NONALGEBRAIZABLE REAL ANALYTIC TUBES IN C»

HERVE GAUSSIER AND JOEL MERKER

ABSTRACT. We give necessary conditions for certain real analytic tube generic sub-
manifolds in C" to be locally algebraizable. As an application, we exhibit families
of real analytic non locally algebraizable tube generic submanifolds in C™. During
the proof, we show that the local CR automorphism group of a minimal, finitely
nondegenerate real algebraic generic submanifold is a real algebraic local Lie group.
We may state one of the main results as follows. Let M be a real analytic hyper-
surface tube in C" passing through the origin, having a defining equation of the
form v = ¢(y), where (z,w) = (z + iy,u + iv) € C*~! x C. Assume that M is
Levi nondegenerate at the origin and that the real Lie algebra of local infinitesimal
CR automorphisms of M is of minimal possible dimension n, i.e. generated by the
real parts of the holomorphic vector fields 0z,,...,0z,_,,0w. Then M is locally
algebraizable only if every second derivative O
collection of first derivatives 9y, ¢, ..., Oy,, @.

gkylcp is an algebraic function of the
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§1. INTRODUCTION

A real analytic submanifold M in C” is called algebraic if it can be represented locally
by the vanishing of a collection of Nash algebraic real analytic functions. We say that M
is locally algebraizable at one of its points p if there exist some local holomorphic coordi-
nates centered at p in which M is algebraic. For instance, every totally real, real analytic
submanifold in C™ of dimension k£ < n is locally biholomorphic to a k-dimensional linear
real plane, hence locally algebraizable. Also, every complex manifold is locally algebraiz-
able. Although every real analytic submanifold M is clearly locally equivalent to its
tangent plane by a real analytic (in general not holomorphic) equivalence, the question
whether M is biholomorphically equivalent to a real algebraic submanifold is subtle. In
this article, we study the question whether every real analytic CR submanifold is lo-
cally algebraizable. One of the interests of algebraizability lies in the reflection principle,
which is better understood in the algebraic category. Indeed, in the fundamental works of
Pinchuk [Pi1975], [Pi1978] and of Webster [Wel977], [Wel978] and in the recent works of
Sharipov-Sukhov [SS1996], Huang-Ji [HJ1998], Verma [Ve1999], Coupet-Pinchuk-Sukhov
[CPS2000], and Shafikov [Sha2000], [Sha2002], the extendability of germs of CR map-
pings with target in a real algebraic hypersurface is achieved. On the contrary, even
if some results previously shown under an algebraization hypothesis were proved re-
cently under general assumptions (see the strong result obtained by Diederich-Pinchuk
[DP2003]), most of the results cited above are still open in the case of a real analytic
target hypersurface.
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1.1. Brief history of the question. By the work of Moser and Webster [MW1983,
Thm. 1], it is known that every real analytic two-dimensional surface S C C? at an
isolated elliptic (in the sense of Bishop) complex tangency p € S is biholomorphic to one
of the surfaces S, 55 = {(21,22) € C? : yo = 0, 23 = 2121 + (v + 0(22)*) (2] + 2?)},
where p corresponds to the origin, where 0 < v < 1/2 is Bishop’s invariant and where
60 =41 and s € N or § = 0. The quantities =, §, s form a complete system of biholo-
morphic invariants for the surface S near p. In particular, every elliptic surface S C C?
is locally algebraizable. To the authors’ knowledge, it is unknown whether there exist
nonalgebraizable hyperbolic surfaces in C2. In fact, very few examples of nonalgebraiz-
able submanifolds are known. In [Eb1996], the author constructed a nonminimal (and
non Levi-flat) real analytic hypersurface M through the origin in C? which is not locally
algebraizable (¢f. [BER2000, p. 330]). In a recent article [HJY] the authors prove that
the strongly pseudoconvex real analytic hypersurface Imw = el#” — 1 passing through
the origin in C? is not locally algebraizable at any of its points. Using an associated pro-
jective structure bundle )Y introduced by Chern, they show that for every rigid algebraic
hypersurface in C”, there exists an algebraic dependence relation between seven explicit
Cartan-type holomorphic invariant functions on ). However a computational approach
shows that when M is of the specific form Imw = el#l” — 1, no algebraic relation can be
satisfied by these seven invariants.

1.2. Presentation of the main results. Our aim is to present a geometrical approach
of the problem, valid in arbitrary dimension and in arbitrary codimension, and to ex-
hibit a large class of nonalgebraizable real analytic generic submanifolds. We consider
the class 7,2 of generic real analytic submanifolds in C" passing through the origin,
of codimension d > 1 and of CR dimension m = n —d > 1, whose local CR auto-
morphism group is n-dimensional, generated by the real parts of n holomorphic vec-
tor fields having holomorphic coefficients X7, ..., X,, which are linearly independent at
the origin and which commute: [X;,,X;,] = 0. We shall call 7,¢ the class of strong
tubes of codimension d. Indeed, since there exists a straightened system of coordinates
t = (t1,...,t,) over C" in which X; = 9;,, we observe that every submanifold M € 7,%
is tubifiable at the origin. By this, we mean that there exist holomorphic coordinates
t = (z,w) = (z + iy,u + iv) € C™ x C¢ vanishing at the origin in which M is repre-
sented by d equations of the form v; = ¢;(y). Hence M is a tube, i.e. a product of the
submanifold {v; = ¢;(y), j = 1,...,d} C R}, by the n-dimensional real space R} ,.
Since M € 7,2, the only infinitesimal CR automorphisms of M are the real parts of the
vector fields 0,,,...,0,,,, 0w, - - -, Ow,, €xplaining the terminology. Notice that not every
tube belongs to the class 7,%. For instance in codimension d = 1, the Heisenberg sphere
v = Y770 y? and more generally the Levi nondegenerate quadrics v = Y p—; e 7,
where g, = +1, have a CR automorphism group of dimension (n + 1)2 —1 > n and
so do not belong to 7,}. We assume that M € 7, is minimal at the origin, namely
the local CR orbit of 0 in M contains a neighborhood of 0 in M. Furthermore, we as-
sume that M € 7,9 is finitely nondegenerate at 0, namely that there exists an integer
¢ > 1 such that Span{fﬁ Vi(r;)(0,0) : 8 e N* || < {4, =1,...,d} = C", where
ri(t,t) =0, j =1,...,d are arbitrary real analytic defining functions for M near 0 satis-
fying Or1 A---AOrq # 0 on M, where V(r;)(t, ) is the holomorphic gradient with respect

to t of r; and where T’ denotes (L1)P - (Lyy)Pm for an arbitrary basis Ly, ..., Ly, of
(0, 1)-vector fields tangent to M in a neighborhood of 0. In particular Levi nondegen-
erate hypersurfaces are finitely nondegenerate. Finally, assuming only that ¢;(0) = 0,
j = 1,...,d, we shall observe in Lemma 3.2 below that a tube v; = ¢;(y) of codi-
mension d is finitely nondegenerate at the origin if and only if there exist multi-indices
B ...,pm € N™ with |8¥| > 1 and integers 1 < jl,...,j™ < d such that the real
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mapping

(1.1) Y(y) = <alﬁ*|‘pﬂ} W aﬁm%fh@)) —y €R™

ayﬁ* ’ ’ ayﬁln

is of rank m at the origin in R™. Our main theorem provides a necessary condition for
the local algebraizability of strong tubes :

Theorem 1.1. Let M be a real analytic generic tube of codimension d in C™ given in
coordinates (z,w) = (z + iy,u + iv) € C™ x C¢ by the equations v; = ¢;(y), where
0;(0) =0, j=1,...,d. Assume that M is minimal and finitely nondegenerate at the
origin, so the real mapping Y (y) = y' defined by (1.1) is of rank m at the origin in R’
and let y = ¢'(y') denote the local inverse in (y). Assume that M € T,%, namely M
is a strong tube of codimension d. If M is locally algebraizable at the origin, then all
the derivative functions 0, 1 (y'), where 1 < k,l < m, are real algebraic functions of y'.
Equivalently, every second derivative 6§kyz ©;(y) is an algebraic function of the collection
of first derivatives Oy, @j, ..., 0y, ©;-

By contraposition, every real analytic strong tube M € 7,¢ for which one of the
derivative functions 9,/ 1y is not real algebraic is not locally algebraizable. We will argue
in §8 that this is generically the case in the sense of Baire. It is however natural to look
for explicit examples of nonalgebraizable real analytic submanifolds in C™. Since the real
parts of the vector fields 0,,...,0,,,0u,;---,Ow, are infinitesimal CR automorphisms
of every tube v = ¢(y), we must provide some sufficient conditions insuring that the
dimension of the Lie algebra of such a tube is exactly n. We shall establish in §§7-8
below:

Corollary 1.2. The tube hypersurface My, .. ., in C" of equation v = 22;11 [ekys +
Y9+ Yty k-1 + y,?+8x;€(y1, ey Yn—1)], where x1,...,Xn—1 are arbitrary real ana-
lytic functions, belongs to the class T,} of strong tubes. Two such tubes My, .. , and
Mg, ... 5., are biholomorphically equivalent if and only if x; = X; for every j. Further-
more, for a generic choice in X1,...,Xn—1 in the sense of Baire (to be precised in §8),
My, ... . xn_. ts not locally algebraizable at the origin.

Here we annihilate some Taylor coefficients in ¢ and keep some others to be nonzero
to insure that M, is a strong tube. Furthermore, the terms yQy; - --yr—1 insure that
the M, are pairwise not biholomorphically equivalent. Using a classical direct algorithm
(cf. [Bs1991], [St1991]), or the Lie theory of symmetries of differential equations, com-
bined with Theorem 1.1 we may provide some other explicit strong tubes which are not
locally algebraizable (see §§7-8 for the proof):

Corollary 1.3. The following five explicit tubes belong to T3t and are not locally alge-
braizable at the origin: v = sin(y?), v = tan(y?), v = e*"~! — 1, v = sinh(y?) and
v = tanh(y?).

In these five examples, the algebraic independence in dy¢ and in 8§ytp is clear; how-
ever, checking that each hypersurface is indeed a strong tube requires some formal com-
putations, see §7. One may also check by a direct computation that in a neighborhood
of every point p = (zp,wp) with 2z, # 0, the hypersurface Muyy of global equation
Imw = el** — 1 is a strong tube (see §7.5). Since it can be represented in a neighbor-

hood of p under the tube form v’ = e‘zp‘z(ey/’l) — 1 by means of the local change of
coordinates 2’ = 2i In(z/zp), W' = (w—wy) e"zp|2, applying Theorem 1.1 and inspecting
the function e|z,,|2(ey'—1) — 1, we may check that it is not algebraizable at such points p
with z, # 0 (see §7.5). It follows trivially that the hypersurface My y is also not locally
algebraizable at all the points p with z, = 0, giving the result of [HJY, Theorem 1.1].
Using the same strategy as for Theorem 1.1, we obtain more generally the following
criterion:
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Theorem 1.4. Let M, : v = ¢(2Z) be a Levi nondegenerate real analytic hypersurface in
C? passing through the origin whose Lie algebra of local infinitesimal CR automorphisms
is generated by Oy and iz 0,. If M, is locally algebraizable at the origin, then the first
derivative Orp in ¢ (r € R) is algebraic. For instance, the following seven explicit
examples are not locally algebraizable at the origin: v = e** —1, v = sin(zZ2), v = tan(z%),
v = sinh(z2), v = tanh(2Z), v = sin(sin(22)) and v = e® ~!' — 1.

Finally, using the same recipe as for Theorems 1.1 and 1.4, we shall provide a very
simple criterion for the local nonalgebraizability of some hypersurfaces having a local Lie
CR automorphism group of dimension equal to one exactly. We consider the class R,, of
Levi nondegenerate real analytic hypersurfaces passing through the origin in C™ (n > 2)
such that the Lie algebra of infinitesimal CR automorphisms of M is generated by exactly
one holomorphic vector field X; with holomorphic coefficients not all vanishing at the
origin. We call R,, the class of strongly rigid hypersurfaces, in order to distinguish them
from the so-called rigid ones whose local CR automorphism group may be of dimension
larger than 1. By straightening X7, we may assume that X; = 0,, and that M is given
by a real analytic equation of the form v = p(z,2) = @(z1,...,2n—1, 215+, 2n-1). By
making some elementary changes of coordinates (cf. §3.3), we can furthermore assume
without loss of generality that ¢(z,z) = 22;11 ek |2k* + x(2, 2), where e = +1 and
x(0,2) = 9,,x(0,2z) = 0.

Theorem 1.5. Let M : v =(z,2) = 22;11 ek |zk]? + x(2, 2) be a strongly rigid hyper-
surface in C™ with x(0,z) = 0,,x(0,2) = 0. If M is locally algebraizable at the origin,
then all the first derivatives 0., are algebraic functions of (z,Z).

This criterion enables us to exhibit a whole family of non locally algebraizable hyper-
surfaces in C" :

Corollary 1.6. The rigid hypersurfaces My, . ... i C" of equation v =

n ek 1202 2010 4 2 M 201 (2 20) 4 L2 P80 2 - 2ot [P 202010 (2, 2)),
where the xx are arbitrary real analytic functions, belong to the class Ry, of strongly rigid
hypersurfaces. Two such tubes My, . ,_, and Mz, . s, _, are biholomorphically equiv-
alent if and only if xx = Xx for k = 1,...,n — 1. Furthermore, for a generic choice
of a (n — 1)-tuple of real analytic functions (x1,...,Xn—1) in the sense of Baire (to be
precised in §8), My, . ., s not locally algebraizable at the origin.

Finally, by computing generators of the Lie algebra of local infinitesimal CR automor-
phisms of some explicit examples, we obtain:

Corollary 1.7. The following seven explicit examples of hypersurfaces in C? are strongly

rigid and are not locally algebraizable at the origin: v = 2z + 222%sin(z + 2), v = 2z +
22722 exp(z+2), v = 22+2%2% cos(z+2), v = 22+ 2%2% tan(z2+2), v = 22+ 222 sinh(2+ 2),

v =2Z+ 227%cosh(z + 2) and v = 2Z + 2?Z% tanh(z + 2).

1.3. Content of the paper. To prove Theorem 1.1 we consider an algebraic equivalent
M’ of M. The main technical part of the proof consists in showing that an arbitrary
real algebraic element M’ of 7,4 can be straightened in some local complex algebraic
coordinates t' € C™ in order that its infinitesimal CR automorphisms are the real parts
of n holomorphic vector fields of the form X = c;(t;) 9y, i = 1,...,n, where the vari-
ables are separated and the functions c}(¢;) are algebraic. For this, we need to show
that the automorphism group of a minimal finitely nondegenerate real algebraic generic
submanifold in C™ is a local real algebraic Lie group, a notion defined in §2.3. A large
part of this article (§84, 5, 6) is devoted to provide an explicit representation formula for
the local biholomorphic self-transformations of a minimal finitely nondegenerate generic
submanifold, see especially Theorem 2.1 and Theorem 4.1. Finally, using the specific
simplified form of the vector fields X and assuming that there exists a biholomorphic



NONALGEBRAIZABLE REAL ANALYTIC TUBES IN C" 5

equivalence ® : M — M’ satisfying ®.(9,) = c;(t;) Oy;, we show by elementary compu-
tations that all the first order derivatives of the mapping v¢’(y’) must be algebraic. We
follow a similar strategy for the proofs of Theorems 1.4 and 1.5. Finally, in §§7-8, we
provide the proofs of Corollaries 1.2, 1.3, 1.6 and 1.7.

