special form, described as follows.

(i) There exist localk-analytic functionsG/, Hj, Li , and M, ,, where
j,li, b = 1,...,m, enjoying the symmetrie§y | = L] , and M, , =
M,,,;, and depending only ofx, y) such thatFV (x, y, y,) may be written
as the following specific cubic polynomial with respect to

ym—G3+thHj + N WL,y ZZ% Y2 My, g,

=1 l1=1 lx=1 l1=1 lx=1

(i) The function&:’, Hljl, L{MQ and),, ,, satisfy the followingxplicit system
of four familiesof first orderpartial differential equations

(0= —2G, +26) G2, + H], , — &, H? .+

lgx
+2 Z GML]  —26] Z GMLE -+

Lo S wkme -1y wk g,
k=1 k=1

(1

3Throughout the article, we do not adopt the summation caimerbecause in several subsequent
equations, some repeated indices shall appear that wittexsummed. Also, we always put commas
between the indices. Forinstantg | ., denotes); , /dy'* shortly. As usualy; is the Kronecker

symbol.
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where the indiceg, [; vary in{1,2,...,m};
( 1 1 . !
0=—§H{1yl2+66{1H2 + 2 5ﬂ CH
l l
+Llllgm_§5llel§l2{L'_ 5] Llillx+

. 1 .
+ GV Ml1,l2 — g 51]1 Gl2 Mlg,lg — g (51]2 Gll Mll,ll_'_
R 1 . X
S0 G My, — S0 > G M, -
=1 k=1

1 :
H] Ly, +5 Z HE L]+

lzLZ L~ Z Hk LZ k)
k

+4, < SoHPLE, - Z Hf Lﬁi,k) :
\ k=1 k=1

where the indiceg, [;, 1, vary in{1,2,...,m};

(I

-

ol

&Miw
Ms

+6)
1

3

W = | =

O - L?1 l2,y'3 L?l,lgnyl? + 51]3 Mllvl?vm o 51]2 Mll,lSvm_'_
1 —
_'_ - Hi]?) Mll,lg - 5 Hijz Mll,lg_'_

2

— 5{1 Z Hllz M, i — B 5{1 Z Hllz M, i+
(1) k=1 k=1

o 1 —
5 5?3 Z Hl]i M, i — 92 51]2 Z Hl]i Mg it
k=1
+ Z Ll1 I3 L‘ljz k Z Lll l2 L.l]37k?’

where the indiceg, [1, [2, I3 vary in{1,...m}; and

\

(V) { 0 = My, 1y s = Myysyyo = D Ly Migse + Y L, 1y Moo

k=1 k=1
where the indiceg, l», l; vary in{1,... m}.

Let us provide commentaries and explanations. The formefitfht-hand side of
(3)(i) is the analog of the form of the right-hand siflein (4) of Lie’s Theorem 1.2.
However, we notice that the right-hand side(8f(i) is not the most general degree
three polynomial in the variableg, ; = 1,...,m: some coefficients of the cubic
terms vanish.

Very strikingly, the differential systert), (1) , (Ill) , (IV) satisfied by the functions
G/, Hj, L{l 1y M, 1, 1s of first orderfor m > 2, whereas the syste(®) satisfied by
G, H, L, M in Lie's Theorem 1.2 is oecond ordefor m = 1. This confirms the
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main theorem of Gonzalez-Lopez [GL1988], that is receddrere in the special linear
case (1.5).

Corollary 1.8. ([GL1988]) For m > 2, a linear (nonhomogeneolsystenmy’

Gh(x) + 30, v Gl y(x) + 300, yll Hi (z) is equivalent tov , = 0 if and onIy if
there exists a functloB( ) such that then x m matrix G; may be written under the
specific form

. 1 . 1 . :

(1.9) G{J:§Hg—Z;H,ng+5;B

We also mention that Fels obtained a characterization afalgunce to the free par-
ticle Y}X = 0,7 = 1,...,m, by the vanishing of two (nonexplicit) tensof%d and
15{ (Corollary 5.1 in [Fe1995]). In this reference, some parimeomputations are
achieved after restricting the initial-structure, together with its subsequent prolonga-
tions, to the identity element of the group; explicit exgieas of & kl\ld and ofﬁ{\ld
are then obtained, through already hard computations. dhisking of the two tensors
f’{ andgfkl at the identityof the structure group, namely, as computed in Lemma 4.1
of [Fe1995], yields (translating into our notation)

(1.10)
0= (Szkl>’ = Fy]lylyx - n -+ 2 Z Z o(l) }1 cr(i)ycr(k)u
l1=1 0663 e
0= (P —ED(FJ)—FJ’—1 Fi, Fk
Vi g T 92 vl vy vE T vk

ST SRS 9 oL

\ k=1 [=1

whereD is the total differentiation operatg?urzl LY 8yl+zl | F! aaz , and where

i, j, k, I = 1,...,m. Strikingly, one may check that the first equatlon is eqemal
to (3)(i) of Theorem 1.2 and then that the second equation yields traplicated)
four families of first order partial differential equatioiy, (I1), (l1) and (IV). So, in

Corollary 5.1 of [Fe1995] one may replace the vanlshlng;‘g)‘ and ofP] by the
vanishing ofS? il @and of P/ |+ Which wereexplicitly computecthere.

This phenomenon could be explained as follows: as soon aembers@kl vanish,
the system enjoys a projective connection (appendix of§BB]); with such a connec-
tion, the tensorsﬁj then transform according to a specific rule via tensoriatroh
formulas and their general expression may be deduced frem éRpression at the
identity®. We have checked this, but as we try to avoid the method of/atgice, de-
tails will not be reproduced here. Similar observationseagpin Hachtroudi [Ha1937].

Even if the expressions (1.10) are more compact than thev@dgnot) conditions in
Theorem 1.713), we prefer the complete expressions of Theorem(3),7since they
are more explicit and ready-made for checking whether aipalg given nonlinear

4Similar rotation formulas are known in the much simpler cas¢pseudo-) Riemannian metrics,
seeChapter 12 of Olver [OL1995]. It would be interesting to wré program, finer and more effi-
cient than [N2003], which would systematically recognimefsrotation formulas in any application of
E. Cartan’s equivalence method.
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system is equivalent to a free particle. If the reader psefempact expressions and
“short” theorems, (s)he may replace the conditions of Téeot.7(3) by (1.10).

Open Problem 1.11.Characterize explicitly the linearizability of a Newtoniaystem
in m > 2 degrees of freedom, i.e. local equivalence to

(1.12) Vi =GIX)+ Z YIG(X) + Z Yy H (X

1=1
1.13. Organization, avertissement and acknowledgmeniSection 2 is devoted to
a thorough restitution of Lie’s original proof of the equisace betweerfl) and(4)
in Theorem 1.2. Section 3 is devoted to the formulation of lim@torial formulas
yielding the general form of a system equivalenttp, = 0, j = 1,...,m, under a
local K-analytic point transformatiofw, /) — (X, Y7), for generaln > 2 ; the proof
of the main technical Lemma 3.32 is exposed in Section 5.i@edtis devoted to the
final proof of the equivalence betweéh) and (3) in Theorem 1.7, the equivalence
between(1) and(2) being already proved by Fels [Fe1995].

Some word about style and intentions. We wanted the proohefeiquivalence
between(1) and(3) be totally complete, every tiny detail being rigorously gadiently
checked. This is why we decided ¢arefully detail each intermediate computational
step seeking first the combinatorics of the formal calculationthe casen = 1 and
devising then the underlying combinatorics for the case: 2. Actually, the size of
differential expressions is relatively impressive, ad Wwdcome soon evident. Thus,
no intermediate symbolic computation will be hidden, heessentially no checking
work is left to the reader, as would have been the case if waatithave typed all the
computations.

We also would like to point out that except in every specifamsiard situations, as
with the much studied Riemann and Ricci tensors, presgntaiaputer programs are
not yet powerful enough to apply tie Cartan equivalence method when the num-
ber of some collection of variables is a general integer.tiAdl formulas obtained in
Sections 2, 3 and 4 were first treated completely by hand ard #ome of them were
confirmed afterwards with the help of MAPLE release 6 in theesan = 2 andm = 3.
The author is indebted to Sylvain Neut and to Michel Petit@in the University of
Lille 1, for their help in computer machine confirmations.

§2. PROOF OFLIE’S THEOREM

2.1. Argument. This preliminary section contains a detailed expositiohiefs orig-
inal proof of the equivalence betweéh) and(4) in Theorem 1.2. Since our goal is to
guess the combinatorics of computations in several vasaltl will be a crucial point
for us to explain thoroughly and patiently each step of Lmdsnputation. Without
such an intuitive control, it would be hopeless to condugtgeneralization to several
variables. Hence we shall respect a fundamental princgheays explain clearly and
completely what sort of computation is achieved at each. sédpo, we shall many
times introduce some appropriate new notation.

2.2. Combinatorics of the second order prolongation of a pait transformation.
Let K = RorC. Let(z,y) — (X(z,y),Y(z,y)) be a localK-analytic invertible
transformation, defined in a neighborhood of the origifki) which maps the sec-
ond order differential equation,., = F(z,y,y.) to the flat equatiorYxx = 0. By



8 JOEL MERKER
assumption, the Jacobian determinant

X, X,

(2.3) Azly) = Y, Y,

Is nowhere vanishing. Since the equatidpy = 0 is left unchanged by any affine
transformation in th¢ X, Y) space, we can (and we shall) assume that the transforma-
tion is tangent to the identity at the origin, namely the abdacobian matrix equals
the identity matrix afz, y) = (0, 0).

The computation how the differential equation in {4 Y") coordinates is related to
the differential equation in ther, y)-coordinates is classicalf. [Lie1883], [TR1896],
[BK1989], [IB1992]: let us remind it. A local grapfy = y(z)} being transformed to
alocal graphY = Y (X)}, we have a direct formula for the first derivativg:

dY  dx-0Y(x,y(z))/0x Y.+ y,Y,

2.4 Yy i = — = = )
(24) YT AX T dr - 0X(z,y(2))/0r X, + Y Xy
This yields the prolongation of the transformation to thstforder jet space. For the
second order prolongation, introducing the second ordat tlifferentiation operator
(which geometrically corresponds to differentiation @@vaphs{(z, y(z))}) defined
by

0 0 0
2. D:=— — —
we may compute, simplify and reorder the expression of thersorder derivative in
the (X, Y)-coordinates:

(2.6)
(o @Y _ DYy DY+ uYy)(Xo +3:X0) ] _
WX T DX X, + 4. X,
1
T Tly

+ Yol [XaYyy — YaXyy — 2(XoyY,y — Yo Xy )] +
N + Yl [— (X Yy — Yy X1}

Even if not too complicated, the internal combinatorics o texpression has to be
analyzed and expressed thoroughly. First of ally'ag = 0 by assumption, we may
erase the cubic factdX, + y, X,] . Next, as the factor of,. in the right-hand side
of (2.6), we just recognize the Jacobianz|y) expressed in (2.3) above. Also, all the
other factors are modifications of the Jacohisfx|y), whose combinatorics may be
understood as follows.

There exist exactly three possible distinct second ordevateses: xx, ry andyy.
There are also exactly two columns in (2.3). By replacinghezdhe two columns of
first order derivative iMA(z|y) by any column of second order derivative (leavikig
andY unchanged), we may build exactly six new determinants

{A(xafly) A(zyly) Alyyly)
A(zlzz)  Alzlry)  Alzlyy)

(2.7)
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where for instance

(2.8) {A(@Ly) = ' Xe Xay

Xow X, ay
Y, Y, Y,

Y,

Y

and  A(z|zy) :=

Hence, by rewriting (2.6), we see that the equatipn = F'(x,y,y,) equivalent to
Yxx = 0 may be written under the general explicit form, involvingeteninants

(2.9)
Ozy:['l" Yx Yy +y;p'{2 }+

Xx ny gy Xy
+ Yoo - {' Yx Yyy } + YoYz Yz - { ' Yyy Yy

or equivalently, after solving ip,., i.e. after dividing by the Jacobiai (z|y):
A(z|zz) { A(zlzy) | Alzzly) }

o Y =2 + +

AGaly) 7 Aely) * Aaly)

o [ Alzlyy) | Azyly) s [Alyyly)
*%){ MW)”Amw}+%){Amw}

At this point, it will be convenient to slightly contract thmtation by introducing a

new family of square functiongas follows. We first index the coordinatés, y) as
(v°, '), namely we introduce the two notational equivalences

(2.11) Y=z y =y,

which will be very convenient in the sequel, especially tatevdown general combi-
natorial formulas anticipating our treatment of the case:of 2 dependent variables
(y',...,y™), to be achieved in Sections 3, 4 and 5 below. With this conwerdt
hand, our six square functlorﬁ"“J1 Yo symmetric with respect to the lower indices,
where0 < ji, j2, k1 < 1, are deflned by

Xx Xy Xx XJ:J:

Yx Yxx
X

xy

Y,

Ty

+

Xm Xy
Y,

Y

-2 Y

Y

Ypx = —
(2.10)

o _ Alexly) o _ Alzyly) o ._ Alyyly)
=T A6 T AG T Ay
@12\ Gk A Allw)
=T DG T RGO Al

Here of course, the upper index designates the column upachwhe second or-
der derivative appears, itself being encoded by the two londgices. Even if this

is hidden in the notation, we shall remember that the squanetibns are explicit
rational expressions in terms of the second order jet of nestormation(z, y) —
(X(x,y),Y(z,y)). However, we shall be aware of not confusing the index in the
square functions with a second order partial derivativeoafe function 17", denoted

by the square symbol: indeed, the partial derivatives atddn in some determinant.

At this point, we may summarize what we have establishedrso fa

Lemma 2.13.The equationy,., = F(z, vy, y.) iS equivalent to the flat equatidry x =
0 if and only if there exist two loc&-analytic functionsX (x, y) andY (z, y) such that
it may be written under the form
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At this point, for heuristic reasons, it may be useful to cangpthe right-hand side
of (2.14) with the classical expression of the prolongatmthe second order jet space
of a general vector field of the formh := X (z,y)2 + Y(:c,y)a%, which is given,
according to [Lie1883], [O11986], [BK1989], by

(2.15)
e —X£+Y3+ Yo+ ye (Y, — Xa) + (2)” - (—X,)] i+
T O oy =T ey ‘ U Y Oy,
+ Yoo + 4o - (2¥0y — Xow) + (42)7 - (Yo — 2Xay) + (42)7 - (= Xy)+
0
\ Yzz

We immediately see that (up to an overall minus sign) thetsigind side of (2.14)
is formally analogous to the second line of (2.15) : the tefecorresponds to the
symbol(1° and the lettet” corresponds to the symbial'. This analogy is no mystery,
just because the formula fdr? is classically obtained by differentiating at= 0 the
second order prolongatidexp (s L)(-)]® of the flow of L !

In fact, as we assumed that the transformatiory) — (X (z,v),Y (z,y)) is tan-
gent to the identity at the origin, we may think th&t = 1, X, = 0
Y, = 1, whence the Jacobiah(z|y) = 1 and moreover
Dgy = Xy,

1 ~
O, 2 Y,

Yo

00, = Xoe, 0O), =X,
(2.16)

Dglgx = Y:E:E7 Dglgy = mea
By means of this (abusive) notational correspondence, wéhse, up to an overall mi-
nus sign, the right-hand side of (2.14) transforms pregiseihe second line of (2.15).
This analogy will be useful in devising combinatorial foriasi for the generalization
of Lemma 2.13 to the case of > 2 variableqy', ..., y™), seeLemmas 3.22 and 3.32
below.

2.17. Continuation. Clearly, since the right-hand side of (2.14) is a polynonoial
degree three in,, the first condition of Theorem 1) immediately holds. We are
therefore led to establish that the second condition issszrg and sufficient in order
that there exist two locaK-analytic functionsX (x,y) andY (z,y) which solve the
following system of nonlinear second order partial differal equations (remind that
the second order jet ¢fX, Y') is hidden in the square functions):

G= -0

T

H=—20% +00°,

— 1 0
L= -0, +200,
_ 10
M =L,

(2.18)

In the remainder of this section, following [Lie1883], p.4ave shall study this sec-
ond order system by introducing two auxiliary systems ofipbdifferential equations
which arecomplete and we shall see i§2.38 below that the compatibility conditions
(insuring involutivity, hence complete integrability) thfe second auxiliary system ex-
actly provide the two partial differential equations apjegin Theorem 1.24).
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2.19. First auxiliary system. We notice that in (2.18), there are two more square
functions),, O09,, OO, 00, O0;,, O, , than functions, H, L and M. Hence,

as a trick, let us introduce six new independent funct[ﬁﬁ% of (z,y), symmetric
with respect to the lower indices, for < ji,j2,k1 < 1 and let us seek necessary
and sufficient conditions in order that there exist solwiQK, Y) to thefirst auxiliary

system

020) {DO 1, O, =T, O =T,

1 _ 7l 1 _ g7l 1 _ g7l
Dxx - 1_[0,07 ny - H0,17 Dyy - Hl,l'

According to the (aprooximate) identities (2.16), thisteys looks like a complete
second order system of partial differential equations ip t@riables(z,y) and in
two unknowng X, Y'). More rigorously, by means of elementary algebraic openati
taking account of the fact thaf, = 1, X, = 0, Y, = 0 andY, = 1, one may transform
this sytem in a true second ordssmpletesystem, solved with respect to the top order
derivatives, namely of the form

Xow =N, X,, =N, X, =AY,
(2.21) { 0,0 Yy 0,1 yy 1,1

_ Al Al a1l
Ymﬁ - A0,07 Y;»‘y - AO,1> Y;/y - A1,1>

where the/\’“j are localK-analytic functions of z, y, X, Y, X, X, Y,,Y,). For such
a system, the compatibility conditions [which are nece;saad sufficient for the exis-

tence of a solutioii.X, Y')] are easily formulated:

0 o 0 0 o 0
(2.22) { (Aoo)y = (Roer (Aordy = (ALy)e,

Equivalently, we may express the compatibility conditiafisectly with the sys-
tem (2.20), without transforming it to the form (2.21). Thisect strategy will be
more appropriate.

