SYMMETRIES OF PARTIAL DIFFERENTIAL EQUATIONS

HERVE GAUSSIER AND JOEL MERKER

ABSTRACT. We establish a link between the study of completely integrable systems of partial
differential equations and the study of generic submanifolds in C™. Using the recent developments
of Cauchy-Riemann geometry we provide the set of symmetries of such a system with a Lie group
structure. Finally we determine the precise upper bound of the dimension of this Lie group for
some specific systems of partial differential equations.
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1. INTRODUCTION

To study the geometry of a real analytic Levi nondegenerate hypersurface M in C2, one of
the principal ideas of H. Poincaré, of B. Segre and of E. Cartan in the fundamental memoirs
[20], [21], [22], [3] was to associate to M a system (E,) of (partial) differential equations, in
order to solve the so-called equivalence problem. Establishing a natural correspondence between
the local holomorphic automorphisms of M and the Lie symmetries of (£,,) they could use the
classification results on differential equations achieved by S. Lie in [5] and pursued by A. Tresse
in [28].

Starting with such a correspondence, we shall establish a general link between the study of
a real analytic generic submanifold of codimension m in C**™ and the study of completely
integrable systems of analytic partial differential equations. We shall observe that the recent the-
ories in Cauchy-Riemann (CR) geometry may be transposed to the setting of partial differential
equations, providing some new information on their Lie symmetries.

Indeed consider for K = R or C a K-analytic system (&) of the following general form:

(©) whe (@) = Fi (,u(@), (%, (@)1<q5p) -

Here = (x1,...,2,) € K*, u = (ul,...,u™) € K™, the integers j(1),...,5(p) satisfy
1 < j(g) <mforq =1,...,p, and « and the multiindices 5(1),...,5(p) € N" satisfy
jal, B8(q)] > 1. We also require (j, ) # (j(1), S(1)), ... (i(p). B(p)). Forj = 1,....mand
a € N", we denote by u’. the partial derivative 0!/ /0. We assume that the system (&)
is completely integrable, namely that the Pfaffian system naturally associated in the jet space is
involutive in the sense of Frobenius. We note that in that case (£) is locally solvable, meaning that
through every point (z*, u*, uj, uy, ) in the jet space, satisfying u?, = F,(z*, u*, uj) (writtenina
condensed form), there exists a local K-analytic solution v = u(x) of (£) satisfying u(z*) = u*
and u,s (z*) = uj. Consequently the Lie theory ([18]) may be applied to such systems. We shall
associate with (£) the submanifold of solutions M in K»+2™+P given by K-analytic equations
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of the form

(l) uj:Q](‘T5V7X)7 j:17"'7m7

where v € K™ and where x € KP. Moreover the integer m + p is the number of initial
conditions for the general solution u(z) := Q(x,v, x) of (£), whose existence and unique-

ness follow from complete integrability. Precisely, the parameters v, x correspond to the data
u(0), (u;(ﬁq()@ (0))1<q<p- In the special case where the system (&) is constructed from a generic
submanifold M as in [21], [24] (see also Subsection 2.2 below), the corresponding submanifold
of solutions is exactly the extrinsic complexification of M.

A pointwise K-analytic transformation (z/,4’) = ®(z,u) defined in a neighbourhood of
the origin and sufficiently close to the iedntity mapping is called a Lie symmetry of (£) if it
transforms the graph of every solution to the graph of an other local solution. A vector field
X =3 Q'x,u)0/0z + 31", R/ (x,u)d/0u] is called an infinitesimal symmetry of (€)
if for every s close to zero in K the local diffeomorphism (z, u) — exp(sX)(x, u) associated to
the flow of X is a Lie symmetry of £. According to [18] (Chapter 2) the infinitesimal symmetries
of (£) form a Lie algebra of vector fields defined in a neighbourhood of the origin in K™ x K™,
denoted by Sym(&). Inspired by recent developments in CR geometry we shall provide in
Section 2 nondegeneracy conditions on M insuring firstly that Sym(€) may be identified with
the Lie algebra Gym(M) of vector fields of the form
) zn:Ql(x u)i—l—iRj(m u)i—l—iﬂj(yx)i—i—zp:Aq(Vx)

P " dxy T Qud ot T Oy = ’

j=1

9
Ixq’

which are tangent to M, and secondly that Sym(M) = Gym(€) is finite dimensional. The
strength of this identification is to provide some (hon optimal) bound on the dimension of
Gym(&) for arbitrary systems of partial differential equations with an arbitrary number of vari-
ables, see Theorem 3.

In the second part of the paper (Sections 3, 4 and 5), using the classical Lie theory (cf. [5],
[18], [19] and [2]), we provide an optimal upper bound on the dimension of Gym(&) for a
completely integrable K-analytic system (&) of the following form:

& uha = Fl(z,u(x), (uys (x)1<g<n-1), a€N" |a| =k, j=1,...,m.

This system is a special case of the system studied in Section 2. For instance the homogeneous
system (&) : uékl...% () = 0 is completely integrable. The solutions of (£,) are the
polynomials of the form v’ (x) = > Benn, |3|<n—1 )\Jé 28,5 =1,...,m, where )\é € Kanda
Lie symmetry of (&) is a transformation stabilizing the graphs of polynomials of degree < x—1.
We prove the following Theorem:

Theorem 1. Let (&) be the K-analytic system of partial differential equations of order x > 2,
with n independent variables and m dependent variables, defined just above. Assume that (£) is
completely integrable. Then the Lie algebra Gym(€) of its infinitesimal symmetries satisfies the
following estimates:

3) dimg (Gym(€)) < (n+m+2)(n+m), if k=2,
dimg (Sym(€)) < n2+2n+m?>+mCir_,, if k>3,

_ 1)1
where we denote C/i % == (TZ’ZZJ)).

homogeneous system (&p).

Moreover the inequalities (3) become equalities for the

We remark that there is no combinatorial formula interpolating these two estimates. Theorem 1
is a generalization of the following results. For n = m = 1, S. Lie proved that the dimension
of the Lie algebra Gym (€) is less than or equal to 8 if x = 2 and is less than or equal to « + 4
if k > 3, these bounds being reached for the homogeneous system (cf. [5]). Forn =1, m > 1
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and x = 2, F. Gonzalez-Gascon and A. Gonzalez-L6pez proved in [11] that the dimension of
Sym (€) is less than or equal to (m + 3)(m + 1). Forn = 1, m > 1 and x = 2, using the
equivalence method due to E. Cartan, M. Fels [6] proved that the dimension of Gym (&) is less
than or equal to m? + 4m + 3, with equality if and only if the system (&) is equivalent to the
system uiz =0,j=1,...,m. He also generalized this result to the case n = 1, m > 1, kK = 3.
Forn > 1, m > 1and k = 2, A. Sukhov proved in [24] that the dimension of Gym (&) is less
than or equal to (n + m + 2)(n + m) (the first inequality in Theorem 1), with equality for the
homogeneous system uikl% =0.

Consequently, for the case « = 2, we will only give the general form of the Lie symmetries of
the homogeneous system (&) (see Subsection 5.2). We will prove Theorem 1 for the case « > 3.
The formulas obtained in Sections 3, 4 and 5 were checked with the help of MAPLE release 6.

Acknowledgment. This article was written while the first author had a six months delegation
position at the CNRS. He thanks this institution for providing him this research opportunity. The
authors are indebted to Gérard Henry, the computer ingénieur (LATP, UMR 6632 CNRS), for his
technical support.

2. SUBMANIFOLD OF SOLUTIONS

2.1. Preliminary. LetK = Ror C. Letn > 1and letz = (x1,...,z,) € N. We denote by
K{z} the local ring of K-analytic functions ¢ = (z) defined in some neighbourhood of the
origin in K”. If ¢ € K{z} we denote by & the function in K{z} satisfying ¢(z) = @(z). Recall
that a K-analytic function ¢ defined in a domain U C K" is called K-algebraic (in the sense
of Nash) if there exists a nonzero polynomial P = P(X;4,...,X,,®) € K[X4,...,X,,?]
such that P(x, o(x)) = 0 on U. All the considerations in this paper will be local: functions,
submanifolds and mappings will always be defined in a small connected neighbourhood of some

point (most often the origin) in K”.

2.2. System of partial differential equations associated to a generic submanifold of C*+™,
Let M be a real algebraic or analytic local submanifold of codimension m in C**, passing
through the origin. We assume that M is generic, namely To M +iToM = ToC™ ™. Classically
(cf. [1]) there exists a choice of complex linear coordinates ¢t = (z,w) € C™ x C™ centered
at the origin such that ToM = {Imw = 0} and such that there exist m complex algebraic or
analytic defining equations representing M as the set of (z,w) in a neighbourhood of the origin
in C"*t™ which satisfy

4) wy = O1(2,2,@),...... Wi, = O (2, Z,0).
Furthermore, the mapping © = (04, ..., 0,,) satisfies the functional equation
(5) w = @(Z7 Z7§(27 Z7w)>5

which reflects the reality of the generic submanifold M. It follows in particular from (5) that the
local holomorphic mapping C™ 5 @ +— (©,(0,0,@))1<j<m € C™ isof rank m at @ = 0.

Generalizing an idea due to B. Segre in [21] and [22], exploited by E. Cartan in [3] and more
recently by A. Sukhov in [24], [25], [26], we shall associate to M a system of partial differential
equations. For this, we need some general nondegeneracy condition, which generalizes Levi
nondegeneracy. Let ¢, € N with ¢, > 1. We shall assume that M is £y-finitely nondegenerate
at the origin, cf. [1], [17], [8]. This means that there exist multiindices 5(1),...,5(n) € N
with |5(k)| > 1 fork = 1,...,nand max;<i<n |B(k)| = {o, and integers j(1), ..., j(n) with
1 <j(k) <mfork=1,... nsuchthat the local holomorphic mapping

6) C" > (z,w)— ((@j(O,Z, W))1<j<m, (@j(k)’zﬁ(k) (0, z, _))1§k§n) c cmtn
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is of rank equal to n + m at (z,w) = (0,0). Here, we denote the partial derivative
91819;(0,z,w) /92" simply by ©, s(0, z,w). Then M is Levi nondegenerate at the origin
if and only if £, = 1. By complexifying the variables z and w, we get new independent vari-
ables ¢ € C" and £ € C™ together with a complex algebraic or analytic m-codimensional
submanifold M in C2(»*+™) of equations

