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Chapter 1

Introduction

This manual documents the major ECL?PS® libraries in particular the constaint solver libraries
developed at ECRC and IC-Parc. They are enabling tools for the development and delivery
of planning and scheduling applications. Since this is an area of active research and new
developments, these libaries are subject to technical improvements, addition of new features
and redesign as part of our ongoing work. Most of this software is now being developed
and maintained in the context of the ICL-sponsored ECL‘PS®-II project, but incorporates
contributions from other projects at IC-Parc, in particular the European-funded CHIC-II
project.

In this section we shall briefly summarize the constraint solvers that are available as ECL‘PS®
libraries. No examples are given here - each solver has its own documentation with examples
for the interested reader.

1.1 Suspended Goals: suspend

The constraint solvers of ECL‘PS® are all implemented using suspended goals. In fact the
simplest implementation of any constraint is to suspend it until all its variables are sufficiently
instantiated, and then test it.

which behave like this!.

1.2 Finite Domains: ic

1.2.1 Integer Domain

The standard constraint solver offered by most constraint programming systems is the finite
domain solver, which applies constraint propagation techniques developed in the AI com-
munity [21]. ECL?PS® supports finite domain constraints via the ic library?. This library
implements finite domains of integers, and the usual functions and constraints on variables
over these domains.

'Note that the global flag coroutine has a similar effect: it causes the arithmetic comparisons as well as
many other built-in predicates to delay until they are sufficiently instantiated
2There is also an older implementation, the fd library, whose use is deprecated



1.2.2 Symbolic Domain: ic_symbolic

In addition to integer domains, ECLPS® offers finite domains of ordered non-numeric values,
for example red, green, blue. These are implemented by the ic_symbolic library.

Whilst there is a standard set of constraints supported by the ic library in ECL'PS¢ and
in most constraint programming systems, many more finite domain constraints have been
introduced which have uses in specific applications and do not belong in a generic constraint
programming library. The behaviour of these constraints is to prune the finite domains of
their variables, in just the same way as the standard constraints. Therefore ECL'PS¢ offers
several further libraries which implement more constraints using the ic library.

1.2.3 Global Constraints: ic_global

One such library is 4c_global. It supports a variety of constraints, each of which takes as an
argument a list of finite domain variables, of unspecified length. Such constraints are called
“global” constraints [2]. Examples of such constraints, available from the ic_global library are
alldifferent/1, maxlist/2, occurrences/3 and sorted/2.

1.2.4 Scheduling Constraints

There are several ECL’PS€ libraries implementing global constraints for scheduling applica-
tions. The constraints have the same semantics, but different propagation. The constraints
take a list of tasks (start times, durations and resource needs), and a maximum resource
level. They reduce the finite domains of the task start times by reasoning on resource bot-
tlenecks [13]. Three ECL!PS® libraries implementing scheduling constraints are cumulative,
edge_finder and edge_finders3.

1.3 Sets

ECL/PS® offers constraint solving over the domain of finite sets of integers. The ic_sets library
works together with the ic library to reason about sets and set cardinality [10]3.

1.4 Intervals

Besides finite domains, ECL!PS¢ also offers continuous domains in the form of numeric in-
tervals. These are also implemented by the ic library, which is an integration of an integer
finite domain solver and interval reasoning over continuous intervals*. It solves equations
and inequations between general arithmetic expressions over continuous or integral variables.
The expressions can include non-linear functions such as sin, built-in constants such as pi.
Piecewise linear unary functions are also available.

In addition to constraints, ic offers search techniques (splitting [20] and squashing [17]) for
solving problems involving continuous numeric variables.

3There is also an older implementation, the conjunto library, which is generally less efficient, but implements
sets of symbolic elements as well as integer sets

4The ic library replaces the old ria interval solver, and covers most of the functionality of the finite domain
solver fd



1.5 User-Defined Constraints

1.5.1 Generalised Propagation: propia

The predicate infers takes as one argument any user-defined predicate, and as a second
argument a form of propagation to be applied to that predicate.