1.4. Acknowledgment. We acknowledge interesting discussions with Michel Petitot
Francgois Boulier at the University of Lille 1.

§2. PRELIMINARIES

We recall in this section the basic properties of the objects we will deal with.

2.1. Nash algebraic functions and manifolds. In this subsection, let K = R or C.
Let (21,...,z,) denote coordinates over K™. Throughout the article, we shall use the
norm |z| := max(|z1],...,|z,|) for € K. Let K be an open polydisc centered at the ori-
gin in K", namely K = {z € K" : |z| < p} for some p > 0. Let f : K — K be a K-analytic
function, defined by a power series converging normally in K. We say that f is (Nash)
K-algebraic if there exists a nonzero polynomial P(X1,...,X,, F) € K[Xy,...,X,, F]
in (n + 1) variables such that the relation P(z1,...,%n, f(21,...,2,)) = 0 holds for all
(1,...,2n) € K. f K = R, we say that f is real algebraic. If K = C, we say that f
is complex algebraic. The category of K-algebraic functions is stable under elementary
algebraic operations, under differentiation and under composition. Furthermore, implicit
solutions of K-algebraic equations (for which the real analytic implicit function theorem
applies) are again K-algebraic mappings. The theory of K-algebraic manifolds is then
defined by the usual axioms of manifolds, for which the authorized changes of chart are
K-algebraic mappings only (¢f. [Zal995]). In this paper, we shall very often use the
stability of algebraicity under differentiation.

2.2. Infinitesimal CR automorphisms. Let M C C" be a generic submanifold of
codimension d > 1 and CR dimension m =n—d > 1. Let p € M, let t = (t1,...,tn)
be some holomorphic coordinates vanishing at p and for some p > 0, let A, (p) :=
{t € C" : |t| < p} be an open polydisc centered at p. We consider the Lie algebra
$0l(An(p)) of holomorphic vector fields of the form X = 377 | a;(t) 9/0t;, where the
a; are holomorphic functions in A,(p). Here, Hol(A,(p)) is equipped with the usual
Jacobi-Lie bracket operation. We may consider the complex flow exp(c.X)(g) of a vector
field X € $0l(A,(p)). It is a holomorphic map of the variables (o, ¢) which is well defined
in some connected open neighborhood of {0} x A, (p) in C x Ay, (p).

Let K denote the real vector field K := X + X, considered as a real vector field over
R2™ =2 C™. Again, the real flow of K is defined in some connected open neighborhood of
{0} x Ap(p)® in R x A, (p)®. We remind the following elementary relation between the
flow of K and the flow of X. For a real time parameter o := s € R, the flow exp(sX)(q)
coincides with the real flow of X + X, namely exp(sX)(q) = exp(s(X + X))(¢®), where
for ¢ € C", we denote ¢® the corresponding real point in R?”. In the sequel, we shall
always identify A, (p) and its real counterpart A, (p)¥.

Let now $ol(M, A, (p)) denote the real subalgebra of the vector fields X € $Hol(A,(p))
such that X + X is tangent to M N A, (p). We also denote by utcr(M,A,(p)) the
Lie algebra of vector fields of the form X + X, where X belongs to $ol(M, A, (p)), so
QAutcr(M, An(p)) = 2ReHol(M, A, (p)). By the above considerations, the local flow
exp(sX)(q) of X with s € R real makes a one-parameter family of local biholomor-
phic transformations of M. In the sequel, we shall always identify Hol(M, A, (p)) and
Autcr(M, A, (p)), namely we shall identify X and X + X and say by some abuse of
language that X itself is an infinitesimal CR automorphism.

In the algebraic category, the main drawback of infinitesimal CR automorphism is
that they do not have algebraic flow. For instance, the complex dilatation vector field
X = iz0, has transcendent flow, even if it is an infinitesimal CR automorphism of
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every algebraic hypersurface in C? whose equation is of the form v = ¢(z%), even if
the coeflicient of X is algebraic. Thus instead of infinitesimal CR automorphisms which
generate one-parameter groups of biholomorphic transformations of M, we shall study
algebraically dependent one-parameter families of biholomorphic transformations (not
necessarily making a one parameter group). To begin with, we need to introduce some
precise definitions about local algebraic Lie transformation groups.

2.3. Local Lie group actions in the K-algebraic category. Often in real or in
complex analytic geometry, the interest cannot be focalized on global Lie transformation
groups, but only on local transformations which are close to the identity. For instance,
the transformation group of a small piece of a real analytic CR manifold in C™ which is
not contained in a global, large or compact CR manifold is almost never a true, global
transformation group. Consequently the usual axioms of Lie transformation groups must
be localized. Philosophically speaking, the local point of view is often the most adequate
and the richest one, because a given analytico-geometric object often possesses much
more local invariant than global invariants, if any. Historically speaking, the local Lie
transformation groups were first studied, before the introduction of the now classical
notion of global Lie group. Especially, in his first masterpiece work [Lie1880] on the
subject, Sophus Lie essentially dealt with local “Lie” groups: he classified all continuous
local transformation groups acting on an open subset of C2. This general classification
provided afterwards in the years 1880-1890 many applications to the local study of
differential equations: local normal forms, local solvability, etc.

In this paragraph we define precisely local actions of local Lie groups and we focus
especially on the K-algebraic category.

Let ¢ € Ny, let g = (g1,...,9.) € K¢ and let two positive numbers satisfy 0 < d2 < d7.
We formulate the desired definition by means of the two precise polydiscs A.(d2) C
A1) C Ke. A local K-algebraic Lie group of dimension ¢ cousists of the following
data:

(1) A K-algebraic multiplication mapping p : Ac(d62) X Ac(d2) (61) Which is
locally associative (u(g, u(g’,g")) = u(p ( ,9"),9")), whenever ,u(g ") € A(d2),
(g, 9") € Ac(d2) and which satisfies 14(0, g) = u(g,0) = g, where the origin 0 € K¢
corresponds to the identity element in the group structure.

(2) A K-algebraic inversion mapping ¢ : Aq(62) — A.(01) satisfying u(g,c(g)) =
1(e(g), 9) =0 and ¢(0) = 0 whenever ¢(g) € A.(d2).

Here, the integer ¢ € N, is the dimension of G. We shall say that composition and
inversion are defined locally in a neighborhood of the identity element. In the K-analytic
category, the corresponding definition is similar.

Now, we can define the notion of local K-algebraic Lie group action. Let n € Ny,
let = (21,...,2,) € K" and let two positive numbers satisfy 0 < pa < p;. Let G
be a local K-algebraic Lie group as defined just above. We shall formulate the desired
definition by means of the two precise polydiscs A, (p2) C A, (p1). This pair of polydiscs
represents a local K-algebraic manifold up to changes of K-algebraic coordinates. A local
K-algebraic Lie group action on a local K-algebraic manifold consists of a K-algebraic
action mapping ' = ®(z; g) defined over A, (p2) X A.(d2) with values in A,,(p1) which
satisfies:

(1) ®(P(x;9);9") = ®(x;p(g,9")) whenever ®(x;9) € A,(p2) and p(g,g’) € Ac(d2),
where the local group multiplication (g, g’) is K-algebraic as above;

(2) ®(x;e) =z and (P(x;9);t(g9)) = x whenever ®(z;g) € A, (p2) and t(g) € Ac(p2),
where the inverse group mapping g — ¢(g) is K-algebraic as above.

In this definition, it is allowed to suppose that x € C" and g € R, which is the case
to be considered in the sequel. By differentiation, every local K-algebraic action gives
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rise to vector fields defined over A, (p2) which are infinitesimal generators of the ac-
tion. Indeed, let us consider the algebraically dependent one-parameter families of com-
plex algebraic biholomorphic transformations ®(z;0,...,0,¢;,0,...,0) = ®;(z;9;) =
(Pi1(x;94),- - Pin(w; gi)) € K?, which we shall also denote by ®; ¢, (x). In general, such
a family does not make a one-parameter group of transformations, but we can nevertheless
introduce the vector fields X;(®; g, (2); g:) 1= 04, Ps(;9:) = Y1y Ogi Pisi(x;95) 0/ 0.
We notice that the coefficients of these vector fields do in general depend on the group
parameter g; € G.

In fact, in the algebraic category, there is no hope to modify the coordinates on the
group in order that the infinitesimal generators of the action are independent of the
parameter coordinates g;. For instance, the trivial one-dimensional action (complex
dilatation) defined by (z,w) — ((1 + g)z,w) =: ®(2,w;g), where (z,w) € C? and g € C
is clearly an algebraic action. Here, the infinitesimal generator X (x;g) = (1 + g)~'20,
depends on the parameter g. The only way to avoid the dependence upon g of the
coefficient of X is to change coordinates on the group by setting 1+g¢ := e, ¢ € C, whence
the action is represented by (z,w) — (e“z,w) =: ®(z,w;0). Indeed, from the group
property ®(®(z,w;0);0’) = ®(z,w; 0 + 0’), it is classical and immediate to deduce that
if we define the parameter independent vector field X°(z,w) := 0, ®(z, w; 0)|y=0 = 2 0,
then it holds that 9,®(z,w;0) = €20, = X°(®(z,w;c)). So the infinitesimal generator
of the action is independent of the parameter g. However, the main trouble here is that
the algebraicity of the action is necessarily lost since the flow of X is not algebraic (the
reader may check that each right (or left) invariant vector field on an algebraic local
Lie group defines in general a nonalgebraic one-parameter subgroup, e.g. for SO(2,R),
SL(2,C)).

Consequently we may allow the infinitesimal generators of an algebraic local Lie group
action 2’ = ®(x;g), defined by X;(z;g;) := [891,(1)1-](@);;1_ (x); g:) to depend on the group
parameter g;, even if the families (®; g, ()),,ex do not constitute one-dimensional sub-
groups of transformations.

2.4. Algebraicity of complex flow foliations. Suppose now that M is a real algebraic
generic submanifold in C", for instance a hypersurface which is Levi nondegenerate at
a “center” point p € M corresponding to the origin in the coordinates t = (t1,...,t,).
Let X € $Hol(M) be an infinitesimal CR automorphism. Even if, for fixed real s, the
biholomorphic mapping ¢ — exp(sX)(t) is complex algebraic, i.e. the n components of
this biholomorphism are complex algebraic functions by Webster’s theorem [Wel977], we
know by considering the infinitesimal CR automorphism X; :=i(z + 1)9, of the strong
tube Imw = |z + 1|2 + |2 + 1|% — 2 in C? passing through the origin, that the flow of X
is not necessarily algebraic with respect to all variables (s, t).

Nevertheless, we shall show that the local CR automorphism group of M is a local alge-
braic Lie group whose general transformations are of the form ¢’ = H(t;eq,...,e.), where
t € C" and (eq,...,e.) € R and where H is algebraic with respect to all its variables.
Thus the “time” dependent vector fields defined by X;(¢; e;) := [0, Hi](H, eli (t);€;), where
H;. (t):= Hi(t;e;) .= H(t;0,...,0,€;,0,...,0), have an algebraic flow, simply given by
(t,e;) — H;(t;e;). Tt follows that each foliation defined by the complex integral curves
of the time dependent complex vector fields X;, ¢ = 1,..., ¢, is a complex algebraic foli-
ation, see §3 below. Now, we can state the main technical theorem of this paper, whose
proof is postponed to §4, §5 and §6.

Theorem 2.1. Let M C C™ be a real algebraic connected geometrically smooth generic
submanifold of codimension d > 1 and CR dimension m =n—d > 1. Letp € M and
assume that M is finitely nondegenerate and minimal at p. Then for every sufficiently
small nonempty open polydisc Ay centered at p, the following three properties hold:

(1) The complex Lie algebra $Hol(M, A1) is of finite dimension ¢ € N which depends
only on the local geometry of M in a neighborhood of p.
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(2) There exists a nonempty open polydisc Ay C Ay also centered at p and a C"-
valued mapping H(t;e) = H(t;er,...,e.) with H(t;0) = t which is defined in a
neighborhood of the origin in C™ x R¢ and which is algebraic with respect to both
its variables t € C™ and e € R® such that for every holomorphic map h : Ay — A4
with h(As N M) C Ay N M which is sufficiently close to the identity map, there
exists a unique e € R such that h(t) = H(t;e).

(3) The mapping (t,e) — H(t;e) constitutes a K-algebraic local Lie transformation
group action. More precisely, there exist a local multiplication mapping (e,e’) —
w(e,e’) and a local inversion mapping e — i(e) such that H, u and v satisfy the
axioms of local algebraic Lie group action as defined in §2.5.

(4) The ¢ “time dependent” holomorphic vector fields

(2.1) Xi(tse:) = [0c, Hi) (H ., (t); €2),

where H; ., (t) :== H;(t;e;) == H(t;0,...,0,€;,0,...,0), have algebraic coefficients
and have an algebraic flow, given by (t,e;) — H;(t;e;).
In the case where M 1is real analytic, the same theorem holds true with the word “alge-
braic” everywhere replaced by the word “analytic”.

A special case of Theorem 2.1 was proved in [BER1999b] where, apparently, the au-
thors do not deal with the notion of local Lie groups and consider the isotropy group
of the point p, namely the group of holomorphic self-maps of M fixing p. The consid-
eration of the complete local Lie group of biholomorphic self-maps of a piece of M in a
neighborhood of p (not only the isotropy group of p) is crucial for our purpose, since we
shall have to deal with strong tubes M € 7,% for which the isotropy group of p € M is
trivial. Sections §4, §5 and §6 are devoted to the proof of Theorem 4.1, a precise state-
ment of Theorem 2.1. We mention that our method of proof of Theorem 2.1 gives a non
optimal bound for the dimension of $ol(M,A;). To our knowledge, the upper bound
¢ < (n+1)% — 1 is optimal only in codimension d = 1 and in the Levi nondegenerate
case.

§3. PROOF OF THEOREM 1.1

We take in this section Theorem 2.1 for granted. As explained in §1.3 above, we shall
conduct the proof of Theorem 1.1 in two essential steps (§§3.1 and 3.2). The strategy
for the proof of Theorems 1.4 and 1.5 is similar and we prove them in §§3.3 and 3.4. Let
M € T,% be a strong tube of codimension d passing through the origin in C" given by
the equations v; = ¢,(y), j = 1,...,d. Assume that M is biholomorphically equivalent
to a real algebraic generic submanifold M’.

First step. We show that an arbitrary real algebraic element M’ € 7,% can be straight-
ened in some local complex algebraic coordinates t' = (¢, ...,t},) € C™ in order that its
infinitesimal CR automorphisms are the n holomorphic vector fields of the specific form
X =c(t;) Oy, i=1,...,n, where the functions c;(t;) are algebraic.

Second step. Assuming that there exists a biholomorphic equivalence ® : M — M’
satisfying ®.(0,) = c(t') 0y, we prove by direct computation that all the first order
derivatives of the mapping ¢’(y") must be algebraic.