(7) wj:®]('z7<7§)a ]:1a7m7

called the extrinsic complexification of M. In the defining equations (7) of M, following [21]
and [24], we may consider the “dependent variables” w1, . . ., w,, as algebraic or analytic func-
tions of the “independent variables” z = (z1,...,2,), with additional dependence on the ex-
tra “parameters” (¢,£) € C™+t™. Then by applying the differential operator 9°! /92 to (7),
we obtain w; .« (z) = 0, ,a(2,(,§). Writing these equations for (j,«) = (j(k), 8(k)) with
k=1,...,n,we obtain a system of m + n equations

wj(z)sz('%CaE)v j=1,...,m,
Wiky,60 (2) = Oy 280 (2,(,€), k=1,...,n

In this system (8), by the assumption of ¢y-finite nondegeneracy (6), the algebraic or ana-
Iytic implicit function theorem allows to solve the parameters (¢, &) in terms of the variables
(zr,wji(2),w j(k) e (2)), prowdlng a local algebraic or analytic C™*"-valued mapping R
such that (¢,£) = R (zk,w Wj 50 (2)). Finally, for every pair (j, ) different from

(1,0),...,(m ) ((1),801 )), ( (n), B(n)), we may replace (¢,€) by R in the differenti-
ated expressmn Wj ze(2) = ]Za( , ¢, €). This yields

wj 2o (2) = O 2a (2, R(zk, wi(2), w2000 (2)))
=: Fj o (zk, w;(2), Wik, 280k (z)) )

This is the system of partial differential equations associated with M. As argued by B. Segre
in [21], the geometric study of generic submanifolds of C™ may gain much information from
the study of their associated systems of partial differential equations (cf. [24], [25]). The next
paragraphs are devoted to provide a general one-to-one correspondence between completely
integrable systems of analytic partial differential equations and their associated “submanifolds
of solutions” (to be defined precisely below) like M above. Afterwards, we shall observe that
conversely, the study of systems of analytic partial differential equations also gains much infor-
mation from the direct study of their associated submanifolds of solutions.

(®)

©)

2.3. Completely integrable systems of partial differential equations. Letnown, m, p € N
withn, m, p>1,letk € Nwithx > 2and letu = (u',...,u™) € K™. Consider a collection
of pmultiindices 8(1), ..., B(p) € N with |3(¢)| > 1forg=1,...,pand maxi<4<, |B(¢)| =
k — 1. Consider also p integers j(1),...,75(p) with 1 < j(q) < mforqg =1,...,p. Inspired
by (9), we consider a general system of partial differential equations of n independent variables
(x1,...,2,) and m dependent variables (u!,...,u™) which is of the following form:

©) wla(x) = FJ ($7U($)7 (W) (x))1§q§p) ;

where (5, ) # (j(1),8(1)),...,((p),B()) and j = 1,...,m, |a| < k. Here, we assume
that u = 0 is a local solution of the system (&) and that the functions F7 are K-algebraic or
K-analytic in a neighbourhood of the origin in K®*™*P, Among such systems are included
ordinary differential equations of any order x > 2, systems of second order partial differential
equation as studied in [24], etc.

Throughout this article, we shall assume the system (£) completely integrable. By analyzing
the application of the Frobenius theorem in jet spaces, one can show (we will not develop this)
that the general solution of the system () is given by u(z) := Q(z, v, x), where the parameters
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v € K™ and x € K" essentially correspond to the “initial conditions” «(0) and (ui(ﬁq()q) (0)1<q<p:
and Q is a K-analytic K™-valued mapping. In the case of a generic submanifold as in Subsec-
tion 2.2 above, we recover the mapping ©. In the sequel, we shall use the following terminology:
the coordinates (x, ) will be called the variables and the coordinates (v, x) will be called the
parameters or the initial conditions. In Subsection 2.5 below, we shall introduce a certain duality
where the rdles between variables and parameters are exchanged.

2.4. Associated submanifold of solutions. The existence of the function Q and the analogy
with Subsection 2.2 leads us to introduce the submanifold of solutions associated to the com-
pletely integrable system (&), which by definition is the m-codimensional K-analytic submani-
fold of K*+2m+P equipped with the coordinates (x, u, v, x), defined by the Cartesian equations

(10) uj; = Qj(z, v, %), ji=1,...,m.

Let us denote this submanifold by M. We stress that in general such a submanifold cannot
coincide with the complexification of a generic submanifold of C™*", for instance because K
may be equal to R or, if K = C, because the integer p is not necessarily equal to n. Also,
even if K = C and n = p, the mapping 2 does not satisfy a functional equation like (5). In
fact, it may be easily established that the submanifold of solutions of a completely integrable
system of partial differential equations like (£) coincides with the complexification of a generic
submanifold if and only if K = C, p = n and the mapping {2 satisfies a functional equation
like (5).

Let now M be a submanifold of K™*+27*P of the form (10), but not necessarily constructed as
the submanifold of solutions of a system (€). We shall always assume that (0, v, x) = v7. We
say that M is solvable with respect to the parameters if there exist multiindices 8(1), ..., 8(p) €
N™ with |8(q)|] > 1 for g = 1,...,p and integers j(1),...,7(p) with 1 < j(q) < m for
q =1,...,psuch that the local K-analytic mapping

(11) K™tP 5 (v, x) — ((Q] (0, v, X)lgjgm, (Qj(q)yxﬂ(q) (0, v, X))lgqu) c Kmtp

is of rank equal to m + p at (¢, x) = (0,0) (notice that since ©2;(0, v, x) = v/, then the m first
components of the mapping (11) are already of rank m). We remark that the submanifold of
solutions of a system (&) is automatically solvable with respect to the variables, the multiindices
(q) and the integers j(q) being the same as in the arguments of the right hand side terms £ in

&)

2.5. Dual system of defining equations. Since Q,(0,v,x) = 7, we may solve the equa-
tions (10) with respect to v by means of the analytic implicit function theorem, getting an equiv-
alent system of equations for M:

(12) yj:Q;(x,m,u), j=1,....,m.

We call this the dual system of defining equations for M. By construction, we have the functional
equation

(13) u=Qz, Q" (x, z,u), x),

implying the identity Q7 (0, z, u) = u’. We say that M is solvable with respect to the variables

if there exist multiindices §(1),...,d(n) € NP with [6(1)] > 1 forl = 1,...,n and integers
J(1),...,j(n)with1 < j(I) <mforl =1,...,m such that the local K-analytic mapping

(14) K”*ma@,u)H((Q;mo,x,u))lggm, (2 o0 0.2, )eK“””

1<i<n

is of rank equal to n + m at (z,u) = (0,0) (notice that since Q3 (0,z,u) = u?, the m fisrt
components of the mapping (14) are already of rank m).
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In the case where M is the complexification of a generic submanifold then the solvability with
respect to the parameters is equivalent to the solvability with respect to the variables since Q* =
Q. However we notice that a submanifold M of solutions of a system (€) is not automatically
solvable with respect to the variables, as shows the following trivial example.

Example 1. Letn = 2, m = 1 and let (£) denote the system w,, = 0, u, ., = 0, whose general
solutions are u(x) = v + x1x =: Q(x1,x2, v, x). Notice that the variable - is absent from the
dual equation v = u — z1x1 =: Q*(x, x1, x2, u). It follows that M is not solvable with respect
to the variables.

2.6. Symmetries of (&), their lift to the jet space and their lift to the parameter space. We
denote by 7,7, the space of jets of order « of K-analytic mappings u = u(x) from K™ to K™.
Let

7 11 71 71 n+m C" ,
(15) (z1,u 7Ul1’Ull,lz""’Ull,...,ln) cK K+n

denote the natural coordinates on J,. Here, the superscripts j,i; and the subscripts
L, ..l satisfy j,ip = 1,...,mand [,11,l2,...,l, = 1,...,n. The independent co-
o Finally, by symmetry of partial

..... Ty
differentiation, we identity every coordinate Ulill,...,h with the coordinates Uj}(ll) 1111 o (1) Where
o is an arbitrary permutation of the set {1, ..., A}. With these identifications, the x-th order jet
space J,; ., is of dimension n+m C, ,,, where C}l := ﬁiq)! denotes the binomial coefficient.
Also, we shall sometimes use an equivalent notation for coordinates on 7,7,

(16) (7,7, Ué) e K"t Crin,

where § € N satisfies |3| <  and where the independent coordinate Ué corresponds to the
partial derivative u’ ;.

associated to the system (£) is the so-called skeleton A ¢, which is the K-analytic submanifold
of dimension n + m + p in . simply defined by replacing the partial derivatives of the
dependent variables u? by the independent jet variables in (£):

17 Ul =Fj (wu (Uéﬁzihgqu) ;

for (j,a) # (j(1),8(1)),...,(i(p), B(p)) and j = 1,...,m, |a] < k. Clearly, the natural
coordinates on the submanifold A¢ of 7,7, are the n + m + p coordinates

(18) (1’ u, (UZEZ;)lsm) -

Let h = h(z,u) be a local K-analytic diffeomorphism of K™ close to the identity mapping
and let m; = 77, — K"+t be the canonical projection. According to [18] (Chapter 2) there
exists a unique lift 2(*) of 1 to 7, such that m, o h(") = h o m.. The components of h(*)
may be computed by means of universal combinatorial formulas and they are rational functions
of the jet variables (15), their coefficients being partial derivatives of the components of i, see
for instance §3.3.5 of [2]. By definition, A is a local symmetry of (&) if h transforms the graph of
every local solution of (&) into the graph of another local solution of (£). This definition seems
to be rather uneasy to handle, because of the abstract quantification of “every local solution”, but
we have the following concrete characterization for 4 to be a local symmetry of (£), cf. Chapter 2
in [18].

Lemma 1. The following conditions are equivalent:

(1) The local transformation 4 is a local symmetry of (£).
(2) lts x-th prolongation (%) is a local self-transformation of the skeleton A¢ of ().
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These considerations have an infinitesimal version. Indeed, let X = >"" | Q'(z,u) d/0z; +
>oiy R/ (x,u)d/du’ be alocal vector field with K-analytic coefficients which is defined in
a neighbourhood of the origin in K**™. Let s € K and consider the flow of L as the one-
parameter family hq(z,u) := exp(s X)(x, u) of local transformations. We recall that X is an
infinitesimal symmetry of (£) if for every small s € K, the mapping hs(z, u) := exp(s X)(z, u)
is a local symmetry of (£). By differentiating with respect to s the x-th prolongation (h)*)
of hy at s = 0, we obtain a unique vector field X (*) on the x-th jet space, called the x-th
prolongation of X and which satisfies (7). (X)) = X. In Subsections 3.1 and 3.2 below, we
shall analyze the combinatorial formulas for the coefficients of X (%), since they will be needed
to prove Theorem 1.

Let X¢ be the projection to the restricted jet space K™ P, equipped with the coordi-
nates (18), of the restriction of X (*) to A¢, namely

(19) Xe = (Wn,p)*(X(K)lAs)-

The following Lemma, called the Lie criterion, is the concrete characterization for X to be an
infinitesimal symmetry of (£) and is a direct corollary of Lemma 1, cf. Chapter 2 in [18]. This
criterion will be central in the next Sections 3, 4 and 5.