2.23. Compatibility conditions for the first auxiliary system. Indeed, to begin with,

let us remind that thé\(-|-) are determinant, hence we have the skew-symmetry re-
lation A(z%y°|x¢y?) = —A(xy?z%y”) and the following two formulas for partial
differentiation

(2 24) [A(:L’ayb|xcyd)]m :A( a+1 b‘SL’ )+ ( y |LL’C+1 d)
. [A(:cayb|xcyd)}y = Az ztyd) + A(a gy,

With these formal rules at hand, as an exercise, let us canipuinstance the follow-
ing cross differentiation (remember that the lower indeihim square functions isot
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a partial derivative):

( 0y oy o 9 (Alzly)\ 0 [(Alzyly) _
o), - =5 (36) o (3 )
= ST (Al - Aly) g+ Allyy) - Alely)-
—Alzyly) - Alzzly) o — Alzlyy) - Alzzly) -
(2.25) —Awyly) - Alxly) o — Alayley) - Alzly) 5+
+A(wyly) - Alwaly) g+ Aleyly) - Alalay) | =
1
= AEE {A(zz|yy) - Alzly) — Alzlyy) - A(zz]y)+
X +A(zyly) - Alz|zy)} .

Crucially, we observe that the third order derivatives &dtch other and disappeaee
the underlined terms witteappended. Also, two products of two determinakfs|-)
involving a second order derivative upon one column of easfierdhinant kill each
other: they are underlined withappended. Finally, by antisymmetry of determinants,
the termA(zy|xy) - A(z|y) vanishes gratuitously: it is underlined withappended.

However, there still remains one term involving second privatives upon the
two columns of a determinant: it &(zz|yy).

We must transform this unpleasant tetx(wz|yy) - A(z|y) and express it as a prod-
uct of two determinants, each involving a second order déwve only in one column.
To this aim, we have:

Lemma 2.26. The following three relations between the differentialedetinants
A(+]) hold true

A(zz|ry) - A(zly) = A(zzly) - A(z|ry) — Alzyly) - Alz|zz),
(2.27) A(zzlyy) - Alzly) = A(zzly) - Alzlyy) — Ayyly) - Az|rx),
Azylyy) - Azly) = Azyly) - Azlyy) — Alyyly) - Az|zy).

Proof. Each of these three formal identities is an immediate doensequence of the
following Plucker type identity, easily verified by devpiag all the determinants :

(2.28)

Al Bl . Cl D1 o Al D1 . Cl Bl - Bl D1 . Cl Al

A2 BQ CQ D2 o A2 D2 CQ BQ BQ D2 CQ A2 ’
where the variabled,, Ay, By, By, C1, Cy, D1, D, € K are arbitrary. O

Thanks to the second identity (2.27), we may therefore toamsthe result left
above in the last two lines of (2.25); as desired, it will remdeterminants having
only one second order derivative per column, so that aftésion by [A(z|y)]?, we
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discovera quadratic expression involving only the square functitresnselves

(2.29)
(%), {A(zzly) - A Alyyly) -

—A(zlyy) - A(zzly) + Azyly) -
{=Ayyly) - A

1
.0k,

A(x|zx)—
A(zfry)}
A(zfry)}

0 _ 1 T o
- (Dwy)x - [A(z]y)]2 (z|yy)
B 1
- [Azly))?
= _Dzo/y ) D;‘w + Dg‘y

(z|zx) + A(zyly) -

\

In sum, the result of the cross differentiatiér?, ), — (O}, ). is a quadratic expression
in terms of the square functions themselves! Following tmaesrecipe (with no sur-
prise), one may establish the following relations, listitighe compatibility conditions

(the first one is nothing else than (2.29)):

( (Dgx)y (DO )1’ = -0, Dzoly + Dl Dgy’
(@), = @), = — 0oy B = Oy 05, + 0, - O+ 0, 1,
(2.30) (@) - (@) = -0, -0, -0 .0 +00, -0, +0. - O
xx )y xy) e xx yr xx yy Ty zx 1
| (@), = (@), = — 05y O + 0y, B

Instead of checking patiently each of the remaining threexabove cross differenti-
ation identities, it is better to establish directly thddaling general relation.

Lemma 2.31. Remind from(2.11) that we identifyy® with  and y' with y and let
0 < Ji1,J2,73, k1 < 1. Then

),

This lemma is left to the reader; anyway, we shall comple¢epitoof of a gener-
alization of Lemma 2.31 to the case of > 1 dependent variableg/!,. .., y™) in
Section 2 below (Lemma 3.40).

Coming back to the first auxiliary system (2.20), we therefoave obtained a nec-
essary and sufficient condition for the existencéXfY’): the functlonsH’“} 2 should
satisfy the following system of first order partial diffetexh equations, jUSt obtained
from (2.30) by replacing the square functions by the Pi fiomst:

!

yi1yJs

g

yJ1 y]2

(2.32) (

) o _Z Dy]ly]2 y73yk2+z Dyﬂyj3 y72y

ko=0

<

=

|
)

(2.33)
(H8 o)y (H8 1)3[: = = H(I),o ’ H(l),l + H(l],l ) H8,17
(H8 1>y (H(l] 1)x = = Hg,l ’ Hg,l - H(l],l ) H(l],l + H(l),l ’ Hg,o + H%,l ) H8,1>
(Hé o) (Hé 1)m = - Hg,o : Htl),l - Hé,o : Hh + Hg,l : Hil + Hé,1 : Hé,p
01), = (M)

,
/

0 1 0 1
— g, - Hoq + 10575 - Hg .

<

2.34. Second auxiliary systemlt is now time to come back to the functions H, L
and M and to get rid of the auxiliary “Pi” functions. Unfortunayelve cannot invert
directly the linear system (2.18), hence we must choose pgoiic square functions
asprincipal unknownsand the best, from a combinatorial point of view, is to cleos
[, andld,,. Remind that by (2.20), we haie), = I1j , and[J,,, = II; ,. For clarity,
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it will be useful to adopt the notational equivalences
(2.35) e’ = H870 and O'= Hil.

We may therefore quasi-inverse the linear system (2.18jmibg that the four func-
tionsTlg o, IT5 ;, 117, andII} ; may be expressed in terms of the functiéhs//, L and
M and in terms of the remaining two principal unknowns (2.38)ich yields:

(H(l],OZDim:_G
1 1 1 1 0
H0,1:Dmy:_§H+§@u
(2.36) . |
Iy, =00 =-L+-06!
0,1 Ty 2 +2®7
(109, =00, = M.

Replacing now each of these four expressions in the comigtitonditions of the

first auxiliary system (2.33), solving the four equationshwiespect t®,, ©9, O}

and @2, we get after hygienic simplifications what we shall call #ezond auxiliary

systemwhich is a complete system of first order partial derivatiwethe remaining

two principal unknown®° andO!:

( 1 1 2
e, = —Ly—|—2Mx+HM—§L2—|—M@O+§ (eh”,

1 1
)= —2G, +H, +GL—--H*- GO+ (6%,
(2.37) 2 2

2 1 1 1 1 1
@;z—g y+§Lx+2GM—§HL—§H®1+§L@O+§@O@1,
1 2 1 1 1 1
b= —= L, +2GM—--HL--HO'+-L0°+-0%e".
| ©) s Hy+ 3L +2G : S HO + 510"+ 560

We do not comment the intermediate computations, sincedfieyno new combina-
torial discovery.

2.38. Precise lexicographic rulesWe group first order derivatives before zeroth order
derivatives; in each group, we respect the lexicographileroof appearance given
by the sequenc€, H, L, M, 6° ©!; we always put rational coefficient of every
differential monomial in its left; consequently, we accepininus sign just after an
equality sign, as for instance in (2.3@nd in (2.37); for clarity, we prefer to write a
complicated differential equation 8s= ®, with 0 on the left, instead ob = 0, since

® may incoporate 10, 20 and up to 150 monomials, as will happems$tance in the
next sections below.

2.39. Compatibility conditions for the second auxiliary swtem. Clearly, the nec-
essary and sufficient condition for the existence of sohsti®®, ©') to the second
auxiliary system (2.37) is that the two cross differentiai vanish:

{0 = (6%), — (8y),:

0=(6:),-(8,),

Y

(2.40)

Using (2.37), we shall see that we exactly obtain the two seéaworder partial dif-
ferential equations written in Theorem 1(#2). For completeness, we shall perform
completely the computation of the first compatibility canah (2.40) and leave the
second as an (easy) exercise.
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First of all, inserting (2.37) and using the rule of Leibnar the differentiation of
a product, let us write the crude result, performing neitlrgr simplification nor any
reordering:

(0= (82), - (6))
Yy x
= -2G,, +H,y+G,L+GL,—HH,—G,0' =GO, +0°0)+

1 2 1 1
(2.41) + 3 ey = 3 Law =2G M =2G My + 5 Hy Lt o H Lot
1 1 1 1 1 1
+5H, 0+ HO, — S L,0° - L6 - 6,0 — -6,
\ 2 2 2 2 2 2

Next, replacing each first order derivati®g, ©), ©} and©, occuring in (2.41) by its

expression given in (2.37), we obtain (suffering a littls)aabrute result, before any

simplification (except that we put all second order denxegiin the beginning):

(2.42)
”

4 2
0:_2ny +§ my_ngm—i_

+G,L+GL,~HH,—-G,0'+GL,—2G M, —GHM+

1 1 1 2
+§G(L)2—GM@°—§G(@1)2—g y@°+§Lx@°+

1 1 1 1
+2GM@°—§HL@°—§H@°@1+§L(@O)Q+§(@O)Q@l—
1 1 1

—2GxM—2GM$+§HxL+QHLQC+§H$@1+

1 1 1 1
+ G H Lo — 5 HHy+ GHM—Z(HVL—Z(H)?@Ur

1 1 1 1 1
+-HLO+-HO'"©' —-L,0°+ G, L—-H,L—-G(L)*+

4 4 2 2 2

Lo 1 1 0\2 1 1
+ H L+ 5GLO _ZL(@) + G0 -5 H, 0"
—EGL@l+1H2@1+1G(@1)2—l (€% ol —1p 0%+

2 4 2 4 6 "

1 1 1 1
+-H,0' - GMO" " +-HLO"+-HO"0"— - L(6%*-

3 4 4 4

1
— - (6%%e.

\ 1)

Now, we can simplify this brute expression by chasing evewypte (or triple, or
guadruple) of terms killing each other. After (patient) plification and lexicographic
ordering, we obtain the equation

4 2
0=-2 ny+ g zy g Lyat
(2.43) , )
+2(G L)y~ 2G. M~ 4G M, + S H L, — 5 H H,

which is exactly the first equation ¢4) of Theorem 1.2. The treatment of the second
one is totally similar. This completes the proof of the eqlewnce betwee(l) and(4)
in Theorem 1.2. O
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2.44. Interlude: about hand-computed formulas. In Section 4 below, when dealing
with several dependent variablgs . . ., y™, many simplifications of identities which
are much more massive than (2.42) will occur several timess. therefore welcome
to explain how we manage to achieve such computations, utitmistakes at the end
and strictly by hand. One of the trick is to use colors, whighfortunately, cannot
be restituted in this printed document. Another trick isutalerline and to number
the terms which disappear togethéwy pair, by triple, by quadrupletc. This trick is
illustrated in the detailed identity (2.45) below, extetfrom our manuscript, which
is a copy of (2.42) together with the designation of all threntewhich vanish together.
Hence we keep a written track of each intermediate step of everypatettion and of
every simplification Checking the correctness of a computation simply by repdin
then the easiest way, both for the writer and for the readtdigagh of course, it takes
time, anyway.

On the contrary, when relying upon a digital computer, motgrmediate steps are
invisible; the chase of mistakes is by reading the progradhlantesting it on several
instances. Alas, all the finest intuitions which may awakéhm extreme inside of a
long computation are essentially absent, the mind beligthiat the machine is stronger
for such tasks. This last belief is in part true, in the casemlstraightforward known
computations are concerned, and in part untrue, in the chseewsome new hidden
mathematical reality is concerned.

For us,the challenge is to control everything in a sea of sig@emputations are to
be organized like a living giant coral tree, all part of whgitould be clearly visible in
a transparent fluid of thought, and permanently subject teectons.

Indeed, it often happens that going through a problem inmglvmassive formal
computations, some disharmony or some incoherency is\ised. Then one has to
inspect every living atom in the preceding branches of tlogvgrg coral tree of com-
putations until some very tiny or ridiculous mistake is fdurin addition to making
easy the readingg perfectly rigorous way of writing the formal identities it re-
spects a large amount of virtual conventions facilitateestarganize rapidly the coral
tree after a mistake has been fourithe accumulation of new virtual conventions, all
of which we cannot speak, constitutes another coral metadand another profound
collection of trick. Finally, we use a blank fluid correctoravoid copying to much.

Extracted from our manuscript, here is the identity (2.42hwthe underlining-
numbering of all the vanishing terms (without the originalaurs) until we get the
final equation (2.43):

4 2
O: —2ny +§H$y—§

+G,L+GL,—~HH,—-G,0'

L$$+
+G Ly, —2GM, - GH Mg+

1
3

©)
1 2
—-GMe°% - =G (e H,0" +-1,0° +
+3L(@°)2 +1(@°)2®1 —
2 ® 2 ©

1 2

+§G(L) -
1

o+ 0

+2GM®® 2HL@

C

1 0l
— 5 He"®

() (g
1 1 1

-2G, M -2GM,+-H,L+-HL,+-H,0" +

2 2 2 o

viwn, - lum ccrum 1(H)2L (H)*e' +

6 T g G 4 O 4 ®
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(2'45)1 1 1 1 1
+-HLO" +-HO"®' --L0,0" +G,L—-H,L—-G(L)? +
4 (P 4 © 2 0 2 2 ©
Awp v lorer ey +Gy@1@—lﬂx@1 -
4 o 2 o 4 ® 2 0
1 1 1 1 1
—-GLO' +2H0' +-G(O) —- (06 —-L,0° +
2 w 4 W 2 © 4 @ 6 ©
+1Hy@0 —GM@°®+1HL@0 +1H@0@1 —lL(@O)2 —
3 @ 4 ® 4 @ 4 (b
1
__(@0)2@1 )
4 7O

As may be observed, the order in which we discover the termshmfanish is gov-
erned by chance. After some terms are underlined, they éoenatically disregarded
by the eyes, which lightens the chasing of other terms torbeldied. To collect the
remaining terms in order to obtain the final expression (2.d3r method is similar:
we underline the terms which may be summed together. Howehereas we use the
red pencil to underline the vanishing terms, we use the goeagil to underline the
remaining terms. This small trick is to avoid as much as fids$0 copy several times
some long formal expressions. Finally, we reorder evengtieéxicographically, so as
to get the conclusion (2.43). In order to obtain the final ¢igua(2.43) as efficiently
as possible, we read the remaining terms, picking themttiiriexclexicographic order.
If, by lack of luck, one or two terms are forgotten by the eyed aot written in the
right place, we copy once more the very final result in thetrayder, or we use the
blank corrector.

Of course, such a refined methodology could seem to be esléestiperfluous for
such relatively accessible computations. However, whasipg to several dependent
variables, the current expressions will be approximayifiee times more massive. We
may really ascertain that a clever methodology of hand caatioms is helpful in this
category.

§3. SYSTEMS OF SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS
EQUIVALENT TO FREE PARTICLES

3.1. Combinatorics of the second order prolongation of a pait transformation. In
this section, we endeavour to explain how Lie’s theorem andfpmay be generalized
to the case of several dependent variables. As in the statesh&heorem 1.71), let

us assume that the systef), = FV(x,v,y.), 7 = 1,...,m, is equivalent under an
invertible point transformatiofw, y) — (X (z,y),Y (7, y)) to the free particle system
Y =0,j=1,...,m. By assumption, the Jacobian determinant

(3-2) Al ™= 0

does not vanish at the origin. As in the case= 1, since the flat systeri, , = 0
is left unchanged by any affine transformation, we can (andhved) assume that the
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transformation is tangent to the identity at the origin, st the above Jacobian matrix
equals the identity matrix dtr, y) = (0, 0), whence in a neighborhood of the origin it
is close to the identity matrix, namely
(3.3) X, 21, X,=0, Y/=0, Y;fl ~ 5]2
Inductive formulas for the computation how the differengéiquation in thg X, Y") co-
ordinates is related to the differential equation in they) coordinates may be found
in [BK1989], [OL1995]; the explicit formulas are not achexVin these references. Let
us recall the inductive formulas, just on the computatidéexad! (differential-geometric
conceptional background about graph transformations neayobnd in [O11986],
Ch. 2).

First of all, we seek how they, := 4 are explicitely related to thg.. It suffices
to replace, in the identity

34) Yi- (Xx de+Y X, dyl> =Y{dX =dY' =Yidr+ Y Yidy
=1 =1

the differentialsdy’ by 4. dx and then to identify the coefficient afr on both sides,
which rapidly yields the formulas

Y7430 y;lcyjl

35 Vi = - :
( ) X Xm + Zl:l ylm Xyl
fory=1,....m _
Next, we seek how the? , := X — 2% are related to the!, /2. It suffices to

again replace eachy, by 4. dx and eachiy! by ' dz in the identity
(3.6)
(

Y)J;X : <Xm dx + Z Xy dyl> = Y)];X dX = dY)];

=1

| (W i)

Before entering the precise combinatorics of the expligfiression on){X, let us
observe that the last term of (3.6) simply write$Yy,) dz, whereD denotes theotal
differentiation operatofof order two) defined by

(3.7) D= + Z yx Z

SincedX = DX after replacing eactly’ by y! dz, it follows that we may compactly
rewrite (3.6) as

3_
dy!

L
Iy

i

HMS

(3.8) Y{yDX -dx=D(Y}) dx
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Consequently, the expressions}gff (obtained in (3.5)) and oY’)J;X are

DY
DX

D(Y{) DDY?-DX —DDX DY’

(39) Yi= DX [DX]3

and Y)j; x =

As, by assumption, the systey, = F’(z, y, y.) transforms to the flat systeb@éX =
0, after erasing the denominator of (3.7), we come to the émpumt

(3.10) 0=DDY?.-DX — DDX - DY,

forj =1,...,m. However, this too simple and too compact expression ofyhtem
vl = F'(x,y,y,) is of no use and we must develope (patiently!) the expligireg-
sions of DDY7, of DX, of DDX and of DY, using the complete expression Bf
defined in (3.6).