3.1. Proof of the first step. Let ¢/ = ®(¢) be such an equivalence, with ®(0) = 0 and
M’ := ®(M) real algebraic. Let X; := 0,47 =1,...,n, be the n infinitesimal CR auto-
morphisms of M and set X; := ®.(X;). Of course, we have [X] , Xj | = ®.([X;,, X3,]) =
0, so the CR automorphism group of M’ is also n-dimensional and commutative. Let
us choose complex algebraic coordinates ¢’ in a neighborhood of 0 € M’ such that
Xilo = 0 o. Let us apply Theorem 2.1 to the real algebraic submanifold M’, noting all
the datas with dashes. There exists an algebraic mapping H'(t';e) = H'(t';e1,...,en)

such that every local biholomorphic self-map of M’ writes uniquely ¢' — H'(t';e), for
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some ¢ € R™. In particular, for every ¢ = 1,...,n and every small s € R, there exists
es € R™ depending on s such that exp(sX/[)(t') = H'(t';es). From the commutativity of
the flows of the X7, i.e. from exp(s1X] (exp(s2X7, (t')))) = exp(s2Xj, (exp(s1X], (t')))),
we get

(3.1) H'(H'(t';e3);e1) = H'(H'(t';e1);e2).

This shows that the biholomorphisms ¢’ +— H.(t') := H'(t’;e) commute pairwise. In
particular, if we define

(3.2) Gi(t';e;) == H'(¢;0,...,0,€;0,...,0),

we have G} (G, (t';e2);e1) = Gy, (G}, (t';e1);e2).

Next, after making a linear change of coordinates in the e-space, we can insure that
0e,G7(0;5€i)|e;=0 = Oy [0 = Xjlo for i = 1,...,n. Finally, complexifying the real variable
e; in a complex variable ¢;, we get mappings G;(t;;e;) which are complex algebraic
with respect to both variables ' € C" and ¢; € C and which commute pairwise. We
can now state and prove the following crucial proposition (where we have dropped the
dashes) according to which we can straighten commonly the n one-parameter families of
biholomorphisms t' — GL(t'; ;).

Proposition 3.1. Lett — G;(t;¢;), i =1,...,n, be n one complex parameter families of
complex algebraic biholomorphic maps from a neighborhood of 0 in C™ onto a neighbor-
hood of 0 in C™ satisfying G;(t;0) = t, 0., Gi(0;€;)|e;—0 = O, |0 and pairwise commuting:
Gi, (Giy(tie2);€1) = Gy (Gy, (t;€1);€2). Then there exists a complex algebraic biholomor-
phism of the form t' +— ®'(t") =: ¢t of C™ fizing the origin with d®'(0) = Id such that if
we set GL(t'; ;) = ' (Gi(®'(t'); €;)), where t' = ®(t) denote the inverse of t = '(t'),
then we have

(3.3) Git'se) = (1, 1y, Grui(ti6) iy, 1),

where the functions G} ; are complex algebraic, depend only on t; (and on ;) and satisfy

G, (t;0) =t and 0., G} ;(0;€i)|e,=0 = 1.

Proof. First of all, we define the complex algebraic biholomorphism

(3.4) D (), th, .. th) — Gi(0,th, ...t th) =:t.
We have d®](0) = Id, because G1(¢;0) =t and 9, G1(0; €1)|e,=0 = O, |o. Furthermore,
since ¢, G1(0; €1)]¢, =0 is transversal to {(0, ta,. .., t,)}, it also follows that a small neigh-

borhood of the origin in C} is algebraically foliated by the (n — 1)-parameter family of
complex curves C;, ,, = {G1(0,t5,...,t;t]) : |t}| < 0} where § > 0 is small and

2222 s bms
th,...,t, are fixed. The existence of this foliation shows that the relation
(3.5) t* ~t iff there exists ¢; such that t* = G1(¢;€1)

is a local equivalence relation, whose equivalence classes are the leaves C, (see F1a-
2

URE 1).

/
st

t/Z,A.A,t’n
—_ | G1(G1(0,t5, .. ., t;ty)ier)
— G1(0,t5 tst)) :

t1
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Consequently, as we clearly have
(3.6) (0,85, ... th) ~ Gr(0,th, ... ;1) ~ G1(G1(0,t5, ..., th; t]); €1),
using the transitivity of the relation ~, it follows that there exists a complex number

ey ,e, depending on ¢’ and on €; such that
(3.7) G1(G1(0,th, ..., thsth) e1) = G1(0,th, ...t e ey )

y Ym

By the very definition (3.4) of ®1, this is equivalent to
(3-8) 1 (G () €1)) = (Evrers by - 1),

where t' = ®4(t) denotes the inverse of t = ®{(¢'). Finally, since the left hand side
of (3.8) is clearly a complex algebraic mapping of (¢';€1), it follows that there exists a
complex algebraic function G ;(#';€1) such that we can write

(39) ‘I)l(Gl((I)Il(tl); 61)) = (Gll’l(tl; 61), tIQ, ce ,tfn).

So we have straightened the first family by means of ®].
Next, we drop the dashes and we restart with G1(¢;€1) = (G1,1(¢;€1),t2, ..., t,). Then,
similarly as above, by introducing the complex algebraic biholomorphism

(3.10) DL 0 (t),th,th, ... ) — Go(t],0,th, ..., th;th),

which satisfies d®5(0) = Id, and by denoting by t' = ®4(t) the inverse of t = $L(t'), we
get again that if we set G4(t'; €2) := P2 (G2(P5(t'); €2)), then

(3.11) Gy(t'se2) = (17, Gh o(t's €2), 15, ..., 17,),

where the complex algebraic function G ,(t';€2) satisfies 0, G 5(0; €2)|c,=0 = 1 and
5,2(t50) = to.
We also have to consider the modification of the first family of biholomorphisms

G (t';e1) := Po(G1(D)(t');€1)). Using in an essential way the commutativity, we may
compute
5(G1(t5€1)) = Gu(®5(t); 1)
= G1(Ga(t),0,t5, ...t th);e1)
(3.12) = G2(G1(t7,0,t5,. .., b €1); th)
= GQ(GLl(tll, 0, tl3, ce ,t;l; 61), O, tl3, ce ,tfn; tIQ)
= (I)IQ(Gl,l(tll, O,té, ce ,t{n; 61), tIQ, tlg, ceey t;z)

It follows that

(3.13) G (t'se1) = (Gra(t),0,th, ...t €e1), th th, ... t)
whence
(3.14) Gl (' e1) = Gra(t],0,t5,... .t €1)

does not depend on t5. Finally, inserting (3.11) and (3.13) in the commutativity relation
G (GL(t;€2);€1) = GH(G(t';€1); €2), we find

’1,1(15’1, G/2,2(t/; €2), t’3, cee at;ﬁ €1) = G/1,1(t/§ €1),

/2,2( ll,l(t/; 61)5 tl25 téa cee atiz; 62) = G/2,2(t/; 62)'
The first relation gives nothing, since we already know that G ; is independent of t5.
By differentiating the second relation with respect to e; at e; = 0, we find that G5, is
independent of ¢} .

In summary, after the change of coordinates @/ o ®}(¢') = ¢ which is tangent to the
identity map at ' = 0, we obtained that

{ Gll(t/;el) = ( /1,1(t/15t/37 s atfn)atévtév s atfn)a

(3.15)

3.16
( ) Gl2(tl;€2) :(tllv l2,2(tl27t{37'-'at{n)atgv'-'at{n)'
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Using these arguments, the proof of Proposition 3.1 clearly follows by induction. [l

Now, we come back to our CR manifold M’ having the one-parameter families of
algebraic biholomorphisms G} (t';e;) given by (3.2) and pairwise commuting. Applying
Proposition 3.1, after a change of complex algebraic coordinates of the form ¢’ = ¥”(¢"),
we may assume that the GJ (t”;¢;) are algebraic and can be written in the specific form

(3.17) GY(t"se) = (8], .. ti 1, G (t] s €), ti g, t),

[ » U

with O, GY;(0;¢€;)|c,=0 = 1. Let t” = W'(#') denote the inverse of ¢’ = " (¢"). We thus
have ¢ = U'(t') = ¥/(®(t)), where we remind that ¢ = ®(t) provides the equivalence
between the strong tube M and the algebraic CR generic M.

Since ¥’ is algebraic, the image M" := W'(M’') is also algebraic. Let r/(t',1") = 0,
j =1,...,d, be defining equations for M’'. Then 77 (t",#") := 7} (V" (t"), ¥"(t")) = 0
are defining equations for M”. By assumption, for ¢; := e; € R real, the family of
algebraic biholomorphisms G/ (t';¢;) maps a small piece of M’ through the origin into
M’. Tt follows trivially that GY(t";€;) = U/ (G,(¥"(t");€;)) maps a small piece of M”
through the origin into M”. Furthermore, since d¥”(0) = Id, it follows that if we denote
Xj' = Wi (X]), then X['|o = Oir|o.

Next, thanks to the specific form (3.17), by differentiating 0, G7 (t"; €;)|e;=0, We get
n vector fields of the form Z}' = ¢/(t]') 0. By construction, the functions cj'(t})
are algebraic and satisfy ¢;(0) = 1. Differentiating with respect to e; the identity
r(GY ("5 e:), G} (t";e:)) = 0 for v/ (", 1) = 0, i.e. fort"” € M", we see that Z/' is tangent
to M", i.e. we see that Z]' is an infinitesimal CR automorphism of M”. Consequently,
there exist real constants A;; such that Z;" = 37"} Ay X;". Since Z{'|o = X['|o = dyr]o,

we have in fact A\;; =1 for ¢ =1 and A\;; =0 for ¢ # . So Z' = X' and we have shown
that
(3.18) (U 0®).(Xi) =X =2 =] (t]) 0.

We shall call a CR generic manifold M having infinitesimal CR, automorphisms of the
form X" = ¢/ (t]") 9y with ¢/ (0) # 0 a pseudotube. Such a pseudotube is not in general
a product by R”. In fact, there is no hope to tubify all algebraic peudotubes in algebraic
coordinates, as shows the elementary example Imw = |z + 1|2 + |z + 1| — 2 having
infinitesimal CR automorphisms 8,, and i(z + 1)3,, since the only change of coordinates
for which @, (d,,) = 8y and @, (i(2+1)d,) = 0. is z+1 = €*', w = w’, which transforms
M into M’ of nonalgebraic defining equation Imw’ = e~2¥" + ¢=6Y',

The constructions of this paragraph may be represented by the following symbolic
picture.
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Summary and conclusion of the first step. To conclude, let us denote for simplicity M”
again by M’, the coordinates t” again by t’ and ¢’ = ¥’ o ®(t) by t' = ®(¢). After the
above straightenings, we have shown that the infinitesimal CR automorphisms X/ :=
®..(X;) of the algebraic generic manifold M are of the sympathetic form X[ = c(t}) 9,
i=1,...,n, with algebraic coefficients ¢}(#}) satisfying ¢}(0) = 1.

3.2. Proof of the second step. We characterize first finite nondegeneracy for tubes
of codimension d in C™.

Lemma 3.2. Let M be a tube of codimension d in C™ equipped with coordinates (z,w) =
(z + iy, u + iv) € C™ x C? given by the equations v; = ¢;(y), j = 1,...,d, where
©;(0) = 0. Then M is finitely nondegenerate at the origin if and only if there exist m
multi-indices BL,...,8™ € N™ with |8¥| > 1 and integers jl,..., 5™ with 1 < jk < d
such that the real mapping

alﬁil(p.l(y) 1B i (1)
.1 = I ... I =y € R™

s of rank m at the origin in R™.

Proof. We follow the definition of finite nondegeneracy given in §1.2. Let r;(¢,t) := v; —
©;(y) = 0 be the defining equations of M. Let Ly := 95, +Z;l:1 ©jz On;y K =1,...,m,
be a basis of (1,0)-vector fields tangent to M. We write the first order terms in the
Taylor series of ¢;(y) as ¢;(y) = >_1—; Ajiyi + O(|y|?). Then the holomorphic gradient
of r; is given by
Vt(Tj) == (8217“]‘, N ,8zmrj, awlTj, N ,awde)
(3.20) =327 0y, 0y -+ 50y 0550, ...,0,—1,0,...,0)
=327 (N1, Ajm, 0,...,0,—1,0,...,0), at the origin.

On the other hand, since for 8 = (81, ..., 8m) € N™ with || > 1 the order || derivation

B L _ﬁl _BWL
L =Ly ---L,

B B 5
sony T O = C gy Foe0. 00
=i 1A= IBI=1 (980, p;, ..., 000, ¢;,0,...,0,...,0).

acts on functions of y as the operator (2i)~17l 85 , We can compute
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By inspecting the expressions (3.20) and (3.21), we see that Span{( ( (1 )))(O) :

J
geN" j=1,...,d} =C"if and only if Span{(ﬁyaylgoj( )yeee, 000y, 9i(0)) :

N™ B8] > 1,5 = 1,...,d} = R™. This last condition is clearly equ1valent to the one
stated in Lemma 3.2. O

We can prove now that the inverse mapping v¢’(y’) of the mapping ¢ (y) defined
by (1.1) (or (3.19)) has algebraic first order derivatives. By Step 1, there exists a biholo-
morphic transformation ® mapping the strong tube M onto the algebraic pseudotube
M" with the property that ®.(0;,) = ci(t;) 9. Writing ®(t) = (h1(t), ..., ha(t)), we
have ®,(0y,) = Yy hug(t )0y = ci(t;) Oy, so hi(t) depends only on ¢; which yields
®(t) = (hi(t1),...,hn(tsn)). We shall use the convenient notation t; = h;(t;) and
t; = hi(t)) for the inverse b, := h; ', i = 1,...,n. If accordingly, ®'(#) = ¢ denotes
the inverse of ®(t) = t', we have ®(c;(t;) 9,) = c;(t;) b}, (t;) Or, = O, which shows

it
that c;(t;) by, v (t)) = 1. Since ¢;(0) = 1, we see that hj(t}) fo 1/[ci(o)] do is the
complex prlmltlve of an algebraic function. This observation will be 1mportant.

After a permutation of the coordinates, we may assume that M’ is given in the coor-
dinates t' = (2/,w’) € C™ x C? by the real defining equations Im w) = ¢j(2', 2, Rew’),
j =1,...,d, where the functions ¢/ are algebraic and vanish at the origin. Solving in
terms of w’ by means of the algebraic implicit function theorem, we can represent M’ by

the algebraic complex defining equations
(3.22) wh =0, 2, @), j=1,....d,

where © satisfies the vectorial functional equation w’ = @/(z’ ,Z',0'(Z,2',w')) (which
we shall not use). According to the splitting (z’,w’) of coordinates, it is convenient to
modify our previous notation by writing zx = fi(z;), k = 1,...,m and w; = gj(w}),
j=1,...,dinstead of ¢; = hi(t}),i=1,...,n, and also

{Xé=a;<z;>az;, E=1.m  a(0)=

1,
(3.23) ,
Y] = bj(w)) 0y, j=1,....d, b;(0) =1,

instead of X| = c;(t}) 9;;. The relation cj(t;) h;

it
) fn () = 1,

{ b (w)) g}w; (wj) = 1.