Lemma 2. The following conditions are equivalent:

(1) The vector field X is an infinitesimal symmetry of (£).
(2) Its x-th prolongation X (*) is tangent to the skeleton A¢.

We denote by Gym(€) the set of infinitesimal symmetries of (£). Since it may be easily
checked that (cX + dY)®) = ¢X®) + 4y and that [X (), Y (®)] = ([X,Y])", see Theo-
rem 2.39 in [18], it follows from Lemma 2 (2) that Sym(€) is a Lie algebra of locally defined
vector fields. Our main question in this section is the following: under which natural conditions
is Sym(E) finite-dimensional ?

Example 2. We observe that the Lie algebra Sym(&) of the system (&) presented in Example 1
is infinite-dimensional, since it includes all vector fields of the form X = Q?(z1, z2,u) /0z2,
as may be verified. As we will argue in Proposition 2 below, this phenomenon is typical, the
main reason lying in the first order relation u,, = 0.

By analyzing the construction of the submanifold of solutions M associated to the system
(€), we may establish the following correspondence (we shall not develop its proof).

Proposition 1. To every infinitesimal symmetry X = Y Q'(z,u)d/0z +
Z;.":l RI(z,u) 0/0u’ of (£), there corresponds a unique vector field of the form
(20) X:iﬂj(yx)inLiAq(yx)i

= ayel% = O

whose coefficients depend only on the parameters (v, x), such that X + X is tangent to the
submanifold of solutions M.

This leads us to define the Lie algebra Gym (M) of vector fields of the form
(21) in(z U)i+iRj($ u)i.JriHj(Vx)inLiAq(yx)i
pt T Oy = T ouwd = v = T Oxy

which are tangent to M. We shall say that the submanifold M is degenerate if there ex-
ists a nonzero vector field of the form X = Y7, Q'(x,u)d/0x; + 37", R (x,u)d/0w
which is tangent to M, which means that the corresponding X* part is zero. In this case, we
claim that Gym(M) is infinite dimensional. Indeed there exists then a nonzero vector field
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T = YL, QYx,u)d/dx + YT, R/ (x,u)d/du’ tangent to M. Consequently, for every
K-analytic function A(z,u), the vector field A(z,u) T belongs to Gym (M), hence Gym (M)
is infinite dimensional.

By developing the dual defining functions of M with respect to the powers of x, we may
write

(22) Vo= Q50w u) = > X (),

yENP

where the functions Q2 _ (z, u) are K-analytic in a neighbourhood of the origin, we may formu-
late a criterion for M to be non degenerate with respect to the variables (whose proof is skipped).

Proposition 2. The submanifold M is not degenerate with respect to the variables if and only if
there exists an integer k& such that the generic rank of the local K-analytic mapping
(23) (z,u) — (]

G (@) 1<j<m, vENP, |y|<k

is equal to n + m.

Seeking for conditions which insure that Sym (M) is finite-dimensional, it is therefore natural
to assume that the generic rank of the mapping (23) is equal to n + m. Furthermore, to simplify
the presentation, we shall assume that the rank at (z, ) = (0,0) (not only the generic rank) of
the mapping (23) is equal to n + m for k large enough. This is a “Zariski-generic” assumption.
Coming back to (14), we observe that this means exactly that M is solvable with respect to the
variables. Then we denote by ¢f the smallest integer & such that the rank at (z,u) = (0,0)
of the mapping (23) is equal to n + m and we say that M is ¢;-solvable with respect to the
variables. Also, we denote by ¢, the integer maxi <4<, |5(¢)| and we say that M is ¢,-solvable
with respect to the parameters.

2.7. Fundamental isomorphism between Gym(&) and Sym(M). In the remainder of this
Section 2, we shall assume that M is £y-solvable with respect to the parameters and £;-solvable
with respect to the variabes. In this case, viewing the variables (v, . .., »™) in the dual equations
v = Q% (x, z,u) of M as a mapping of x with (dual) “parameters” (z,u) and proceeding as
in Subsection 2.2, we may construct a dual system of completely integrable partial differential
equations of the form

(€) Vo () = G (36 100, (0, 0010 )

where (7,7) # (5(1),6(1)),...,(j(n),d(n)). This system has its own infinitesimal symmetry
Lie algebra Gym(E*).

Theorem 2. If M is both solvable with respect to the parameters and solvable with respect to
the variables, we have the following two isomorphisms:

(24) Sym(€) = Sym(M) = Sym(E7),

namely X «— X + X «—— X.

In Subsection 2.10 below, we shall introduce a second geometric condition which is in general
necessary for Gym (M) to be finite-dimensional.

2.8. Local (pseudo)group Sym(M) of point transformations of M. We shall study the ge-
ometry of a local K-analytic submanifold M of K™ +2m+? whose equations and dual equations
are of the form

w = Qi(z,v, ), i=1,...,m,
(25) { i( X) J

Vj:Q;-(X,x,u), j=1,....,m.
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Lett := (z,u) € K" and 7 := (v,x) € K"™™. We are interested in describing the set of
local K-analytic transformations of the space K™+2™+P which are of the specific form

(26) (t,7) — (R(t), &(7)),

and which stabilize M, in a neighborhood of the origin. We denote the local Lie pseudogroup
of such transformations (possibly infinite-dimensional) by Sym(M). Importantly, each transfor-
mation of Sym(M) stabilize both the sets {¢t = ct.} and the sets {r = ct.}. Of course, the Lie
algebra of Sym (M) coincides with Gym (M) defined above.

2.9. Fundamental pair of foliations on M. Letpy € K"T2™+P be a fixed point of coordinates
(tpo, Tpo ). Firstly, we observe that the intersection M N {7 = 7, } consists of the n-dimensional
K-analytic submanifold of equation u = Q(x, 7,,,). AS 75, Varies, we obtain a local K-analytic
foliation of M by n-dimensional submanifolds. Let us denote this first foliation by F, and
call it the foliation of M with respect to parameters. Secondly, and dually, we observe that the
intersection M N {t = ¢,,} consists of the p-dimensional K-analytic submanifold of equation
v = Q*(x,tp,). AStp, varies, we obtain a local K-analytic foliation of M by p-dimensional
submanifolds. Let us denote this second foliation by F, and call it the foliation of M with
respect to the variables. We call (F,, F,) the fundamental pair of foliations on M.

2.10. Covering property of the fundamental pair of foliations. We wish to formulate a geo-
metric condition which says that starting from the origin in M and following alternately the
leaves of F,, and the leaves of F,,, we cover a neighborhood of the origin in M. Let us introduce
two collections (Ly)1<k<n and ([:Z)lgqu of vector fields whose integral manifolds coincide
with the leaves of F,, and F,:

Ek;:i—yzb(m,y,x)i k=1,...,n,

81‘]9 ) al’k au],

27) 5 m 90 5

Lr=— 3 — k=1,...,n

q an + Z an (X,.I‘,’LL) 81/3, ) , T
j=1

Let po be a fixed point in M of coordinates (wp,, Upq, Vpos Xpy) € K'T27HP, et 2y =
(Z11,---,21,n) € K™ be a “multitime” parameter and define the multiple flow map
(28)

Ly (Tpo Upy, Vpos Xpo) = €xp(x1L)(po) = exp(z1,n Ln(- - - (exp(z1,1L1(po))) -+ +)) 1=
= (IPO + x1, Q(IPO + 1, VpoaXpo)v VpoaXpo)'

Similarly, for x = (x1,1,-..,x1,p) € K?, define the multiple flow map

(29) ‘ij (xpo 9 qu Vpov XPO) = (Ipo 9 qu Q*(Xpo + X1, xpo ) upo)v Xpo + Xl)'

We may define now the mappings which correspond to start from the origin and to move alter-
nately along the two foliations F,, and F,. If the first movement consists in moving along the
foliation F,,, we define

(30)

La(1, X1, %2, X2) 1= L3, (L (L3, (L2, (0))))-

Generally, we may define the maps Ty ([xx]x), where [xx]x = (21, X1, Z2, X2, - . - ) With exactly
k terms and where each z; belongs to K™ and each x; belongs to KP. On the other hand, if
the first movement consists in moving along the foliation 7, we start with I'; (x1) := £}, (0),
I5(x1,71) = L4, (L£5,(0)), etc., and generally we may define the maps I'; ([xz]x), where
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Xzl = (x1,1, X2, %2,...), With exactly k terms. The range of both maps I';, and I'} is
contained in M. We call Iy, the k-th chain and I';, the k-th dual chain.

Definition 1. The pair of foliations (F,,, F,) is called covering at the origin if there exists an
integer & such that the generic rank of I'y, is (maximal possible) equal to dimg M. Since the
dual (k£ + 1)-th chain I';,_; for x; = 0 identifies with the k-th chain I'y,, it follows that the same
property holds for the dual chains.

In terms of Sussmann’s approach [27], this means that the local orbit of the two systems of
vector fields (£x)1<xk<» and (ﬁ;)lgqu is of maximal dimension. Reasoning as in [27] (using
the so-called backward trick in Control Theory, see also [17]), it may be shown that there exists
the smallest even integer 2.0 such that the ranks of the two maps I'z,,, and I';, at the origin
(not only their generic rank) in K"#o*P#o are both equal to dimg M. This means that I';,,, and
I';,,, are submersive onto a neighborhood of the origin in M. We call 1o the type of the pair of
foliations (F,, F,). It may also be established that po < m + 2.

Example 2.46. We give an example of a submanifold which is both 1-solvable with respect to
the parameters and with respect to the variables but whose pair of foliations is not covering: with
n =1, m = 2and p = 1, this is given by the two equations v = v!, u?> = v? + xx;. Then
Sym(M) is infinite-dimensional since it contains the vector fields a(u') 9/0u! +a(vt) 8/001,
where « is an arbitrary K-analytic function. For this reason, we shall assume in the sequel that
the pair of foliations (F,, F,) is covering at the origin.

2.11. Estimate on the dimension of the local symmetry group of the submanifold of solu-
tions. We may now formulate the main theorem of this section, which shows that, under suitable
nondegeneracy conditions, Sym(M) is a finite dimensional local Lie group of local transforma-
tions. If t € K"*t™, we denote by |¢| := maxi<k<nim [tk|. If (h,¢) € Sym(M) we denote
by Jfh(0) the k-th order jet of h at the origin and by J*¢(0) the k-th order jet of ¢ at the origin.
Also, we shall assume that M is either K-algebraic or K-analytic. Of course, the K-algebraicity
of the submanifold of solutions does not follow from the K-algebraicity of the right hand sides
FJ of the system of partial differential equations (£).