At this point, we would like to stress thatconstitutes already a nontrivial compu-
tational and combinatorial task to obtain a complete expliormula for the system
yl = Fi(z,y,y,) hidden in the compact fori8.10), which would be the generaliza-
tion of the nice formula (2.9) involving modifications of thacobian determinant. For
generaln > 2, the complete proofs are postponed to Section 5 below.

Since it would be intuitively unsatisfactory to provide afitly the final simplified
expression of the development of (3.10) in the general ease 2, let us firstly de-
scribe step by step how one may guess what is the generatizzt(2.9).

For instance, in the case = 2, by a direct and relatively short computation which
consists in developing plainly (3.10), we obtain foe 1, 2:

(3.11)
(0= — X, Y/ +Y/ X, +

b [ X Vi YE X =2 X Vi 42V, X

P2 [ X VA YL X - 20X, Y2 42V, X
oty [—2X,, YA 4+2Y) Xy — X Y + Y Xm} +
byl (2 X YA 42V Xy 2 X, VY 42V, X

~2 Xy Y 2V X | +

TR (2 X V) 4 20 Xy — Xy VI o+ Voo Xo| +
byl |~ Xy Y+ Y X +
* y; y; yi ’ _Xylyl ijz + ijlyl Xyz —2 Xy1y2 ijl +2 ij1y2 Xyl} +

TRyl [~ Xy Y+ YV Xy = 2 Xy Vo + 2V Xyg} n

YRR |~ Xy Y+ Vi X +

+yl [_ Xy Y4 YA X, + 92 { =X V0 4V X }] n

. [—Xy2 Vi 4+ Y2 X, 4y {—Xy2 Y3 4 Y X, }] .



20 JOEL MERKER

Unfortunately,the above two equations are not solved with respegt tand toy?, .
Consequently, if we abbreviate them as a linear system dbtine

0=A"+y,, - B +y;, - By,
(312) e
OIA +y:m:Bl+y:m:B27

we have to solve fog!  and fory? by means of the classical rule of Cramer. Here, it

is rather quick to check manually that the determinant &f slgstem has the following
nice expression:

By B, ’ 1,2 1 2
= Az C Xz F Y X +yp X
(3.13) ' B} Bj (zly'ly*) - { Yo Xy + 15 X2 }

= A(z|y'|y*) - DX.

However, the complete solving fgt. . and fory?, requires some more time. After a
direct and rather long hand computation (or alternateipguslaple or Mathematica)
one obtains formulas involving hiddeénx 3 determinants, which have to be guessed
by the intuition; the first equation that we obtain, namely:fb, is as follows:

X X Xpe Xo Xpw Xpe
0=yl | Ve Y Yp |+|Y) Yh Yp |+

Y2 Y2 Y2 Y2 Y2 Y2

T Y Y T T Y
X Xpp Xp Xow Xp X

(3.14) fyleQ2 | Y Y YR - YL YL YL |
Yf Y;zzyl Y;/% Yfm Y;/QI Y;/22
ng X€y2 Xy12
ARSI R AV A 3 PR

Y'mQ Y'mQyQ Yy22

Xy Xpp Xp Xpp Xpp X
1.1 1 1 1 1 1 1
+ ym y:c : YaﬂQ Yy21yl Yy22 — 2 szyl Yy21 Yy; —|—
Yz~ Yvylyl Yvy2 vayl Yvyl Y'y2
Xo X Xp Xpe Xpp X
+ yi yi 2 Yxl Yylly2 Yy12 -2 Yx1y2 Yy11 Yy12 +
Y2 Vi Y Yio. Yi Yj
X, X2 X2
2 2 Yl Yyl v Yyl
+ Y2 Yz - $2 y22y2 y22 —+
Ym Yy2y2 YyQ
Xypgr Xp Xy Xy X Xpe
+ yﬂlc yﬂlc yﬂlc YT Yyily1 Yyil Yy} + 3/;; 3/;; yi “q —2 Yyllyz Yyil Yyiz +
Y 1,,1 Y 1 Y 2 1 9 Y 1 Y 5
vy Y Y yly y y
Xy X X2
Fybtyl Q= | Y Y Y
Y2, Y2 Y3
y2y Yy y

This formula and the next have been checked by Sylvain NeliMiohel Petitot with
the help of Maple. We notice that the size is not negligiblat, fortunately, there
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appears some combinatorics, much more visible than in \.3THe second equation
that we obtain, namely fay?,, is as follows:

Xl‘ Xyl Xy2 X$ Xyl 4XY$$
0=y2-| Y2 Yy11 Yy12 +| Y Y;/ll Yoo |+
Y2 YL Y Y2 YR Y
X, Xp Xy
(3.15) +yt {2 Yé y% Y%yl n
Y2 YR Y
FUSO Sl N I A
vz oy v vV v L
P OYh Y. Y2 YR Y
X, X, X
1,1 Yl Yyll Yyllyl
+y$ yq;' x yl ylyl +
Y2 Y2 Y2
T yl ylyl
. Xp Xy Xy Xy Xy Xy
+ Yo Yz 2 Y:E Yyl Yyl y2 -2 nyl Yyl YyQ +
Y2 YA YA, Y2, Y3 Y3
z Y Yy Ty y y
o Xy Xy Xy X Xy Xy
+ U2 Ys ?2 ?,21 ?,22@,2 2 ?2@,2 ?21 ?22 +
xT yl y2y2 $y2 yl y2
Xylyl Xyl Xy2 Xy1y2 Xyl Xy2
Ty | Y Y Y| ptwmviuno Q2| Y Y Y o4
Yyly1 Yyl Yy2 Yy1y2 Yyl Yy2
Xy X X2
tylylyt | Vi, YY)
e Y2, i vk
Y7y Y Y

Importantly, the obtained formulas seem to be analogousetéormula (2.9), since we
observe that the coefficients of the degree three polynamihky’ are modifications
of the Jacobian determinadt(z|y*|y?).

To describe the underlying combinatorics, let us obseratttiere exist exactly six
possible distinct second order derivatives:, zy!, xy?, y'y', y'y? andy?y?. There
are also exactly three columns in the Jacobian determiBa2). (By replacing each
of the three columns of first order derivatives by a columnemfond order detivatives
(leaving X, Y andY? unchanged), we may build exactly eighteen new determinants

( Alzzly'ly?) Alzlzzly®)  Alely'|ex)

Alzy'ly'ly?) Alzley'ly®)  Alely'ley’)

(3.16) Azy*ly'ly?) Alzley®ly®)  Alely'|zy?)
Al'y'ly'ly®)  Ally'y'ly®)  Ally'ly'y')
Aly'y?ly'ly®)  Ally'y?ly®)  Alely'ly'y?)
LAWY Y YY) AGlYlY®) Allytly®y?),
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where for instance

( XM yl Xy2
A Ply'ly?) = | Yp,e Yy Y| and
a1 T Yi., Y2 Y3
' X, Xy Xy
1 1 T
Ally'lay?) = | Yo Yy Yop
\ i YgR o oYg,

Hence, using thé\-notation, we may rewrite the two equation (3.14) and (3uk®er
a more compact form; after division by the Jacobian deteamti (z|y!|y?), the first
equation becomes:

(3.18) o
% A 2 Alzlzytly?) A
0=yl + (fclelc|y2) +y;_{2 (:':\:cy1 |y2) - (fwf\y1 |y2)}
Alzy'ly?) Alzly'ly?)  Alzly'|y?)
21,,2 1,,11,,2 1,,11,,2
+y§_{2ﬁ(x|wyl IyQ)}Jr ! i,{A(ﬂy? LZ ), Aly |21/ |22/ )}
Alzy'ly?) A(zly'ly?) Alzy'ly?)
A 1,2(,,2 A 20,,11,,2 A 2,.210,,2
+yiyi-{2 (aly's"ly?) _ o Ayl ly )}+y§y§~{ (ely”s”ly )}+
Alzly'ly?) Alzly'ly?) A(zly'ly?)
Aly'y'ly'ly?) Aly'y?ly'v?)
+iii-{—— F U Y ¥e 2 e (T
Yt Alaly'y?) ! Alaly']y?)

Fyly?e? {_A(yQyQ\yl\yQ) } '
\ Lo Alzly'|y?)
Similarly, the second equation takes the form:
(3.19)

( A(zly'|zx) { A(fvlyllafyl)}
0=y2, + 2yl Jg 212 2
e A Gy ) T AGlY )

N 2‘{2 Azly'ry?) A(m|y1\y2)} L 1_{A(w’ly1\y1y1)}
! Alxlyty?)  Az]y'ly?) 2T Alzlytly?)

A 11,,1,,2 A 1 11,,2
{2 (zy'y'y?) 9 (xy\y\y)}+

A(x|ytly?) A(z|ytly?)
{A(fc\yQIyQyQ) QA(ny\yl\yQ)}+

+ o

+ U ys
Alzly'ly?) Alzly'ly?)
A 1,11,,11,,2 A 1,,2(,,11,,2
Yy Y Y - {——(y 2 |iy |§J )} F Y Y Y {—2—(y . |1y |2y )}+
Alzly'ly?) Alzly'ly?)
Aly*y*ly'ly®) }
Alzly'ly?)
Since the formulas are still of a consequent size, analdgoosvhat was achieved
in Section 2, we shall introduce a new family sfuare functionss follows. We

first index the coordinatege, y', ..., y™) as(y°,y',...,y™), namely we introduce
the notational equivalence

+y§yiyi-{—

\

(3.20) y°

Il
8
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which will be very convenient in the sequel, especially idearto write general for-
mulas. With this convention at hand, our eighteen squarﬂiﬁnmsD’;}be, defined for
0 < Jji1, Jo, k1 < 2 are defined by

(3.21)
o . Alzly'ly?) AN GV [/ ) o . Alyly'ly?)
Ay y?) WAyt y?) WAyt y?)
o AW o AWWYY) o AWl IYY)
VT Alaly'y?) VR Adaly |y?) T Aalyy?)
o . Alealy?) o Alelzy'ly?) ot . Allzy?ly?)
= Adelyty?) W Adelytly?) W Axlyty?)
ot . Allylylly?) . Allytyly?) an . ALyl
S ANC M) VT Adxlytly?) ENC )
. Aly'|rr) . Allylzy!) . Akl lry?)
T Aly y?) W A(xly'y?) W Alaly'y?)
. Alylly'y") . Alyly'y?) 2. Allyly*y?)
v Aalyy?) YT Aaly'y?) T Alaly'y?)
Obviously, the square functions are symmetric with respecthe lower indices:
D’;}lylz = DZ;lel. Here, the upper index designates the column upon whichettie s

ond order derivative appears, itself being encoded by tleeldwer indices. Even

if this is hidden in the notation, we shall remember ttie¢ square functions are
explicit rational expressions in terms of the second orargf the transformation
(z,y) — (X(x,y),Y(z,y)). Atthis point, we may summarize what we have estab-
lished so far.

Lemma 3.22. The system dfvo second order ordinary differential equatiop$, =
Fl(z,y,y,) andy?, = F?(x,vy,y,) is equivalent, under a point transformation, to the
flat systeny’}, = 0 and Y2, = 0 if and only if there exist three locd-analytic
functionsX (z,y), Y'(z,y) andY?(x,y) such that it may be written under the form
(323) 1 1 1 1 0 2 1

—'— yi yi . (Dzllel — 2 Dgyl) —|— yiyi . (2 D;lyg — 2 Dgyz) _'_ yi yi . (D;JzyZ) _'_

F e ¥e Yo (FO0) F¥e v yn - (—2002) +ypvivs - (—Dege) s

0=yl + 02, +us- 202,) +y2- (2002, —0O,) +

Fysys- (Do) +ysys - (200, —200) +yoys - (O, —200) +

(v (COp) Fuayi v (—2000e) F oy un - (—00zye) -

3.24. Second Lie prolongation of a vector field At this point, instead of proceeding
further with the casen = 2, it is now time to pass to the general case> 2. First of
all, we would like to remind from [GM2003] the complete exiiexpression of the
point prolongation to the second order jet space of a genverdbr field of the form
L=X g +>7", Y/ {5 itis avector field of the form

I B N,
(3.25) L(Q):Xa—x+Z;YJ—.+ZR] .+ZRJ__
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where the coefficientR] andR?, are polynomials in the jet space variables having as
coefficients certain specific linear combinations of firad aacond order derivatives of
X and of theY7:

( m i
RE=YZ+ 3ol (Vi =80 430 37 wlrolt - [0 X].
=1 l1=1 l2=1
=1

+ Z Z ylml y:l132 ' [Yyllylz - 5lj1 melg - 5?2 Xaﬁyll:| +
+ Z Z Z yil yf yi?’ . [—5{1 Xylgyl3j| +

(3.26)

N byl [0 Xy — 28], X))

L =1 ly=1

However, since the notations in [GM2003] are different aimdes the general case of
n > 1 independent variables and > 1 dependent variables is considered there, it
is certainly easier to reconstiture formulas (3.26) dlyeby means of the inductive
formulas described in [011986], [BK1989]).

Analogously to the observation made in Section 2, we guedsttare exists a formal
correspondence between the termRéfnot involvingy!  and the explicit form of the
equationy’, = F(x,y,y,) equivalent tay’] , = 0. In the casen = 2, we claim that
this formal correspondence also holds true. Indeed, itca#fio write formula (3.26)
for R}, modulo they! ,, which yields two expressions in total analogy with the two
explicit polynomials appearing in the right-hand side a2®:

(3.27)
( R% (Il’lOd ylmm) = lem + yi ’ {2 Yazlyl - Xmm} + y;?: ' {2 Yazly2} + y:}: y:}: ' {Yyllyl -2 mel} +

Fybs {2V =2 X, b+ iyl Vet +

e U =Xy Uy ys {2 X2}y vt v - {—Xpepe ),
R; (mod yy,) = V5, + v, - {2Y 2 )+ - {2V — Xow} +up v - {Yji ) +

F s {2V, —2Xop b+ iyl (Vi —2X,e )+
\ U bn =X} F v vn v {2 X2t F i v ur - (=X}

Except for inductive inspiratiorseethe formulation of Lemma 3.32 below), this ob-
servation will not be used further. At this stage, it helpseast to maintain a strong
intuitive control of the correctness of the underlying conalorics.

3.28. System equivalent to the flat systemBy induction, we therefore guess that
the analogy holds for general > 2, namely we guess the following combinatorics,
which requires some preliminaries.
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As in the beginning 0§3.1, letz € K, lety = (y',...,y™) € K™, let (z,y) —
(X (x,y),Y(z,y)) be alocalk-analytic transformation defined in a neighborhood of
the origin inK™*! and assume that the systefy = FV(x,y,y.),j = 1,...,m, is
equivalent to the flat system};X =0,5 = 1,...,m. By assumption, the Jacobian
matrix of the equivalence equals the identity matrix at thigin. Remind that we
identify x with 4°. For allk,,1;,1, = 0, ..., m, we define a modification

(3.29) Alz] ... [Frylryl2) o ly™)

of the Jacobian determinant as follows. We replacekthth column of the determi-
nant (3.2), which consists of first order derivativgs, by a column which consists of
second order derivativeglyzg. In (3.29), the notatioift! designates thg,-th column,
the first one being labelled by; = 0 and the last one by, = m. With this notation
at hand, we may define the square functions

oo Al By ™)
yly'z T A(z] ... |yk| . ym)

(3.30)

which are rational expression in the second order jet of idwestormation(z, y) —
(X(z,y),Y(x,y)). As before, the denominator is the Jacobian determinantef t
change of coordinates.

Since, according to (3.26), the expressioRdf(mod ¢ ) is
(3.31)

R} (mod yl,) = Y7 + Z Y- [2 ijyll — 5{1 Xm} +

l1=1

+zz¢w[waxb5mﬂ+

l1=1 lx=1

EYD S et [ Xy

\ I1=1 la=1 I3=1

and since, in the cases = 1 andm = 2, we have already observed strong analogies
between (3.31) and the complete explicit expression ofyeeemy! = F'(x,y,y.)
equivalent to the flat systely.,, = 0, we guess that the following lemma is formally
true.

Lemma 3.32. The systemy), = F/(z,y,%.), j = 1,...,m, is equivalent to the flat
system¥y, = 0,7 = 1,...,m, if and only if there exist locaK-analytic functions
X(z,y) andY?(z,y), 7 = 1,...,m, such that it may be written under the specific
form

( m
0=y, + 0, +> o200, -6, 00, +
I1=1
(3.33) YD iy [ Ve — 0% Oy — 0,000,
I1=1 l2=1
D ID DY [—Dgnylz] -

\ l1=1 l2=1
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The complete proof of this lemma involves only linear algebonsiderations, al-
though with rather massive terms. This makes it rather lgngConsequently, we
postpone it to the final Section 5 below.

3.34. First auxiliary system. Clearly, if we set

(& =¥ ,
H) =20  +4 000,
(3.35) J J ’ J 0 J 10
Ly =00 0 + 07, Oy + 63, 0,
Ml1 lo = Dollylzv
we immediately see that the first condition of Theorem 1. d&dlue. Moreover, we
claim that there aren + 1 more square functions than functioGs, H{l L{l , and
M, 1, Indeed, taking account of the symmetries, we enumerate:
#{a} =m, #{o} =1,
3.36) ¢ Tt =m" H{0 = m,
; m?(m + 1) m(m + 1)
#{D;llylg} = 9 #{Dgllylz} = 9
whereas
#{G"} =m, #{H}} =m?,
(3.37) m2(m+1) m(m + 1)
#I ) = T M1} =
Similarly as in Section 2, fof,l;,l, = 0,1,...,m, let us introduce functionH{hl2 of
(x,yt, ..., y™), symmetric with respect to the lower indices, and let us seglessary

and sufficient conditions in order that there exist solWgiX, Y') to thefirst auxiliary
systendefined precisely by:

0 0 0 _ 170 0 0
|:| - HO 0 Dmy - HO A1 Dylly Hll lo)
VAR o V) J J J
O, =T, O, =TI O

0,01 yllyZQ = Hll,lz

(3.38)

3.39. Compatibility conditions for the first auxiliary system. As in Section 2, the
compatibility conditions for this system will simply be @led by computing the
cross differentiations. The following statement geneedliLemma 2.31 and also pro-
vides a proof of it, in the case = 1.