We remind that the derivatives of the f; and of the gj are algebraic. Let now ¢ =

(z/,w') € M’, thus satisfying (3.22). Then h'(¢') = (f'(2’), ¢’(w’)) belongs to M, namely
we have for j =1,...,d:

25 L) g@) (AR folt) - fol))

(t}) =1 rewrites down in the form

(3.24)

2 o

where ¢ = y/—1 here. Replacing w by [} (z Z',w') in the left hand side, we get the
following identity between convergmg power series of the 2m + d complex variables
(z/,z',w'):

;@5 7, @) — gy (@) _ (A -G faleh) — Fu(E)
5 5 :

(3.26) 9 = @5

Let us differentiate this identity with respect to 2y, for k = 1,...,m. Taking into account
the relations (3.24), we obtain
— o B
ak(2) 054, (2,2, @) _ 9y, (f{(Zi) — f1(z1)
2i

————— =
ACHEANTS) Yk

(3.27)

geeey

Tule) Ja)).
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Clearly, the left hand side is an algebraic function A’ , (2/,2’,@"). Then differentiating

again with respect to the variables z;, the relations (3.27), we see that for every multi-

index f € N™ with |8| > 1, and every j = 1,...,d, there exists an algebraic function
% 5(2', 7', w") such that the following identity holds:

ayllayﬁ;" 23 yeees 2 .

Differentiating (3.28) with respect to @', we see immediately that A} ; is in fact inde-

(3.28) gﬁ( E ') =

pendent of w'. Furthermore, we see that A’ ; is real, namely A’ 5(2', 2 ) = Zj 52,2 )
Now we extract from (3.28) the m identities written for § := k j =k k=1,.

and we use the invertibility of the mapping v defined in (3.19) (recall that ¢’ (y ) y
denotes the inverse of ¥’ = ¥(y)), which yields

fulz) — fi(z) .
%ikk —wk( 1 al(z Z) aA;:",B;"(Zlvzl))v

for k =1, ..., m. For simplicity, we shall write A} (2, Z’) instead of.A g (z/,z"). Finally,

(3.29)

we differentiate (3.29) with respect to zj,, which yields, taking into account (3.24):

1 = alpk I /—I ! /—I AI ZI 2/
T = 2y AT A ) G )

(3.30)

0= Z o ;/c / 5! —/) A/ ( / —/))%(2/72/), E%k
=1 Y k

It follows from these relations (3.30) viewed in matrix form that the constant matrix

(g—j‘g(o, 0))1<i,k<m is invertible, because the diagonal matrix (5% [Qiaﬁc(zfc)]_l)1<k7z<m is

evidently invertible at z;, = 0 (recall ¢} (0) = 1). Consequently, there exist algebraic

functions B;CJ(Z/, Z') so that

oy,

(3.31) o)

(AL (2, 2), ... AL (2, 7)) = By (. 2).

Next, setting y), = A (iy', —iy’), k = 1,..., m we see, from the invertibility of the matrix
(%(0, 0))1<k,i<m and from the reality of Aj (z’, Z'), that the Jacobian determinant at
g <k,i<

the origin of the mapping y' — A’(iy/, —iy’) = ¥ is nonzero. Thus there are real

algebraic functions Cj, so that we can express ¥’ in terms of ¥’ as y;, = C,.(¥'). Finally,
we get

oYy,

32
(3:32) Ay,

(glla s ag:n) = B;c,l(icl(g/)a 7icl(g/))a

where the right hand sides are algebraic; this shows that the partial derivatives 9,1,
are algebraic functions of 7’.
To obtain the equivalent formulation of Theorem 1.1, we observe the following.

Lemma 3.3. For every k,l =1,...,m, the functions 0y, 1;(y') are algebraic functions
of y' if and only if for every ki,ke = 1,...,m, the second derivative 02 (y) is an

Yk Yko
algebraic function of 1(y) = (0ylso(y),---,8ymso(y))-

Proof. Differentiating the identities y, = ¢} (¢(y)), k = 1,...,m, with respect to y;, we
get

(3.33) 5 =D 0y tn () By, 5y Za W) 05 e(y)-
j=1
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Applying Cramer’s rule, we see that there exist universal rational functions Ry ; and Si;
such that

(3 34) { aiky#’(y) = Rlv,l({al};€2 w;ﬁ (y/)}1§k1,k2§m})7
By () = Ska({05, 4., W) 1<k ko <m})-
This implies the equivalence of Lemma 3.3. |

In conclusion, taking Theorem 2.1 for granted, the proof of Theorem 1.1 is now com-
plete. [l

3.3. Proof of Theorem 1.5. Let M : v = p(z,2) be a rigid Levi nondegenerate
hypersurface in C™ passing through the origin. We may assume that v = 22;11 ek |2k)>+
©3(2,2), where g, = £1 and we may write ¢3(z,2) = Z;l [Zk 03 (2)+ 2605 (2)]+9 (2, 2),
with ©*(0,2) = ¢2, (0,2) = 0 and ¢} = O(2). After making the change of coordinates
2, = 2z + ek ¢i(2), w' = w, we come to the simple equation v/ = 22;11 ek |22 +
X'(2',2"), where x(0,2") = x,; (0,2’) = 0, considered in Theorem 1.5.

Assume that M is strongly rigid, locally algebraizable and let M’ be an algebraic
equivalent of M. Let t' = h(t) be such an equivalence, or in our previous notation
Z' = f(z,w) and W’ = g(z,w). We note z = f'(z',w’) and w = ¢’(z’,w’) the inverse
equivalence. Since M is strongly rigid, namely $Hol(M) is generated by the single vector
field X; := 0y, it follows that $Hol(M’) is also one-dimensional, generated by the single
vector field X{ := h.(X;). Taking again Theorem 2.1 for granted and proceeding as in the
first step of the proof of Proposition 3.1, we may algebraically straighten the complex
foliation induced by X7 to the “vertical” foliation by w’-lines. Equivalently, we may
assume that X1 = b'(2/,w’) 0, with V' algebraic and b’(0) = 1. The assumption h,(9y) =
b'(2',w') Ou yields that f'(2’,w’) is independant of w’ and that b'(2’,w’) ¢, (2', ') = 1,
so that as in (3.24) above, the derivative g/, is algebraic. Let w' = @/(z’, Z',w") be the
complex defining equation of M’ in these coordinates. The assumption h'(M’) = M
yields the following power series identity

(3.35) g0, 2,0) - g (Z,@) = 2e(f'(), ]'(Z)).
By differentiating this identity with respect to z;,, we get

0.0 (2, 7,0
T T SR

) . n—1 o
— =2 azl f’ 4 7f/ A aZ/ f/ 2.
b/(@ (Z/,Z/7’LD/)) ; SD( ( ) ( )) % l( )

We notice that the second term in the left hand side of (3.36) is algebraic. By differentiat-
ing in turn (3.36) with respect to zj, and using the algebraicity of 92, ,¢'(z,0’'(z,z’,@)),
k

(3.36) 8., (2,0 (.2, @) +

k

we obtain that there exist algebraic functions A} (2, Z’) such that

n—1

(B30 A= Y P () FE) 0y S ()0, T,

l1,l2=1

Without loss of generality, we may assume that h’ is tangent to the identity map at
t" = 0. Then setting z’ := 0 in (3.37) and using the fact that 8311212 o(z,0) = 5llf€ll +

92 5 x(z,0) = 653511 by the properties of x in Theorem 1.5 we get, since 0 f1.(0) =
1 2 2 2

5?2 :

(3.38) ko (21,0) = €k, Oz i, (1),

which shows that all the first order derivatives 9, f;(2’) are algebraic.

Next, since the canonical transformation to normalizing coordinates is algebraic and
preserves the “horizontal” coordinates z’ (¢f. [CM1974]), hence does not perturb the
complex foliation induced by X7, we may also assume that M’ is given in normal coor-
dinates, namely that the function ©’ satisfies ©'(0, z/,w’) = ©'(2’,0,w’) = w’. Since the
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coordinates are normal for both M and M’ it follows by setting z’ := 0 and @’ := 0
in (3.35) that ¢’(2’,0) = 0. Consequently, 0, ¢'(z",0) = 0. Finally, by setting 2" := 0
and @' := 0 in (3.36), we see that the first term in the left hand side vanishes and that
the second term is algebraic with respect to z’, so we obtain that there exist algebraic
functions E;(Z’ ) such that

(3.39) Bu(z) = 3 0000, F(2)) 0., F1(0) = 2 Fu(2).
=1

We have proved that the components f(z') are all algebraic.

Finally, coming back to the relation (3.36), we want to prove that the derivatives
0.,0(f'(27), f/(Z')) are all algebraic. However, the first term of (3.36) is not algebraic
in general. Fortunately, using the fact that 0 =ua + 0O(2), we see that there exists
a unique algebraic solution w' = K/(z’,é’) of the implicit equation 6'(/,2’,11/) =0,
namely satisfying ) (. 7 N (2/,Z")) = 0. Then by replacing @’ by X in (3.36), we get
that there exist alg‘ebralc functmns C.(#',Z") such that

n—1

(3.40) CL(z/,Z) =) 0.0(f'(2), F'(2) 0y fi(2).

=1

Since f’ is tangent to the identity map, we can solve by Cramer’s rule this linear system
for the derivatives 0., ¢, which yields that the 9.,¢(f'(2'), f(z')) are all algebraic. Since
f'(#') is also algebraic, we obtain in sum that the derivatives 9,,¢(z, Z) are all algebraic.
In conclusion, taking Theorem 2.1 for granted, the proof of Theorem 1.5 is complete. [

3.4. Proof of Theorem 1.4. Let M : v = p(2z) in C? with $Hol(M) generated by 9,
and iz0,. Without loss of generality, we can assume that o(r) = r + O(r?). Let M’
be an algebraic equivalent of M. Let t = A/(¢'), or z = f/'(z/,w'), w = ¢'(z/,w’) be a
local holomorphic equivalence satisfying h'(M’') = M. Let t' = h(t) be its inverse. Then
$Hol(M’) is two-dimensional and generated by h.(0,) and h.(izd,). First of all, using
the algebraicity of the CR automorphism group of M’ and proceeding as in the proof
of Proposition 3.1, we can prove that there exist two generators of $Hol(M’) of the form
X1 =V (w) 0y and X} = a’(2') 0., where b’ and o’ are algebraic and satisfy v'(0) = 1
and o/ (2') = iz’ + O(2"*). Furthermore, we may assume that h' is tangent to the identity
map and that hl (b (w') Oyr) = Oy and R, (a/(2") 0,) = i20,. As in (3.24), it follows that
b (w) gl (w) =1and o (2) fl.(z") = if'(z/). Let v’ = @'(z’,z’,w’) be the complex
algebraic equation of M’. Then we get the following power series identity:

(3.41) g @', 7, 0)) —g'(@) =2 e(f' (') F (),
which yields after differentiating with respect to z’:
@M){@%%’WW®<’%WM 2100 f(!) /() Bl £ () (2)

= —2f/() ' (&) orp(f' () (Z)/1d ().

Here, we consider the function ¢ as a function ¢(r) of the real variable r € R. Since
the left hand side is an algebraic function and a’(z’) is also algebraic, there exists an
algebraic function A’(2’, ") such that we can write

(3.43) A, 2) = [/ (Z) oo f' () F ().

Next, using the property ¢(r) = r + O(r?), differentiating (3.43) with respect to z’
at ' = 0, we obtain that f’(z’) is algebraic. Coming back to (3.43), this yields that
Oro(f'(2")f(2')) is algebraic. Since f/(2’) is also algebraic, we finally obtain that ,.¢(r)
is algebraic. Excepting the examples which will be treated in §7.5, the proof of Theo-
rem 1.4 is complete. [l
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The next three sections are devoted to the statement of Theorem 4.1, which implies
directly Theorem 2.1 (§4), and to its proof (§§5-6).

84. LOCAL LIE GROUP STRUCTURE FOR THE CR AUTOMORPHISM GROUP

4.1. Local representation of a real algebraic generic submanifold. We consider a
connected real algebraic (or more generally, real analytic) generic submanifold M in C™ of
codimension d > 1 and CR dimension m =n —d > 1. Pick a point p € M and consider
some holomorphic coordinates t = (t1,...,t,) = (21,.-., Zm,W1,...,wq) € C™ x C?
vanishing at p in which ToM = {Imw = 0}. If we denote w = u + iv, it follows that
there exists (Nash) real algebraic power series ¢;(z, Z,u) with ¢;(0) = 0 and dy;(0) =0
such that the defining equations of M are of the form v; = ¢;(z,2z,u), j =1,...,din a
neighborhood of the origin. By means of the algebraic implicit function theorem, we can
solve with respect to w the equations w; —w; = 2i ¢;(z, Z, (w+w)/2), j = 1,...,d, which
yields w; = ©;(Z, z,w) for some power series ©; which are complex algebraic with respect
to their 2m + d variables. Here, we have ©; = w; + O(2), since ToM = {Imw = 0}.
Without loss of generality, we shall assume that the coordinates are normal, namely
the functions ©;(Z, z,w) satisfy ©,;(0,z,w) = w; and 0;(Z,0,w) = w;. It may be
shown that the power series ©; = w; + O(2) satisfy the vectorial functional equation
O(z,2,0(2,2,w)) = w in C{z,2,w}? and conversely that to every such power series
mapping satisfying this vectorial functional equation, there corresponds a unique real
algebraic generic manifold M (c¢f. for instance the manuscript [GM2001¢] for the details).
So we can equivalently take w; = ©;(Z,z,w) or w; = 0;(z,%,w) as complex defining
equations for M.

For arbitrary p > 0, we shall often consider the open polydisc A, (p) := {t € C™ :
|t| < p} where we denote by [t| := maxi<i<y, |t;| the usual polydisc norm. Without loss
of generality, we may assume that the power series ©; converge normally in the polydic
Aopmta(2p1), where p1 > 0. In fact, we shall successively introduce some other positive
constants (radii) 0 < ps < ps < p3 < p2 < p1 afterwards. Finally, we define M as:

(4.1) M = {(20) € Aalpr) s @ = O;(2,2,w), j = 1,....d}.
Next, let po arbitrary with 0 < pa < p1. For h',h € O(A,(p1),C"), we define
(4.2) [|h" = Rl]p, = sup {|W'(t) — h(t)] : t € An(p2)}-

For k € N, we shall also consider the C* norms
(4.3) ||J*h — th||p2 = sup { |0/ (t) — O h(t)| : t € An(p2), a € N, |a] < k}.