This functionality enables the user to turn any predicate into a constraint [16]. The forms of
propagation include finite domains and intervals.

1.5.2 Constraint Handling Rules

The user can also specify predicates using rules with guards [9]. They delay until the guard
is entailed or disentailed, and then execute or terminate accordingly.

This functionality enables the user to implement constraints in a way that is clearer than
directly using the underlying suspend library.

1.6 Repair

The repair library allows a tentative value to be associated with any variable [22]. This
tentative value may violate constraints on the variable, in which case the constraint is recorded
in a list of violated constraints. The repair library also supports propagation invariants [18].
Using invariants, if a variable’s tentative value is changed, the consequences of this change
can be propagated to any variables whose tentative values depend on the changed one. The
use of tentative values in search is illustrated in the ECL!PS¢ “Tutorial on Search Methods”.

1.7 Linear Constraints

There are two libraries supporting linear constraint solving. The first eplex provides an
interface to external linear programming packages. It offers flexibility and scalability, but may
require a license for the external software. The second clpgr can support infinite precision,
but is less efficient and scalable and offers fewer facilities.

1.7.1 External Linear Solvers: eplex

eplex supports a tight integration [3] between external linear solvers (CPLEX [12] and XPRESS
[19]) and ECL‘PS®. Constraints as well as variables can appear in both the external lin-
ear solver and other ECL'PS® solvers. Variable bounds are automatically passed from the
ECL’PS® range solver to the external solver. Optimal solutions and other solutions can be
returned to ECL!PS® as required. Search can be carried out either in ECL'PS® or in the
external solver.

1.7.2  clpgr

The clpgr library offers two implementations of the Simplex method for solving linear con-
straints [11]. One version uses rationals and is exact. The other version uses floats. This
library employs public domain software, and can be used for small problems (with less than
100 variables).



1.7.3 Piecewise Linear: epler_relax

This library handles any user-defined piecewise linear function as a constraint closely inte-
grated with eplex. It offers better pruning than the standard handling of piecewise linear
constraints in the external solvers [1].

1.7.4 Probing for Scheduling

For scheduling applications where the cost is dependent on each start time, a combination of
solvers can be very powerful. For example, we can use finite domain propagation to reason
on resources and linear constraint solving to reason on cost [4].

The probing_for_scheduling library supports such a combination, via a similar user interface
to the cumulative constraint mentioned above.

1.8 Other Libraries

The solvers described above are just a few of the many libraries available in ECLiPSe and
listed in the ECL‘PS® library directory. Any ECL?PS® user who has implemented a constraint
solver is welcome to send the code to the ECL!PS® team at IC-Parc so that it can be added to
the available libraries. Comments and suggestions on the existing libraries are also welcome!



Chapter 2

Common Solver Interface

2.1 Introduction

ECL/PS® now provides a common syntax for the main arithmetic constraints provided by
different constraint solvers. The basic idea is that the name and syntax of the constraint de-
termines the declarative meaning, while the operational semantics (the algorithmic constraint
behaviour) is determined by the module which implements the constraint. This principle
simplifies the development of applications that use hybrid solution methods. Constraints can
be passed easily to different, even multiple, solvers.

2.2 Common constraints
The constraints can be divided into the following groups:

e the numeric type constraints reals/1 and integers/1. Note that in this context, integers
are considered a subset of the reals.

e the range constraints ::/2, #:: and $::/2, which give upper and lower bounds to their
variables. In addition, ::/2 and #: : can also imply integrality.

e arithmetic equality, inequality and disequality over the mathematical real numbers,
e.g. $=, $>=, > $\= (and their symnonyms =:=, >=, >, =\=). Note that in this context,
integers are considered a subset of the reals and can therefore occur in these constraints.

e arithmetic equality, inequality and disequality which in addition to the above constrain
all variables within their arguments to integers. Syntactically, these generally have a
leading #, e.g. #=, #\=, #<.

