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ABSTRACT. We present a homogeneous real analytic hypersurface in C3,
two-nondegenerate, Levi uniform of rank one, with a seven dimensional CR
automorphism group such that the isotropy group of each point is two-
dimensional and commutative. The classical tube over the two dimensional
real cone in R3 is also homogeneous and has a seven-dimensional CR auto-
morphism group. However, our example is not biholomorphic to the tube
over the real cone, because the two-dimensional isotropy groups of I'¢ are,
in contrast, noncommutative.

1. INTRODUCTION

In the paper Uniformly Levi degenerate CR manifolds; the 5-dimensional case
[E2001], Peter Ebenfelt presented the tube I'c := C'+iR3 C C3 over the real two-
dimensional cone C := {z? + 2% — 23 = 0} C R? as a standard model among the
class of uniformly Levi degenerate, 2-nondegenerate real analytic hypersurfaces
M in C3. Following the Elie Cartan algorithm to solve the equivalence problem,
I'c is characterized by the vanishing of some curvature in [E2001]. It is also
proved that the isotropy subalgebra 2utcr(M, p) of a point p € M, namely the
Lie subalgebra of infinitesimal CR automorphisms K € Autcr(M) defined in a
neighborhood of p in M and vanishing at p, satisfies dimg Qutcr (M, p) < 2 and
consequently also dimpg Qutcr(M) < 7. As it is known that I'c is homogeneous
and that dimg Autcr(Te,p) = 2 for every p € T'c (see [E2001]), one might ask
whether the standard model I'c is characterized by the maximal dimension of its
isotropy CR automorphism subalgebras. However we present here a simple ex-
ample of a homogeneous hypersurface My in C3, having two-dimensional isotropy
subalgebras, which is not locally biholomorphically equivalent to I'c. In fact, the
isotropy subalgebras Jutcr(Mp, p) are commutative whereas the corresponding
Autcr(Te,p) are noncommutative. Analogously, the sphere is not the unique
flat standard model among Levi nondegenerate hypersurfaces in C3, since there
is also the quadric Imw = |21]? — |22|?, see [CM1974], [M2001].

Acknowledgment. The authors thank Bernard Coupet for precious remarks con-
cerning this work.

2. CONSTRUCTION OF THE EXAMPLE

2.1. Preliminaries. A real analytic hypersurface M of C**! is uniformly Levi
degenerate of rank r at p if the Levi form is of constant rank equal to r < n
over M. To study the geometry of M, higher order nondegeneracy conditions
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are then necessary. Let M = {z € C"*! : p(z,%) = 0} with p real analytic and
dp#0on M. Let pe M.

Definition 2.1. ([BER1999]) The hypersurface M is finitely nondegenerate at
p if there exists a positive integer k such that

(2.1) span{L"Vp(p,p): a € N, |a| <k} = C"*1,

where Vp is the holomorphic gradient of p, where (L1,..., L,) is a basis of CR

vector fields near p and where L =T]" ... T,".

The smallest integer k =: ¢, satisfying this condition is a local biholomorphic
invariant called the Levi type of M at p (we put ¢, = oo if no finite k satis-
fies (2.1)). We remind that M is called holomorphically nondegenerate if there
is no holomorphic vector field tangent to an open subset of M. It is known
(see, for instance, [BER1999]) that if M is connected and holomorphically non-
degenerate, then there is a biholomorphic invariant £, called the Levi type of M
with 1 < /)y <n — 1, and a proper real analytic subset > of M such that M is
£pr-nondegenerate at each point of M\X.

Hence there are three different types of (connected) real analytic hypersurfaces
in C® at a generic point: A: the holomorphically degenerate ones, which are
locally biholomorphic to a product N x A, where N is a real hypersurface in C?
and A is the unit disc in C; B: the Levi nondegenerate ones, whose Levi type
equals 1; and C: the 2-nondegenerate ones which are uniformly Levi-degenerate
of rank one.