For k € N and t € A, (p1), we denote by J*h(t) the collection of partial derivatives
(02hi(t))1<i<n, |a|<k Of length < k of the components hi, ..., hy, so J*h(t) € CNnk,

where Ny = n(z,ﬂ:,)' In particular, the expression J*h(0) = (08hi(0)1<i<n, |a|<k

denotes the k-jet of h at 0. So, the space of k-jets at the origin of holomorphic mappings
h € O(An(p1),C") may be identified with the complex linear space CNx. We denote

the natural coordinates on CN»* by (J)1<i<n, la|<k- Sometimes, we abbreviate this

collection of coordinates by J*¥ = (J?)1<i<n, la|<k- Finally, we denote by JIkd the k-jet

3

at the origin of the identity mapping. We introduce the important set of holomorphic
self-mappings of M defined by

[T e O 1T = Tl <
WM 0 A (p2)) © MO Anp)}:

Here, k € N and € > 0 is a small positive number that we shall shrink many times in the
sequel.
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FIGURE 3: NEST OF POLYDISCS CENTERED AT 0 € M

We may now state the main theorem of §4, §5 and §6, namely Theorem 4.1, which
provides a complete parametrized description of the set Hf\jjzje of local biholomorphic
self-mappings of M, with k£ equal to an integer k¢ depending on M. During the course
of the (rather long) proof, for technical reasons, we shall have to introduce first a third
positive radius p3 with 0 < p3 < p2 < p; which is related to the finite nondegeneracy of
M, and then afterwards a fourth positive radius py with 0 < pg < p3 < p2 < p1, which is
related to the minimality of M. This is why the radius notation “p,” appears after “ps”
and “py” without mention of “ps” (¢f. FIGURE 3).

Theorem 4.1. Assume that the real algebraic generic submanifold M defined by (4.1)
is minimal and finitely nondegenerate at the origin. As above, fix two radii p1 and ps
with 0 < pa < p1. Then there exists an even integer ko € Ny, which depends only on the
local geometry of M near the origin, there exists € > 0, there exists py > 0 with py < p2,
there exists a complex algebraic C™-valued mapping H(t, J*°) which is defined for t € C"

with |t| < ps and for Jro € CNnxo (where Ny, .o = n(Z,Jr:s,)') with [Jr° — JiP| < e and
which depends only on M and there exists a geometrically smooth real algebraic totally
real submanifold E of CNnso passing through the identity jet Jiy which depends only on

M, which is defined by
(4.5) E={Jro |Jr — J <e, Ci(J", Jro) =0,1=1,...,v},

where the Cy(J%, Jr0), 1 =1,...,v, are real algebraic functions defined on the polydisc
{|JF0 — JiP| < €}, and which can be constructed algorithmically by means only of the
defining equations of M, such that the following six statements hold:

(1) Ewery local biholomorphic self-mapping h € Hﬁj:iz,a of M (which is defined on the
large polydisc Ay, (p1)) is represented by

(4.6) h(t) = H(t, J*h(0)),

on the smallest polydisc A, (ps). In particular, each h € Hi\l ke 18 a complex
algebraic biholomorphic mapping. Furthermore, the ko-jet of h at the origin belongs
to the real algebraic submanifold E, namely we have C)(J*°h(0),J%h(0)) = 0,
l=1,...,v.

(2) Conversely, shrinking € if necessary, given an arbitrary jet J*° in E there exists a
smaller positive radius ps < py such that the mapping defined by h(t) := H(t, J"°)
for |t| < ps sends M N A, (ps) CR-diffeomorphically onto its image which is con-
tained in M N Ay (ps). We may therefore say that the set Hﬁj:i;,a of local biholo-
morphic self-mappings of M is parametrized by the real algebraic submanifold E.

(3) For every choice of two smaller positive radii p1 < p1 and pa < py with py <
p1, there exists a positive radius py < pg with py < p2, and a positive € < €
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such that the same complex algebraic mapping H (t, J*°) as in statement (1) above

represents all local biholomorphic self-mappings he H%:QE,E of M, namely we have

h(t) = H(t, J*h(0)) for all |t| < ps as in (4.6). Furthermore, the corresponding
real algebraic totally real submanifold E coincides with E in the polydisc {|J"° —
JiP| < €} and it is defined by the same real algebraic equations Ci(J5°, Jro) = 0,
l=1,...,v, as in equation (4.5). In fact, the algebraic mapping H(t, J"°) and the
real algebraic totally real submanifold E depend only on the local geometry of M in
a neighborhood of the origin, namely on the germ of M at 0.

(4) The set Hf\flzz(ﬂ’s, equipped with the law of composition of holomorphic mappings, is
a real algebraic local Lie group. More precisely, let the positive integer co denote the
real dimension of E, which is independent of p1, p2 and consider a parametrization

(4.7) R S e = (e1,...,ec) — jus(€) € B C CNrro

of the real algebraic totally real submanifold E. Then there exist a real algebraic
associative local multiplication mapping (e,e’) — u(e,e’) and a real algebraic local
inversion mapping e — i(e) such that if we define H(t;e) := H(t, ju,(€e)), then
H(H(t;e);e') = H(t;u(e,€')) and H(t;e)™t = H(t;u(e)), with the local Lie trans-
formation group azxioms, as defined in §2.3, being satisfied by H, u and ¢.

(5) Fori=1,...,co, consider the one-parameter families of transformations defined
by H(t;0,...,0,€;,0,...,0) =: H;(t;e;) =: Hye¢,(t). Then for each i = 1,...,co,
the vector field Xi| e,y = [0s,e, He, (t/)]t,:He—il(t), is defined for t € Ap(ps) and
le;| < e, has algebraic coefficients depending on the “time” parameter e;, and has
an algebraic flow, since this coincides with the algebraic mapping (t,e;) — Hj.e, ().

(6) Let ps be as in statement (2). Then the dimension co of the real Lie algebra
90l(M, A, (ps)) is finite, bounded by the fized integer Ny 1o = ntroll - pyrther-

n! ko!

more, each vector field X € Hol(M, A, (ps)) has complex algebraic coefficients.

If M is real analytic, the same theorem holds with the word “algebraic” replaced every-
where by the word “analytic”.

We shall explain below how the integer kg is related to the minimality and to the
finite nondegeneracy of M at the origin. The next §5 and §6 are devoted to the proof
Theorem 4.1, namely the existence of the mapping H (¢, J*°), the existence of the real
algebraic totally real submanifold E and the completion of the proof of properties (1-6).

85. MINIMALITY AND FINITE NONDEGENERACY

5.1. Local CR geometry of complexified real analytic generic submanifolds.
Let ¢ € C™ and ¢ € C? denote some independent coordinates corresponging to the
complexification of the variables z and w, which we denote symbolically by ¢ := (2)¢
and £ := (w)¢, where the letter “c” stands for the word “complexified”. We also write
7= ()¢ so 7 = (¢,€) € C*. The extrinsic complexification M := (M)¢ of M is the
complex submanifold of codimension d defined by

(5.1) M :={(z,w,(,€) € An(p1) X An(p1) : £=0((, 2z, w)}.

If M is (real, Nash) algebraic, so is M. As remarked, we can choose the equivalent
defining equation w = 0(z, (,¢) for M. In the remainder of §5, we shall essentially deal
with M instead of M. In fact, M clearly imbeds in M as the intersection of M with the
antiholomorphic diagonal A := {(t,7) € C" x C": 7 =t}.

Following [Mel1998], [Me2001], we shall complexify a conjugate pair of generating
families of CR vector fields tangent to M, namely Lq,..., L., of type (1,0) and their
conjugates L1, ..., L, which are of type (0,1). Here, we can explicitely choose the
generators Ly = 0/0zy + 2?21 [00;/0zk(2,2,w)] 0/0w; for k = 1,...,m. Then their
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complexification yields a pair of collections of m vector fields defined over A,,(p1) <A, (p1)
by

d JR—
99; 0
8zk+2—3zk —w_, k=1,...,m,
(5.2) =

d
a@] )
= § —L(c, —, k=1,...,m.
_k 8Ck = 8Ck CZU} 3§j m

The reader may check directly that Lx(w; —©0;(2,(,€)) = 0, which shows that the vector
fields Ly, are tangent to M. Similarly, £, (&; —0;((, z,w)) = 0, so the vector fields £, are
also tangent to M. Furthemore, we may check the commutation relations [Lg, L] = 0
and [£,, L] =0forall k, k' =1,...,m. It follows from the Frobenius theorem that the
two m-dimensional distributions spanned by each of these two collections of m vector
fields has the integral manifold property. This is not surprising since the vector fields Ly
are the vector fields tangent to the intersection of M with the sets {7 = 7, = ct.}, which
are clearly m-dimensional complex integral manifolds. Following [Me1998], [Me2001], we
denote these manifolds by S;, := {(t,7,) : w = O(z,(, &)}, where 7, is a constant, and
we call them complezified Segre varieties. Similarly, the integral manifolds of the vector
fields L), are the conjugate complexified Segre varieties S, = {(tp,7): £=0((, 2p, wp)},
where t, is fixed. The union of the manifolds S;, induces a local complex algebraic
foliation F of M by m-dimensional leaves. Similarly, there is a second foliation F whose
leaves are the S;

The following symbolic picture summarizes our constructions. However, we warn the
reader that the codimension d > 1 of the union of the two foliations F and F in M is
not visible in this two-dimensional figure.

N

The complexification of a real analytic
CR-generic manifold M carries two

complex foliations F, and F. directed

by the complefixied CR-vector fields £ and £
{T = Tp} whose leaves coincide with the complexified
Segre varieties S-, and S,

5

NN e
T
A

F These leaves also comClde fvith the intersection
—t 7 of M with the horizontal slices {7 = 7}
> > > = and with the vertical slices {t = t,}.
0 tp i
\C J

Now, we introduce the “multiple” flows of the two collections of conjugate vector fields
(Lr)1<k<m and (Ly)1<k<m. For an arbitrary point p = (wp, 2p, (p,&p) € M and for an
arbitrary complex “multitime” parameter z; = (21,1, ...,21,m) € C™, we define

Lz (zp, wp, Gy &p) = exp(21£)(p) := exp(z11L1 (- - (exp(z1,mLm(p))) -+ +)) =
= (Zp + Zla@(zp + 21, Cps 6;0)5 Cps Ep)
With this formal definition, there exists a maximal connected open subset 2 of M x C™

containing M x {0} such that £, (p) € M for all (z1,p) € Q. Analogously, for ({1, p)
running in a similar open subset ), we may also define the map

(5.4) éql (va Wy, Cp, gp) = (va Wp, Cp + (1, 6(@0 + (1, 2p, U’p))~

We notice that the two maps given by (5.3) and (5.4) are holomorphic in their variables.
Since M is real algebraic, they are moreover complex algebraic.

(5.3)
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5.2. Segre chains. Let us start from the point p being the origin and let us move
alternately in the direction of S or of S, namely we consider the two maps I';(z1) =
L.,(0) and Iy (21) := £, (0). Next, we start from these endpoints and we move in the
other direction, namely, we consider the two maps

(5.5) La(z1,22) = L, (£:,(0)),  Ly(21,22) := L:,(L;,(0)),

where 21, 2o € C™. Also, we define I's(z21, 22, 23) := L.,(L,,(£-,(0))), etc. By induction,
for every positive integer k, we obtain two maps T'y(z1,...,2x) and Iy (21,...,2). In
the sequel, we shall often use the notation z() := (21,...,2x) € C™F. Since T'}(0) =

T.(0) = 0, for every k € N,, there exists a sufficiently small open polydisc A,,x(dx)
centered at the origin in C™" with d; > 0 such that I';(z()) and L' (2(x)) belong to M
for all 2y € Apmr(0).

We also exhibit a simple link between the maps I'y, and I',. Let o be the anti-
holomorphic involution defined by o(t,7) := (7,%). Since w = O(z,(, &) if and only if
¢ = O(¢, z,w), this involution maps M onto M and it also fixes the antidiagonal A
pointwise. Using the definitions (5.3) and (5.4), we see readily that (L., (0)) = L., (0).
It follows generally that o(I'x(2x))) = Ly (Zx))-

Next, we observe that I'x11(2(x),0) = T'x(2@)), since Lo and L, coincide with the
identity map. So the ranks at the origin of the maps I', increase with k.

Definition 5.1. The real analytic generic manifold M is said to be minimal at p if the
maps 'y, are of (maximal possible) rank equal to 2m 4+ d = dim¢ M at the origin in
Ak (0g) for all k large enough.

The following fundamental properties are established in [Me1998], [Me2001].

Theorem 5.2. The minimality of M at 0 is a biholomorphically invariant property. It
depends neither on the choice of a defining equation for M nor on the choice of a system
of generating complexified CR vector fields (L )1<k<m and (Ly)1<k<m- Also, minimality
1s equivalent to the fact that the Lie algebra generated by the complexified CR vector fields
(Lr)1<k<m and (Ly)1<k<m spans TM in a neighborhood of 0. Furthermore, there exists
an invariant integer vy, called the Segre type of M at 0 satisfying vy < d + 1 which
s the smallest integer such that the mappings I', and L'y are of generic rank equal to
2m + d over Ak (dk) for all k > vo + 1. Finally, with this integer vy, the odd integer
Lo = 2v9+1, called the Segre type M at 0 is the smallest integer such that the mappings
T and Ty are of rank equal to 2m + d at the origin in Apk(dk).

Let po := 2v9 + 1 be the Segre type of M at 0 (notice that this is always odd). In
the remainder of this section, we assume that M is minimal at 0 and we exploit the rank
condition on I'y,. More precisely we choose a positive n with 0 < n < §,, such that I,
has rank 2m + d at every point of the polydisc A, (7). Without loss of generality, we
can also assume that I',, (A, (7)) contains MN (A, (pa) X Ap(ps)). Simple examples in
the hypersurface case show that py << p; and in fact, one has necessarily an inequality
of the form ps < (p1)V, where N is a certain integer depending on the vector fields
(Lr)1<k<m and (Ly)i1<k<m (cf. [Bel996]).

5.3. Finite nondegeneracy. The last ingredient for Theorem 4.1 consists in developing
the equations of M in powers of Z as follows

(5.6) w; =Y (2)°0;5t), j=1,....4,
BENWL
where the functions ©; g(t) are holomorphic in the polydisc A, (2p1). So we may in-

(m+k)!

troduce the holomorphic maps ¥y (t) = (0;4(t))1<j<d, |g<k With values in C¥rwr .
Obviously, the ranks at the origin of the 1 increase with k.

Definition 5.3. The generic manifold M is said to be finitely nondegenerate at 0 if there
exists a positive integer k such that the rank at the origin of the map ¢, is equal to n.
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It may be checked that this definition depends neither on the system of coordinates
nor on the choice of a collection of d defining equations for M and that it coincides with
the definition given in §1.2. If M is finitely nondegenerate at 0 we denote by £y the
smallest integer k given by definition 5.3 and we say that M is {p-nondegenerate at the
origin.

Finite nondegeneracy is interesting for the following reason. In the sequel, we shall
have to consider an infinite collection of equations of the form

(B+7)!
(5.7) 0,5+ Y () A ©;,84+(t) = wj s,
ot Iyl
where N7* := N™\{0}, where j runs from 1 to d, where 8 runs in N and where the

right hand sides w; g are independent complex variables. For 8 = 0, the equations (5.7)
write simply ©,(¢,t) = wjo. By definition, if M is {y-nondegenerate at 0, there exists n
integers jl,...,j* with 1 < ji < d and n multi-indices 3., ..., € N™ with || < 4
such that the local holomorphic self-mapping ¢ +— (0« gr(t))1<k<n of C" is of rank n
at the origin. Considering the equations (5.7) for j = jl,....j% and 8 = BL,...,H"
and applying the implicit function theorem, we observe that we can solve ¢ in terms of
(C,wjr g1,...,wjn gn) by means of a holomorphic mapping, namely

(5.8) t=W(T,wj1 g1,...,wjn an).