Lemma 3.40.For all j,1y,05,l3 = 0,1,...,m, we have the cross differentiation rela-
tions

(341) <D;l1ylz>yl3 - <D l1y13) == Z D yliyla Dilayk + Z Dl;llyls ! Dilzyk-
k=0

Proof. To begin with, as a preliminary, let us generalize the Réna#ientity (2.28). Let
C1,Cy,...,Ch, D, E be(m + 2) column vectors irK™ and introduce the following
notation for then x (m + 2) matrix consisting of these vectors:

(3.42) [C1|Cy| - - [C| DIE].
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Extracting columns from this matrix, we shall construct< m determinants which
are modification of the following “fundamental” determinan

(3.43) [C] - 1Cl = [|Cul -+ [ C] - [P Cl -+ | O] -

Here and in the sequel, we use a double vertical line in thenbag and in the end
to denote a determinant. Also, we emphasize two distinetrook, thej;-th and the
jo-th, wherej, > 71, since we will modify them. For instance in this matrix, let u
replace these two columns by the coluand by the columrE, which yields the
determinant

(3.44) |Cu[ - ' D[ - 2B -+ |Coi -

In this notation, one should understand tbaty the j;-th and thej;-th columns are
distinct from the columns of the fundamental x m determinant (3.43). With this
notation at hand, we can now formulate and prove a prelirgitanma that will be
useful later.

Lemma 3.45. The following quadratic identity between determinantsisdiue
HCH\~-~|j1D\~-~|j2E\~-~|CnH . Hcl‘...|jlcjl|...|jQCj2‘...|CnH —
(3.46) = H01| c D] 2O - - |CnH . H01| c O 2B |CnH —
— HC1|---I”E|---I”C”|---|CnH . H01|"'|jlcj1|"'|]2D|"'|CnH-
Proof. After some permutations of columns, this identity amouats t
[C1l- - - [Crna| DIE] - |Ch[ - -+ |Cra| Crna [ Cra | =
(3.47) = [Cul -+ |Cona| DIC] - |Col - -+ | O 2| Cona | B =
— G- |G| E[Con] - [Co] - - [ Con 2 O [ D]

To establish this identity, we introduce some notationd lind B are vertical vectors

in K™ and ifiy, i = 1,...,m with i; < i, we denote
Ail Bll
(245) Nam) =] 4 g
If |Ai|As]As|---|An| is am x m determinant, and if;,i» = 1,...,m with i, < 4,

we denote byV™ ?(As| - - -|A,,) the (m — 2) x (m — 2) determinant obtained from

11,12

the matrix[As] - - - |A,,] by erasing the,-th line and the,-th line. Without proof, we
recall an elementary classical formula

|\A1‘A2|A3|"“A H =
(3.49) = ) (CD)PETIAY (A Ay) - MITH(As| A,
1<t <ta<m

which may be established by developing the determifiantAy|As|- - -|A,,| with
respect to its first column, and then re-developing all th@ioled(m — 1) x (m — 1)
determinants with respect to their first columns. To essab(8.47), we start with an
equivalent version of the identity (2.28):

11 ZQ(D‘E) i3, 24(Cl|02) 11 io <D|C2> i3, Z4<Cl|E>
— A? L (B|Cy) - A7, (Ch] D),

11,12

(3.50)

i3, Z4(
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wherel < i; < ip < mandl < i3 < iy < m. Multiplying by (—1)a+iztistia=2

multiplying by M *(Cs| - - -|Cy,), and multiplying by *(Cs| - - - |C.,) applying
the double summation; | ., ;<. >~ 1<iy<iy<m» WE g€t
(3.51) N
Z Z (_1)11+z2+z3+z4—2 A?I’iz (D|E) . A?37i4(01|02)'
1< <ia<m 1<ig<ig<m
.Mmi;?(cﬂ | Cr) - M{;;f(03| O =

2.2

1<ip<igm 1<iz<ig<m

—AL L (EICo) - A, (G1|D))]

\ 11,02

(_1)i1+i271 (_1)i3+i471 [A2

11,2

(DICo) - AL, (Ch]E)—

L2

13,04

L M2

11,12

(Csl---[Com) (Csl- -+ [Com).-

Thanks to the relation (3.49), this last identity coincidgactly with the desired iden-
tity (3.47). The proof is complete. O

We can now establish Lemma 3.40. As a preliminary obsenvabyg the Leibniz
rule for the differentiation of a determinant, we must diffetiate every column:
[A (yllyk?1| e |ylmykm)j|yj — A (y]yllyk1| e |ylmykm) + e

(3.52) { |
+A (Y Yyt

Using also the rule for the differentiation of a quotient, nvay endeavour to compute
the cross differentiationéDjl , ) — (Djl . ) of the left-hand side of (3.41).
yly2 yl3 yly's yl2

This will generalize (2.25). Sometimes in the computatie, shall abbreviate the
Jacobian determina(y°| - - - [y™) using the shorter notatiofy; as before, a product
between two elements @& will often be denoted by the sign™ for clarity. Here is
the computation:

(3.53)

+

( (D;llyb)ylg - (D?Jllyl3>y12 =
9 (A (y°|-~-vyhylz|-~-\ym)> 0 (A (y°|-~-vyhy13\~-~|ym>>
dy's Aol ly™) Iy’ Aol ly™)
_A(yOylg‘._.‘jyl1yl2‘,_,|ym)_A_|_...-|- 1
+A (y0| e |J‘ylsyhylz| e |ym) -A®+ ce
=5 | AP ) A -
=AYl Py ™) - [A Ry
_ FA (Y] -y y™)]
‘A(yoyb‘,_,‘jyhylg‘,_,wm)_A_|_...+ 1
+A (yo‘ e |J‘ylzyhyls‘ e |ym) 'AOjL ced
, ]
e | AW PRl - A
A (y0|...‘jyhyls‘...‘ym) ) [A (yoyl2|...‘ym) IS
\ _ +A (0] ly2y™)] |
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Crucially, we observe that all the determinants involvirtgiad order derivative upon
one of their columns kill each other and disappear: we hadeined them witha

appended. However, it still remains plenty of determinamislving a second order
derivative upon two different columns. We must transforinoélthem and express
them in terms of determinants involving a second order dévig upon only one col-
umn. To this aim, as an application of our preliminary Lemn#53 we have the

following relations, valid forj, js, 11, ls,l3,14 = 0, ..., mandj; < j:
(3.54)
A (y0| e |j1yl1 12| |jzyl3yl4| - |ym) A (y0| o |j1yj1| . |J’2yjz| .. ‘ym) =
= A (y0| e ‘le ylz| . ‘jzyj2| . ‘ym) A (y0| . |j1yj1‘ . |J’2ylsyl4‘ . |ym)
A (y0| e ‘J‘lylsyl4| o ‘jzyjz‘ . |ym) A (yo‘ e |j1yjl‘ . ‘J‘zyhylz‘ . ‘ym) )

With these formulas, we may transform the lines number 3,ahdb8, 9, 10 of (3.53).

Also, we observe that the lines 6, 7 and 11, 12 of (3.53) irealeterminants having
a single second order derivative. Taking account of[ﬁ?;efactor, we deduce that the
lines 6, 7 and 11, 12 of (3.53) may already be expressed asasgsiare functions.

Achieving all these transformations, we may rewrite (3 &sjollows

(3.55)

( (Dgllyb)yzg N (Dglly%)yzg -
AW Py ™) A O Py ) -
) — Ay Py ™) AL Pyt ™) +
—mE| ot -
APy ) A (O] Py Ry -
—A (y0| o |jylsym| ... |ym) A (y0| o |jyj| - |yllylz)
Z llyl2
k=
APy A0 Pyt ) -
X — APy ™) A O Py ) +
i -
FA Py ) A WO ) -
] _A(y0|...‘jylzym|...‘ym).A(y0|...|jyj| ytty la)
+ Z D;ll y's Dlzjl?yk'
k=0

Notice that two pairs of ¢dot s” terms + - - - + appearing in the lines 3, 4 and 8, 9
of (3.53) are replaced by a singledot s” term + - - - + in the lines 4 and 9 of (3.55).
Importantly, we point that in the “middle” of the twactiot s” terms+ - - - + appear-
ing in the lines 4 and 10 of (3.55) just above, there are twams$arhich do not occur:
they simply correspond to the two underlined terms havingppended appearing in
the lines 4 and 9 (3.53).
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Now, taking account of the fact%l?, we can re-express all the terms of (3.55) as
sums of square functions:

p . .
Wy _ (Y _
( yllyl2 y I3 yllylS y Iy
k ] k j
E U ylayk zlyZQ - E U llylz 13 kT

k=0; k#j k=0; k#£j
m
_ Y LA
(3.56) Z y'iy'z Tylsyk
k=0
m m
Dylg yk Dyllylg + Dyll yl3 l2yk+

k=0; k#j k=0; k#j

+ Z l1yl3

Finally, we observe that in the two pairs of sums having j appearing in the lines 2
and 4 just above, we can include the tefma j in each pair, because these two terms
are immediately killed inside the corresponding pair. Inadasion, after a final obvi-
ous killing of four (among six) complete sums in this modifioa of (3.56), we obtain
the desired formula (3.41), with two sums. This completespioof of Lemma 3.40
and also at the same occasion, the proof of Lemma 2.31. O

\

3.57. Compatibility conditions for the first auxiliary system. According to the (ap-
proximate) identities (3.3), taking account of the explidefinitions (3.30) of the
square functions, we have

0 ~ 0 ~ 0 ~
(3 58) Dx = Xeos ny = Xxylla Dyllylg = thylza
j ~ VJ J ~ VJ J ~ Vi
W, =Y, O, =Y/, Ve =Y

Consequently, the first auxiliary system (3.38) looks apjpnatively like a complete
second order system of partial differential equations e(th + 1) independent vari-
ables(z,y) and in the(m + 1) dependent variablgsX, Y). By means of elementary
algebraic operations, one may transform this system ineagecond ordecomplete
system, solved with respect to the top order derivativemahaof the form

Xow =N, Xy = A0y, X0 =N
(3.59) { 0.0 Lo v

1,120
J — AJ J o AJ _AJ
Vi =N Y, =N,  Yuu=A

l1,l2>

where theA’“1 , are localK-analytic functions of(z, Y X, Y7 X, X zl,YJ',YyJ;I).
For such a system the compatibility conditions [which ageassary and sufficient for
the existence of a solutiopX, Y')] follow by obvious cross differentiation. Coming
back to the system 3.38, these compatibility conditionswameo the quadratic-like
compatibility conditions expressed in Lemma 3.40. In cosidn, we have proved the
following intermediate statement.

Proposition 3.60. There exist functionX’, Y/ solving the first auxiliary syste(i3.38)
of nonlinear second order partial differential equatioisnd only if the right-hand
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side functionsH{hl2 (z, y) satisfy the quadratic compatibility conditions

aHi l l l
e YL TR VD SLTR N

forj,ll,ZQ,lg,:O,l,...,m

3.62. Principal unknowns. As there ardm + 1) more square (or Pi) functions than
the functionsG?, Hj, L{l,b and 1, ;, defined by (3.35), we cannot invert directly
the linear system (3.35) (which is of maximal rank). Hencermest choosém + 1)
specific square functions, calling themncipal unknownsand similarly as ir2.34,
the best choice is to choo&&, and(}_, for j = 1,...,m. For clarity, it will be

xx!

useful to adopt the notational equivalences

(3.63) 0'=I, and © =IF
Then we may quasi-inverse the system (3.35), which yields :
(3.64) |
(1, =0, = —&7,
j j | L
Moy, =D = —5 Hj +5 5l1 o,
J J J J 1l 1jl1 ljlzljh
Hl1,l2 DyllyZQ — Lll + 5 ng l2 + 5 6l2 Lll,ll + 5 5[1 @ + 5 5[2 @ 3
1
Moy, =00y = 2 Ly, T3 @ll
Hh lo — Dollyb = Mll,lz'

Before replacing these new expressions of the funcﬂﬁ)(’n§ HOZ1 H{l 1 13, ,, and

Hél,ll into the compatibility conditions (3.61), it is necessavyexpound first (3.61),
taking account of the original splitting of the indices inethtwo sets{0} and

{1,2,...,m}. This yields six families of compatibility conditions, &ily equivalent
to the compact identities (3.61):

(3.65)
m
A A 0 , . ,
(Hf) 0) " (H{) 11> = Hzl 0 Z TG0 10, o+ 15, 15 o + Z 15, 1T 4
k=1
(H{hl?) (H{LO)le - ll l2 H{) 0 Z Hll i 1 k + Hll 0 H{Q o™t Z Hll 0 le k>

J J _ 0 J k J 0 J
(Hl1,lz)yz3 o <Hl1,l3>yl2 - _H11,12 ng,O - Z H11,12 Hl3,k + Hh,ls ng ot Z Hh l3 12 k
= k=1

(Hg,o)y (Ho 11) Hooﬂzl 0~ Z HOOHl1k+HO I 19 0®+Z 11 I Ho k>

0 0 _ 0 0 k 0 0 0 k 0
(I 1), = (107, 0) oy = =100y 4, T — Z 107, 1, o + g 0 10, 0 + Z 11}, 0 1Ly ks
k=1 k=1

0 0 _ 0 0
(Hh,lz)yl?, - (Hll,ls)yl2 - ll lo l3 0 2 : Hll lo Hlst + th 0 + § : Hll l3 HlQ k-
k=1
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3.66. Convention about sums.Up to the end of Section 4, we shall abbreviate any
sum) it ory "t asy, or y . Such sums will appear very frequently. For all
other sums, we shall precisely write down the domain of viameof the summation
index.

3.67. Continuation. Thus, we have to replace (3.64) in the six identities (3.65).
Firstly, let us expose all the intermediate steps in dealiitly the first identity(3.65);.
Replacing plainly (3.64) iri3.65);, we get:

(3.68) '

. . . . 1
<H{),O) yi B (Hg),h)m = G;h + 9 Hljl,m ) 5ljl 0, =
1 0 j L 00
=50 szl—§5z]19 -
-y (=6¥) (- vy e lyerytsier)
11,k 9 11 “k,k 9 k1,0 2 151 2 k
k
1, 1 :
+ <§LZ1J1 +§@1> (@) +

Lok Lo qo Lo Lo
+Z<—§Hh+§5h@><—§H,g+§5;@ =
k

L i a0 L i 5040 ki L A
:iHljl@ _55519 © _ZG L?hk—’_iél]l ZG Lkvk—i_iGleill +
£ @ % k L0
1 ol 1 i ali 1 k 7
-5G Ll17l1 -5G'6 +Z z :Hll Hk_
k

1 1 .
Y kaok - = i oh
+25l1 Ek G@+2G@ > ® 2 o

(©

1 1 1
- Hj 0" — - H e +24 66"
(@ ©),

Eliminating the underlined vanishing terms with the lettey b, ¢ and d appended,
multiplying by —2 and reorganizing the identity so as to put the tégm-)g solely in
the left-hand side, we obtain the relation

5 00 = 2 Gﬂy’ll +H 42 GRL -6 ) GRLE -
k k

(3.69) 1 o 1
-5 S HEH] -6 G'e"+ -4, 06"
k k

3.70. Conventions for simplifications of formal expressios. Before proceeding fur-
ther, let us explain how we will organize the computationthwhe formal expressions
we shall encounter until the end of Section@ur main goal is to devise a method-
ology of writing formal computations which enables to chexxkry computation visu-
ally, without being forced to rebuild any intermediate step. In fact, it would be
unsatisfactory to just claim that Theorem 13j follows by hidden massive formal
computations, so that we have to guide the rigorous and ddimgmeader until the
very extremal branches of our coral tree of formal compatesti

As an example, suppose that we have to simplify the equatierd, + B, + A —
B+2C—-1D-2A+1D+ E+ B-2C. Inthe beginning, the term4, and B,
are differentiated once and they do not simplify with otlents. To distinguish them,
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we underline them plainly and we copy the nine remaining seafterwards:
0= A, + By+
1 2 1

+—§®+E®— gD@— gAEJrgD@JrJrQ@—E@.
Here, each remaining term is also underlined, with a numbefth a letter appended.
For reasons of typographical readability, we never underihe sign;i+ or — of each
term; however, it should be understood thaéry term always includes ifsot under-
lined) sign Until the end of Section 4, we shall use the roman alphaliettiersa, b,
¢, etc. inside an octagon) to exhibit the vanishing terms. As readily checked by the
eyes, we indeed have§®+ §®: 0 and&®— E@): 0. Also, until the end of
Section 4, we shall use the numberg, 3, etc.inside a square] to exhibit the remain-
ing terms, collected in a certain order. The numbers havéollmving signification:
after the simplifications, the equation (3.71) may be wmitte

1 1
+3A-cD+E.

Here, the plainly underlined terms, + B, do not count in the numbering (their num-
ber is zero, for instance) arttle first term of the second Iir@A correspond to the
addition of all termg1]in (3.69). Analogously, the second tem‘% D correspond to
the addition of all termg]in (3.69). Again, this guiding facilitates the checking loét
correctness of the computation, using simply the eyes. Mddmn delicate computa-
tional step is “left to the reader” for the convenience of wréer.

This principle will be constantly used until the end of Seot#; it has been system-
atically used in [M2004] and it could be applied in variousatcontexts. Again, the
advantage is that it enables to check the correctness tiedibtmal computations just
by reading, without having to write anything more. This iscaliseful for the author.

(3.71)

(3.72)

3.73. Choice of an ordering.Until the end of Section 4, we shall have to deal with
termsG, H, L, M, © together with indices and partial derivatives up to ordey.tin
order to organize the formal expressions in a way which plesian easier decipher-
ing, it is convenient to introduce an order between thedereitial monomials. In a
symbolic index-free notation, we choose:

(3.74) G<H<L<M<®O.

It follows for instance that < GH < GL < HHL < HLM®©. Also, if a sum
appears, we choos&M < > GM.

Here, we have only considered terms of order zero, withodigbaifferentiation.
The first order partial differentiations afe),, and (-),, again in symbolic notation,
dropping the indices. We choose:

3.75) G,<Gy,<H,<H,<L,<L,<M,<M,<0,<0,<G<---
For second order derivatives, we choose:

(3.76) Gow <Gy <Gyy < Hpp <+ <Oy <Gy <o

As a final general example including indices we have the iakiigs

(3.77) H <Ly, <G My, < G My <y HEHf,,

1
k=1 k=1
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extracted from (Il) of Theorem 1.(B).
In the sequel, we shall call

e termsof order) monomials likeGG, H, L M, G H M,

e termsof orderl monomials likeG,, G, M, L, ©;

e termsof order2 monomials likeG,,, L,,, M,, (our terms of order two will
always be linear),

according to the top order partial derivatives.