2.2. General form of a 2-nondegenerate hypersurface in C3. Let now M
be a small piece of a rigid real analytic hypersurface passing through the origin
in C3 given by M =: {w +w = F(z,%)}, where z = (21, 22). Assume that M is
uniformly Levi degenerate of rank 1, namely that the Levi form of M has exactly
one nonzero eigenvalue at every point. So M =: {w+W = 21271+ ;>3 F*(2,%)},
locally at the origin, where F* is a homogeneous polynomial of degree k with
respect to z,Z and the Levi determinant of M must vanish identically:
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= 0 in a neighborhood of the origin, so there are four com-

(2.2)
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In particular F 5’25
plex constants asi100, 2001, @1110 and agiag such that : F3(z,Z) = a21002721 +
20012372 + a1110212221 + (01202571 + @21002121° + G200122Z1° + G1110212122 +
ao12021%2°-

The transformation z — y = (y1,y2) := (21 +a21002% +a11102122 + ao12023, 22)
is a local biholomorphic map at the origin. In the (w,y1,y2) coordinates M is
represented by M = {w + W = 1171 + a2001Y1Y2 + TG200191 Y2 + D k>4 G*(y,9)}
where G* is a homogeneous polynomial of degree k with respect to (y,7). As-
suming that M is 2-nondegenerate it follows that asg01 7# 0 and so by a rescaling
of the y» axis we may write :

(2.3) M ={w+® =y + i + Ty + Y G (y,79)}
k>4
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2.3. Construction of the example. Coming back to the previous notation z
instead of y in (2.3), the vanishing of the Levi determinant (2.2) is now equivalent
to the following equations:

(s Gim = 4nm
(x5 G5 = 2aG . +7C)
(2.4) ; /
W Gl = 2aGig+AGL) + T GL5GhE,
for every k > 6.

The integration of ()4 gives G*(2,%Z) = 42171207 + G*(2,%Z) where éﬁzz =0.
We set G* = 0 for the construction of a particular hypersurface denoted by M,
in the sequel.

The integration of (x)5 gives G®(2, %) = 4(222072° + Z1°23%) + G°(2, Z) where
0225 = 0. We set G® = 0 and subsequently G¥ = 0 for every k > 6, so we
obtain the following expansion for the defining equation of Mjy:

(2.5) My ={w+T = (2171 + 2172 + 7i°22) »_ 4" (22%)"},
k>0

and My is uniformly degenerate. By the change of variables z — (z1,222) we
obtain the final form of My. More precisely we denote by M the connected piece
passing through the origin with |z3] < 1:

— 2= | =2
22121 + 2{Z2 + Z1°22

(2.6) My={w+w= : 22| < 1}

1—225

2.4. Geometry of M. The (1,0) vector fields tangent to My are generated by

LoD [FErE) 0

(2.7) 0z1 1— 29725 ow
' .0 [E+am)?] 0
2 0za (1 —202)2 | Ow’

The kernel of the Levi form is generated by the vector field

T___[z—wm—g} o 0 _[(zTﬂ@)T 0

2. 2 42 7
(28) 0 0m | 0=—nm)

ow’

1— 2079
Indeed, we compute:

Finally, according to a theorem of Freeman [F1976], M, is necessarily foliated
by complex curves. In fact, My is foliated by the complex lines z1 := zo — Zo(,
2o 1= (, w = 2% + i\ — (Zo?, where zp € C, A € R and where ¢ € C satisfies
I¢| < 1.
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3. BIHOLOMORPHIC INEQUIVALENCE OF I'c AND M

The inequivalence of I'c and My is based on the comparison of the isotropy
subalgebras of two reference points for these hypersurfaces. In the two forecoming
subsections, we determine the Lie algebra of the infinitesimal CR automorphisms
of I'c and M.

3.1. Geometry of I'c. The tube I'¢ is invariant under translations in the tube
directions, dilatations and automorphisms of the real quadratic form z% +x3 —z2.
The infinitesimal generators K1, ..., K7 of these seven independent transforma-
tions form a Lie algebra and are the real parts of the following holomorphic
vector fields :

0 0 0]
X'=i— X?=i— X?=i—
16217 16227 162’3,
0] 0 0 0 0
3.1 X4 =2 — — — X5 = ot p—
( ) A1 621 + 22 62’2 + 3 62’3 ’ =2 621 A1 62’2 ’
0 9] 0 0
X0 = 25— — X7 = 23— —
=3 821 ta 823 ’ =3 822 + 2 823
These transformations K7, ..., K7 exhaust the infinitesimal CR automorphisms

of 'c. Indeed, let p € I'c outside the singular locus. One can prove that
any biholomorphic local self-map of I'c defined in a neighborhood of p must be
affine of the form C* 5 Z +— ®(Z) + ib € C3, where b € R® and ® is a linear
mapping with real coefficients which stabilizes C near Re p. Then ® is necessarily
a dilatation or an automorphism of z3 + 23 — 23 (see [Pi1966] for the study of
global biholomorphisms of tube domains or [E2001] for the local study).

Since I'c is homogeneous, we can study its local geometry in a neighborhood of
the point pg := (1,0, 1). The (1, 0) vector fields tangent to I'c are then generated
near po by

8 X1 (9
L=+ = —,
(3 2) 621 I3 623
) 0 X9 0
L2 .

N 822 I3 823.