Without loss of generality, we may assume that ¥ is holomorphic for || < p3 and
|wji gi| < p3, where 0 < p3 < p2 < p1.

§6. ALGEBRAICITY OF LOCAL CR AUTOMORPHISM GROUPS

6.1. Fundamental reflection identity for the mapping. So M is ¢y-nondegenerate
at the origin. Recall that po = 21y + 1 is the Segre type of M and introduce the
new integer kg := fo(uo + 1). Notice that k¢ is even. Let us take an arbitrary local
holomorphic self map h of M close to the identity in the set 'H’;&:Z;ys, i.e. with k := ko
in the definition (4.4). We denote the map h by (h1,...,hn) = (f1,-- -y fmy 915 -+, 9d),
according to the splitting ¢ = (z,w) of the coordinates. The complexification h¢ := (h, h)
induces a local holomorphic self map of the complexification M. More precisely, for all
(t,7) € M with [t|, |7| < pa2, we have (h(t), h(7)) € M and |h(t)|, |h(T)| < p1, sO we can
write

(6.1) 9;(r) = ©;(f(7), h(t)),

for j =1,...,d. Since h is a biholomorphism and T§{M = {w = 0}, it follows that the
determinant

(6.2) det (L4 f1(T)) 1<k 1<n,

which is a K-analytic function of (¢,7) € M, does not vanish at the origin. Shrinking e
if necessary, we can assume that for every holomorphic map h € Hf\f[’f;; o, the determi-

nant (6.2) does not vanish for all |t], |[7| < p2. We now differentiate (6.2) by applying
the vector fields £, ..., L,,, which gives

_ " 00; —
(6:3) Li3i(T) = 3 e (F(0) h(B) Lefi(7),
=1
for k=1,...,mand j =1,...,d. For fixed j, we consider the m equations (6.3) as an

affine system satisfied by the partial derivatives 900 ;/0¢;. By Cramer’s rule, there exists
universal polynomials €2; 5 in their variables such that

99; 7, _ 95k ({L M) hi<icm)
ag, ) = e <k o

for all (¢t,7) € M with |t|, |7| < pz and for k=1,...,m, j=1,...,d.

(6.4)
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Applying the derivations £, to (6.4) we see by induction that for every multi-index

B € N* and for every j = 1,...,d, there exists a universal polynomial 2; 3 in its variables
such that

1 olble, Qi s({L"h
(6.5) L 001 (7). mity) = e ME M misia)

Bl a¢k [det (Ly fi(T))1<ha<al2P1=

for all (t,7) € M with |t|, |7| < p2. Here, for v = (y1,...,7m) € N™, we denote by L”
the derivation (£,)7 ... (L,,)"™. Next, denoting by w; 5(¢, 7) the right hand side of (6.5)
and developing the left hand side in power series using (5.7), we may write

(6.6) 0,5(h(1)) + D (F(1) Bj1+(A(t) = wjp(t, 7).

yEN

Recall that M is fop-nondegenerate at 0. Using (5.8), we can solve h(t) in terms of the
derivatives of h(7), namely

_ol7 Q1 g ({L7 h(T)}y1<181)
h(t) =T (f(T% G0t (Lo i (7)) rmrenPPIT

(6.7) Qg (LY P i<ior) ) _
7 [det (Ly fi(7)) 1<k i<n] 218817

= V(f(7),wjr p1(t,T),...,wjn gn(t,7)).

Here, the maximal length of the multi-indices 81, ..., 87 is equal to £y. According to (5.8),
the representation (6.7) of h(t) holds provided |g(7)| < p3 and |w;: gi| < p3. Since the
coordinates are normal, we have 0;(2,0,0) = 0, or equivalently 0, 3(0) = 0 for all
j=1,...,dand all § € N". It follows from (6.6) and from h(0) = 0 that w; 3(0) = 0,
for all j = 1,...,d and all 8 € N™. Consequently, there exists a radius p3 ~ ps with
0 < p3 < p2 < p1 such that |w;: i (t,7)| < p3, i =1,...,n and such that |g(7)| < p3 for
all h e Hipr!  and for all (t,7) € M with [t], [7] < ps.

In conclusion, the relation (6.7) holds for all h € H47%! _ and for all (¢, 7) € M with
t], 7] < ps.

Next, using the explicit expressions of the vector fields £, given in (5.2), we may
develop the higher order derivatives £Yh(7) as polynomials in the |y|-jet (97 k(7))

1<
of h(r) with coefficients being certain holomorphic functions of (,7) obtained as certain
polynomials with respect to the partial derivatives of the functions ©;((, ).

To be more explicit in this desired new representation of (6.7), we remind first our
jet notation. For each 7 = 1,...,n and each o € N”, we introduced a new independent
coordinate J& corresponding to the partial derivative 9%h;(7) (or 95h;(t)). The space of
k-jets of holomorphic mappings h(7) is then the complex space CSTH with coordinates
(J§)1<i<n, |aj<k- It will be convenient to use the abbreviations JP = (J®)1<i<n, | <k
and JFR(T) := (0%hi(T))1<i<n, |a|<k-

So pursuing with (6.7), we argue that for every v € N™ there exists a polynomial in
the jet JIh(7) with holomorphic cooeficients depending only on © such that

(6.8) L h(r) = Py(t, 7, " h(7)).

Putting all these expressions in (6.7), we obtain an important relation between h and
the p-jet of h which we may now summarize. At first, as ko = €o(uo + 1) > £y, observe
that for every h € Hi70! _, we have [ Jh — JiS |5y < ||Jh — 7P|,y < e. Shrinking e
if necessary, we have proved the following lemma.

Lemma 6.1. There exists a complex algebraic C™-valued mapping (¢, 7, J*) defined
for |t|, |7| < p3 and for |J% — Jﬁﬂ < € which depends only on the defining functions
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& —0,(¢,t) of M, such that for every local holomorphic self-mapping h € Hﬁjzﬁ;ﬂs of M
(hence satisfying ||Jh — J3||,, <€), the relation

(6.9) h(t) =I(t, 7, J°h(T))
holds for all (t,7) € M with |t|, |T| < ps.

6.2. Reflection identity for arbitrary jets. Let now T; and X; be the vector fields
tangent to M defined by

0 & 9
1 T = — ) — =
(6 O) J awj +; eljwj (C)t) 851, __] aé.j +Z 61 fj Z, T

for j =1,...,d. We observe that the collection of 2m + d vector fields L, L,, T; span
TM. The same holds for the collection Ly, Ly, lj. We also have the commutation
relations [T, £,] = 0 and [X;, L] = 0. We observe that TVh(t) = 83 h(t) for all v € N,
Let a = (8,7) € N™ x N%. By expanding £” Y7 h(t) using the explicit expressions (5.2),
we obtain a polynomial Qg (t, T, (8f‘lh(t))|a/|§|a‘), where (g, is a polynomial in its last
variables with coefficients depending on © and its partial derivatives. Conversely, since
Lilo = 0, at the origin, we can invert these formulas, so there exist polynomials P, in
their last variables with coefficients depending only on © such that

(611) 8f‘h(t) = Pa(t, T, (,CB/ TW/ h(t))w/‘SWL |’Y’|§|’Y‘)'

Lemma 6.2. For every { € N, there exists a complex algebraic mapping I, with values
in CNnt defined for |t|, |7| < p3 and |J% — Jﬁﬂ < & which is relatively polynomial with

respect to the higher order jets J& with |a| > €y + 1, ¢ = 1,...,n, such that for every

local holomorphic self-mapping h € Hfff’Z; -, the two conjugate relations

Jh(t) = Ty(t, 7, Jh(r)),
Jh(r) = Ty(7,t, JOTn(t)).
hold for all (t,7) € M with |t|, |T| < ps.

(6.12)

Proof. Applying the derivations £7 T7 to (6.9), and using the chain rule, we obtain
(6.13) LAY h(t) = Tg 4 (t, 7, JOHPFIIR(7),

where the function IIz. (as the function II) is holomorphic for |t|, |7] < ps and
|J% — Jf| < & and relatively polynomial with respect to the jets J& with |a] > £y + 1.
Applying (6.11), we obtain the function ITy, which completes the proof. O

6.3. Substitutions of reflection identities. Let m:(¢,7) := ¢ and 7 (¢,7) := 7 denote
the two canonical projections. We write h¢(t,7) := (h(t), h(7)). We make the following
slight abuse of notation: instead of rigorously writing h(m¢(t, 7)), we write h(t,7) = h(t)
and h(t,7) = h(7).

Let 2 € C¥ and let Q(z) = (Q1(x),...,Qan(x)) € C{x}*". As the multiple flow of
L given by (5.3) does not act on the (z,w) variables, we have the trivial but important
property h(L, (Q(z))) = h(Q(x)). More generally, for every multi-index o € N, we have
Ofh(L,, (Q(x))) = 0fh(Q(z)). Analogously, we have 9%h(L.,(Q(z))) = 02h(Q(x)).
Since for k even, we have 'y (2)) = L., (I'x—1(2-1))), the following two properties
hold:
6.14 Jeh(Fk(Z(k))) = Jéh(kal(Z(k_l))), if kis even;
(6.14) JR(Tr(zx))) = Jh(Tr-1(26-1))),  if k is odd.

Let now kg := £o(po+1) be the product of the Levi type with the Segre type of M plus
1 and consider the open subset of the kg-order jet space CV»=o defined by the inequality
|J — Ji| < e. Let 2y € Ay as in §5.6 above. Since the maps I'y, are holomorphic
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and satisfy I'y(0) = 0, we may choose ¢ > 0 sufficiently small in order that the following
two conditions are satisfied for every k < g and for and for every |z)| < ¢:

(615) |Fk(Z(k))| < p3 and |JHUh(Fk(Z(k))) — Jﬁﬂ < €.

This choice of ¢ is convenient to make several susbtitutions by means of formulas (6.12).
The formulas (6.16) that we will obtain below strongly differ from the previous formu-
las (6.12), because they depend on the jet of h at the origin only.

Lemma 6.3. Shrinking € if necessary, for every integer k < ug+1 and for every integer
¢ > 0, there erxists a complex algebraic mapping I, ) with values in CNnt defined for
It|, |7] < ps and for |J*f — Jlkde"| < €, which is relatively polynomial with respect to the
higher order jets J&* with |a| > klo + 1, i = 1,...,n, and which depends only on the
defining functions & — ©;((,t) of M, such that the following two families of conjugate
identities are satisfied

{ Jh(Tr(2r) = Mep(Tr(z(r)), J*OTR(0)),  if K is odd;

6.16 - - _
( ) Jeh(rk(Z(k))) = Hzﬁk(rk(Z(k)), Jqurlh(O))v if k is even.

Proof. For k = 1, replacing (t,7) by I'1(2(1)) in the first relation (6.12) and using the

second property (6.14), we get
(6.17) Jh(T1(21)) = Me(T1(21), TR (21))) =
. = Ie(T'1 (2(1)), JTR(0)),

so the lemma holds true for £ = 1 if we simply choose II; ; := 1I,. By induction, suppose
that the lemma holds true for £ < pg. To fix the ideas, let us assume that this £ is
even (the odd case is completely similar). Then replacing the arguments (¢,7) in the
first relation (6.12) by I'x41(2(k+1)), using again the second property (6.14), and using
the induction assumption, namely using the conjugate of the second relation (6.16) with
{ replaced by £y + ¢, we get
Th(Trs1 (zern)) = We(Crr (Zrany)s T AT (2041)) =
(Cra1 (), SO R(Tr(2))) =
= o (Drs1 (2041) ) Moo e,k (Ti (20 ), JEOTOTER(0))) =:

= My ka1 (Tra1 (241, J(Hl)éﬁ%(o)),

=11
=11
(6.18)

which yields the desired formula at level k+1. For the above formal composition formulas
to be correct, we possibly have to shrink . Finally, a direct inspection of relative
polynomialness shows that I, 41 is polynomial with respect to the jet variables J
with |o| > (k+1)¢p+ 1,7 =1,...,n. The proof of Lemma 6.21 is complete. O

6.4. Algebraic parameterization of CR mappings by their jet at the origin.
Finally, as in the paragraph after Theorem 5.2, we choose p4 > 0 sufficiently small such
that I',, maps the polydisc A,,,(n) submersively onto an open neighborhood of the
origin in M which contains the open subset M N (A, (pa) x Ay, (ps)). From the relation
Lpo+1(2(10), 0) = Tg (2(410))» it follows trivially that I', 1 also induces a submersion from
A (po+1)(n) onto MN (A, (pa) X An(ps)). It follows that the composition ;oI 41 also
maps submersively the polydisc A,,(,,+1)(n) onto an open neighborhood of the origin in
C™ which contains A, (p4). Consequently, in the representation obtained in Lemma 6.21
with £ =0 and k := po + 1 = 219 + 2 (which is even), namely in the representation

(6.19) AT 041 (2(1051))) = Moo 41 (Lot (2o 1)), T TVOR(0)),

we can write an arbitrary ¢ € Ap(ps) in the form 'y 11(2(041)), and finally, con-
jugating (6.19), we obtain a complex algebraic mapping H with the property that
h(t) = H(t, Jo+tDp(0)). We may now summarize what we have proved so far.
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Theorem 6.4. Let M be a real algebraic generic submanifold in C™ passing through the
origin, of codimension d > 1 and of CR dimension m = n —d > 1. Assume that M
is Lo-nondegenerate at 0. Assume that M is minimal at 0, let vy be the Segre type of
M at 0 and let po = 2v9 + 1 be the Segre type of M at 0. Let ko := (o + 1)€o. Let
t = (z,w) € C™ x C? be holomorphic coordinates vanishing at 0 with ToM = {Imw = 0}
and let p1 > 0 be such that M is represented by the complex analytic defining equations
& = 0;(¢1), j =1,...,d in A,(p1). Then there exist ¢ > 0, ps > 0 and there
exists a complex algebraic C™-valued mapping H(t,J") defined for |t| < ps and for
|J50 — JiP| < e which satisfies H(t, J[Y) = t and which depends only on the defining
functions w; —©;(Z,t) of M, such that for every local holomorphic self-mapping h of M

belonging to Hf\j’zt .» we have the representation formula

(6.20) h(t) = H(t, J"h(0)),

for all t € C™ with |t| < ps. Furthermore the mapping H depends neither on the choice
of smaller radii py < p1, p2 < p2, p3 < p3 and py < py satisfying 0 < py < p3 < pa < p1
nor on the choice of a smaller constant & < €, so that the first sentence of property (3)
in Theorem 4.1 holds true. Finally, if M is real analytic, the same statement holds with
the word “algebraic” everywhere replaced by the word “analytic”.

It remains now to construct the submanifold £ whose existence is stated in Theo-
rem 4.1 and to establish that Hﬁ:i;, . may be endowed with the structure of a local real
algebraic Lie group.

6.5. Local real algebraic Lie group structure. In order to construct this sub-
manifold E, we introduce the ro-th jet mapping J"*° : H{7?! = — CNn.ro defined by
T (h) = (97h(0))a|<r, = J"°h(0). The following lemma is crucial.