Theorem 3. Assume that the K-algebraic or K-analytic submanifold of solutions M of the
completely integrable system of partial differential equations (£) is both ¢,-sovable with respect
to the parameters and £;-solvable with respect to the variables. Assume that the fundamental
pair of foliations (F,, F,) is covering at the origin and let y( be its type at the origin. Then
there exists €y > 0 such that for every ¢ with 0 < & < &, the following four properties hold:

(@) The (pseudo)group Sym(M) of local K-analytic diffeomorphisms defined for {(¢,7) €
Kn+2m+p . |t| < g, || < €} which are of the form (¢,7) — (h(t),¢(7)) and which
stabilize M is a local Lie pseudogroup of transformations of finite dimension d € N.

(b) Let ko := uo(lo + £5). Then there exist two K-algebraic or K-analytic mappings H,,, and
®,., which depend only on M and which may be constructed algorithmically by means of
the defining equations of M such that every element (h, ¢) € Sym(M), sufficiently close
to the identity mapping, may be represented by

h(t) = Hlio (ta J:Uh(())),
O(1) = o (1, J709(0)).
Consequently, every element of Sym(M) is uniquely determined by its xo-th jet at the

origin and the dimension d of the Lie algebra Sym(M) is bounded by the number of
components of the vector (.J;"°h(0), JE2¢(0)), namely we have

(32) dimg Sym(€) = dimg Sym(M) < (n+m) C}" + (m+p)C)L

n+m+ro m—+p+ko*

(1)
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(c) There exists ¢’ with 0 < ¢’ < ¢ and a K-algebraic or K-analytic mapping (H ¢, ® 1)
which may be constructed algorithmically by means of the defining equations of M,
defined in a neighbourhood of the origin in K»+2m+P x K¢ with values in K"+2m+p
and which satifies (Ha4(¢,0), ®aq(7,0)) = (¢, 7), such that every element (h,¢) €
Sym(M) defined on the set {(¢,7) € K"T?™*P . |t| < &', |7| < €&}, sufficiently
close to the identity mapping and stabilizing M may be represented as (h(t), ¢(7)) =
(Hm(t, sn,6), ®a(T,sn,6)) for a unique element sj, , € K¢ depending on the mapping
(h, ).

(d) The mapping (t,7,s) — (Hp(t,s),Prm(r,s)) defines a local K-algebraic or K-
analytic Lie group of local K-algebraic or K-analytic transformations stabilizing M.

2.12. Applications. The proof of Theorem 3, which possesses strong similarities with the proof
of Theorem 4.1 in [8], will not be presented. It seems that Theorem 3, together with the argu-
mentation on the necessity of assumptions that M be solvable with respect to the variables and
that its fundamental pair of foliations be covering, is a new result about the finite-dimensionality
of a completely integrable system of partial differential equations having an arbitrary number of
independent and dependent variables. The main interest lies in the fact that we obtain the algo-
rithmically constructible representation formula (31) together with the local Lie group structure
mapping (H ¢, ®aq). In particular, we get as a corollary that every transformation (h(t), ¢(7))
given by a formal power series (not necessarily convergent) is as smooth as the applications
(Hy,, ®,,) are, namely every formal element of Sym(M) is necessarily K-algebraic or K-
analytic. As a counterpart of its generality, Theorem 3 does not provide optimal bounds, as
shows the following illustration.

Example 2.46. Letn = m = 1, let x > 3 and let (£) denote the ordinary differential equation
Uge () = F(x,u(x),us(x),...,um—1(x)). Then the submanifold of solutions M is of the
formu=v+azx1+---+ 2" xu_1+O(|z]*) + O(]x|?). It may be checked that ¢y = x — 1,
05 = 1and ug = 3, hence ko = 3x. Then the dimension estimate in (32) is: dimg Sym(&) <
2C3% 4, + k£ C3r. This bound is much larger than the optimal bound dimx Sym(&) < « + 4
due to S. Lie (cf. [5]; see also the case n = m = 1 of Theorem 1).

Untill now we focused on providing the set of Lie symmetries of a general system of partial
differential equations with a local Lie group structure. As a byproduct we obtained the (non
optimal) dimensional upper bound (32) of Theorem 3. In the next Sections 3, 4 and 5, using the
classical Lie algorithm based on the Lie criterion (see Lemma 2), we provide an optimal bound
for some specific systems of partial differential equations, answering an open problem raised
in [19] page 206.

3. LIE THEORY FOR PARTIAL DIFFERENTIAL EQUATIONS
3.1. Prolongation of vector fields to the jet spaces. Consider the following K-analytic system
(€) of non linear partial differential equations:
(33) Wy, @) = B, (2ou(@) il @), (@)

k—1

where 1 < k; < -+ <k, < n, 1< 5 < m,and F,fl VVVVV r, are analytic functions of
n 4+ mCyrL_, variables, defined in a neighbourhood of the origin. We assume that (€)
is completely integrable. The Lie theory consists in studying the infinitesimal symmetries
X = YL, QNz,uw)9/0z + YL, R (x,u)d/du? of (£). Consider the skeleton of (£),
namely the complex subvariety A¢ of codimensionm C7,,, _; in the jet space 7,7 ,,,, defined by

K

j _ i i
(34) Ukyrooke = Ty (“‘ Uy -lel,...,lﬁfl) ’
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where j,i1 = 1,...,mand ky, ..., ke, l1,...,lx—1=1,...,n. Fork =1,...,n let Dy be the
k-th operator of total differentiation, characterized by the property that for every integer A > 2
and for every analytic function P = P(z,u,U;?,...,Uj* ) defined in the jet space 7,2,

the operator D, is the unique formal infinite dlfferentlal operator satisfying the relation

[Dy P] (:L', u(x), ui.lll (z),... ,ufvlllm%il (z)) =
(35) 0 , ,
Pz {P (ac, u(x), u_?;ll (x),... ,ugclllmzhﬂ (m))} ]

Note that this identity involves only the troncature of D, to order \, denoted by D7, and defined
by

8 m
D)= "+ R
; 8Ik 1'12:1 i1=1 l1=1 o aU“
(36) 5
+ Z Z Uk Aiyeenla—1 aUu
i1=1 l1,...,Ia_1=1 lisenln-n

According to Theorem 2.36 of [18], the prolongation of order x of a vector field X =
Sy QNw,u) 8/0x + YL, RI(x,u)d/0ul, denoted by X (%), is the unique vector field on
the space 7,7 ,,, of the form

. m n m n ) a
R 2530 DL TR S SIS WL
J= 1k1 1 kl j:1 k17k2:1 kl;kQ

(37) m N 5
Y R
=1 kq,....ke=1 k1 kayo ke

corresponding to the infinitesimal action of the flow of X on the jets of order « of the graphs of
maps v = u(x), and whose coefficients are computed recursively by the formulas

R] = Dj (R’ Z Dp (@MUY,
l1=1

R{cl ko = Dkz Z DkQ Qll U]g1 I’
(38) ’ =1 7

n
J 1 l J
Rk1,k27~~-,k 7Dk>\(Rk1, k- 1 Z Dkk(@l)Ukhm,kxfl,h'
I1=1

For a better comprehension of the general computation, let us start by computing R* in the case
n=m=1.

3.2. Computation of R* when n = m = 1. A direct application of the preceding formulas
leads to the following classical expressions:
R' = Ry + [Ru — Qu] U + [-Qu] (U1)*.
(39) R? = Ry2 + [2Rey — Qu2] UT + [Ruz — 2Qzu] (UY)? + [-Que] (U')*+
+[Ru —2Q.] U* + [-3Q,] U'U*.

Observe that these expressions are polynomial in the jet variables, their coefficients being differ-
ential expressions involving a partial derivative of R (with a positive integer coefficient) and a
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partial derivative of @) (with a negative integer coefficient). We have also:

R® = Rys + BRa2u — Qus] U' + [BRyuz — 3Qu2u] (U')*+
+ [Ryp = 3Quu2] (UM)? + [~Qus] (UM + BRau — 3Qq2] U+
+ [BRu2 — 9Quu] UTU? 4 [-6Qu2] (U')?U? + [-3Qu] (U?)*+
+ [Ru — 3Q,| U + [-4Q, | U'U3.

R = Rya + ARy, — Qua] U' + [6Ry2,2 — 4Qq,] (U')*+

(40) + [ARyys — 6Qu202] (U')? + [Rus — 4Quus] (U + [—Qua] (U')*+

+ [6Ry2y — 4Q,3] U? + [12R 2 — 18Q,2,| UTU?+

+ [6Rys — 24Q 2] (UN)2U? 4 [—10Q 3] (UY)3U+

+ [BRy2 — 12Quu] (U? + [<15Q2] UL (U?)? + AR,y — 6Q,2) U+

+[4R,2 — 16Qu | UU? 4 [—10Q,,2] (UYH)2U? + [-10Q, ) UU3+

+ [Ry — 4Q,) U* + [-5Q,| U U™,

Remark that all the brackets involved in equations (40) are of the form [A R ayo+1 — it Q gat148],
where A\, u € Nand a,b € N.
In what follows we will not need the complete form of R* but only the following partial form:

Lemma 3. For xk > 4:

R* = Ryr + [OF Ryn-1y — Qur | UM + [C2 Ryn-z2yy — CLQue1 | U+
+ [C2 Ry — CF Qs | U2 4 [Cf Ryw — CF Q2 | U™ '+

(41) + [CLRy2 — K? Quu| U Ut + [-C2, Q| UU 1+

+ [Ru — Cr Q.| U+ [-CL,, Qu U U+

+ Remainder,

where the term Remainder denotes the remaining terms in the expansion of R*.

We note that the formula (41) is valid for k = 3, comparing with (40), with the convention that
the terms U2 and U~~! vanish (they coincide with U* and U?), and replacing the coefficient
—C2,,Q, = —C3Q, = —6Q,, of the monomial U2U*~! by —3Q,,, as it appears in (40).
The proof goes by a straightforward computation, applying the recursive definition of this partial
formula.