Not all constraints are supported by all the solvers. For example, the finite domain solver does
not support any of the constraints that take real numbers. Table 2.1 shows the constraints
that are available from the various constraint solvers. In the table, a ‘yes’ entry indicates
that the particular constraint is supported by the particular solver. Note that some further
restrictions may apply for a particular solver. For example, the finite domain solver can
handle only linear expressions. Refer to the documentation for each individual solver to see
what restrictions might apply.



$::2

$=/2 #::/2

$>=/2 #=/2

$=</2 | $>/2 #>=/2

=:=/2 | $</2 #=</2

>=/2 | >/2 | $\=/2 #>/2

=</2 | </2 | =\=/2 | ::/2 | #</2 | #\=/2 | integers/1 | reals/1
suspend yes yes yes yes yes yes yes yes
ic yes yes yes yes yes yes yes yes
eplex yes — — yes — — yes yes
colgen yes — — yes — — — yes
(arith) || (yves) | (yes) | (yes) | — | — — — —

e If integer bounds are given to the eplex version of ::/2 the external solver does not consider
this as an integrality constraint and only solves the continuous relaxation which can then be
rounded to the next integer. To make the external solver solve a mixed integer problem, use the
eplex version of integers/1.

Table 2.1: Supported constraints for various arithmetic solvers

Note that the last line, labelled ‘arith’, is not really a constraint solver but represents just
the standard arithmetic tests which require all variables to be instantiated. This behaviour
is provided by the (automatically imported) module eclipse_language.

It can be somewhat confusing that these standard arithmetic tests have the same names as
the corresponding constraints. One one hand, they have the same declarative meaning. On
the other hand, they are not really interchangeable because they can only be used as tests, not
as active constraints. The following synonyms are therefore provided to make the distinction
visible where needed, and to reduce the need for module-qualification:

$=/2 | =:=/2
$\=/2 | =\=/2
$>=/2 | >=/2
$=</2 | =</2
$>/2 >/2
$</2 </2

2.3 Using the constraints

To use the constraints, ECL‘PS® needs to know which solver to pass a particular constraint
to. The easiest method for doing this is to module qualify the constraint. For example,

., ic: (A #>= B),

passes the constraint A #>= B to the ic solver. The solver must be loaded first (e.g. via lib/1)
before any constraint can be passed to it.

A constraint can also be passed to more than one solver by specifying a list in the module
qualification. For example,



., [ic, suspend]: (A #>= B),

will pass the constraint to both the ic and suspend solvers.

Module qualification is not needed if the constraint is defined by an imported module, and
there is no other imported module which defines the same constraint. For example, if ic is the
only imported module which defines #>=/2, then #>=/2 can be used without qualification:

., A #>= B,

Note that for constraints that are defined for eclipse_language, such as >= (the standard
arithmetic test), the default behaviour when an unqualified call to such a constraint is made
is to pass it to eclipse_language, even if another solver which defines the constraint is
imported. Thus, for example

., A >=B,

will by default have standard (i.e. non-suspending) test semantics, even if, e.g. the ic library
(which also defines >=/2) is imported. To access the ic version, module qualification should
be added:

., ic: (A >= B),
Alternatively, the synonymous $>=/2 constraint could be used:
., A $>= B,

In general, module qualifications are recommended if the programmer wants to ensure a
particular constraint behaviour regardless of which other modules might be loaded. On the
other hand, if the intention is to switch easily between different solvers by simply loading a
different library, module qualification is best omitted.

Finally, it is also possible to let the running program determine which solver to use. In this
case, the program has a variable in the module position, which will only be bound at runtime:

., Solver:(A #>= B),

This will however prevent the solver from performing any compile-time preprocessing on the
constraint.

2.4 The Solvers

suspend This is the simplest possible ’solver’. Its behaviour is to wait until all variables in a
constraint have been instantiated to numbers. Then it performs a test to check whether
the constraint is satisfied, and fails if this is not the case.

ic A new hybrid solver, combining integer and real interval constraint solving. This solver
is intended to replace the FD (and the already discontinued RIA) solver. For more
information, please see chapter 3.

eplex An interface to an LP or MIP solver, i.e. it implements linear constraints over reals or
integers.



arith This is not really a solver, but just the implementation of simple arithmetic tests in
module eclipse_language. These require that all variables are instantiated when the
test is invoked. The reason to list it here is that the proper solvers use the same syntax
and can be considered generalisations of the traditional tests.