Furthermore, the vector field T := ,7:16%1 + .1‘26;22 + l‘gaizg spans the kernel of
the Levi-form, because [L1,T] = § L and [L2,T] = 4 Ly. Also, the regular
locus of T'c (¢f. [F1976]) is globally foliated by complex lines as follows: z1 :=
(r+1is)cosf + i\, zo := (r +is)sin€ + iy, z3 := r + is. Also, computing (2.1),
it is easy to check that I'c is 2-nondegenerate at every point.

Finally, the isotropy Lie algebra utcr(T'c,po) is generated by the two vector
fields Kg = K4 — Kg and K9 = K5 + K7. We observe that [2Kg,2Ky] = 2Ky.
Since the regular part of I'c is homogeneous, it follows that the isotropy algebras
Autcr(Te, p) are all noncommutative.

3.2. Computation of the Lie algebra of M. The computation of the Lie
algebra of utc (M) at the origin is based on the Lie theory of the prolongation
of vector fields (see [011986], [011995]) and on the fundamental observation by
Alexandre Sukhov in [Su2000] that the Segre varieties are solutions of nonlinear
systems of PDE’s. We would like to mention that the direct computation of this
Lie algebra, using only the tangency condition for an infinitesimal CR automor-
phism of M, involves the resolution of a huge system of approximatively sixty
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partial linear differential equations. Using the Lie theory we restrict the study
to a much simpler system of only nine partial linear differential equations.

Let us write (z1, x2,u,T1, T2, ) instead of (z1, 22, w, 71, Z2, w) and let us con-
sider w, T1, T2 as complex parameters, x1, ro as two independent variables and
u as a dependent variable, i.e. as a function of x1, z2 in the defining equation
(2.6) of M. Then the two differential terms:

__ Ou 2(T1 + x172) _ R 2T5
(3.4) Ugy = 50— =~ — Up2 = 55 = 77—
0x1 1 — 2275 Oxy 1 — 2575
are sufficient to express any partial derivative wu, kgl = %:
2
1
Uz, = Z(UI1)27 Ugd = 0,
1 1
Uz = 5 Uy Uz%, UCE%IQ = 5 (um%)2a
(3.5) 1 , 1 ,
uz% = 4 (u:m) uzlv uzlx2 = 5 Ugy (UI%) )
3
Uzp3 = g (uﬂﬁl) (um2)2

Let us denote JS’J((C) the jet space of partial derivatives up to order three of one
function u depending on two complex variables z1, x2, equipped with coordinates

1 772 772 2 2 3 3 3 3
(3-6) (151, x2,u, Uy, U7, U1,17 U1,27 U2,2a U1,1,17 U1,1,27 U1,2,2a U2,2,2)-

To the system (3.5) corresponds the following complex submanifold of J3 ; (C):

1
U21:Z(U11)2a U111 0,
2 | 3 1 2
U1,2 = D) Ui Ul,la U1,1,2 = 5 (U )
(3.7) . .
U22,2* Z(Ull)QUfu U13,2,2:§U (Ul 1) )
3
U23,2,2 8 (U1) (U1 1) .

The computation of the Lie algebra 2utcr(Mp) is based on the following three
observations:

1. The solutions of the system (3.5) are exactly the Segre varieties of M.

2. Every local biholomorphic map stabilizing My maps every Segre variety
onto another one and hence is a symmetry of the system (3.5).

3. Since Mj is holomorphically nondegenerate, it follows from [Cal932,
pp. 30-32] that the group of CR automorphisms of My is a maximally
real subspace of the symmetry group of the differential system (3.5).

It remains to determine the symmetry group of (3.7), using the
Lie criterion. ([O11986]) A vector field Y = Q3% + Q*5% + R is an

infinitesimal symmetry of the system (3.5) if and only if its third prolongation
Y? is tangent to the complex manifold defined by equations (3.7) in J3 ,(C).
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The third prolongation of Y can be written (c¢f. [Su2000], [GM2001]):

0 0
3 _ 1
Yo=Y+ Z le UL Z J17J2 6U2 +
1<, <2 T 1<j,j2<2 g1.d2
(3.8) P
3
+ Z RJthJs oU 3 )
1<j1,72,73<2 31 J2,J3
where the terms le, RJ21 2 R?l arjs» Ji = 1,2, are computed by induction:
2
R, = Dy(R) - Di(@HUL
2
(3-9) RJQI 2 - Djz (Rgl'l) - Zk:l Djz (Qk) U]'Ql,kv
R?hjzajs = DjS( .717.72) Ek 1D ( )UJ317J2,k’
using the operators of total derivative for j =1,2,3:
0 e 0 0] 3 0
(3.10) Di:3_+ Ja_Jr Z Jm aUl Z Uji v U2
1<j1<2 1 1<y, <2 J1,J2