3.3. Computation of R* in the general case. Following the exact same scheme as in the case
n = 1 we give the general partial formula for R*. We start with the first three families of
coefficients R , Ry , andR7 , . . Letd? be the Kronecker symbol, equal to 1 if p = g and
to 0 if p # ¢q. More generally, the generallzed Kronecker symbols are defined by 6712k =

.....

o6
By convention,the indices j, i1, 42, ...,ixrunintheset {1,...,m}, theindices k, k1, k2, . . .,
kxandl, Iy, la, ...,y runningin {1,...,n}. Hence we will wrlte PR ZZZ EEED DI

n n n
D and o ST ~-~Zlk:1 as>, - Theletters ;1,22, coizand o, .. Dy
will always be used for the summations in the development of Ry . . . We will always use

.....

the indices j and k1, ko, . . ., k) to write the coefficient Rk ek
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We have:
Rp, =R, +>03 [0 R, -0l @y | Ui
i1 151
+3 Y { 5l sl } U U

i1,42 l1,lo

(42)

For Ril », We have:

_ J
Rk1,k2 - ;hzb + Z Z {5 ﬂﬂk utl +5 ®k it 5 szlzk2:| 1+
i1

l1,l2 j l l ) 7
+ Z Z {6’@1 k2 ullu"2 - 652 (6 ka w1 +6 5 Q;klull)} Ulll U122+

Q1,42 l1,l2

@y Lt D e Q.| U v U

91,482,143 11,l2,l3

+y > [55;171;2 , — 6 0L Q2 — 67 5y szJ U+

i1 1,2

J o sli,l2 7 sls,l 7 sla,ls 15t i1 Tri2
+§: E: { 5; 5k1k2Qu*5 5k1k2Qu*5 5k1k2Qui2:|Ul Io 13"

11,02 l1,l2,l3

Since we also treat systems of order x > 3, it is necessary to compute R;, ;. . We write this
as follows:

(44) Ry g, =1+ 11411,

where the first term | involves only polynomials in Ulill:

i . . .
I= kalzk2zk3 + Z Z [5k1 Ty Ty uil 5k2 T, zk3ui1 5 Zk Tpouil
i1

Y l1,l2 11,0
5 szlmkzmks} ;+ Z Z {6761 k2 zk wtlyi2 +6k3 k1 xk u11u12+

i1,12 l1,l2
+52121,l§3 Rik wilyt2 5] sz Thy wit 5] lezklzk wit
(45) e QLU Y [ Rl
91,182,143 l1,l2,l3
0 R Qs — Ot Oy i —

7 sli,le i1 7ri2 7713
_6 6k1 k3 Qz uilui2} Ull Ul2 Ula +

7 sli,lz,ls ly i1 pri2 T7i3
+ Z Z |: 5 5k1,k21k3 Quilui2ui3:|Ull Ul2 Ul Ul4’

11,12,13,14 11,l2,13,l4

the second term 1 involves at least once the monomial Ufll Iy
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_ li,la pJ lil2 pJ l1,l2
II= Z Z |:5k17k2 RZk ufl 5k37k1 ka w1 57€2 k3 Rmk wit

i1 1,2

7531 ( Qﬂﬁk 11% Q1k1Ik3 Qﬂﬁk Ty ):| Ulz117lzjL

l1,l2,l3 l,l1,l2 J l2,l3,01 J
+ Z Z |:5k17k2 k3 Z1 w2 5k17k27ks R w1 yt2 5k17k27k3 Ruil wiz

11,12 l1,l2,l3
—(Szjl (6221,232 sz wiz 6223,231 ka u?2 62227[}23 sz uzz) -
—(532 (6211,}132 kasuﬁ + 65613,%1 kaz wn T 65@127}123 ijkl win
0L @2 e+ O Qe O Q)| U U

J l1,l2,l3 l1,la,l2 I3
+ Z Z {_61'3 (619171432-,763 Qulluw + 67@17’927’93 Quil w?2 +

1,12,43 l1,l2,03,la

lg,l1,l2 lg J l3,l2,l4 la,l3,l2 1
67@1-,7627’433 Quilu@) - 61'1 61&’1-,762-,763 Q ui2uts + 6k17k2-,k3 QuiZuiS +

l2,l3,l4 I ] 12 13 g l1,lz,l3
+6k1-,k2-,k3 Quilui2 Ul ls Iy + 2 : 2 : _6i2 ki1,ka,k3 Qull

41,12 l1,l2,l3,la

13711 l2 ly lz-,lsyll ly 11 o
k1 k2,k3 Q k17k2,k3 Q ):| 1,12 Uls7l4

(46)

and the third term 111 involves at least once the monomial U}, (note that there is no term
involving simultaneously U;! _ and U} | ):
1,62,63

_ l1,l2,03 J J ll lo l1yl2
I = Z Z |:5k1,k2,k3 Ruil - 51'1 ( kao,ks Q ks k1 Q

i1 1,203

l l l2,l3,l l
(47) kll 152 szd)] l11l27l3 + Z Z [ 5j 576217/32723 Qulw -

11,22 l1,l2,l3,ls

J l1,l2,l3 la,l1,l2 l3,la,l1
—0 <5k1,k2,k3 Qi 0%, Qoo + 08 60k, Q2 ) | UL Uiy,

Before giving the partial expression of R* we introduce some notations. For p € N withp > 1,
let &,, be the group of permutations of {1,2,...,p}. Forg € Nwith1 < ¢ <p — 1, let & be
the set of permutations o € &, suchthato(1) < 0(2) < --- < o(g)ando(g+1) < o(g+2) <

- < o(p). Its cardinal is C1. Let €, be the group of cyclic permutations of {1,2,...,p}.

Reasoning recursively from the formula of Rk ko ks 9iVEN by (44), we may generalize Lemma 3:

Lemmad4. Foreveryx >4 andforeveryj=1,...,m, k1,..., ks, =1,...,n, we have:
(48) R{;l Kok, = 11+ -+ Ig + Remainder

where I; = RJ

Thy Thy Ty’

— ll .7 _ J l1
12 - Z Z Z 6k,,(1) Rzkg(m"'xkg(ﬁ)uil 61'1 szl...zkn Ull )

i L |oesl
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11,1 i
Ja = 6 1,02 RJ R
3 Z Z Z ko)ko(2) ~ T, g Th, (g, ui

i1 lile |0eB2

_ s E l1 lo i1
61'1 67%(1) Qfﬂka(m'“mkg(ﬁ) Ul17l27
oceSL

l1yeeenen lp—2 J
L= 5 >l R L
4 - ka(l)w--'vka‘(m—Q) Ika‘(m—l)zka(»@)ull
i1

li, . le—2 |oceah™2

B j U1 yenenen dk—3 l—2 n
93, Z ke rko(nmg) Tk (0 2) Tho (om1) TR () Ulhm,lvw
oeGEs
ll ....... lmfl j
=YY DI, "
5 - ko(1y,e o ko(n-1) Rzkom)ull
i1 l1,eenlp—1 cechT!
S U
11 kg(l),...,ka(~72) Zka(nfl)wk"(") fovenli?
oeGrT?
_2 : Z Z Le(1ysensle(r) g J E ol .
16 _ 6]61-, vvvvv o RuiluiQ - 61'1 6ka(1)1...7ka(~—1) sza(m) w2 _
i1,02 l1,..5le | TEC, oesr™

_ 7 l1yeeeeee -1 Ly . l3,.cu... J lo
5i2 Z (5ka(1)a"'7ko(ml) kaa(n)uil + + 5ko(1)7"'aka(nfl) QZkg(N)uiQ X
ceah!

il i2
x Ull l27~~~;l~’

_ § : 2 : j I, nlo+1 Al lit1,-5l2 Al
I = |:75i1 <5k17~~~,k~ Qul? +ot 5k17~-~,k~ Qul? -

91,82 13,1kt

1 l Ll 1 i i
J T(1)s b7 (k) K41 21 12
—0;, § : 5k1, ,,,,,, . O Ui, Uzg,...,z,cﬂa
TEG?Z
_ by, le pi 57 ly,...... k-1 I i1
Is=> > |0k Rl =l | D0 ol Q| U
11 Iyl 066:71
_ J o slosenletr aly J liyenls Alet 3,01 l2
Iy = Z Z [_61'1 O, e Quiz — 0, (6k1,...,kn Qutt 44870 Q2 )| x
i1yin 11,eslet

11 19
x U U

oyt
and where the term Remainder denotes the remaining terms in the expansion of Ril,k%...,kn-

In I the summation on the upper indices (I1, . ..,1,) gets on all the circular permutations of
{1,2,...,x} except the identity. In I; the summation gets on all the circular permutations of
{2,3,...,k + 1}. In Iy the summation gets on all the circular permutations of {1,2,...,x +
1} except the one transforming (I1,1o,...,lx+1) into (I2,1s,...,l1). For x = 3, comparing
with (44), we see that the formula remains valid, with the same conventions as in the case n = 1.

3.4. Lie criterion and defining equations of Sym(&). We recall the Lie criterion, presented in
Subsection 2.6 (see Theorem 2.71 of [18]):
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A vector field X is an infinitesimal symmetry of the completely integrable system (€) if and
only if its prolongation X (*) of order « is tangent to the skeleton A¢ in the jet space T

The set of infinitesimal symmetries of (£) forms a Lie algebra, since we have the relation
[X, X']) = [x®), X" (cf. [18]). We will denote by Gym(&) this Lie algebra. The aim of
the forecoming Section is to obtain precise bounds on the dimension of the Lie algebra Gym(E)
of infinitesimal symmetries of (£). For simplicity we start with the case n = m = 1.

4. OPTIMAL UPPER BOUND ON dimg Sym(E) WHEN n =m = 1.

4.1. Defining equations for Gym(&). Applying the Lie criterion, the tangency condition of
X (%) to A¢ is equivalent to the identity:

oF oF oF oF oF
49 R\ - |Q—+R—+R'—+R*—— +---+R"!
(49) [Q oz T TR gm P e Tt g
on the subvariety Ag, that is to a formal identity in K{x,u,U*,... , U~} in which we
replace the variable U~ by F(x,u,U?',...,U*~!) in the two monomials U~ and U U* of
R", cf. Lemma 3. Expanding F' and its partial derivatives in power series of the variables
(UL, ..., U*1) with analytic coefficients in (x, ), we may rewrite (49) as follows:

Z [q)ﬂl »»»»» Hr—1 (‘Ta U, (szul)kJrlSm (kaul)kJrlSK)] X
(50) M1y fb—120

=0,

x(Uhr . (UR= -1 = 0,
where the expressions

(51) (I)Ml,...,un71 (.CC, u, (kaul)k-ﬁ-lgtm (kaul)k-l-lgﬂ')

are linear with respect to the partial derivatives ((Q ur i )k+i<r, (Rpkyt ) k+i<x), With analytic
coefficients in (z, w). By construction these coefficients essentially depend on the expansion of
F. The tangency condition (50) is equivalent to the following infinite linear system of partial
differential equations, called defining equations of Sym(&):

(52) (I)Hl »»»»» Pr—1 ('Ta U, (kaul (xv u))k’+l§m (Rmkul (xv u))k’+l§l€) = 07
satisfied by (Q(z,u), R(x,u)). The Lie method consists in studying the solutions of this linear
system of partial differential equations.

4.2. Homogeneous system. As mentioned in the introduction, we focus our attention on the
case « > 3. Denote by (&p) the homogeneous equation u,~ = 0 of order . The general solution
u = f;ol X\ z! consists of polynomials of degree < x — 1 and the defining equation (49)
reduces to R* = 0. Using the expression (41), expanding (50), (51) and considering only the
coefficients of the five monomials ct., U~~2, U*~!, U U~ and U? U~~, we obtain the five
following partial differential equations, which are sufficient to determine Gym(&y):

an == 0,
-2
RIQ’U. - (’i 3 ) Qw‘ =0,
-1
(53) Rew — (H D) ) Qx2 =0,
Ry2 — £ Quu =0,
Q. =0.