3.78. A mean of checking intuitively the validity of partial differential relations.
Before replacing (3.64) in the five remaining identiti€s65),, (3.65)3, (3.65)4,
(3.65)5 and (3.65)¢, let us observe that if we assume that [; in (3.69), then all
the terms involving vanish, so that we obtain tm@ntrivial partial differential equa-
tions
(3.79) 0=—2G, +H ,+2) G'Lj , - % > Hl H],

k k

1,

for j # [;. Here, we have underlined the first order terms plainly, ideorto dis-
tinguish them from the terms of order zero. These equationsxites with (1) of
Theorem 1.13), again specialized with # ;. Importantly, we notice that the choice
of indicesj # [, is possible only ifm > 2. Thus, we have derivea subpart of (1) as
a necessary condition for the point equivalencé&fa, = 0,j = 1,...,m > 2. These
first order equations show at once that there is a strongeelifte with the case: = 1.
How can we confirm (at least informally) that the functids Hj, andL{Ll2 given
by (3.35) in terms ofX andY’ do indeed satisfy these equations fo¥ [, ? Dropping
the zero order terms in (3.79) above, we obtain an approeidnaquation
(3.80) 0=—-2 ny'll + H)

ly,x"

Here, the sign= precisely means: modulo zero order terris We claim that this
approximated equation is a consequence of the existen&e bf.

Indeed, according to the approximation (3.58), togethén thie definition (3.35) of
the functions’ and H; , we have
{ G =-0¥, ~-Y!

(3.81) . . o
H] = -2 Diyzl ~_2 ijyll.

Differentiation of the first line with respect t¢' and of the second line with respect to

x yields:

(3.82) G, = —y? and H/ =~ -2Y7

yh zayll li,z = xyliz?

so that we indeed havke= —2 Gizl + HJ _, approximatively and modulo the deriva-

l1,z?

tives of ordei0, 1 and2 of the functionsX, Y.
Similar verifications have been effected constantly in oanascript in order to con-
trol the truth of the formal computations that we shall expostil the end of Section 4.

3.83. Continuation. From now on and up to the end of Section 4, the hardest compu-
tational core of the proof may — at last — be developed. Furdingazing computa-
tional obstacles will be encountered.
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Replacing plainly (3.64) i1i3.65),, we get:

35

. 1 ; 1
l l 1
<Hg1,lz> B (tho) yl2 L{l lax + 6] Lé o,z 5 51]2 Llivll’x - 2 6{1 Ot
. . 1
_5J@lml+_Hj 12—_51]16012:
= l1l2 00 Znhlz k+H110 0+ZH110

12k:

) 1
§ k l l k l k ol
— Ml17l2 G] — <_L117l2 —+ 5511 le Iy —+ 5(512 Lli A —+ 5(5[1 @ 2 + 5 (512 @ 1> .
k

1o 1
-(-—H,1+§5;®°>+
(Lgh %@h)( H]+ 5] @0>

1
+Z(_§Hg+§5g90).
k

(3.84)

j Lo 1 I [ N
.<_L;27,€+55;2L,€7,€+§5JLI;12+ 5,0" + Lojet).

Developing the products and ordering each monomial, we get:

l1,h

l l
_% ZHJ l1,l2 HJLl;lQO Hle ®+

1 1 1 1
J l J l 0 Vi l 0
+—Hll®2©+ZHl2®1 +3 11129 ——5,1Ll;l?@ -
1 1
——51 OV — 2§ 0% —-§ e'eh ——H]Lll
ll,ll @ 4 l1 ® 4 lo ® 4 l17l1®+
1 . .
J l 0 J l J 0l k 17
(3.85) +3 Ll Llll@@—ZHb@lOJr L5 vl +§ZHl1L127 -
1 HE Lk Yywir HE oF L i ot
_ZZ I Hkk —Z 1 1212 Z I _Z Iy ©_
5]
1 0 7 7l 0 7 7l 0 1 7 a0l
-3 12!1@ O+ 5 Loy, © +t1 5 L, 0 ®+15l2@ @1@+

1 .
+ 0, 0°6"

We simplify according to our general principles and we reorge the equality be-
tween the first two lines of (3.84) and (3.85) so as to put athto,. in the left-hand
side of the equality and to put all remaining terms in thetrigéind side, respecting the
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order of§3.73. We get:

1 1 1
55{1 @l; + 551]2 @fvl - 551]1 @212 =

1 . . 1 .. 1 I l
- 2 Hlj17yl2 + L{hlz,x 9 51]1Ll§7l27$ 2 51]2[/11’11@—1_
swy M
k k

1 1 . 1.
- 6, Y Hf Ly, — T 61,y Hf O+ 1 o, L, 0+
k k

l2

1 .
- 57 00 ol
+45@@.

Here, we have underlined plainly the four first order termgesping in the second
line.

Next, replacing plainly (3.64) i(3.65)3, we get:

J (117 —
<Hl1712>y13 (Hll,ls)y12 B

. 1 . 1 . 1 . 1 .
_ J J o7l J o7l i @l Y=Y
- _Lll,lg,yls + 5 611 Ll;lz,yli’) + 5 612 Lli,ll,yZS + 5 511 @;ls + 5 512 @ylls+

, 1 . 1 . 1 . 1 .
J _ 257l _2sirh _ 250l 25Tl
+ l1,l3,y'2 9 h Lls,l&yl? 9 13 Tyl yte 2 611 ®yl2 2 613 ®yl2 B
_ 0o o _ k17 0 T kE i
- _Hll,lz ng,O Z HllJZ ng,k + Hll,ls ng,O + Z Hll,ls ng,k -
k k

Lo 1o Qo k L
= _Ml1,l2 : <_§ Hljg + 9 61]3 © ) o Z <_Lll7l2 + 9 6l1 Ll;l2+
k

(3.87) 1 1 1 - 1
T3 S, Lﬁ,ll T3 3 O + B i, 0" ) - —Lj . + B 67, Lyt

+§5iL3 +§5{3® +§5i®3 +

l3,l3

Lo Ly koo Lo
+ My (-5 H + 56,0 ) + =L s+ 500 Ly g+
2 2 - 2

[ [N BN j Lok
—{—5 6l3 Lli,ll + 5 6l1 O3 4+ 5 6l3 e1 ). _Lg%k —+ 5 (5{2 Lk,k+

1. 1o 1y
+§6iLl§712+§5{2® +§6i®2 :
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Developing the products and ordering each monomial, we get:
(3.88)

1. 1 : N
=5 szg, Mll,lzm ~ 5 5 s My, © Z L11,12 {3 k + 5] Z Ll1 L Ller +
6] [7]

vl ZL oF +3 Lyg o plpe i

9 Tl l3 l3 l1,l2 l1,l2 ® 9 Tla,la l37l1©

— )

1 .

7 7l l 7 l l 7 l 7 7l l
- 1 ts Liaga L 5 L B 5 Lg;1,© 1®— 16 Lz, © 3®+
. 1 .
i ! ! ! !
+5 Ll17l1 L{3712 U 5J 11711 Ll;lz - 6] Lli 1 ng I3 O_ <0 11711 : -
! ! ! l ! ! !
——6j Llih®3 +_Lg3,l1@2 ——6j Lﬁh@Q ——5]Ll213®2 —
Q) 0 [10] —@

L i ol Is Al 1 I L I

—15{392@1 5{192@3 +§L13,12@1 —ZdljSLl;lQ@l —
© © ® [12]
1 5] Ll3 eh _ = 5j ol gk _ - 5j elrgl _
4 l2 l3 13 @ 4 13 @I 4 12 ®
L 1 s 0 j
— 5 Hy, My, + 50, My, © + Z Lt Ly, Z Li g, L -

2 ’ 2] 2 " ’ [15]
@ @

]‘ L] LlQ 1 5] C__)k 1 L] C,_.)lQ 1 Ll3 L]

- 5 11,03 12,12®_ 5 lo Z l1,l3 o 5 l1,l3 ®_ 5 13,03 lg,llO+

k @ a

l l
+ 5 ls s Llill[:l + - 5 lg s le’l20+ 5 l3 I @ll®+ 5 13,13 Q' ®_
1 l ] 7l l l l L l
- 5 Ly, L?Q,le,@* 1 51]2 Liya, Ligas Ty 5 s L L g T 9, Li 1, 913@+
l l l l l
5 1111@2®_2 l2l1@30 5] Ll1l1@30+ 6 l2l2@3®+
1 1
+- y@hgl +-gekselr ——n el 4 - ynggl +
4 ® 2 ® &

+ - 5

l2 la

1 .
" +3 L5 ot ot 8,6t .
@ ©)

We simplify and we reorganize the equality between the staod third lines of (3.88)
and (3.85) so as to put all terng, in the left-hand side of the equality and to put alll
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remaining terms in the right-hand side, respecting therartig3.73. We get:

1 1
50 O — 50, O, + 3 5] o, ——5] o,

A 1 .
_7J =57 7l
o Ll1,l27y Ll17l3 y'e + 5 13713 y2 9 5l1 Ll2,l2,3113+
1 . 1 .
s rh _—si7h
+ 2 513 Ll17117y12 92 512 Ll1 I yl3+

1 j 1 l l l
5 Hiy Mg, — 5 HY, Mg, + 5 5] Lg, Ly, - 5] N
(389) + Z Lll l3 ng k Z Ll1 l2 ng,k—k
+ B 5?3 Z Li,lg Lﬁ,k 5 51]2 Z 11,03 Lﬁ s
k k
+7 5ﬂ L', 08 — - 5ﬂ L, O+ = 5] L, 0" — - 5] L, O+

+ 55?3 Z Lll,lz @k - 551]2 Z l1,l3 @k
k k
1 1 1
5 00, Miy ©° = 5 6, My, ©° + 5 5ﬂ R AR

Next, replacing plainly (3.64) i(3.65)4, we get:

(I50) 1, — (51,

1, 1
= Gol B 5 li,lly 9 @;1 -
= 110® ZHOOHk+HOll oo®+zﬂozl I, =
3.90 _ k k kE o0
390 ——z(—a>-<Mh,k>+z(—§Hh+5ah@)-
% k
1 1
1 l 1
=2 G M= > Hy L~ ZHh@k Llih@%Z@O@h.
k !

Reorganizing the equality so as to put the tefnsand©,, alone in the left-hand side,
we get:

1 l 1 l
—5 O+ o), = 3 Line Ly,

1 1
k k 1k k k
(391) + Z G Mll,k — Z Z Hh Lk,k — Z ; Hh C) -+

1
+Z ll I @0+ @O@ll
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Next, replacing plainly (3.64) i(3.65)5, we get:

(Hll,lz) B (H?l,o)yb =
1
lo,x 2 11,01yt

—1I0;, 1, - Mg 9 — Zﬂlllg 100 . + 103, - 1) O+Zﬂl10 I, 5, =

1
= M, — _@lll -

_ 0 k l 1
(3.92) - _Mllyl2 0" — Zk: <_L11,l2 + 5 511 Lli lo + 5 512 Lli I

1 1 1 1
+50, 0" + 2 4, @ll> : (- Lik+y e’f> +

1 1
+ <2Ll1 l1 +5 @l1> ’ < Lg l2 + §®l2> +

+ <—§szl +§5zkl @0> M, g, =
k

1

k: l l
M, i, . Z Lll bler +3 Z Lll 1, © 1 Ll;lg lill_
3] o] 2!
_ lle el _1 L la 1 I l2 lLll la _

l2,l l1,l l2,l Rt l1,l
4 2,02 @ 4 1,1 272® 4 1,01 © 4 1,01 E

1 1 1 1
—ehelz —_pk el _—_ohgh L oLk
4 @ 4 lale E 4 @ + 4 "l Tl ®+

1 l 1l l 1 k
i1 L, 0% 4oL e +-ehe” — =S HfM,, +
i et Gt @ 25

(1]

1
— M, 0° .
+2 l2,ly .

Multiplying by —2 and reorganizing the equality, we get:

l l
@yllQ = _Lli,ll,yb +2 My 10t
1
k l
=+ Z Hl1 Ml27k +3 9 Lli 15 lz lo Z Ll1 l2
k

1
+5 Lk, 0" + 5 le , O — Z L} ., ©

(3.93)

+ Mll,lz @0 + 5 @ll @lz.

39
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Next, replacing plainly (3.64) i(3.65)4, we get:
(H?le)yls o (H?1,l3)yl2
= Mll,lQ,y B Mll,

10 k 0o _
—I07 4, 11 o — E 107 g, T, + 100, - TI) o + E 0y g, 10, =
e

l37y

1
! ! k I
= =M, 1, ( Lisas T3 9 3) - Z Mg 1 <—L11,12 T3 o, Lt

1
+5 06 Ly, + 5 511 6% +3 ;o 611>

(3.94)

1
I ! k !
+ Ml1,l3 < le lo + 5 @ 2> + Z Ml2,k <_Ll1,l3 + 5 6l1 ng I3
%
1 ! [N BN
+5 0 Lijyy + 50, 0+ 5 61,0 ).

Developing the products and ordering each monomial, we get:

1 1 ! k !
=g Ly M, — 5 My, ©° + > LE My in,zQ My, —
© ® T . —@
1 ! !
9 Lli,ll l3,l2 4 Mlle S _ -5 Ml& S IO—’_ ng Io Mlle ©+

(3.95) .
l k
+ 5 Mll,lS @ 2®_ Z Lll,lg Ml27k +3 ng I3 Ml27l10+ Ll1 l1 Ml27l3 @+

+ 35 Mlz,h@lSO—i_ Mlm @ll

®
Simplifying, we obtain the family (IV) in the statement of @brem 1.73):

(3.96) 0= M, s — My o — Y Li Mo+ LYy My i
k k

la,y'3

3.97. Solving®?, @211, Oh and @lyllz. It is now easy to solve all first order partial

derivatives of the function®® and©'. Equation (3.93) already provides the solution
for @lyll?. We state the result as an independent proposition.

Proposition 3.98. As a consequence of the six families of equati@&9) (3.86)
(3.89) (3.91) (3.93)and (3.96)the first order derivative®?, ©° , ©' and @;1[2 of
the principal unknowns are given by

ll’

(00 = —2G, + H! +
1
kol k 1k ko rrl

(3.99) +2) G Ly =) GULy,—5 Y HiHY -

k k k

1
- Grertelel
k
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( 2 1
0o _ 15 - I8
@yll — 3 Lll ll z 3 thyll—i_

4 1
I FITEED SRR Sy v
k k

1 1 1
Ty Do ML= 5 D0 HiLi =5 > HE O+
k k k

@0+%@0@“.

(3.100)

L
L 2L11 I

(oh — 2 Hh 1 L h
xT 3 lhy 3 ll ll JI

4 2
TR SR
k k

2 1 1
Ty D HE L= 5 Do L= 5 > HEO
k k k

@0+%@0 oh.

(3.101)

1 l
\ 2 Lli I

( @;llz = Lll + 2 Mll,lz,$+

Iy,l1,yt2
1
Lo o1l k
Lo, L g, Z L gy Lyt

2 HE Myt 5
k

1
+ 5L, 0" + 5 Ll2l2@h ZLM

(3.102)

+ Mll,lg @0 + 5 @ll @lz.

\

We notice that the right-hand side of (3.99) should be inddpat ofi;; this phe-
nomenon will be explained in a while.

Proof. For®? in (3.99), it suffices to puf := [, in (3.69).
To obtain@gll, we putj := I, andl, := [; in (3.86), which yields:

1 1
l 0 _ =~ rrh
O - 2 Gyll 2 Hh,yll+

1

l l k

+G1 Mlhll — 5 Z Hk‘l Lll,l1+
k

1 kol 1 k ok
t5 Z Hy Ly — 1 Z Hy, Ly . —

——Zﬂhe’w L, 0"+ Leven,

(3.103)

We may easily solv@gl1 and® thanks to this equation (3.103) and thanks to (3.91):
indeed, to obtain (3.100), it suffices to compgté3.91)+2 - (3.103); to obtain (3.101),

it suffices to computé - (3.91) + 5 - (3.103). Finally, (3.102) is a copy of (3.93). This
completes the proof. O
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3.104. Appearance of the crucial four families of first orderpartial differential
relations (1), (11), (1) and (IV) of Theorem 1.7 (3). However, in solvingd?, @211,
Ol and @;52 from our six families of equations (3.69), (3.86), (3.898.,91), (3.93)
and (3.96), only a subpart of these equations has been usedoti¢e that the two
families of equations (3.91) and (3.93) have been used cagipland that the family
of equations (3.96), which does not invol®ecoincides precisely with the system (IV)
of Theorem 1.73). To insure tha®?, @gll, eh and@lyll2 as written in Proposition 3.98
are true solutions, it is necessary and sufficient that thégfg the remaining equa-
tions. Thus, we have to replace these solutions (3.99)003,13.101) and (3.102) in
the three remaining families (3.69), (3.86) and (3.89).