Chapter 3

IC: A Hybrid Finite Domain / Real
Number Interval Constraint Solver

3.1 Introduction

The IC (Interval Constraint) library is a new hybrid integer /real interval arithmetic constraint
solver. Its aim is to make it convenient for programmers to write hybrid solutions to problems,
mixing together integer and real constraints and variables.

Previously, if one wished to mix integer and real constraints, one had to import separate
solvers for each, with the solvers using different representations for the domains of variables.
This meant any variable appearing in both kinds of constraints would end up with two domain
representations, with extra constraints necessary to keep the two representations synchronised.

3.1.1 What IC does

IC is a general interval propagation solver which can be used to solve problems over both
integer and real variables. Integer variables behave much like those from the old finite domain
solver FD, while real variables behave much like those from the old real interval arithmetic
solver RIA. IC allows both kinds of variables to be mixed seamlessly in constraints, since (with
a few exceptions) the same propagation algorithms are used throughout and all variables have
the same underlying representation (indeed, a real variable can be turned into an integer
variable simply by imposing an integrality constraint on it).

IC replaces the ‘fd’, ‘ria’ and ‘range’ libraries. Since IC does not support symbolic domains,
there is a separate symbolic solver library ‘ic_symbolic’, to provide the non-numeric function-
ality of ‘fd’.

3.1.2 Differences between IC and FD
e IC supports real variables and constraints; FD does not.

e FD supports symbolic domains; IC does not (use the ic_symbolic library).

e In FD, numeric domains are more or less limited to -10000000..10000000 (this default
domain can be modified, but the larger one makes it, the more likely one is to run
into machine integer overflow problems). In IC there is no limit as such, and bounds on
integer variables can be infinite (though variables should not be assigned infinite values).

9



However, since floating point numbers are used in the underlying implementation, not
every integer value is representable. Specifically, integer variables and constraints ought
to behave as expected until the values being manipulated become large enough that
they approach the precision limit of a double precision floating point number (2°! or
so). Beyond this, lack of precision may mean that the solver cannot be sure which
integer is intended, in which case the solver starts behaving more like an interval solver
than a traditional finite domain solver. Note however that this precision limit is way
beyond what is normally supported by finite domain solvers (typically substantially less
than 232). Note also that deliberately working with integer variables in this kind of
range is not particularly recommended; the main intention is for the computation to be
“safe” if it strays up into this region by ensuring no overflow problems.

e IC usually requires that expressions constructed at runtime be wrapped in eval/1 when
they appear in constraints; otherwise the variable representing the express may be
assumed to be an IC variable, resulting in a type error. See section 3.1.7 for more
details. We hope to remove this limitation in a future release.

e IC does not support the #<=/2 syntax for less-than-or-equal constraints. Use #=</2
(the standard ECL'PS® operator for integer less-than-or-equal constraints, also sup-
ported by FD) instead. Similarly, use #\=/2 instead of ##/2.

e The reified connectives provided by the two solvers are different: FD’s #\+/1, #/\/2,
#\//2, #=>/2 and #<=>/2 (and their reified versions) correspond to IC’s neg/1,
and/2, or/2, =>/2 and #=/2 (and their reified versions). Note that IC has better
reification support, in that any constraint may be embedded in any other constraint
expression, evaluating to that constraint’s reified value.

e The primitives for accessing and manipulating the domains of variables are different;
see section 3.2.7 on variable domain query predicates for details of IC’s support for this.

3.1.3 Differences between IC and RIA

The main difference between IC’s interval solving and RIA’s is that IC is aware of and utilises
the bounded real numeric type. This means bounded reals may appear in IC constraints, and
IC variables may be unified with bounded reals (though direct unification is not recommended:
it is preferable to use an equality constraint to do the assignment). In contrast, RIA will fail
with a type error if bounded reals are used in either of these cases.