The general solution of this system is evidently:

Q=A+Bzx+Ca?
(54) 0 1 1 1
R=(k-1)Cou+Du+E " +E z+ ---+E" 2",
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where the (k + 4) constants A, B, C, D, E°, E',..., E*~! are arbitrary. Computing ex-
plicitely the flows of the (x + 4) generators 9/0xz, xd/0x, % 8/d0z + (k — 1) xu d/du, u 9/,
d/0u, x0/0u,...,z"1 0/0u, we check easily that they stabilize the graphs of polynomials of
degree < x — 1. Moreover they span a Lie algebra of dimension (s + 4) and the general form of
a Lie symmetry is:

(55) (2,0) — (ao +aix fu+y+ne+ ---+%_1x”‘1)

l+ex ’ (14 ez)s1t

4.3. Nonhomogeneous system. Consider for x > 3 the equation (49) after replacing the vari-
able U by F. Let ®(U*) denote an arbitrary term of the form ¢(z,u) U*, where ¢(z, )
is an analytic function. We consider the five following terms ®(ct.), ®(U*~2), &(U*"1),
Ut U 1) and ®(U2U""1). Since some multiplications of monomials appear in the ex-
pression (49), we must be aware of the fact that ®(U'U*~!) = &U!)®(U~"!) and
O(U? U 1) = ®(U?) ®(U~1). Consequently in the expansion of (49) we must take into ac-
count the seven types of monomials ®(ct.), ®(U?), ®(U?), ®(U~~2), d(U~1), (UL U1)
and ®(U? U~~1). The (x+ 1) derivatives 0F /0x, OF /0u, OF /OU, ... 0F /oU~~ appearing
in the brackets of (49), and the term F' appearing in the expression of R* after replacing U"* by
F (cf. the last two monomials U~ and U! U* in (41)) may all contain the seven monomials ct.,
UL, U2, U2, Ut utUstand U2 U~ For F and its (s + 1) first derivatives we use the
generic simplified notation

(56)  @(ct.) +(UY) +@(U?) + (U 2) + U + U U + U2 U,

to name the seven monomials appearing a priori. Hence, expanding (49), picking up the only
terms which may contain the five monomials we are interested in, and using the formula of
Lemma 3 for R* (1 < X < &), we obtain the following expression:
(572% + [C2 Rz — C2Qua| U2+ [CL Ry — C2 Q2| U+

+ [CLRy2 — K Qo) UT U1+ [-C2, Q) U U 1+

+{Ry = CLQu+ [-CL1 Qu] U} x

x {®(ct.) + (U") + @(U?) + (U ) + U )+ U U ) + (U U 1)} —

—{Q+R+ Ry +[Ry— Qu)U" + Ry2 + 2Ryu — Q2] U+

+[Ry = 2Q2] U + - 4 Ryrs + [Cp g Rywsy — Ques] U+

+ [C2_5 Ryn—sy — Cp_3 Quu—1] U? + Ryn—2+

+[Cr g Rypn—sy — Qun—2] U + [C2_y Rypnmayy — Ch_y Que—s| U+

+[Ru—Cp_ 5 Q) U2+ [-CL_, Q. U U+

+Ryr1 + [Cl_y Ryn2y — Qun—1 | UM+

+ [Cg—l Ryr-sy — Cph_y an,z} U? + [C;—l Rou — Ch_y Qx?] Ur—2+

+[Ch Rz — (k= 1)? Quu) U' U+ [Ry — CL_, Q] U1+

+[-CLQ. U U} x

x {@(ct.) + (U + @(U?) + (U ) + U ) +@U' U ) + (U U 1)}

+ Remainder = 0.

Here the term Remainder consists of the monomials, in the jet variables, different from the five
ones we are concerned with. The first four lines before the sign “—" develop R" and the third
line consists of the factor F' replaced by (56). In the last line (note that this is multiplied by the
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nine preceding lines) we replaced the (x + 1) first partial derivatives of F' appearing in (49) by
the term (56) which we factorized.

By expanding the product appearing in this expression (57), and equaling to zero the co-
efficients of the five monomials ct., U*~2, U~~1, U' U~ and U? U*~!, we obtain the five
following partial differential equations

Ryr =I(z,u,Q,Qqu, R, Ry, ..., Ryw-1, Ry),
C2 Ry2 — C2 Qs = (2,4, Q, Qu, Qu2, R, Ro, ..., Ryn—1, Ry, Rau),
C} Row — C2 Qo2 =T(2,4,Q,Qu, R, Ray ..., Ryn1, Ruy),
(58) C'Ryo — k%2 Quu = (2,4, Q, Qu, . ., Qun—1,Qu, R, Ry . .. Ryn1,
Ru, Ro, . Rypr—2y,),
—C2,Qu=T(2,4,Q,Qu,...,Que—2,R, Ry, ... Ry,
Ru,Rous s Rynosy,).

Here by convention II denotes any linear quantity in (), R and some of their derivatives, of the
form

II
II

H(Ia U, Qzalubl Qg;apubp 9 chludl PR aRICqudQ) =

(59) p q
= Z Gi (2, 1) Qgaiyes (2, u) + Z 1/}j($7 u) Rxcjudj (@, u),

i=1 j=1
where ¢; and 1); are analytic in (z,u). For instance, the differentiation of II(x, u, Q, R, R.,)
with respect to x gives the expression II(z,u,@,Q., R, Ry, Ruu). Let us intro-
duce the following collection of (x + 4) partial derivatives of (Q,R) defined by
J = (Q,Qz,Qu2,R,R;,...,Rys—1,R,). The aim is now to make linear substitutions
on the system (58) to obtain the system (68) where the five second members depend only on the
collection .J. The desired estimate dimg Sym(€) < x + 4 will follow from (68).

Let us differentiate the third equation of (58) with respect to z. Dividing by C'} we obtain:

-1
(H 9 ) Qw‘ = H(Q?,’U/7Q,Q$,Q12,R,RI, .. -7Rw”7Ru;Rzu)-

Solving R,2,, and @, by the second equality in (58) and by (4.3) we find
2 =1, u,Q,Qr, Qr2, R, Ry, ..., Ron, Ry, Ryw),
(61) { Q (z,u,Q,Qs,Q )

(60) RIQ’U. -

Rzzu = H(I7 u, Q7 va sza R7 R:Ea ) RI") Ru7 RCEU)
Replacing R~ by its value given by the first equality in (58) we obtain for @ :

(62) Qs =(z,u,Q,Qus,Qu2, Ry Ry, ..., Ryn—1, Ryy Raay).

If we write the third equality in (58) as

(63) Ryw = (2,4, Q, Quz, Qu2, R, Ryy ...y Ryn—1, Ry,),

we may replace R,., in (62). This gives the desired dependence of @,z on the collection J:
(64) Qs =(x,u,Q,Qs,Qu2, R, Ry, ..., Ryn—1, Ry).

We may now differentiate the equalities (63) and (64) with respect to = up to the order [. At
each differentiation we replace Q,s, R, and R.~ by their values in (63), in (64) and in the first
equality in (58) respectively. We obtain for/ € N:

{ Qazl+3 = H(Z‘, U, Q7 QJJ) Q127 Ra RI7 SERE) Rx"*laRu)a

65
( ) Rzl+1u = H(Ia u, Qa Qra QJ}27 R; Razv ceey Rx"*laRu)-



20 HERVE GAUSSIER AND JOEL MERKER

Replacing these values in the fifth equality of (58), we obtain

(66) Qu :H(I7an7QI7QI25R7RCEa'"aRzﬁflvRu)'
By replacing the fourth equality of (58) we obtain finally
(67) Ru2 = H(l‘, U7 Q7 QJJ) Q127 Ra RLM L) Rz"*l ) Ru)

To summarize, using the first equality of (58), using (66), (67), (63) and (64), we obtained the
desired system:

I(z,u,Q,Qu, Quz, R, Ryy ..., Ryn—1, Ry,)
I(z,u,Q,Qu, Quz, Ry Ryy ..., Ryn—1, Ry,)
I(z,u,Q, Qu,Quz, Ry Ruy ...y Ryn—1, Ry,),
II( )
( )

Cl)'i

(68)

x u7Q7QI7QI2)R7RJJ)‘")RI“717RU
Qz3*HI anvQIszzaRvaa-'-aRaz*‘*lvRu .

We recall that the terms IT are linear expressions of the form (59). Let us differentiate every
equation of system (68) with respect to x at an arbitrary order and let us replace in the right
hand side the terms R,~, R, and Q,s that may appear at each step by their value in (68),
and then differentiate with respect to « at an arbitrary order. We deduce that all the partial
derivatives of the five functions R.~, Q., R,2, R., and Qs are also linear functions of the
(k + 4) partial derivatives (Q, Qz, Qz2, R, Ry, ..., Rys—1, R,). Thus the analytic functions
Q@ and R are determined uniquely by the value at the origin of the (x + 4) partial derivatives
(Q,Q.,Q42, R, Ry, ..., Ryn—1, R,). This ends the proof of the inequality dimg Sym (£) <
K+ 4. [l

5. OPTIMAL UPPER BOUND ON dimg Gym(€) IN THE GENERAL DIMENSIONAL CASE

5.1. Defining equations for Sym(&). In the general dimensional case, the tangency condition
of the prolongation X * of X to the skeleton gives the following equations for j = 1,...,m and
kl,...,k,{ :1,...,71

(69)

) OF
+ Z Z Rﬁ k;}l“’ oot Z Z Rﬁ ..... le—1 aUli]jhm’kn =0,
1 1

i1 l1yeenle—1

.....

F,fl ..k, and their partial derivatives and use the fact that Ril .k, are polynomials expressions
of the jets variables (Ulill, ceey Ulil1 .1, )» with coefficients being linear expressions of the partial

derivatives of order < A+1of Q' and R7. We obtainforj = 1,...,mandk,.... k. =1,...,n
some identities of the form

(70)
Jitgeennns l J
QR s 1 <$7ua (Qxaue)lgzgn,\a|+|msn+17(Rwaue)lgjgm,|a\+m|s~+1> x
i1y el1sen
i iy g +1 ipytpg—1 pripg+us _
XU UM ) U] g e =0,

satisfied if and only if the functions Q' and R’ are solutions of the following system of partial
differential equations

(1) ®L (wauv(Qﬁvauﬁ)lﬁlﬁn,\OéIHﬁISnJrlv(Ri-auﬁ)lﬁjémIa\+|[3|§n+1):0'

,,,,,,,,,,,,
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5.2. Homogeneous system. We start by giving the general form of the symmetries of the
homogeneous system in the case x = 2. Then we prove the equality dimg(&ym(&y)) =
n?+2n+m?+mCy, ., inthe case k > 3.