Lemma 6.5. Shrinking € if necessary, the set
(6.21) E =g My ) ={J™h0): he Hp 3
is a real algebraic totally real submanifold of the polydisc {J*° € CNrwo + [ Jro—J0| < e}.

Proof. Let h € Hyp%! . Substituting the representation formula h(t) = H(t, J*h(0))
given by Theorem 6.4 in the defining equations of M, we get

(6.22) r;(H(t, J*h(0)), H(r, J"h(0))) = 0,

for j=1,...,d and (t,7) € M with |t|, |7| < ps. As (t,7) € M, we replace £ by O((, t)
and we use the 2m + d coordinates (t,¢) on M. So, by expanding the functions (6.22)
in power series with respect to (¢, (), we can write

(6.23) rp(H(t, J%), H(G G 1),T%) = Y ¢ Cjap(J™,Tw).

a€N", BEN™
Here, we obtain an infinite collection of complex-valued real algebraic functions C} 4 3
defined in {|J"° —J[?| < e} with the property that a mapping H (¢, J"°) sends MNA,(p4)
into M if and only if

(6.24) Cjap(Jro, Jr) =0, Vi a B

Consequently, the set E defined by the vanishing of all the equations (6.24) is a real
algebraic subset.

It follows from the representation formula (6.20) that the mapping J"° is injective
and from the Cauchy integral formula that J"° is continuous on its domain of definition
Hfég; . endowed with the topology of uniform convergence on compact sets.

On the reverse side, let J*¢ € E. Then the mapping h(t) := H(t, J"°) defined for
[t| < pgs maps M N A,(ps) into M. Applying Theorem 6.4 to this mapping h(t), with
p1 replaced by p4, we deduce that there exists a radius pg < pg such that we can
represent h(t) = H(t,J"h(0)) for |t| < pg, with the same mapping H, as stated in
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the end of Theorem 6.4. By differentiating this representation with respect to ¢ at
t = 0, we deduce that J"°h(0) = ([0f H(t,J"°h(0))]t=0)|a|<r,- Consequently, since
h(t) = H(t, J"°) by definition, we get J"° = ([07 H(t, J"°)]t=0)|a|<r,- In conclusion, we
proved that J"0(H(t, J")) = J" for every J € E, so J"° has a continuous local
inverse on F, formally defined by H(t, J"°).

It follows from the above two paragraphs that the mapping J"° is a local homeomor-
phism from a neighborhood of the identity in H77'2" _ onto its image E.

Furthermore, we claim that the real algebraic subset E is in fact geometrically smooth
at every point, namely it is a real algebraic submanifold. Indeed, let J; be a regular
point of E where E is of maximal geometrical dimension co, with J;° arbitrarily close
to the identity jet Jiy. Let hy € HL7P' _ such that J = J"(hy). Let U be a small

M ,ko,e
neighborhood of J;® in CNnx0 in which E N is a regular cp-dimensional real algebraic
submanifold and consider the complex algebraic mapping defined over U; by

(6.25) Fi(J7) = ([0 (T (H(t, J"))]e=0)ja|<ry € TV

We have F1(J7°) = Jiy and the restriction of 7y to £ N, induces a homeomorphism
onto its image, which is a neighborhood of J¥ in E. We remind that the mapping
Jro — ([0 (H(t, J"))]t=0)|a|<x, Testricted to E' N is the identity and consequently
of constant rank equal to cg. As hy is invertible, it follows from the chain rule by
developing (6.25) that F1|gnu, is also of locally constant rank equal to ¢g. This proves
that F is a co-dimensional real algebraic submanifold in C™»~o through Jii. More
generally, this reasoning shows that F is geometrically smooth at every point.

Finally, applying Lemma 6.3 with the odd integer k& = po = 219 + 1 (instead of
k = po + 1), we get a new, different representation formula h(t) = H(t, J* h(0))
(notice h(0)). Accordingly, we can define a real algebraic submanifold E. It is clear
that we can identify F and E‘, since they both parametrize the local biholomorphic self-
mappings of M, so they are algebraically equivalent by means of the natural projection
from the £y(uo+1)-th jet space onto the £ouo-th jet space. Next, we see by differentiating

h(t) = f[(t, Jtorop(0)) with respect to t that

(6.26) TR h(0) = (07 H(t, T h(0))]1=0) ja|<toro-

Consequently, if K is the holomorphic map defined by

(6.27) K (Jf01) = (107 H(t, " i=0) o] <topa)-

we get the equality JfHo = [ (Jtoro) for every JloHo ¢ E, which proves that E is totally
real. It follows that F is totally real, which completes the proof. [l

Lemma 6.6. The submanifold E is naturally equipped with a local real algebraic Lie
group structure in a neighborhood of Jiy .

Proof. Indeed, let us parametrize E by a real algebraic mapping

(6.28) R S (e1,...,€c) > fuo(€) € CNrro,

where ¢ is the dimension of E. Here, to avoid excessive formal complexity, we shall

avoid to mention all the polydiscs of variation of the variables. For e € F, we shall use
the notation

(6.29) H(t;e) :== H(t, jr,(€)).

Let e € E and ¢’ € E, set J" := j,,(e) and 'J" := j. (e’). Then we can define the Lie
group multiplication py by

(6.30) pg (70, J7) = (07 (H(H(t, J™), "J™))]t=0) |a|<no-

Accordingly, in terms of the coordinates (eq,...,e.,) on E, the Lie group multiplication
1 is defined by

(6.31) ple €)= (Gro) ™ (17 (o (€'), o (€))) € R
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It follows from the algebraicity of the mappings H and j,., that the mappings py and p
are algebraic.

We must check the associativity of p, namely p(u(e,e’),e”) = u(e, u(e’,e”)). So
we set h(t) := H(t, jr,(€)), W (t) := H(t,ju,(e')) and R (t) := H(t, jx,(€")). By the
definition (6.30), we have 117 (j., (€), 4io (€7)) = J"0 (hoh')(0). Applying then Theorem 6.4,
we get H(t,J*(h o K')(0)) = (h o h')(t). Consequently, using again (6.30) and the
associativity of the composition of mappings, we may compute

:uJ(:U’J(jKo (e)vjﬂo (e/))ajﬁo (6”)) = MJ(JKU((h oh )(O)ajf'io( ))
= J"((hoh')oh'")(0)
(6.32) = J"(ho (k' o1"))(0)
= 1 (o (€), ™ (B 0 h)(0))
= 1 (Jro(€), 1 (o (€), dro (€7))),
which proves the associativity.

Finally, we may define an algebraic inversion mapping ¢ as follows. First of all, for
Jr close to Jiy, the mapping h(t) := H(t, J") =t+3 cya t* Ho(J™) is an invertible
algebraic biholomorphic mapping. Here, the coefficients H, (J"°) are algebraic functions
of J"° which vanish at Jiy (since H(t,Jiy) = t in Theorem 6.4). From the algebraic
implicit function theorem, it follows that the local inverse h=1(t) writes uniquely in the
form h=(t) =t + 3 cnn t* H, o(J"0) =: H(t, J"), where the Ho(J™) are algebraic
functions of J"° also satisfying H, (Ji¥) = 0. Consequently, choosing e € E such that
Jro = 4. (e), we can define

(6.33) e (J%0) = (07 H(t, T )]t=0) ol <o

Accordingly, in terms of the coordinates (e, .. ., e, ) on E, the Lie group inverse mapping
is defined by

(6.34) u(e) = (7)1 (o (€)))-

Of course, with this definition we have ¢;(J{) = Jij. Finally, we leave to the reader
to verify that ps(je,(€),77(jr,(€))) = Jiy. This completes the proof of property (4) of
Theorem 4.1. O

End of proof of Theorem 4.1. We notice that statement (5) does not need to be proved.

Furthermore that the dimensional inequality ¢y < (Zf':g?' in (6) follows from the fact
each local biholomorphic mapping in the local Lie group ’Hf\f]:Z;’ . = E writes uniquely

as h(t) = H(t, J"h(0)), so the complex dimension of the local Lie group E is < (ZT—:‘U),)',

the dimension of the ko-th jet space. As E is totally real, the real dimension of E is also
< (”+:8? Finally, it follows that the real local Lie algebra of vector fields $ol(M, A, (ps))

(n+ro)!
n! ko!

is of dimension < . The proof of Theorem 4.1 is complete. [l

§7. DESCRIPTION OF EXPLICIT FAMILIES OF STRONG TUBES IN C"

7.1. Introduction. Theorems 1.1, 1.4 and 1.5 provide sufficient conditions for some
real analytic real submanifold in C™ to be not locally algebraizable. For the sake of com-
pleteness, we exhibit explicit examples of such nonalgebraizable submanifolds which are
effectively strong tubes and effectively nonalgebraizable, proving corollaries 1.2, 1.3, 1.6
and 1.7. Consequently we will deal with the two following families of nonalgebraizable
real analytic Levi nondegenerate hypersurfaces in C™ (n > 2) : the Levi nondegenerate
strong tube hypersurfaces in C™ and the strongly rigid hypersurfaces in C™. For heuris-
tic reasons, we shall sometimes start with the case n = 2 and treat the general case
n > 2 afterwards. In fact, our goal will be to construct infinite families of pairwise non
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biholomorphically equivalent and non locally algebraizable hypersurfaces. Our computa-
tions for the construction of families of manifolds with a control on the structure of their
automorphism group are all based on the Lie theory of symmetries of differential equa-
tions. For the convenience of the reader, we recall briefly the procedure (see [Su2001a,b),
[GM2001a,b,c] for more details).

7.2. Hypersurfaces and differential equations. Let M be a real analytic hypersur-
face in C™. Assume that M is Levi nondegenerate at one of its points p. Then there
exist some local holomorphic coordinates (z,w) = (z,u + iv) € C"~! x C vanishing at p
such that M is given by the real analytic equation

(7.1) v=p(z,Z,u) = 51|zl|2 4ot sn,1|zn,1|2 + (2, z,u),

where e, = £1, k = 1,...,n — 1 and where ¢ = O(3). Passing to the extrinsic com-
plexification M of M, we may consider the variables Z and w as independent complex
parameters ( € C"~! and ¢ € C. Then the associated complex defining equation is of
the form

(72) w = @(27 C> 6) = 5 + Qi(Elzlcl +eee En—lzn—lgn—l + E(Za Cv 6))7
where = = O(3). By [Mel998] (cf. §5.1 above), for 7, = ({,,&p) fixed, the family of

complexified Segre varieties S, := {(t,7,) : w = ©(z,7,)} is invariantly and biholomor-
phically attached to M.

Following [Se1931] and [Su2001a,b], we may consider this family as a family of graphs
of the solutions of a second order completely integrable system of partial differential
equations as follows. By differentiating the left and the right hand sides of (7.2) with

respect to 2z, we get
(7.3) Ow = 0,,0(z,7) = 2i(exlp + 0., 2(2,7)),

for k=1,...,n — 1. Here, we consider w as a function of z. Using the analytic implicit
function theorem to solve 7 in the 1+ (n — 1) = n equations (7.2) and (7.3), we may
express 7 in terms of w, of z and of the first order derivative w,,, which yields

(7.4) T =1(z,w, (05 w)1<i<n—1);

where II is holomorphic in its variables. If we take the second derivative w;, ., of w
and replace the value of 7, we get the desired system of partial differential equations:

02 w =0% , O(z,7) = 621%2@(2,1_[(2',107 (O, w)i<i<n—1)) =:

(7 5) zklzk2 zklzkz
= Fiy by (2,0, (02,w)1<1<n-1)-

Here, k1,k2 =1,...,n—1 and the F}, r, = Fi, k, are holomorphic in their variables. We
denote by &£y this system of partial differential equations (here, to construct £,;, we have
used the Levi nondegeneracy of M but we note that if M were finitely nondegenerate
the same conclusion would be true, by considering some derivatives of w of larger order).
Since the solutions of £,; are precisely the complexified Segre varieties S;, the system
Enr is completely integrable.

To study the local geometry of M, we may consider on one hand the real Lie algebra of
infinitesimal CR automorphisms of M (cf. §2.2), namely QAutcr(M) = 2Re Hol(M). On
the other hand, following the general ideas of Lie (¢f. the modern restitution by Olver
in [O11986, Ch 2]), we may consider the Lie algebra of infinitesimal generators of the
local symmetry group of the system of partial differential equations &,;, which we shall
denote by &ym(&Exr). By definition, &ym(Exs) consists of holomorphic vector fields in
the (z,w)-space whose local flow transforms the graph of every solution of £, (namely a
complexified Segre variety) into the graph of another solution of £5; (namely into another
complexified Segre variety). The link between utcr(M) and Gym(Eyy) is as follows:
by [Cal932, p. 30-32], one can prove that Autcr(M) is a maximally real subspace of
Sym(Epr) (see also [Su2001a,b], [GM2001a,b,c]).
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The computation of explicit generators of Sym(Eys) may be performed using the Lie
theory of symmetries of differential equations. By inspecting some examples, it appears
that dealing with Sym(€ys) generally shortens the complexity of the computation of
Autcr(M) by at least one half.

The Lie procedure to compute Sym(Eyy) is as follows. Let J2_; | (C) denote the space
of second order jets of a function w(zy,...,2z,—1) of (n — 1) complex variables, equipped
with independent coordinates (z,w, W;', W¢ ;) corresponding to (z,w,ws,,ws, -, ),
wherel =1,...,n—1, where k1, ko = 1,...,n—1, and where we of course identify W,fl,,€2
with W2 . . To the system €y, we associate the complex submanifold of J3_; ;(C) de-

fined by replacing the derivatives of w by the independent jet variables in the system
Enr, which yields (¢f. (7.5)):

(7.6) W2 ks = Fr ko (2,0, W )1<16n-1),

for k1,ke =1,...,n—1. Let Ajs denote this submanifold. By Lie’s theory, every vector
field X = 3770 QF(2,w)d., + R(z,w)d, defined in a neighborhood of the origin in
C" can be uniquely lifted to a vector field X(® in J2_, ;(C), which is called the second
prolongation of X (by definition, the lift X (2) shows how the flow of X transforms
second order jets of graphs of functions w(z)). The coefficients R} and R} ,  of the
second prolongation ’

n—1 n—1
0] 0 0
(2) _ k
(7.7) X = E Q 8 + R— + E R} (’)Wl g Rk1 ko 8W,§1 k2,

k=1 k1,k2=1

are completely determined by the following universal formulas (¢f. [011986], [Su2001a,b],
[GM2001a)):

(7.8)

=0, R+ Z 67" 0wR — 0.,Q™ W, + > [0 0,Q™] Wy, Wi,

my,m2

R£1,k2 = Zk Zk R+ Z |:5,,k:ril Zk wR+ 6m1 agk wR agk Zk Qm1i| W7111+

+ Y [5;”,;” O2:R = O O, Q" — 61 02 Q" Wk, Wk 4

Zk w Zk w
mi,m2

Y [ 2| W, Wi, Wi
mi1,m2,Mm3
+ Z [623,162126“)1?_6;?10%2@"12 6m1 Zlemz} m1m2+
mi,m2
EY [ QA Q™ L 0@ WAL W

mi,m2,Mm3

In these formulas, by J;* we denote the Kronecker symbol equal to 1 if [ = m and to 0
otherwise. The multiple Kronecker symbol 6;?11 ’;:2 is defined to be the product (51”1“ -6{;‘2.
Finally, in the sums }_ thmZ and thmxms, the integers mi,mso, ms run from
1 to n — 1. We would like to mention that in [GM2001a], we also provide some explicit
expression of the k-th prolongation X *) for k > 3.