3.1.4 Notes about interval arithmetic

The main problem with using floating point arithmetic instead of real arithmetic for doing
any kind of numerical computation or constraint solving is that it is only approximate. Finite
precision means a floating point value may only approximate the intended real; it also means
there may be rounding errors when doing any computation. Worse is that one does not
know from looking at an answer how much error has crept into the computation; it may be
that the result one obtains is very close to the true solution, or it may be that the errors
have accumulated to the point where they are significant. This means it can be hard to know
whether or not the answer one obtains is actually a solution (it may have been unintentionally
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included due to errors), or worse, whether or not answers have been missed (unintentionally
excluded due to errors).

Interval arithmetic is one way to manage the error problem. Essentially each real number is
represented by a pair of floating point bounds. The true value of the number may not be
known, but it is definitely known to lie between the two bounds. Any arithmetic operation
to be performed is then done using these bounds, with the resulting interval widened to take
into account any possible error in the operation, thus ensuring the resulting interval contains
the true answer. This is the principle behind the bounded real arithmetic type.

Note that interval arithmetic does not guarantee small errors, it just provides a way of knowing
how large the error may have become.

One drawback of the interval approach is that arithmetic comparisons can no longer always
be answered with a simple “yes” or “no”; sometimes the only possible answer is “don’t know”.
This is reflected in the behaviour of arithmetic comparators (=:=, >=, etc.) when applied to
bounded reals which overlap each other. In such a case, one cannot know whether the true
value of one is greater than, less than, or equal to the other, and so a delayed goal is left
behind. This delayed goal indicates that the computation succeeded, contingent on whether
the condition in the delayed goal is true. For example, if the delayed goal left behind was
0.2__0.4 >= 0.1__0.3, this indicates that the computation should be considered a success
only if the true value represented by the bounded real on the left is greater than or equal to
that of the bounded real on the right. If the width of the intervals in any such delayed goals
is non-trivial, then this indicates a problem with numerical accuracy. It is up to the user to
decide how large an error is tolerable for any given application.

3.1.5 Interval arithmetic and IC

In order to ensure the soundness of the results it produces, the IC solver does almost all
computation using interval arithmetic. As part of this, the first thing done to a constraint
when it is given to the solver is to convert all non-integer numbers in it to bounded reals.
Note that for this conversion, floating point numbers are assumed to refer to the closest
representable float value, as per the type conversion predicate breal/2. This lack of widening
when converting floating point numbers to bounded reals is fine if the floating point number
is exactly the intended real number, but if there is any uncertainty, that uncertainty should
be encoded by using a bounded real in the constraint instead of a float.

One of the drawbacks of this approach is that the user is not protected from the fundamental
inaccuracies that may occur when trying to represent decimal numbers with floating point
values in binary. The user should be aware therefore that some numbers given explicitly as
part of their program may not be safely represented as a bounded real that spans the exact
decimal value. e.g. X $= 0.1 or equivalently X is breal(0.1).

This may lead to unexpected results such as

[eclipse 2]: X $= 0.1, Y $= 0.09999999999999999, X $> Y.

X=0.1_0.1
Y 0.099999999999999992__0.099999999999999992
Yes (0.00s cpu)

[eclipse 3]: X $= 0.1, Y $= 0.099999999999999999, X $> V.
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No (0.00s cpuw)

This potential source of confusion arises only with values which are explicitly given within a
program. By replacing the assignment to Y with an expression which evaluates to the same
real value we get

[eclipse 4]: X $= 0.1, Y $= 0.1 - 0.000000000000000001, X $> Y.

X
Y

0.1__0.1
0.099999999999999992__0.1

Delayed goals:
ic : (0 > -1.3877787807814457e-17__-0.0)
Yes (0.00s cpu)

Note the delayed goal indicating the conditions under which the original goal should be
considered to have succeeded.
3.1.6 Usage

To load the IC library into your program, simply add the following directive at an appropriate
point in your code.

:— 1lib(dic).

3.1.7 Arithmetic Expressions

The IC library solves constraint problems over the reals. It is not limited to linear constraints.
So it can be used to solve general problems like:

[eclipse 2]: 1n(X) $>= sin(X).