In the case x = 2 we obtain:

Quu)=A'+ Y B aw + Y Chu+

ki=1 i1=1

n m
+ Z Dy, vy xp, + Z E;, xju™,

ki=1 i1=1

Rj(x,u) =FI 4+ Z Gil Thy + Z Hij1 ull 4

ki1=1 i1=1

+ zn: Dy, xk, uw + i E;, u ud,

ki1=1 i1=1

(72)

Here the (n-+m)(n+m-+2) constants A, B} , C! | Dy,, E;,, F7, G, H] € Karearbitrary.

Moreover one can check that the vector space spanned by the (n + m)(n + m + 2) vector fields

0 0 iy 0
81‘1, = a$k27 8%
0 0 1 0 m 0
Thy ($18—$1+"'+$n8—$n+u w‘i‘""ﬁ‘u (%L—m),
(73)
uit ($1i+...+m i+u1i+...+umi)
Ox1 " Oy, oul oum )’
0 0 iy 0
ui’ M un Y Qui

is stable under the Lie bracket action and that the flow of each of these generators is a Lie
symmetry of the system (&y). This proves that Sym(&y) is indeed a Lie algebra with dimension
(n +m)(n + m + 2). Finally the corresponding transformations close to the identity mapping
are projective, represented by the formula:

QO+ D opg MUk Tkt Doy Qg U
(:1:7 u) n m y b)
LD ey Ve Th + D img Yot U 1<i<n

<5j,0 + D et Bik T+ 200y Binti “Z)
L+ 370y ek + 200 Ynti 1<j<m

(74)

It is clear that these transformations preserve all the solutions of (&) : u;klwkz = 0, the graphs
of affine maps from K" to K™.

In the case x > 3 we consider the homogeneous system (&) in which the second members
F,jl . Vanish identically. Its solutions are the graphs of polynomial maps of degree < (x —

.....

.....

We Wil keep in this system the only equations comlng from the vanlshlng of the coefficients of
the five families of monomials ct., Ull,...,lm,z U;ll,___,l U U;2 .1, and Ul“l U;; Ay, (this
is inspired from the computations in Subsection 4.2). “The coefficients of these five monomials
families already appear in the expression (48). Moreover we fixl; =l = --- = 1,41 =l and
i1 = ig, except for the coefficient of the monomial Uli1 Ulif“’l, where we fix first ; = i and
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then i1 # . This provides the six partial differential linear equations:

0=RI

zklsz kn’
Lyeoininnn l j
= § : 51; ’k R wil
) o(1)r s Ro(k—2) T (om1) Too ()
ceEGE™
j Ly l 1
-’ E oy ’ ,
3 ) ko)soko(k—8) Tk, (_2)Tho(u_1) Tho)
cecr3
. Lyvovennn 1 j _
0= z 61%(1)-,---7’%(»;71) Rrkg(ﬁ)uil
cecr!
Y Lo, l
75 5i1 Z 5 ko) ska(e—2) CPhky 1) Thoeey |
(75) =

eyl g Y Lyveenn. i ! _
O_K(Skl-,---vknRuiluil "“Sil 2: 61‘6@(1) »»»»» ko(r—1) kag(ﬁ)u“ ’

. Lo, l pj ' e N l i B
0=2x 5k17~~,k~ R w2 1151-1 Z 5ka(1)a"'7ko(mfl) ka u'2

(k)

.....

_ gl l l
= C’,{Hé 5 e Quir -

To solve the system (75) we fix the indices k1 = --- = k, =l and j = 4; in the sixth equation,
implying Q' ., = 0. Hence the terms following &7, and &7, in the fourth and in the fifth equations
vanish identically. Let us choose the indices k1 = - - - = k, in the fourth and the fifth equations
(this last equation is satisfied only for i; # i2). We obtain first three simple equations, without
any restriction on the indices:

0 = Rmklxkz k,;’
(76) 0= Ql i1

0= R{mw
Finally we specify the indices in the third equation of (75) as follows: | = k, = -+ = k3 =
kQ:]{31;thenl:k,{:"':k}g:kg%kl;ﬁna”yl:k,{:"':]Cg,kgﬁkg,kg#kl.

This gives the three following equations:

_ 1l pi 257
0 - Cn kaluh Cn 511 szlzkl

(77) 0=R] o~ Can8, Q.. h#k,
0= —53 ka ey ks # ki, ks # ko.
We specify the indices in the second equation of (75) as follows: | = k., = --- = k3 = ko = k1 ;

thenl =k, = -+ = ks = ko £ ky;thenl =k, = -+ = ks, k3 # ko, ks # ki ; finally
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l=kg="--=kyl#ki,1# ks, 1 # ks. This gives the four following equalities:
2 pi 3 5j
0= C le T u'l B C"i 511 QlkllklIkl
2
78) 0=C}_ R;k wrguit -C:_4 5{1 kalzk2zk , ko # ki1,
0= lellk [t 531 szllkzlks k3 7é kla k3 7é kQa

531 zkllkzlks l7ék17 l7él€2, l?ékg

Let us differentiate now the equations (77) with respect to the variables z; as follows: we dif-
ferentiate (77), with respect to x, ; then we differentiate (77)2 with respect to xy, ; finally we
differentiate (77)3 with respect to .. This gives the three following equations:

1 pj 257
0= C Rmk Ty wil Cn 511 QIklIkllkl
(79) 0= Rik g uil Cl 1 5-171 Qlklzk2zk2 k2 # k17

0= 0l QF 0. ks ki, ks# ko

The seven equations given by the systems (78) and (79) may be considered as three systems of
two equations (of two variables) with a nonzero determinant, to which we add the last equation
(78)4. We get immediately:

0= R, apun = 0 Qo
(80) 0= Rzklzk un =0 szlmkzmkz ko # k1,
0= Rzklzk wn =L QS o as ksF K, ks # ko,
=4 szlzk2zk3 U# k1, U# ke, U# ks
It follows from these relations and from the relations Q' ;, = Rfmw = 0 obtained in (76) that

all the third order partial derivatives of Q! vanish identically, this being also satisfied by the third
order partial derivatives of R/ containing at least one partial derivative with respect to v :

(81) 0= Ik11k21k3 Q1k1zk2 kalu"lu"2 - Qullulzul‘S’
— _ pJ J
0 lelmk wil R:IJk wilqi2 R Wil 23 "

It follows from the equations (76) and (81) that all the functions Q' are polynomials of degree
< 2 with respect to the variables x;, and all the functions R are a sum of a polynomial of degree
< (k—1) in the variables z, and of monomials of the form u** and x, u’*. Let us develop now
the relations (77) separately for j = i; and j # i;. We obtain the five equations:

0=C1 R;lk wn —C2QE
O—ClRfEk wins  JF i,

(82) 0= R;;k i —Ch 1Q$k oy k2 # K
O—Rik winr JF
0= —Q .., ks#k, ks#ko.
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According to the equations (76), (81), (82), we have the following form of the general solution:

n n
Q' (z,u) = A" + Z By ik, + Z Chey Th, 21,
k’lfl kl*l
n
(83) Z (k= 1) Ch, wpy u + Z D! u™ + BP0 Z B! g, +
: 11 1 kl 1
L > o I - TRERE
1<k < <ke_1<n

Here the n + n? + n + m? + mCi L | constants A!, B. , Cy,, DI, E7° E}', ...,
Ezjcf...lkm,l € K are arbitrary. Moreover one can check that the vector space spanned by the
vector fields

0 . 0
8$k1 r 8:L‘k2 ,
0 0 0 0
84 4. _— _ 1 27 4 ... m__Z
(84) Tk (wl Oz ot Oz, + =1 (u oul ot 8um)) ’
w9 0 9 0
Ouiz’ Ouit’ Ty Quir’ y Lhy Lhy—1 Ouit’

is stable under the Lie bracket action and that the flow of each of these generators is indeed a Lie
symmetry of the system (). Finally the Lie symmetries of (&) have the following form:
(85)

(2, ) <az,o + D k1 Ok xk)
; n ’
T4+ k=1 6Tk /1<i<n
m J o 0,5 n 1,5 k=1,
Y= By e T R o e Tt <<y YRy kg TR Ty
1+ 35—y exap]rt '
1<j<m

We note again that these transformations preserve the solutions of (&) : u;',ﬂ1 —zy,,, = 0, namely
the graphs of polynomial maps of degree < (x — 1) from K™ to K™.

5.3. Nonhomogeneous system. Let x > 3. Let us expand the defining equations (69) as
done in (70). We will write only the coefficients of the five monomial families ct., Ulill’“_,lvz,
Ut . o UpUE and Ut URE L Moreover, we fix always [ = Iy = -+ = I =
le+1 = land i; = iy, except for the fourth family of monomials where we distinguish the
two cases iy = iz and i; # 42. Thus we obtain six linear equations of partial derivatives, the
members on the left side (coming from the expression of RJ1 k. given by Lemma 4) coin-
cide with the members on the right hand side of (75). Furthermore the members on the right
hand side are exactly the same as those obtained in (58), with more indices! We use the letters
U ky,...,kl.=1,...,nand j/,iy = 1,...,m for the indices of the arguments of the expres-
S|ons IT, obtaining the six following equations, which generalize the equations (58):

) j _ v i’
©06)  [: Rl .y H(qu z,l,R R;,,.. R;k,...xk;,RJv,),
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) j - v Y j
[1] . Thy Thy "Lk, =1 (‘T’U”Q ’ Ik/’R ka/"' ka/ Ik:{71
Lyvornn. l j
2] : g o) ’
[ ] ) ko(1)s ko (r—2) Tk (1) T () U
oceEGE™
j 2 : l ......... l 1
2t Ko1)o sko(n=38) Tho(p_0)Tho(x_1) Tho (k)
cecr3
o 4 / ]/ ] ]
H(x,u,Q Q@ RORL R R, Rzk,ul
Lyvornn l j
3] : g 0y ’ ;
[ ] ko(l)a --71%(%71) zka(m)ull
et
_§ Ly, 1 !
i1 2 : ko(1ys-- ko (n—2) ko(r—1) Tho(x)
ceGrT2
v j j J’
(SC U Q zk/ﬂ Rzk/"' Rzk/‘ Ik;,l,Ruill :
) Lol pj Y Lo 1 !
[4] : H5k17 ke Ruil uil Kdil Z 57%(1), ko (k—1) sza(n)u”
ceai!
v v j' pi Jj
(:E u, Q ka,a"'ank,---zk, ’Qu/l’R ka,)" Rmk/ Ty 1’
K=
j/ j/
)R il A ?R il
w1 mkﬁul zkiIkL, w1
] Ll j Y Lo 1 !
[5] : 26 5k1, sk Ruilulé Héil z 5ko(1)7"'1ka(n71) Qrka(m)uw
ceah!
. j Lyoeennnnn N l ) 1 1
K 0y, Z S S T uit |0 0 # io.
cecr!
v v i pJ J
<:r U Q sz/7"'7sz/u‘ h,17QUZ/1,R Rzk/ﬂ" ka/‘ ‘Ik/717
- -7 -/
7R]i/ i/ 9. ,RJ -/
u'l Tyrul Ty T u'l
. 2 J sl )L l
[6] . 70}1 5 5 vk Quil -
v i g’ J
(1" u Q sz/"' Qibk/~ "Ly 2,R ka/"' Ribk/ Ik/ 17
K=
j/ j/ j/
,R il ,R AR R il
w1 xkflul Lpr T pr dul
K=

Then we get the following Lemma:

).
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Lemma 5. Let J denote the collection of n + n? + n +m C/}_, + m? partial derivatives

(87) J—(Ql’ QU @ity B R, o RE ,Rj.,).