Firstly, let us insert inside (3.69) the value ®f given by the equation (3.99), in
which the index; is replaced in advance by an arbitrary index\We get:

+

I,z la,z

k17 ] k 1l j k 1k
+2 Z G Lghk o 26{1 Z G ng,k o 51]1 Z G Lkak +
k k k @

1 R k oyl
2 ZHIIH’]“+§51]1 ZHIQsz_
k k

. o . .
0=-2G), +26, G5, + H], ,—d, Hy

3.105 :
(3.105) +6] Y GFLE,
i ©

. 1 . 1 .
+d, Y Grer +54,0°0" — 4 eler

—5 > GFeF :

We simplify, which yields the family (I) of partial differe¢mal relations of Theo-
rem 1.7(3):

0= — QGZZI +26] G;%Q +H -5 H?

la,x

j ) l
) Z GM L] —24] Z GM L2+
k k

+

(3.106)

1 1
—§ZH;jH,g+§5;IZH;;H,f.
k k

Secondly, let us insert inside (3.86) the valuesayf, © given by (3.101) and
the value of@gl1 given by (3.100). We place all the terms in the right-hanc s
the equality and we place the first order terms in the beg(first three lines just
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below). We obtain:

(3.107)
0= —Lp + L] _Lype _Lsipn +
2 [hylz. 2 l1 127l2,m[E| 2 Iy ll,ll,x@
1 . 1 .. 1 .. 1 .
J o7l J ol J gyl Jj o7l
+ § 5l1 Hl;yl2@ - 6 511 Ll§7127$[E| + g 612 Hlll,yHE B 6 5!2 Lli,ll,x@_{_
1 1
J 7l j l
+39, Ll;,l2,$[E| 5% Hlj,yu@_"

L kork
— 1% > HiLiy -
k

, 1 L 1 o
+ Gth,lz. - 5 Z lec Lll,lz + 5 Z Hh ng,k
k k @

1 1 1
J k ok J o7l 0 J 00!
—1512%:1{11@ +1512L11J1@©+1612@ eh
®

2 l Lo k L lo Tk L k rl
— 30, G My, =20, Y G My 428 Y HP Ly, -8, > HiLZ, o+
k k

]

(@

LG k ok L kot _Lert 00 _Llg qogr
+ 50, D H Ly +70, Y HLOY — 25 L2, © - L0, 06"
i ©) k ®
2 1 1 . ; 1 . .
— 30, GN My, =20, > GE My 28, Y HYLE,, -8, > HyL, o+
k k

L k o1k 1 k ok L 1
+—5{2§:H11Lk7k +—5{2§:Hl1@ ——5{2Ll17h®0 ——5{2@0@0 +
4 4 4 4

®

(@)
Lj o 2 G k
+ géll G My 1, + géll Z G M,
k

Lo k 1k
=10 22 HE Lk
k

1 Iy 7k L k7l
- SHpLk, o+ 5, SoHELE, -

@0®+ i(s{l e’ "

(10

L > HfeF Lo e

4 Iy 2 4 11 “la\lo
k ®

-

©
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Simplifying and ordering, we obtain the family (Il) of patidifferential relations of
Theorem 1.43):

(3.108)
1 l 1
0=—5H] 4+ L CHE L+ 5] H L+
+Ll1 lo,x - gdljl LE lo,x - 5j Léi l, m+

. 1 . .
+ G My, — 3 & G My, — 3 5{2 G M, +3 5 Z G My, o~
1 .
_—5 ZGth ZHJLl1l2+§ZHl’jL{27k+
1 ..
+ 50 Z HP LY, — 5{1 Z HfLE +

Z Hll Lll i 5{2 Z Hlkl‘ Lﬁ,k
k

Thirdly, let us insert inside (3.89) the values@’f2 of ©%_, of ©", and of@;ll2

given by (3.102). We place all the terms in the rlght hane sitithe équality and we
place the first order terms in the beginning (first four linest pelow). We obtain:

1 . 1 . ,
_ J o7l J j 7l j
0= 9 6l le,lz,y%@_ 5!1 M127l3,$®+ 9 5!2 Lli,lhyls ©_ 6l2 Mll,l?”x._
1 . , 1 . .
J 7l J J gl J
— 50 Ly gy e @+ O Mo = 300 Ly g ®+ e Mllvl?’”ﬁl+
2109 I ~ 1 +Lgi o _Lgp +
l1712,yZSE 11713,?/[2@ 9 i g lsyt2 @ 9 Tl Tlalpyts ©
1 1
J rh J rh
+ g 5l3 Lll,ll,yZQ ®_ 5 5[2 Lll,h,yl?’ ©+

1 1
J l 7l
+ 5 Hj, Mll,le — 3, Mh,lgD 7 5 Lil,, in,zlo 5 Lz, L, 11®+
.
+ Z Lllal?z Limk o Z Lllvl2 Li&k +
: :
Ik
ZLll Iy - ZLll s Lie +
® ®
1 .
o I o ! ! o7l
+ 7%, Llill@3®—‘5 Lﬁ,h@ZOJF 5 l3,13@1®__5 L, 12@1m+
L ko ok ' ko ok
9 6l]3 Z Ll17l2 e" - 92 61]2 Z Llhla 0" +
i (n) i (o)

1 . 1 . 1 . 1 .
— 0] My, 00 — =6 M, 0" +-4 6kl — -4 ke
+ 2 Iy ¥l @ 2 I3 7l ®+ 4 lo ® 4 I3 @
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L k I L k
3 3, Z Hy, My, 5] VL, Lz3 3 O+ B 3, Z Liyps Ly, —
1 .
I I k
__551 121293@)__51]1 1313920+§5{12 12,13@ B
k X
Lo 0 [T RPNAN
— 5 0], My, © —1511@2@3
) @
1 .
! !
-5 5] Z Hj; My, 5j Ly 1, ng,13®+ 59, > Li L,
@ k @
! l I
5] L} ll@s@--aﬂ L,;lg@lo+ 5] ZLMS -
(o)
1 0 Lo ais ol
5 0, My, — 58,0000 +
() )
, 1 .
k I k
500 > Hi My + 5 Lid g, Lidy, ®_ 5% > L Lie +
! I ! ! k
+3 5] L1313@20 5J Lélz@S - ZLIB’ZQG) +
(x)

Y4

1 1
+= 6{1 My, ®0®+ —5) kel 4

1 .

l k k
Z Hll Ml2 k + 5 l1,l1 Ll;,b@_ 5 5{3 Z Lll,l2 Lk?,k‘ +
L I I L ko ok
Z 5J l1 ll @ : 5J l2 l2 @ ' - 5 51.]3 Z Lll,l2 @ +

+

1 1
— 8 My, ,, 00 ~ 5 ehek |
+2 I3 02 ®+4 3 @
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Simplifying and ordering, we obtain the family (1) of p&t differential relations of
Theorem 1.43):

(3.110)

0= Lghlz,y Lg J3,yt2 + 5ljs Mllvl?ﬂ*’ B 51]2 Mllvl3=$+
1 1 .
t3 H{ My, 1, — 3 Hj, My, 15+

1 1
LY HE M- Y HE M
k k
. 1 .
5] Z HF My, — 5%, Z HF My, i+

Z Lh I3 ng k Z Lll l2 ng k-

3.111. Arguments for the proof of Theorem 1.7 (3): necessitgnd sufficiency of

(), (), (1, (1v).

far, from the beginning of Section 3. Recall that> 2.

Let us summarize the implications that have been establisbe



46 JOEL MERKER

e There exist functions X, Y7 of (z,y) transforming the system
Yyl = FJ(:c Y,Yz), j = 1,...,m, to the free particle system}x = 0,
73 =1,.

g

e There exist functlonﬂ{ 5, Of (z,9), 0 < 4,01, 1> < m, satisfying the first
auxiliary system (3.38) of partial dlfferentlal equations

g

e There exist (principal unknowns) functio®®, ©/ satisfying the six families
of partial differential equations (3.69), (3.86), (3.88.91), (3.93) and (3.96).

g

e The functionsG”, H{ , LJ 1, and My, ,, satisfy the four families of partial dif-
ferential equations (1), (II) (1 and (IV) of Theorem 1(3).

The four families of first order partial differential equats (3.99), (3.100), (3.101)
and (3.102) satisfied by the principal unknowns will be ahllbe second auxiliary
systemltis a complete system.

To achieve the proof of Theorem 1(3), we have to establish the reverse implica-
tions. More precisely:

e Some given functions, H{, L] , = Li , and M, = M, of (z,y)
satisfy the four families of partlal dn‘ferentlal equats)(1) (1, (1) and (1Vv)
of Theorem 1.73), or equivalently, the partial differential equations (¥},
(3.108), (3.110) and (3.96).

\

e There exist function®’, ©’ satisfying the second auxiliary system (3.99),
(3.100), (3.101) and (3.102).

.

e These solution function®’, ©7 satisfy the six families of partial differential
equations (3.69), (3.86), (3.89), (3.91), (3.93) and (B.96

\ _

e There exist functions]ﬂ{hl2 of (x,y), 0 < j,11,l> < m, satisfying the first
auxiliary system (3.38) of partial differential equations

\

e There exist functions X, Y7 of (z,y) transforming the system
Yyl = Ff(x v,Y:), 7 = 1,...,m, to the free particle systey, = 0,
j = 1

The above last three implications have been already inplycestablished in the
preceding paragraphs, as may be checked by inspecting L&mfand the formal
computations afte§3.62.

Thus,it remains only to establish the first implication in the abagverse listSince
the second auxiliary system (3.99), (3.100), (3.101) antio@ is complete and of
first order, a necessary and sufficient condition for theterise of solutions follows
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by writing out the following four families of cross-diffenéiations:

(3.112)

0= (80:),. = (O),..

In the hardest techical part of this paper (Section 4 belowe)yverify that these four
families of compatibility conditions are a consequencelpf((l), (IIl) and (IV). For
reasons of space, we shall in fact only study the first familgampatibility condi-
tions,i.e. the first line of (3.112). In the our manuscript, we have gddhe remaining
three families of compatibility conditions similarly andropletely, up to the very end
of every branch of the coral tree of computations. Howeverwould like to men-
tion that typesetting the remaining three cases would adehat fifty pages of Latex
to Section 4. Thus, we prefer to expose thoroughly the treatraf the first family
of compatibility conditions, explaining implicitely howotguess the treatment of the
remaining three.

§4. COMPATIBILITY CONDITIONS FOR THE SECOND AUXILIARY SYSTEM

So, we have to develope the first line of (3.112): we repl@feby its expres-
sion (3.99), we differentiate it with respect &, we replace@gl1 by its expres-

sion (3.100), we differentiate it with respectt@nd we substract. We get:
(4.1)

0=(6%),, — (&%)

= —2Gh,  +HY

yliyh Loyl

k l k 1l k;
+22Gyllle+2ZG Lli,kyll ZGllka‘ ZG kkyht
k
1 k ! ! ko ok k ok
_izHll,yll Hkl_§ ZHll Hklyll ZGy“@ —ZG @yll+
k k k k

00
+ 06 lel—

2 1 5
o g Llill,lm? + g Hlll,yllx

+

4 4
l l k k
_—Gl 11,11 _—G1 l1,lh,x _g g Glelvk—g ZG Mll,k,m+

1
+ 5 Z 1111+ ZHZI l111$_§z lia ZHll hkzt

k

+5 ZHzlmLk/H' ZHllkam+% ZHzl,x9k+§ > Hf 05—
! !

1
l l
- thJw@ - §Ll17h@_§— 59_391 —3 0" ;.
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Here, we underline twice the second order terms. Also, we kaderlined once the
six terms: ©7,, ©7,,, O, 07, ©f and©}:. They must be replaced by their values
given in (3.99), (3.100), (3.101) and (3.102). In this replment, some double sums
appear. As before, we use the first index 1, ..., m for single summation and then
the second index = 1,...,m for double summation. Finally, we put all the second
order terms in the first line, not disturbing the order of appace of the 73 remaining
terms. We get:
(4.2)

L4 2

l l
0 — _2G 111 ll 3 Hl117xyll B 5 Lll7l17xx+

k l k 1l k k k
2 G LY, w2 GRLY L =Y G Ly, ZG kgt
k

1 1
-5 SHf L HY - 5 > Hf Hlil noo— Y GheF 4
k [10] k ] & ©

+2Gk kKl _QZGkMk,ll,m _ZZGkH};Mhm

©) k @ k p @I
1 1
=5 20 Gr Ll Ly, +ZZGk B lhy =52 G Lin6" -
E ® ] ©

1 1
—5§G’“Lﬁh@k +D D GNL,e7 =) GPM, 0 - o) Gretel +

@ kP © -k o —F ®

2 Iy 0 1 Hll @O

+ nghllﬂC @ 3 ly,yh ®+
+3 2 Gl g, My, g, @°®+ Z GF My, 00 — = Z HP Ly, 00 + < Z Hf L}, 00 —
(&) K ® &

1

—EZH{jL e’ ——ZHh@k@O +5 L 15,0700 +o Leveren
‘ © ® 8 ©

2 2 4 4
-3 chl My, — 3 Gh My 1y 0 Y Z G M, 2 Z Mlhk‘r +

3 1 3 @ 3% 35

1 1
l l k k l

+3 Z H 1 l1 Lo T 3 Z Hkl Lll,h,:v 3 Hll,:v Lli,k Z Hh ll,kx

1 1 ko ok
+5 D H{ijg +z § Hi Lipe  +5 > HELO" -
k

le] (18] —* @

_l’_
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1 k k 2 k ~k
—3 2 HLHE . g Z H Lie 3 D HEG My +
k

+ g Z Z Hh GpMk?vP - g Z Z Hh Hp Lz,k + g Z Z Hl1 HI]ij:,P
kK p @ kK p @ kK p @
1 1 k 1 E ok Qo
STy, Y A i3 e
@l k p @ k 0
1 0 ok 1 l 0
ZZHh@ O —glina9
()
1
l l l l
+ G ; Lli l1. 9 Hlllﬂﬁ LlihE_
1
k7l krl k Iy 7l
_ZGLlill nk  t3 ZGLlih 3 HLHY LY, +
=) o =7
1 kTl ok b Q0o
5 G Ly, © _ZLﬁh@ 9®+
@
1
l l l l
+Gy51@1®—51{l;,x@1@—
1 1 1
l l
=y 6P et +oy GFrpet o Y HLHIeY +5 % Greten
k © —* © —* @ —* ®
1
—19060911 +
)

1
l 0 l 0
+ 3Hl11,y © ®— éLli,ll,x@ @—

2 1 1 1
-3 G My, @0®— 5D GEM 00+ Y HYLE, 00—y HLp 00 +
- k

(e) i @ b ()
1 1 . 1
+5 D HELi O+ > Hjele! 4L117h@0@0 SGACECEIE
k ® k @ @ @
As usual, all the terms underlined with the 15 roman alphebettersa,b,...,n,o

appended vanish evidently. Furthermore, we claim that gt éerms underlined
with the 8 Greek alphabetic lettess 3, v, 6, €, ¢, n andf also vanish:
(4.3)

0=7=— Z Gy, O+ Gl eh +1 Z Hf 0 - Hll

I,z

+ZZG’“L£ZG)” ZG'@Lgk@h—ZZZHth@M ZHllHll@ll.

k

oh+

Indeed, it suffices to observe that this identity coincidés w

1 Z k
(44) 0= 5 S} <(3106)|J:k, l1:=ly; l2::l1) :
k
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Simplifying then (4.2), we get the explicit formulation dfe first family of compati-
bility conditions for the second auxiliary system:
4 2

—7—9gh = _z _
0 =" G llyll + 3 thxyll 3 Lll,ll,:m:

-3 Gg; My, = 5 Z Gk My, g + G“ CLE
k
+2 Z G’;ll L, - Z G’;ll Lf—
Hzlllx [ Z Hf , 11k+ Z H Lyt
%Z@mmqgﬁwwqgﬁm%—
_ Z " Hl1

(4.5)

I !
__Z zlkalﬁ' ZLzlzlel+ Zka,le1+
+22Lllk , G-

1 k
~3 Mll,h,mG b - 3 Ek; My 0 G"—

2 1
~ X Gy X G B M g 3 G M
k k 4
k 7l l k
—Z G" Ly, Loy g, +Z Z G* Ly, Ly~
k
1 k 11k k k
DI VIREDS 2 HH L~
kop k
1 1 o7l
— 2D HLHRLG, 7 > HyHY LY,
kop k
We can now state the main technical lemma of this section atidsopaper.

Lemma 4.6. The second order partial differential relatior{4.5) hold true for! =

1,...,m, and they are a consequence, by differentiations and bgiioembinations,
of the fundamental first order partial differential equais(3.106) (3.108) (3.110)
and (3.96)

4.7. Reconstitution of the appropriate linear combinatiors. The remaining of Sec-
tion 4 is entirely devoted to the proof of this statement.nktbhe manual computational
point of view, the difficulty of the task is due to the fact tlmate has to manipulate
formal expressions having from 10 to 50 terms. So the reatoureis: how can we re-
constitute the linear combinations and the differentiasievhich lead to the gog#.5)
from the datg3.106) (3.108) (3.110)and(3.96)~.

The main trick is to first neglect the first order and the zerdeorterms in the
goal (4.5). Using the symboE” to denote ‘modulo first order and the zero order
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term$, we formulate the following sub-goal:

4 2
I l1 I
(4.8) 0===2G, u + 3 By o = 5 Ll
forl; = 1,...,m. Before estabilishing that these partial differentiahtelns are a con-

sequence of the data (3.106), (3.108), (3.110) and (3.96{téw with a similar sign
=), let us check that they are a consequence of the existertbe ohange of coordi-
nates(z,y) — (X,Y) (however, recall that, in establishing the reverse imgilices
of §3.111, we still do not know that such a change of coordinagaByr exists); this
will confirm the coherence and the validity of our computasiolmportantly, we have
been able to achieve systematic corrections of our compuagaby always checking
them alongside with the existence of the change of coorelsfat y) — (X, Y).
Coming back to the definition (3.35) and to the approximaf®b8), we have:

1 __ 1 ~ l1
Gh=-0Ob >~y

T

(4.9) Hy = =200, + 00, = =2V, + Xy,

l ll 0 ~ _vyvh
L, =00, #2000, = Y r2X,

Differentiating the first two lines with respect#6 and the third line with respect tq

and replacing the sig# by the sign= (in a non-rigorous way, this corresponds essen-
tially to neglecting the derivatives of ordey1, 2 and3 of X, Y/ and to neglecting the
difference between the Jacobian matrix of the transfoonaind the identity matrix),
we get:

1 _ l1

gyl = _Yxxyllylla
l1 ll
(410) Hll,anyll nyllany + Xmmmyll ’
l1 ll
Lll,ll,a:a: Yllyllmm + 2X$yl1a:a:'

Hence the linear combination2 - (4.10); + 3 - (4.10); — 2(4.10); yields the desired
result:

4 2

_ ! 1 !

0=7=-2G lllyll 3 Hlll,xyll B g li,ll,:m:

(4.11) oAl 8 1 4 2, 4
=2 leﬁyllyll ®_ 3 szllllmy“ ®+ 3 Xoaayh ®+ 3 Yylllyll xx®_ 3 mel1m®
=0, indeed!