Then the Lie criterion states that a holomorphic vector field X belongs to Sym(Epr)
if and only if its second prolongation X2 is tangent to Ay; ([011986, Ch 2]). This gives
the following equations:

n—1 n—1

(7.9) RY =Y, Q¥ 0 Fry ks — ROWFk, g, — Y, R} O Fry py =0,
k=1 =1
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where 1 < k1, ks < n—1 and where each occurence of Wfl, 1, 18 replaced by its value Fj, i,

on Ays. By developping (7.9) in power series with respect to the variables W}, we get
an expression of the form

(7.10) Sooowheewt 9y,

ly,sln—120

.....

where each term ®;, ;. , is a certain linear partial differential expression involving
the derivatives of @Q',...,Q" ', R up to order two with coefficients being holomorphic
functions of (z,w). The determination of a system of generators Xy, ..., X, of Gym(Exr)
is obtained by solving the infinite collection of these linear partial differential equations
,,,,, 1,_. = 0 (cf. [O11986], [Su2001a,b], [GM2001a,b,c]). We shall apply this general
procedure to provide different families of nonalgebraizable real analytic hypersurfaces in
Ccn.

7.3. Hypersurfaces in C? with control of their CR automorphism group. The
goal of this paragraph is to construct some classes of strong tubes, namely tubes having
the smallest possible CR automorphism group. We start with the case n = 2 and
study afterwards the case n > 3 in the next subparagraph. Let M, be the strong tube
hypersurface in C? defined by the equation

(7.11) My:  v=9y) =y +y° +y" + 5" x().
where x is a real analytic function defined in a neighborhood of the origin in R.

Lemma 7.1. The hypersurfaces M, are pairwise not biholomorphically equivalent strong
tubes.

Proof. To check that M, is a strong tube, it suffices to show that every hypersurface of
the form v = y? 4+ y® + O(y?) is a strong tube (the term y° will be used afterwards).
Writing v = (w — w)/2i and y = (z — Z)/2i, considering w as a function of z and @, Z as
constants, the differentiation of w with respect to z in (7.11) yields:

(7.12) D.w = 2y + 63° + O(y®).

The implicit function theorem yields:

(7.13) y = (1/2)00 — (3/2°) (0.)° + O((0.w)*).
One further differentiation of equation (7.12) with respect to z gives:
(7.14) 02w = —i — (15i) y* + O(y").

Replacing y in this equation by its value obtained in (7.13), we obtain the following
second order ordinary equation &£ satisfied by 9,w and 92, zw:

(7.15) 02w = —i — (15i/2%)(0,w)* + O((9.w)").

In the four dimensional jet space J7;(C) equipped with the coordinates (z,w, W', W?)
the equation of the corresponding complex hypersurface Ay is of course:

(7.16) W? = —i— (15i/2Y(WhH* + o((WhH)").

Then the Lie criterion states that a holomorphic vector field X = Q 0, + R 9,, belongs to
Gym(Eyy) if and only if its second prolongation X ? = Q 8, + Ry + R' Oy + R? Oyy» is
tangent to Ay, where the coefficients R! and R? are given by the formulas (7.8) specified
for n = 2, namely:

R'= 0.R+ [0,R - 0.Q] W' —0,Q (W)~
(7.17) { R =02, R+[202,R - 02, QQW" + [0, R — 207,Q) (W')? — 03,,Q (W)’ +
+ [0wR — 20.Q)W? — 30,Q W'W?2.
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The tangency condition yields the following equation which is satisfied on Ay, i.e. after
replacing W? by its value given by (7.16):

(7.18) R? + (15i /2 R*(Wh)3 + O((WH)®) = 0.

By expanding equation (7.18) in powers of W' up to order five, we obtain the following
system of six linear partial differential equations which must be satisfied by the derivatives
of @ and R up to order two:

(eo) : 02.R —i(0,R —20.Q) = 0.
(e1) : 202, R—0%2.Q=0

(e2) : 02 ,R—20%,Q=0.

(7.19)
(e3) : -02,0Q+ %@R =0.
(ea):  —3(0uR—20.Q) + & (9,R - 9.Q) = 0.
(es5) : — 4 (—30,Q) — 12 (6,Q) = 0.

It follows from the equation (es) that 0,Q = 0 which implies §2,Q = 0. Then by
equation (e3) we obtain 9,R = 0, implying 02, R = 0. From equation (eg) we get
OwR = 20,Q and, from equation (e4), we get 9, R = 9,Q. Consequently 9,R = 9,R =
0.Q = 0,Q = 0. Since the two vector fields 9, and 9,, evidently belong to Gym(Exy), it
follows that dimc&Sym(€y) = 2. Finally, this implies that dimg Autcr(M) = 2 and that
Autcor(M) is generated by 9, + Oz and 9, + 0s.

Next, let x(y) and x'(y’) be two real analytic functions, and assume that M, and M,
are biholomorphically equivalent. Let ¢ = h(¢) be such an equivalence. Reasoning as in
84 and taking into account that both are strong tubes, we see that h,.(0,) and h.(0y)
must be linear combinations of 9., and 9, with real coefficients. It follows that A must
be linear, of the form 2z’ = az + bw, w' = ¢z + dw, where a, b, ¢ and d are real. Since
ToM, = {v =0} and ToM;, = {v' = 0}, we have ¢ = 0. Next, in the equation

Ay +y° +9° +y"'x W) = lay + b(y* +4° + v + y" %)+

(7.20) +lay + (" +4° + 4" + v xW))° + lay + b(y* +v° + v + y"x ()] +
+lay +b(y* +u° + 47 + " x @)X (ay + b(y* +v° + 47 + 41X (),

we firstly see that b = 0, and then from

(7.21) dy® +v° + 97 +v"x (W) = a®y* + a®Y° + 0y’ + ay"X (ay),

we see that a = d = 1. In other words, h = Id, whence y’ = y and x'(y') = x(y). This

proves Lemma 7.1. O

In the remainder of §7, we shall exhibit other classes of hypersurfaces with a control
on their CR automorphism group. Since the computations are generally similar, we shall
summarize them.

7.4. Some classes of strong tube hypersurfaces in C". Generalizing Lemma 7.1,
we may state:

Lemma 7.2. The real analytic hypersurfaces My, .. ,_. C C" of equation

n—1
(722) v = Z [Ek yl% + yg + yzyl o Yk—1 + y2+8Xk (yla R ayn—l)]7
k=1

where €, = +1, are pairwise not biholomorphically equivalent strong tubes.
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Proof. The associated system of partial differential equations is of the form

oy | P = i (1502 0ow)t + OO} 4+ O(n )
' 821 w =0, for ki # ko.

Using the formulas (7.8) and inspecting the coefficients of the monomials in the W' up
to order five in the (n — 1) equations extracted from the set of Lie equations

(7.24) Ry + (150/2%) (W) Ry, + O((W1)°) + -+ + O((W, 1)) = 0,
' R} ., =0, for ki # ko,

we get 0, R =0y R = alek =0,Q"=0forl,k=1,...,n— 1. Thus, My, xn_, IS @
strong tube.
Next, reasoning as in the end of the proof of Lemma 7.1, we see first that an equivalence

/ o n—1 v r_
between M, . ,_, and Mxp v must be of the form z;, = > ;7 A\, 2, w' = pw,

where )\2, 1<,k <n-—1and u are real. Inspecting the terms of degree 9,10,...,n+7,
we get AL = 01if k # 1, i.e. yj, = A¥y, and w’ = pw. Finally, \f = 1 and p = 1, which
completes the proof. O

7.5. Families of strongly rigid hypersurfaces. Alongside the same recipe, we can
study some classes of hypersurfaces of the form v = p(22).

Lemma 7.3. The Lie algebra $Hol(M,) of the rigid real analytic hypersurfaces M, in C?
of equation v = p(22) = 22+ 2°2° + 2727 + 2828x(22) is two-dimensional and generated
by 0w and iz0,. Furthermore, M, is biholomorphically equivalent to M;(/ if and only if
x=x"

Proof. The associated differential equation is of the form

(7.25) 02w = [523/4)(0.w)® — [212°/32](0,w)" + O((9.w)?).

Extracting from the associated Lie equations (7.10) the coefficients of the monomials
(WHA (WhHs (W15 and (W1)7, we obtain four equations which are solved by 29,Q —
Q@=0,0,Q=0,0.R=0and d,R =0. Next, if M, and M, are biholomorphically
equivalent, reasoning as in §4, taking into account that h.(iz9,) and h.(d,,) are linear
combinations of iz’d,, and d,, with real coefficients, we see first that 2/ = \ z e7%/2% and
w’ = pw for some three real constants v, A # 0 and p # 0. Replacing z’ and w’ in the
equation of M}, we get v =0, u =1 and A £ 1. In other words, 2’ = £z and v’ = w,
which entails x/(2'z") = x(2Z%), as claimed. O

Perturbing this family we may exhibit other strongly rigid hypersurfaces :

Lemma 7.4. The Lie algebra $ol(M,) of the real analytic hypersurfaces M, in C* of
equation v = p(2,2) = 22+ 2°2° + 2727 + 2828(2 + 2) + 210210 (2, 2) is one-dimensional
and generated by Oy. Furthermore, M, is biholomorphically equivalent to M;(, if and
only if x = x'.
Proof. We already know that 20.Q — Q = 0,Q = J.R = 0,R = 0. Extracting from
the associated Lie equations (7.10) the coefficient of the monomials (W1)8, we also get
Q = 0. Next, let M, and M;, be biholomorphically equivalent. Let ¢’ = h(t) be such
an equivalence. Using h.(0y) = p 0y, where u € R is nonzero, we get 2z’ = f(z) and
w’ = pw + g(z). Next from the equation
(7.26)

{ p(zZ +2°2° + 2727 + 22282 + 2) + 0(272%)) + [9(2) — §(2)]/2i

Ef(Z)f(E)Jrf(Z)E’f_(E)E’+f(2)7f( 2)" + f(2)°F(2)°(f(2) + £ (2 )) +0(2"2%),

we get firstly f(z) = \/|p|e??z by differentiating with respect to Z at Z = 0 and secondly
p=re? =1, Wthh completes the proof. [l
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We provide a second family of strongly rigid hypersurfaces in C? with a one-
dimensional Lie algebra:

Lemma 7.5. The Lie algebra $ol(M,) of the real analytic hypersurfaces M, C C? of
equation v = 2z + 2°25(z + 2) + 21920y (2, 2) is one-dimensional and generated by Oy,.

Furthermore M, is biholomorphically equivalent to M;(, if and only if x = X'.

Proof. The derivatives 9,w and 8% w of w with respect to z are given by:
{ D,w = 20z + 12i2°2° + 10iz*2° + O(z'Y)),

7.27
(7.27) 02w = 60iz*2° + 40i2°2° + O(2'7).

Replacing Z in the second equation by its expression given by the first equation we obtain
the following second order differential equation, interpreted in the jet space:

(7.28) Wy = [152%/8] (W1)? — [5i2®/8] (W1)® — [2252°/64] (W1)? + O(WH)Y).

Solving the partial differential equations involving @, 0,Q), 0,Q, 0.R and 0, R given in
the coefficients of (W), (W15 (W16, (W1)" and (W1)? we obtain Q = 9.Q = 9,Q =
0, R = 0, R = 0 which is the desired information. Finally, proceeding exactly as in the
end of the proof of Lemma 7.4, we see that the M, are pairwise biholomorphically not
equivalent. O

The dimension of $ol(M) for the five examples of Corollary 1.3, for the seven examples
of Theorem 1.4, for the seven examples of Corollary 1.7 and for the hypersurface v =
e*”* — 1 at a point p with z, # 0 was computed with the package diffalg of Maple
Release 6. Since at a point p with z, # 0 the hypersurface v = e**—1 is biholomorphically
equivalent to the hypersurface M, of equation v = ¢%(y) := "1 — 1 with a = |z,|?,
this defines a strong tube. Applying Theorem 1.1 and Lemma 3.3, we see that M, is
not locally algebraizable at the origin, because @Zy(y) = aeYe’ 1) 4 g2e2veale’ 1)
and @g(y) = aeve®’ =1 are algebraically independent. Finally all the examples of
Corollary 1.3, Theorem 1.4 and Corollary 1.6 are not locally algebraic since they satisfy
the required transcendence conditions.

§8. ANALYTICITY VERSUS ALGEBRAICITY

Intuitively there seems to be much more analytic mappings, manifolds and varieties
than algebraic ones. Our goal is to elaborate a precise statement about this. By complex-
ification, every local real analytic object yields a local complex analytic object, so we shall
only work in the holomorphic category. Let A, be the complex polydisc of radius one in
C™ and A, its closure. Let k € N. We consider the space OF(A,) := O(A,) NCF(A,)
of holomorphic functions extending up to the boundary as a function of class C¥ . This
is a Banach space for the C*¥ norm ||¢||x = Zf:o sup,x, |¢.1(2)]- The last statements
of Corollaries 1.2 and 1.6 are a direct consequence of the following lemma.

Lemma 8.1. The set of holomorphic functions o € OF(A,) such that there exists a
polynomial P such that

(8.1) P(z,j"p(2)) =0,

is of first category, namely it can be represented as the countable union of nowhere dense
closed subsets. Conversely, the set of functions ¢ € OF(A,) such that there is no al-
gebraic dependence relation like (8.1) is generic in the sense of Baire, namely it can be
represented as the countable intersection of everywhere dense open subsets.

Proof. Let N € N. Consider the set Fy of functions ¢ such that there exists a polynomial
of degree N satisfying (8.1). It suffices to show that Fy is closed and that its complement
is everywhere dense. Suppose that a sequence (¢(™),,cn converges to ¢ € OF(A,,). Let

the zero-set of a degree N polynomial P](Vm)(z, Jy) contain the graph of the k-jet of ¢(™).
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The coefficients of PJ(Vm) belong to a certain complex projective space Pa(C), where
the integer A = A(n, k) is independent of m. By compactness of P4(C), passing to a
subsequence if necessary, the P](Vm) converge to a nonzero polynomial Py. By continuity,
Py (2,7%¢(2)) = 0 for all z € O(A,,). We claim that the complement of the union of the
Fy is dense in O%(A,,). Indeed, let ¢(z) be such that there exists a degree N polynomial
P satisfying (8.1). Fix zp € A, having rational real and imaginary parts. Then the

complex numbers zg, 0%¢(20), |a| < k, are algebraically dependent. By a Cantorian

argument, there exists complex numbers x§ arbitrarily close to 0%¢(z) such that zg, x§
are algebraically independent. Let x(z) be a polynomial with 9% (z0) = x§ — 97 ¢(20).
We can choose Y to be arbitrarily close to zero in the C*(A,,) norm. Then the function
©(z) + x(z) is not Nash algebraic. O
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