Tl wh

After linear combinations on the system (86) we obtain the following equations:

I(z,u,J) = Rikl g
(z,u,J) = sz
(z,u, J) = Rinuw
(88) (x,u,J) = leklwkzwkav
I(z,u,J) = ikluilv
I(z,u,J) = szllk ) ki # ks,
I(z,u,J) ékl%, L# by, U# ks

Moreover all the partial derivatives (with respect to ; and u?) up to order three of the coefficients
Q' and R’ of the vector field X € Gym(&) are of the form II(z, u, J). Hence every function Q'
and R is uniquely determined by the values at the origin of the n +n2 +n +m C,’;; L +m?
partial derivatives (87). This implies that dimg Sym(E) < n?+2n+m?2 +mCi L ;.

Proof. Since the second part of Lemma 5 is immediate let us establish only the identities (88). We
first specify the indices in the equation (86)3) as follows: [ = k., = --- = k3 = ko = k1 ; then
l = k,g = ... = ]fg = ko 75 k1 ;andfinallyl = k‘,g = ... = kg,kg 7é kQ,k’3 75 k1. ThngiVGS
three equations whose members on the right hand side are the same as those in the equation (77)
and whose members on the left hand side are the same as those in the equation (86) 5

(89)

i’ pi’ J i\ ol pi J
H(x u, Q sz/7R R k/’“ Rzk/zk; 17Rui/1) _Cﬁle wt _C 5 szlzk ’
II (x u, Q ka/ 7RJ R]k’ e Rgck/ g lyRilll) = R:Z/,klull Cé 1 6J kallk y k2 7é k1,

(:EUQ ka,,R’ R’k,,.. R;k,...xk, ,Rj,,): 8, Q% b ks ki, ks # ko

k—1 u’l

We remark that these three equations (after specialization of j = i; or of j # 4; and after
some easy linear combinations) provide directly the fifth, sixth and seventh equations of (88). In

particular we may replace the values of the partial derivatives R’ / , and QL with k] # &},

z/ul :E/:E/

orl’ # ki, ' # Kl appearing in the expressions II of the second member of (86)[1] by their
values just obtained from the fifth, the sixth and the seventh equations of (88). This gives the first

equation of (88).

Then we specify the indices in (86)y as follows: | = k., = -+ = k3 = ko = ki ; then
l=ke=-+=ks=ky #£ky;then]l =k, = -+ = ks, ks # ko, ks # ky ; and finally
l=kx =" =kl # k1,1 # ko, 1 # k3. This gives four equations, whose members on the

right hand side are the same as those in (78) and the members on the left hand side are the same
as those in (86)(y:
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v J j i’ j
H T, u, Q sz/ 7sz/ zk/ 7 Rzk/ ’ Rzk/ Tt 7R il 7R il
< u

J
- C»i 511 kallk Ty

Ty Tpoy U

RJ

T v

L R R R R A
1

C -1 551 szlzkzzkz ko 75 k17

J
ka,

m{zuQ"Ql, QL.

k”

Thy Thy il

(90)

NG j J 3’ J
H T, u, Q sz/ 7sz/ zk/ 7 Rzk/ P Rzk/ T 7R i’ 7R i’

1 1
K—1 u Ik/u

70& 2551 thlkzxks k37ék17 kS#kQ,

lklxk wil

v .
RJ .. RJ R, R .
ack/ ’ ack/ k; 1 ) u1/17 op w1

l/
I {2uQ".QL, QL.

k”

=
( LR
=
<

:_6;,'71 szlzkzzk37 l?’ékh l#k% l#kg

Using the fifth, the sixth and the seventh equations of (88) just obtained, we may replace the
partial derivatives R, and Q" with k] # kb orl’ # K|, 1" # Kk} appearing in the

JEj/ u'l
expressions I1 of (90), prowdlng four new equations in which the arguments of 1T are the desired
ones: (x,u,J), where .J is defined in (87):

$kl fl)k/

_ 2 pJ 3 ¢J
H(l‘, U, J) - Cf'i Rzklzklun Cf'i 611 kalzklmkl
1 j 2
(91) H(x7u, J) =Gt Rimmk wit T Ci1 651 kalm’@‘“@ ka # k1,
H(x,u, J) = R]Iklfﬂk wil Cl 5 651 Q$k1$k2$k s ks # ki, ks # ko,
W(a,u,J) = =6, Qb wronys LF 1y L £k, 1#ks.

Let us differentiate now the equations (89) with respect to the variables xz; as follows: first
we differentiate (89), with respect to xj, ; then we differentiate (89), with respect to zy, ;
finally we differentiate (89)s with respect to xk,. The arguments in the expressions II in the

equation (89) contain now the terms Rmk, ...z,, » We replace them by their value given in the first

equation of (88) already obtained. The arguments also contain the terms R’ l " and QY
Ij/ u

with k] # kL orl’ # E{,l' # k}. We replace them by their value given by the fifth, the sixth

and the seventh equations of (88). We obtain three new equations in which the arguments of the

expressions II are the desired ones: (x, u, J), where J is defined in (87):

:Ek/ :Ek/

1 2
I (z,u,J)=C, Rik oy uit T Cs 551 kalmklmkl
(92) W(eud)= R, o = Chy 8 Q5 kb

I (x,u,J) = —551 C>2$k1$k235k3 ks # k1, ks # ka.

The seven equations (91) and (92) may be considered as three systems of two linear equations of
two variables with a nonzero determinant, the seventh equation being the last equation in (91).
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We immediately obtain:

Ow,u, J) = R) i =00 Qo oy

(©3) (z,u,J) = lk wguit = 531 kal%% ko # ki1,
H(x,u, J) = Mllk vl = 531 th%% ks # ki, ks # ko,
(z,u,J) = 551 zkl%u& ks # k1, ks # ko,

giving the fourth equation in (88).
It remains now to obtain the second and the third equations in (88). Let us write firstly

equation (86)(s with the choice of the indices j = i1, I = k; = --- = k,. This gives the
equation:
by =10 (;E u, QY QI QI - RV R;k,,.. Rgdk,m o
(94)
R, R . ... R )
u'l J;kzlull Typ Ty dull

We observe first that the differentiation with respect to the variables z; of one of the expressions
II(z,w, J) remains an expression H(z u, J). Indeed we see from (87) that there appears, in the
partial derivative .J,,,, derivatives Q" v with k7 # kb orl’ # ki, I’ # k). We may replace
them by their value obtained in the sixth and the seventh equations of (88). It also appears some
derivatives Q" by T (we replace them by their value obtained in the fourth equation of (88)),
some derivatives R;k/ g, (we replace them by their value obtained in the first equation of (88))
and some derivatives RJ (We replace them by their value obtained in the fifth equation

of (88)). Consequently We may write:
(95) [H(I7 u, J)]Il = H(gj’7 U, J)

It follows that any derivative with respect to x; (to any order) of the fourth and the fifth equations
of (88) provides expressions of the form II(x, u, J). In other words for any integer A > 3 and
any integer . > 1 we have

l
H(Z‘,U, J) = JJklIkQEkg,"'J«'k)\’
(96) j
(z,u,J) =

Ty »»»wkuuil :
We may replace then these values in the equation (94), replacing also the derivatives Qlk, -
with &1 # kb or I’ # ki, I' # ki by their values obtained in the sixth and the seventh equatlons
of (88). This gives the second equation of (88).

We also remark that by a differentiation with respect to the variables x;, the second equation
= II(x, u, J) just obtained implies, using (95):

ull

(97) Iz, u, J) = Q5 -

It remains finally to write (86)4) first with the choice of indices | = k1 = -+ = ks, j = i1
then with the choice of indices | = k1 = --- = ks, j # 1. We also write (86);5) first with the
choice of indices [ = ky = --- = k,, j = is then with the choice of indices | = k; = - - = k,

j # 11, j # i2. We obtain four new equations:
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i Ky -1 v I I v RJ Rj/
Wil 1 _K/ka ut x?“ﬂQ 7sz’17...7sz’1”‘zk;717Qui,17 zk/ y ety Ik£ sz—l’
3’ i’ 3’
VR, R" ... R L,
u'l z,u'l JACERE u'l
kl k kN 2
j - 1V v 4 G j 5’
Wil 1 *H ZE,U,Q 7ka/7"'7ka/---xk/ 7Q i/17 ka”'”’ka""xk’ )
1 1 k—1 u 1 k=1
i’ pi’ 3’ ;
7Ri’17R i,174“7R "k j # i1,
u T, u x T u
kY k! Kl o
9Ri2 k1 -1 U A 14 |4 RJ Ry R
uilui27ﬁ/szlu1 - ZE,U,Q 7ka/17"'7ka/1---xk;717Qui/17 xk””" Tyt xk; 17
3’ i’ ; ;
R, R, ...R s A,
u'l zk/ul wk/- X 2ul
K—
. ’ ’ ’ ’ v
J _ 1 l l 1 J J
wilyi2 T H ($7’U17 Q 7sz/1 LA szllzk;—l ) Qui’ 7R Rzk/ yr et Rzk/ . k; L )
i’ i’ 5’ N S
R, g R a | i F e, JF e, §F
u'l Tprul ackll Xy 2ul
K=

Using the equations of (88) we already obtained (namely all except the second equation), us-

ing

(96) and (97), we may simplify these four equations:

(z,u, J) = Ry}, s
(99) (l’ U J) = R]nulla .] 7é 7:17
(I U J) = Ruwluwga il # iQa
(l’ U J) :R]nulza il #iQa j#ila .] #12

This gives the second equation of (88), completing the proof of Lemma 5 and consequently the

proof of Theorem 1.
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