Thanks to this straightforward computation, we guess thatapproximate partial
differential relations (4.8) are a consequence of the apmate relations (3.106),
(3.108), (3.110) and (3.96), namely:

(3106)™:  0=-2G", +2 551 Gy + Hi , =0, Hy .

(3.108)m4 = —% Hljl,yb 51]1 12ylz +3 5 11 o
(4.12) - = 5;1 Ly, . - 3 5;2 L'

3110yt 0=17 — L{ lagls T 67, Miy oz — O], Miy g o

(3.96)“10d 0= My s — My gy e
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Here, the sigre means ‘modulo zero order terrisBefore proceding further, recall
the correspondence between partial differential relation

() = (3.106)

(I) = (3.108),

(1) = (3.110),

(IV) = (3.96).

(4.13)

However, these couples of equivalent identities are wrisleghtly differently, as may
be read by comparison. To fix ideas and to facilitate the égelking of our subsequent
computationswe shall only use and refer to the exact writing(8f106) of (3.108)
of (3.110)and of(3.96).

4.14. Construction of a guide. So we want to show that the approximate relation (4.8)
is a consequence, by differentiations and by linear contibing, of the approximate
identities (4.12). The interest of working with approximadlentities is that formal
computations are lightened substantially. After havirgcdvered which linear com-
binations and which differentiations are appropriate, after having constructed a
“guide”, in §4.22 below, we shall write down the complete computatiamduding all
zero order terms, following our guide.

We shall use two indicels andi, with 1 < [y, l, < m and, crucially/, # [;. Again,
the assumptiom > 2 is used strongly.

Firstly, putj := [, in (3.106)™°% with I, # [, and differentiate with respect 9':

— l l l l

(4.15) 0=-2G) o +2G0, T H] o —H 0

Secondly, puf := I, in (3.106)™°4 with [, # I, and differentiate with respect t¢:

(4.16) 0=-2 G;ﬁlyb + Hlllz,:cylz'

Thirdly, putj := I, in (3.108)™°¢ with [, # [, and differentiate with respect ta
R Lo ! 2

(4.17) 0=—H? o 3 ! 4L e — 5 Dl e

Fourthly, putj := [, in (3.108)™°d with I, # [, and differentiate with respect ta
N Lo ! L

(4.18) = 5B et H L e 5 Ly

Fithly, permute the indiceQ1, ls) — (I3, ;):

(4.19) —tge oy lge e L

2 la,ylix 6 lyhe l2,l1,xx 3 l1,l1,22°

Finally, compute the linear combinatigt.15) + (4.16) + 2 - (4.17) — 2 - (4.19):

_ I l2 h 2
0 = —2 Gyllylllzl + 2 Gyllyl2 @"’ thxyll@ - leyl‘yll ®_
lQ l2
— 2 Gyllyl2 ®+ Hll71‘yl2 ©_
(4.20) _ gl W+ ngl . + 2L§2 I - éLgl l T
M@ 3 1,01,y 1 M@

lQ 1 l2

2
l l
+ le,myll ®— 3 Hlll,:cylll o 2le,ll,$$@+ 3 Llill,lm.'
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We indeed get the desired approximate identity:

4 2
— l l l

(4.21) 0 = _2 Gylllyll + g lll,fl'yll - g li,ll,$$'
4.22. Complete computation.Now that the guide is constructed, we can achieve the
complete computations.

Firstly, putj := [, in (3.106) with I, # [, and differentiate with respect {:
(4.23)

0=-2 Gglll yh +2 Glzlz yh + Hllll,;cyll o Hllgz,:z:yll +

kool kol kol kol
+22Gyllle+2Z G Lllk,yll _22GyllLl§k_2 ZG lek,yll
k k
1 k I I Lo 1 I
9 Z H,, Hy' - 2 Z Hll Hklyll Z l2,y" n Hy + 2 Z le Hl:yll
k k k

Secondly, pu§ := [, in (3.106) with [; # [, and differentiate with respect i:
(4.24)

_ ! l
0=-2 G;llle + Hlimyl2+

1

k l k 1l k l l

2ZG12L2,€+2ZG Llfﬁyb— Z e HQ——ZHhH;le
k

Thirdly, putj := I, in (3.108) with [, # [, and differentiate with respect to
(4.25)

I . - ! 2
=5 H yon T3 H iyt L e — 3 L e

2 2
+ Glxz Ml17l2 + Glxz Ml17l271' - g Gl$1 Mll,ll Y Gll Ml17

Iy, 20—

1 k 1 k l !
_nglel’k_ngMlhkvm_ ZH2 1112 ZHQLHJ%
k
1 ko orl ! !
+§ZHI1$LQI¢+ ZHh le!L’ ZHI 11l1+ ZHlLlhhw
k
1 kool
_nghl‘Llik ZHh llka:
k

Fourthly, putj := [; in (3.108) with [ # [;, differentiate with respect toand permute
the indiceqly, ls) — (l2, 11):
(4.26)

:——HZQ +3Hl1 + LY L

loyh 6 lhylz 127117$$_§ l17l17$x+

1 1
+ Glz Ml2 L+ Glz Mlz li,2 7 o Gll Mll,ll o § Gll Mll,lhffi_

+ = ZG Mlhk‘i' ZG Mll,kx_%z lgll ZHIQlellm

k

! ! ! !
+5 ZHl2$L2k+ Zleszimﬁ‘ ZHklmthl_'_ ZHlLl17l1$

- I
~ 5 Z Hy Ly — Z Hf LY o
! K
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Finally, compute the linear combinatid®.23) + (4.24) + 2 - (4.25) — 2 - (4.26):
(4.27)
4 2

_ _9nh Zrrh _z _
0 - 2 Gyllyll + 3 thxyll 3 Lll,ll,l‘l‘

_ %Gg M,y — % Z G My, gt
+2 Z Gl Lty =2 Z Gl L o +2 Z Gl L o+
DRSS z HLE - z bty S it
+ = Z hi H,i2+§ZH,ljyllHl’z Z E o
__Z Hiy H __Z h 2 Hll_‘ZHllH;?yu
+ZL12MH11+ ZLllmH,il ZLllmHh ZLllmHl’;—k
+2 Z Lﬁl Kyl G* +2 Z L? k,yl2 —2 Z 12, ,yll

k k

2 n 4 k
—3 M, 1, G — 3 ; My, g2 G

In this partial differential relation, importantly, themnd order terms are exactly the
same as in our goal (4.5). Unfortunately, the first order dwadzero order terms are
not the same.

4.28. Formulation of a new goal Thus, in order to get rid of the second order ex-
pressior2 G, + 5 H,' 1 — 3 Li!, ., We SUbStract{4.5) — (4.27). In the result,
we write the first order terms in a certain way, adapted in adedo our subsequent
computations. For this substraction yielding (4.29) juedblwv, we have not underlined

the terms in (4.5) and in (4.27). However, they may be undedliwith a pencil to
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check that the result (4.29) is correct. We get:

1 1
_ k 1k Lol E Tk Loyl
== G Lip+ Gl Ly, + 3 S HE L Li - 5 Mo Lt
k k
k7l -
2 Gy Ly =D HE L L2~
k k
kool ko orl
-2 Z Gyl2 Llik‘ + Z Hl%v Ll?,k‘—i_
k k
1 I p 1 k k I R 2 k k
+ 5 Z HkQ,yZQ Hll - g Z Hk,yk Hh - Z le,k,m Hh + g Z Lk,k,x Hll_
k k k k

1 ! k ! k
2 Z Hy 'y Hi + Z L oo Hiy +
% %

1 k 1 k I
+3 > Hp L, HE - 5 > HE L HE+
k

k
lo k lo k k
+2 Z L, o GF =2 Z L, G =2 Z My g,.0 GF—
k k k

>N GngMlhp#—g > GMH} Mk,k+% >N GPH} My ,—
k P k k P

1

k 1l l k k k

=2 GRL L D0 DGR LR Lpp =5 D D HE H LYyt
k k. p k

p
1 k k 1 k 1 kol rl
o D D HRHLE, =5 Y > HL HY LG, + 5 > Hy HY L, .
k p k p e

We have underlined plainly the first order terms appearinges1, 2, 3, 4, 5, 6 and
7.

4.30. Reconstitution of the subgoal(4.29) from (3.106) from (3.108) and
from (3.110) Now, it suffices to establish that the first order partial efiéntial
relations (4.29) fod < l1,ls < m andly # [; (crucial assumption) are a consequence
of (3.106), of (3.108) and of (3.110) by linear combinatiofifie auxiliary indexs,
which is absent in the goal (4.5), will disappear at the enffei2ntiations will not be
applied anymore. Also, the partial differential relatidq3s96), which were not used
above, will neither be used in the sequel. However, theytaoagly used in the treat-
ment of the remaining three compatibility conditiai3s112),, (3.112)3; and(3.112),,
the detail of which we do not copy in the typesetted papemlBinthe construction of
a guide for the subgoal (4.29) may be guessed similarly §4.t4 above. We shall
provide the final computations directly, without any guidleey consists of theeven
partial differential relations (4.32), (4.33), (4.35),.34), (4.39), (4.43) and (4.45)
below. At the end, we shall make the addition (4.47) belowdpcing the desired
subgoal (4.29) := (4.32) + (4.33) + (4.35) + (4.37) + (4.39%#403) + (4.45), with the
numerotation of terms corresponding to the order of appearaf the terms of (4.29),
as usual.



56 JOEL MERKER

Firstly, putj := &, [; := [; andl, := [; in (3.106):

l1,x

1 1

k k l k k 1

+2 Z Glel,p_Qéll Z Glei,p_ 9 Z Hlpl Hp +§5l1 Z Hlpl le'
P p p p

0=—2Gy, +28} G +Hf , — 8 Hp! +

(4.31)

Apply the operator; >, Ly, (-) to the preceding equality, namely compute
1S, LE, - (4.31). This yields:

1 1

k k l k k l l

0=-> Gh Li,+Gl + 3 S H L - 5 Mo Lt
k k

1

(4.32) YD GPLE LYy~ Y GPL, Ly — g Y D HE HY LYt

kK p D kK p

1 !

+3 > HPH} L},
p

Secondly, apply the operater) ", Lﬁ;k(~) to (4.32), namely compute ", Lﬁ;k .
(4.32). This yields:

(4.33)
k l l l k l l l
0=23 G L2y —2G0, L2y — > Hpt o L2+ H)! L2y~
k k

1
l k l l P krl
=23 D GPLE L, t2 ) GPLE LYyt DY HE HY L~
k p p k p

1
P rrly 1l
-5 2 HLHY L,
P

Thlrdly, put] =k, =1 andlg =1 with Iy 7& l in (3106)

I l
0=—2GY, +28}, G\, + H,, —of H}! ,+
(4.34) i . L1 - !
+2 Z G Ly, — 20y, Z GP Ly — 2 Z Hy, Hy + 5512 Z Hi, Hy'
p p ! !

Next, apply the operator_, Lﬁik(-) to (4.34), namely compute’, Lﬁf’k-(4.34). This
yields:
(4.35)
0=—2% Gy, L2, +2G L + > Hiy Ly — Hy! L2+
k k

1 l1,l2 ly,l2

1
k l l l P k7l
2D Y GPLL L =2 ) GPL Ly, =5 > Y HE Hy L+
k p p k p

1 Lol
+§ZH£HPIL2
p

l1,l2°
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Fourthly, putj := l5, [ := k andl, := [5 in (3.108):
(4.36)

1 1
l l l k l
0=—= H; ot g O HE g HE e L

5l2 l2l2$_3kafE

2 1
+Gl2Mk,,2—§5;gGl2MlQ,lQ——G’fMMJr—abZGPMlQ,p—
1 I p I I
—3 2 "My Zﬂ“ ,+3 ZH Lyt 5QZH2LW2
p
1y k k
G ey T 2 ek,
p

P

Next, apply the operator Y, Hf (-) to (4.), namely compute >, Hf -(4.36). This
yields:
(4.37)

1 I . K
O:§ZHk2yl2Hll_6 l2y 3 Z o iy —

_Z lele1+3Ll2l2$ T2 Zkam

1 !
=" G2 Hf My, + gGlQ H}? My, i, + 5 Z G* Hf My j—
k
1 I 1 k 1 !
"3 ZGlefleerg ZZ GPH, My + 5 Z ZH11H2L£12
k
1
l l l l l
-3 ZZHle”inp—— ZHZH;LZN ZHQH”Lép

-3 ZZHthLZkJF ZZHthL

Fithly, putj := I3, [; := k andly := [; in (3.108):

0= Lmb, 41t H)' .+ LY

12
9 Tkyh 6 E T, kli,x 6 +

l1 I,z

1 1

l 1 l 1 l

+ G Mg, — 5 6¢ G2 My, + 5515 > GP My, - 3 Y HP LY, +
p p

(4.38)

1

l l l l

t3 ZHpth+ O ZHthll_g‘S/f > HE LY,
p
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Next, apply the operatoy_, H/ (-) to (4.38), namely computg_, H} - (4.38). This
yields:

(4.39)
! ! ! k
0___2Hk2yllHl2+ Hl H2+ZL/€Z1$HI2_
1 !
—3lun.Hot

1 1
+ 0 G My, = g G Hy My 5 3 G H M=

1 Iy 1P 1 - 1 lo 77l 7P
—gzszaHﬁLmﬁgZZHbH L+ g D Hi Hy LY g, —
k k p p

1 [
_EZHQH Llip
p

Sixthly, we form the expression:

(4.40) (3.108)| — (3.108)]

Ji=k; l1:=l1; la:=l2 Ji=k; li:=lo; lo:=ly -

Writing term by term the substractions, we get:

(4.41)
| — 1 | A |-
0= =g a3 Hf ey 5% By ~ 5 it
| | k k
’ § i zf,y“@ B 5 i Hzim ' L“’l”ﬁ@_ Ll%hvx@_

ll,ll :v@ 2 l1,l1 mD 12712, E

Io k ol
l1O 3 511 G” Ml2 o t5 6l2 G Mlhh -
7] 3 8]

— — 512 Gll l17l1[:| + — 511 GlZ

12,12, D

+ G Ml1,l2®_ G" M,

12712
[7]

1 1
+§5l’j > G M, —55;; Y GPM,, -
p

1 k 1 k k; k
- 5 5!2 Z GP Mll,p + g 5!1 Z GP MleP Z H l1 lo +5 Z H 12 51 +
p

1 1
+ 5 Z Hp Ll2,p a 5 Z Hp Lllyp + = 511 Z Hl2 le,lz 512 Z Hll Ll1 I

[14]

Lo I I
- 6511 Z Hp lep + = 512 Z l1p +3 512 Z Hl Llhll
? &) &) m
Lk I k ! L s !
— g0t Y Hp Ly, —551221{1’@1], + 30 D HEL L2,

P @ P E' P El
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Simplifying, we get:

(4.42)
1
k k k l
O:— Hlly + = ngy __5l1Hl2 + = 512 l1y +
l
+§5l1 Llilgm_ 512 l1,l11+

1 2 2
t3 o G' My 1, — 3 5{2 G My, g, + 3 0 > GP My, — 3 0 > GP My o+
p p
1
k l k l
+35 Z 121’ Z l1p 5l1 ZHPQLJIDQlQ—i_E(Sb ZHlLllDl l1

P P
k p 7l k p 7l
+65112H Ly — 5l22H Ly
P P

59

Next, apply the operator 3", Hp2(-) to (4.42), namely compute >, H}> - (4.42).

This yields:
(4.43)
0_§ZHlly HQ__Z la,yht H2 6H122,y12H112_
k
1 Hll Hl2 1 ng H L Hl2
B 6 liyh “l2 o 5 l2,l2,x +3 3 Ii,l1,2 * 5l

1 1 2
-3 G H> My, ., + 5 G H> My, — 3 Z GP H}> M, -+
l l 1
# My  3T HEHL L HEH 1

l l 1 l l
+EZH2HP2 lola — ZH2 P l1l1 ZHQHle§p+
p

1 [R—
+EZP:H2H L

l1,p°

Seventhly, puy := Iy, l; := k, [y := (2 andl3 := [; in (3.108):

_ 7l l2 -
0= Lklz,y Lk,h,yl? My 2t

1 1 1

l 1 1 l

+35 H ? Mg, — 5 Hi2 M, + 5 07 S"HP My, - s ST HP My,
p p

-5 ZH Mhp*ZLkhLﬁp ZLMLZ,,,

(4.44)
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and then apply the operatory, G*(-):

B I ok ! Gk k
0_2ZLI<32I2, _QZL;lh _2ZMk,ll,xG+
%

k
+ > GFHP My, — ZGkleMkll+Z G HY M, ,—
k
—ZG12Hlelp ZZGkaMllp+2ZZG’“ kthp
_2ZZGk klzLﬁp

(4.45)

Finally, achieve the addition
(4.46) (4.32) 4 (4.33) + (4.35) + (4.37) + (4.39) + (4.43) + (4.45).