For instance, the expression of Ril’l is as follows:
(3.11)

R} 11 = Rog + BRusz — Qual Ul + [~Q2%:] Uz + [BRyza, — 3Q,2] (U1)*+
+[=3Q7,2] Ul Uy + [Rys = 3Qu2,,] (U1)® + [=3Q3%:,, ] (U1)? Uy +
[~ Qus] (UD)* + [-Q0s] (U1)* Ug + [BRua, — 3Qq] UT 1+
[—2Q,2 | U? o+ [BRu2 — 9Q., 1 UT U12,1 [-3Q7,,1Us U12,1WL
[-6Q uxl] Ui U} o+ [ 6Q.2] (U1)? U12,1 +[-3Q2%:] (U})? U12,2WL
[-3Q3:]U; Uy U1 1 +[-3Q4) (U12,1)2 +[-3Q7] U12,1 U12,2+

[Ry — 3Qx1] Ul 11+ = 5Q92cl] Uio’,l,z + [-4Q,| U} U§,1,1+
[-5Qa] U} U112++[ QZ]UQU&J-

N
N
N
.
N
.

The Lie criterion is equivalent to saying that the following equalities are satisfied
on the variety defined by (3.7):

(3.12)
1
R% = 5 R%Ulla R?,l,l =0,
1
R%,Q = §(R%1U11—|—R}U12,1), R112 _R%,1U12,1a

1 1
R%,Q = §R%U11U12,1 + 1 R%,l(Ull)2a R} 22 = R%(U12,1)2 + R?,lUlla
3
R2 22 = R%Uf(UfJ)Q + R%,1(U11)2U12,1-

Substituting the explicit expressions of the R terms, we get a system of linear
partial differential equations. We extract the following ones, which are sufficient
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to determine Y completely:

(3.13)
1
Constant term in R3 = §RiU11 : Ry, =0,
1 1
U} term in RY = §R}U11 : 3152 = —§Rzl,
. 1 1 1 1
(Ull)2 term in R% = §R}U11 : ZQiZ = 5@;1 — ZRU’
1 1 1
(UN? term in Ry = —RJU; : ~Q. =—=Q% .
2 4 8
1 1
(UH? term in R} = —RIU} : —Q? =0,
2 16
1 1
(U1 term in R, = SRS BIUZ) . Qb b (R — Q) =
1
= 5(2Ruz1 - Qi%)a
1 1
(U term in R, = (RS, U} + BIUZ,) B - Qy — QR =
1 1
Constant term in Ril’l =0: R, =0,
5
(U?,)? term in R} ;| =0 —§Q§1 -3QL =0

The resolution of these nine linear PDE’s gives the following general form for
a generator of the symmetry group of the system (3.5):

0 0
Y = (v 4+ dx1 + axe + ﬂzlxg)a—xl + (p+ (20 +€)xe + ﬂz%)a—mQJr
0

% )

where «, (3, v, §, €, A, u are complex constants.

A basis of the infinitesimal CR automorphisms of My, expressed in the (21, 22, w)
coordinates, is given by the real parts of the following linear complex combina-
tions of the seven generators given by (3.14) [Cal932, pp. 30-32]):

(3.14)
+ (\ = 2amy —eu — px7)

Xt = if

ow’
X? = a1 +2wd,
X3 = i(zgs +225%),
(3.15) Xt = (2-1)% 224,
X5 = i((l—i—z'g)a%l—%la%),
XS = mz + (3 -1)Z - 222,
X" = i(zlzgaih—l—(z%—i—l)aizz—zf%).
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3.3. Local biholomorphic inequivalence of I'c and M. The isotropy al-
gebra Autcr(My,0) is generated over R by the real parts of X2 and X3 and
hence is commutative since [X?2, X3] = 0. On the contrary the isotropy algebra
Autcr(Te, po) is generated by the vector fields Kg and Ky (see subsection 3.1),
satisfying the condition [2Kg,2Ky] = 2Ky. This implies that I'c and M, are
locally biholomorphically inequivalent.

Open question. It would be of great interest to provide a complete classification
of real analytic homogeneous hypersurfaces in C3, in the spirit of Elie Cartan’s
list in dimension two [Ca 1932].
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