We copy these seven formal expression, we underline theshviagi terms and we
number the remaining terms so as to respect the order of egpeaof the terms of
the subgoal (4.29):

(4.47)
k l l
0=-> Gy Lix GZ.JF Z he Lk — 5 Hy o L 1111
L [1] 3] .
k 1k
+ZZG”L Liip ZGPLM be LSS HLHELE, +
[24] [23] EF [27]
1
P l l
+ZZHHp1Llill +
[28]
k l l l l l l
+2 Z Gyll Lé k 2G 1 li 11 Z Hll xLli k Hllla:le ll®
[5] ]
1
l k: l k7l
_QZZGpLék hop +22GPL1211 L, +5 00 D HLHy LY, -
® ® L ®
1
14 l
§ZH HP1L1211 o
u @
k l l l k l l
—22 G Ly, +2G) Ly, +Zle,lef,k _th:cth?@
k - k -
[7]
1
k l l k rl
2D D GPL Ly =2 GPLY L, 5 > > HLHI L, +
k p ® p ® k p @

_|_
@

p l1,l2

1
P gyl 1l
+5 > HY HY LY
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+}ZH12 Ik _}ng 7l _EZH/& gk
9 kyl2 h 6 w2z Th ® 3 kb
k 1! k
—ZLkzngh +3L1212, 112 +3 ZkamHll
- 5
1 2
—Z G Hlkl My, 1, —|—§Gl2 I‘Illl2 M, 1, —|—§ Z GkHlkl My —
1 ! 1 k 1 -
—3 2 GTH My +3 ) > GPHE My, +5 ) ) HEHPLY, -
p @ k P @I k P @
1 1 1
D 7l l l p l p 7yl
—5 2D HGHYLE, — o> HPHPLY, +o ) HIH{LE, -
k p ® p @ p ®
1 k prk 1 k k
—3 2D HGHJLY, 5 ) Y HEHPLE,
k p 5] k p B
1
! ! ! !
9 Z Hkall + 6 Hlll,yll Hy _'_ Z L/fll x o
m
_ th H2 +
6

3 l1,l1,2 72

+ Z G" Hjy Myy,  — —Gll H;2 M, zl,zl +3 Z GP Hi2 My,
O (W

——ZZHZQHlQLZh + = ZZHlQHpLZp + = ZHZQHllLZh

61

© ®
+
&
T3 Z iyt Ilf __Z la,yh Hi? 6H1l22y Hllf©_
I

l l l l
— 5 Hi HéO 3 Sk, tzfO+ 3 SIh I Hé@—

1 1
— 5 Gl2 I‘Illl2 Ml2,l2 + 5 Gll Hll; Mll,ll - g Z GP Hlllz Mlz,p +
) © ®
2 1 1 1 k 1 l k
+ 3 Z GV H My — 92 Z Z Hy Hlp; Lip + 2 Z Z Hy Hlp; Lip +
P @ k P @ k P @
1 lo 77lo 7P 1 ly 77l1 7P 1 lo 770 7l
+EZH2HP2LI2I2 —GZHZleth _EZH2H Llip +
D @ p W) p (v
_|_
%)

_% Z leHp Ih

l1,p

l1,p

1 lo rrp
+EZP:H2H L

®
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l k k: k
2 L Gt =2 Z L, —2) MinaG' +
k

[17] [18] & [19]
+Y GEHE My, - GNHE My, +) G H] Mg,
k @ k @ P O
=S GHHE My, =YY GRHE My, +zzzak I -
p @ k P @l @

_2ZZGk leLﬁp

®

In conclusion, there is exact coincidence with the subgb29). The proof that the
first family (3.112); of compatibility conditions of the second auxiliary systé3r99),
(3.100), (3.101) and (3.102) are a consequence of (1), (), and (IV) of Theo-
rem 1.7(3) is complete. Granted that the treatment of the other thrediés of com-
patibility conditions(3.112),, (3.112)3 and(3.112), is similar (and as well painful),
we consider that the proof of the equivalence betw@grand(3) in Theorem 1.7 is
complete, now. O

§5. GENERAL FORM OF THE POINT TRANSFORMATION
OF THE FREE PARTICLE SYSTEM

This section is devoted to the exposition of a complete pmbbémma 3.32. To start
with, we must develope the fundamental equations (3.10), fo 1 Recalling
that the total differentiation operator is givenDy— > ylt- ayll +Eh Lyl

5 zl , we compute first

(5. 1)

DDX =D |X, +Zy X

=1
IRCRED DI AR RS DD DI SR IR DY IR O
L =1 l1=1 lo=1 l1=1

and
(5.2)

DDY? =D |Y]+) 4t

11*1

— Y +2Zy waZw« hylﬁzy

\ =1 =1 l2=1 =1
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Now, we can develope the equation- —DY7 - DDX + DX - DDY7, which yields

vieS oy |-

1=1

+Zzy$yx X11y12+zy le

l1=1 lx=1 li=1

Xot > bt Xy I+ 2 Z vy +

l1=1 l1=1

_'_Zzymy:v llyl2+zy

I1=1 lo=1 l1=1

Xyo+2 Z Yo xyzl

=1

(5.3)

= — X V] + Y], Xot
+ lf:l vi - [—2 Xoyn Y +2Y) | X~
~Xoa Y, + Y Xy | +
+ Z Z Yyl [—Xyzlyzg Vi Y, Xom
l1=1 l2=1

—2X

:vle

—+ Z Z Z ym ym y:v : |:_Xyl2yl3 ngll + Yy%2yl3 Xyll] +

I1=1 la=1 I3=1

Vi, +2Y0, X | +

3y | X YYD X
l1=1

_'_ Z Z y;):;): y;): : [_Xyll YZjZQ _'_ ijll XyZQ:| :

I1=1 la=1

The goal is to show that after solving theseequations for; = 1,...,m with re-
spect to the)! , [ = 1,...,m, one obtains the expression (3.33) of Lemma 3.32, or
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equivalently, using thé\ notation instead of the square notation, one obtains

(0=yl, - A(zly'---ly™) + A(zly'] - Paz| - |y™) +

m

+) oy 2A (ly'] - Pay] - ) -

=1
—551 A (zzly'| - ly™)] +

5.4 m |
(5.4) FY O byl [A (g Py ) -

I1=1 lo=1
-9 5{1 A (xyl2|y1| - ‘ym)} +

+ Z Z Z vy gl (=0l ARyl )]

\ 11=1 lo=1 I3=1

Unfortunately, the equations (5.3) are not solved with eespo they? , because in its
last line, we notice that thg2 are mixed with the/!*. Consequently, we have to solve
a linear system ofn equations with the unknowng,, of the form

(5.5)

0=A+Y b [X VIV Xt D [ Vi 4 Y X ] |

I1=1 lo=1
forj = 1,...,m, whereA’ is an abbreviation for the terms appearing in the lines 5, 6,
7, 8,9 and 10 of (5.3), or even more compactly, changing ttexrj to the indexk
(5.6) {OZA’%Z%}-B{?,
1=1

fork=1,...,m, whereBl"C1 is an abbreviation for the terms in the brackets in (5.5).

Thanks to the assumption that the determinant (3.2) is thitity determinant at

(z,y) = (0,0), we deduce that the determinant of thex m matrix (B} );5;<r is

also the identity determinant at, v, v..) = (0,0, 0). It follows that the determinant of
them x m matrix (Bf );=;'Tr is nonvanishing in a neighborhood of the origin in the
first order jet space. Consequently, we can apply the ruleraf@r to solve the’

explicitely interms of thed” and of theB;" as follows

‘ B! ... A" ... B.

5.7) oo B ... A™ ... Bm
B ... B' ... B

\ Br . B pm

where on the numerator, the only modification of the deteamirof the matrix
(Bf )15/ is the replacement of itith column by the column vectot. We have to
show that after replacing thé* and theBl’“1 by their complete expressions, one indeed

obtains the desired equation (5.4). As in (3.43), we shaibduce a notation for the
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two m x m determinants appearing in (5.6): we write this quotienteurile form

5.8) yj :_”Bf|...|jAk|...‘Bﬁl"
' ra HB{C|‘JBJ]C||BTI%’
where it is understood tha®y, ..., B},..., Bf, and A* are column vectors whose

index k (for their lines) varies from to m. This representation of determinants em-
phasizing only its columns will be appropriate for later npartations.

Ouir first task is to compute the determinant in the denominzt(.8). Recalling
that we make the notational identificatigh = =, it will be convenient to reexpress
theBl"C1 in a slightly compacter form, using the total differentiatioperatorD:

Bf =X YE+Vh X+ gl [_ Xy YE 4+ Y Xy | =
(5.9) —~
=Y} DX - X, - DY*.

Lemma 5.10. We have the following expression for the determinant of th&im
(BELS S

|V DX — Xy - DY*|-- [VE - DX — Xyw - DY"|| =
(5.11) v . !
= DX A(ly'] - [y™) -

Proof. By multilinearity, we may develope the determinant writienthe first line
of (5.11). Since it contains two terms in each columns, weukhobtain a sum of
2™ determinants. However, since the obtained determinantsivas soon as the
columnDY* (multiplied by various factors(,:) appears at least two different places,
it remains only(m + 1) nonvanishing determinants, those for which the colupi*
appears at most once:
(5.12)

|VE DX — X, - DY*|---|YE - DX — X - DY*| =

= [DX]" - Y] [Vl = [DX]" ! Xy [DYHIVE] - Y] =~
= DX Xy [V ¥ DY

To establish the desired expression appearing in the sdoendf (5.11), we factor
out by [DX]|™~! and we develope all the remaining total differentiationrapers D.
Sincey” = x, we havey? = 1, and this enables us to contrak + " 4 X, as

xT

ZZLO ylh X, S0, we achieve the following computation (further exptaores and
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comments just afterwards):
(5 13)

{Z yll X yh HYyI€1| T ‘Yyli”H -

11=0

—thX HY1|Y’“ |YE,

11=0
=S Xy ’Yy’?\mlyﬁl—l\Yﬁl }
11=0
{Z v Xy - [Vl V|| = X [YEVR] - Y
11=0

—yt Xy YAV YR = -
Xym - Hyykl| o |Yy€”‘1|y;ﬁkH — Yy Xy Hyykl| o |Yy€”‘1|Yy€’LH}
= DX AN, YR Y| = Xy [YEYE Y] = -
Xy [V YA
= DX { Ay’ -+ 1y™)}-

For the passage to the equality of line 4, using the fact tltt@rminant having two
identical columns vanishes, we observe that in each of:ihmmszg’f:o appearing
in lines 2 and 3 (including thedot s), there remains only two non-vanishing de-
terminants. For the passage to the equality of line 7, wegust up all the linear
combinations of determinants appearing in lines 4, 5 andigallly, for the passage
to the equality of line 9, we recognize the development offtimelamental Jacobian
determinant (3.2) along its first lingX,, X1, ..., X,~), modulo some permutations
of columns in then x m minors. The proof is complete. O

Our second task, similar but computationnally more heavig compute the deter-
minant in the numerator of (5.8). First of all, we have to xgress thed* defined
implicitely between (5.3) and (5.5) using the total diffetiation operator to contract
them as follows
(5.14)

A= DX VE - DY X, 423 4 [DX Yr, - DY*. Xxyll] +

l1=1

3Dy [DX Y - DY X

11=1 l2=1

Replacing this expression oft* in (5.8), taking account of the expression of
the denominator already obtained in the second line of j5&kid abbreviating
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A(z|yt]---|y™) asA, we may write (5.8) in length and then develope it by linear-
ity as follows
(5.15) i
( V)i DX — X, - DY¥|.

P DX Y- DY* Y+

P T D SU R L e b

xxr [DX]mil . A ;.Ll:lm

+303 gy [DX YR - DY“Xyllyb} B

l1=1 lx=1

<[V DX — Xym - DYF|

: Vi DX — X, - DY*|.
...‘Jpx.yxkx_pyk.)(mﬂ...
|V DX — Xyw - DYF| +

+2> gV DX = X0 - DY
l1=1

e DX -YE, - DY* X, ]
[DX]™1- A v
- [YE DX = Xy - DY*| +

+ZZ?Jilyﬁf'HYy’i-DX—Xyl.Dy’q...

l1=1 l>=1

P DX Y = DY* X
Y Yty

llyl2

\ Yy - DX = Xy - DY

As itis delicate to read, let us say that lines 2, 3 and 4 justess the-th colum|’ A¥|
of the determinantB,k| - - -|j A*| - --| Bk |, after replacement ofi* by its complete
expression (5.14).

In lines 6, 7, 8; inlines 9, 10, 11; and in lines 12, 13, 14, ¢hare three families
of m x m determinants containing a linear combination (soustagthaving exactly
two terms in each column. As in the proof of Lemma 5.10, by itdrity, we have
to develope each such determinant. In principle, for easleldpment, we should
get2™ terms, but since the obtained determinants vanish as soive aslumnDY™”
(modulo a multiplication by some factor) appears at leagtgyt remains onlym+1)
nonvanishing determinants, those for which the colum* appears at most once. In
addition, for each of the obtained determinant, the fadiox|™~! appears (sometimes
even the factof D X]™), so that this factor compensates the fagorX|™ ! in the
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numerator. In sum, the continuation of the huge computafielals:
(5.16) ‘
DX . Hyy’ﬂ . Yf$| |yy’jnH _

—Xyl‘HDYk"'j k kH_..._

_XM'HYZCI ‘JDyk H_..._

_Xm.Hyk... |-~-\DY’“H+

£2 Y g DX VALY -
=1

23 X [DYE P

l11

—QZyllX w YA P DY Y -

i 1 =1
A o k ik k
_2ZyJClem.Hyy1|...|Jmell|,_,|DY H+
=1
+3 3 byl DX Hyk |Yl1yl2|...|yylgn’_
I1=1 la=1
_ZZyilyiszl-HDYk |jYzly12|"'|Y;ﬁn}—"'—
L=l lp=1
TS g Xy - VA DYE] VR = -
I1=1 l2=1
N Z Z vy X ym - Hyk |]Yl1yl2| e |DYkH
L =1 l2=1 |

To establish the desired expression (5.4), we must develbpe total differentiation
operatorsD of the termsD X placed as factor and of the ter’y’* placed in various
columns of determinants. We notice that in developing®, we obtain columnsfy’i
(multiplied by the factory!) and foronly three (or two) values of = 0,1,...,m,
this column does not already appear in the correspondirggrdetant, so thatm —

1) determinants vanish and ondy(or 2) remain nonzero. Taking account of these
simplifications, we have the continuation

(5.17) —yl A =T+ 11+111,

where the term | is the development of lines 1, 2, 3, 4 of (5.16 term Il is the
development of lines 5, 6, 7, 8 of (5.16); and the term Il is development of lines 9,
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10, 11, 12 of (5.16). So we get firstly (further explanatiooioivs):

Z U Xy YA P YR YR -
1=0 B
(5.18) L Xy YA P YA YR -

= X Y] P VA Yol =
_y%X$$'HY;Jki”'|] yﬂ||Y;ﬁnH__

Xym~HYyk1|-~-|j ’f ...|YkH_
=y Xy - V] Yy

-

_inym.Hyyfﬂ...Pym yjH’

and secondly (we discuss afterwards the annihilation ofititeerlined terms):

2zzym ym yl'HYykl‘“'|jYxkyl1"”|Yykm’ -
l1=1 =0 El

—22%)«-\ -

h=1

PV Y

’ _

=1 EI

_QZy:lvlyéxyl.’}/y’g|...|ﬂ'y$’fyll|...|yy’3n’_..._
11*1

(5.19) = —22%){ e |YEL YR YR -

lll

_szxme o [YEL P Y]V -
=1

=23y X |V Pl | -
l1:1

_2Zyily;anm’Y;ﬁ||]Yxkyl1||Y;/€n’ _
=1 El

23 X

=1

)

Yyki| T |J Yq;kyll| e |YykJ:

69



70 JOEL MERKER

and where thirdly (we are nearly the end of the proof):

DIDID N TE IR FAREA
11=1 l2=1 [=0 E'
_Zzyil lzX ) | |JYllyl2|...|YZjn)_
l1=1 la=1
=3 v Xy |V P Yl Y] -
11=1 l2=1 EI
=S X |V P Yl Y| = -
11=1 l2=1
(5.20) II:= _ Z Z Yy X s - |[YEL YR YR
l1=1 la=1
—ZZylly?yxleyzQ-HYk ylj'|"'|Yy]3”H_'”_
11=1 l2=1
_ lz)( | ‘ vk ‘...|yk _
y Y yl1yl2 x
11=1 l2=1
=3 > e YL PVl Y -
l1=1 l2:1 {E‘
_Zzym ya} yx ‘ | ‘ YllyZQ"“|Yy]§
l1=1 la=1

Now, we explain the annihilation of the underlined termsnsider I: in the first sum

>, all the terms except only the two corresponding te- 0 and tol = j are

annihilated by the other terms with] appended: indeed, one must take account of the

fact that in the expression of I, we have two sums represdntesbmecdot s, the

nature of which was defined without ambiguity in the passag®{5.15) to (5.16).
Similar simplifications occur for 1l and for Ill. Consequéntwe obtain firstly:

XmHyylg||Jyxkx||yyljnH+
B Xyl ’ HY:Ek| e |j Y:ck:c‘ e |Yy€”

(5.21) [— I Xy |[YE P YR Y - -
| T B

— Xym Hyk ...J' k||y$kH_

I
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just above, the first two lines consist of the two terms in tn@ sinderlined at the first
line of (5.18) which are not annihilated; secondly we ohtain

|+

YR

Sl P YR Y

ZZyllX HYykl|“'|jY;]Zzl|‘“|Y;ﬁn

=1

+23 vyl X,

=1

—Qi inXyl-‘

=1

_QZ%% ’

=1

=23 Xey - VPV -

111

—22%% wgn |Vl PYE Y = =
l1 1

_sz ’
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=1

il Yy

l1

APy,

k
|me

ll

’_..._

(5.22) I :

plo Yl Y| -

gl PY Rl 1Yl

similarly, the first two lines above consist of the two term$he sum underlined at the
first line of (5.19) which are not annihilated; and thirdly oietain:

SOy X |V Pl Y+

=1 l2=1

_'_Zzyx yxy yj'HYyki‘ |]Yl1yl2|'”|Yy]i")_
I1=1 l2=1

Syt Xy VI PVl Y

Mg

’ _

(5.23) M= 1R
=D iy inyl.’ L |]Yzly12\~-~|Yy’in’—~-~—
11=1 lo=1
=S Xy VALV -
=1 lo=1

=D D U Xy - VAL P Yyl =+

11=1 lo=1
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S e X [V PVl

l1=1 lx=1

—ZZyxyxyx )

l1=1 lx=1

| ‘ Yllyl2|.'.|Yng

Collecting the odd lines of (5.21), we obtain exagtly+ 1) terms which correspond to

the development of the determinakfz|- - - | zz| - - - |y™) along its first line, modulo

permutations of columns of the associated< m minors; collecting the even lines

of (5.21), we obtain exactlym + 1) terms which correspond to the development of

the determinant-y/ - A(xz|y!|- - - |y™) along its first lines, modulo permutations of

columns of the associated x m minors. Similar observations hold about Il and III.
In, we may rewrite the final expressions of these three tefinssly

( I=Az]- Pz |y™) —yl - Azzly'| - [y™),
H—2Zy Al Pyt y™) -
=1
—Z%Zy- vy 1y,
(5.24) —~
IH—ZZyxym- al Py |y -
I1=1 l2=1
—y Z Z vy AR ™).
\ l1=1 l2=1

Coming back to (5.17), we obtain the desired expression.(5.4
The proof of the — technical, though involving only lineagebra — Lemma 3.32
is complete. O
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