X = X{0.36787944117144228 .. 1.0Inf}

Delayed goals:

Yes (0.01s cpu)

The IC library treats linear and non-linear constraints differently. Linear constraints are
handled by a single propagator, whereas non-linear constraints are broken down into simpler
ternary/binary/unary propagators.

Any relational constraint ($=, $>=, #=, etc.) can be reified simply by including it in an
expression where it will evaluate to its reified truth value.

User-defined constraints may also be included in constraint expressions where they will be
treated in a similar manner to user defined functions found in expressions handled by is/2.
That is to say they will be called at run-time with an extra argument to collect the result.
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Note, however, that user defined constraint/functions, when used in IC, should be deter-
ministic. User defined constraints/functions which leave choice points may not behave as
expected.

Variables appearing in arithmetic IC constraints at compile-time are assumed to be IC vari-
ables unless they are wrapped in an eval/1 term. See section 3.1.7 for an more detailed
explanation of usage.

The following arithmetic expression can be used inside the constraints:

X Variables. If X is not yet a interval variable, it is turned into one by implicitly constraining
it to be a real variable.

123 Integer constants. They are assumed to be exact and are used as is.

0.1 Floating point constants. These are assumed to be exact and are converted to a zero
width bounded reals.

pi, e Intervals enclosing the constants m and e respectively.
inf Floating point infinity.

+Expr Identity.

-Expr Sign change.

+-Expr Expr or -Expr. The result is an interval enclosing both. If however, either bound is
infeasible then the result is the bound that is feasible. If neither bound is feasible, the
goal fails.

abs (Expr) The absolute value of Expr.
E1+E2 Addition.

E1-E2 Subtraction.

E1xE2 Multiplication.

E1/E2 Division.

E1"E2 Exponentiation.

min(E1,E2) Minimum.

max (E1,E2) Maximum.

sqr (Expr) Square. Logically equivalent to Expr*Expr, but with better operational be-
haviour.

sqrt (Expr) Square root (always positive).
exp(Expr) Same as e Expr.
1n(Expr) Natural logarithm, the reverse of the exp function.

sin(Expr) Sine.
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cos(Expr) Cosine.

atan(Expr) Arcus tangens. (Returns value between -pi/2 and pi/2.)
rsqr (Expr) Reverse of the sqr function. Equivalent to +-sqrt (Expr).
rpow(E1,E2) Reverse of exponentiation. i.e. finds X in E1 = X"E2.
sub(Expr) A subinterval of Expr.

sum(ExprList) Sum of a list of expressions.

min(ExprList) Minimum of a list of expressions.

max (ExprList) Maximum of a list of expressions.

and Reified constraint conjunction. e.g. B #= (X$>3 and X$<8)

or Reified constraint disjunction. e.g. B #= (X$>3 or X$<8)

=> Reified constraint implication. e.g. B #= (X$>3 => X$<8)

neg Reified constraint negation. e.g. B #= (neg X$>3)

$>, $>=, $=, $=<, $<, $\=, #>, #>=, #=, #=<, #<, #\=, >, >=, =:=, =<, <, =\=, and, or, =>, neg
Any arithmetic or logical constraint that can be issued as a goal may also appear within
an expression.

Within the expression context, the constraint evaluates to its reified truth value. If
the constraint is entailed by the state of the constraint store then the (sub-)expression
evaluates to 1. If it is dis-entailed by the state of the constraint store then it evaluates
to 0. If its reified status is unknown then it evaluates to an integral variable 0. .1.

Note: The simple cases (e.g. Bool #= (X #> 5)) are equivalent to directly calling the
reified forms of the basic constraints (e.g. #>(X, 5, Bool)).

foo(Argl, Arg2 ... ArgN), module:foo(Argl, Arg2 ... ArgN) Any terms found in the
expression whose principle functor is not listed above will be replaced in the expression
by a newly created auxiliary variable. This same variable will be appended to the term as
an extra argument, and then the term will be called as call (foo(Argl, Arg2 ... ArgN, Aux)).
If no lookup module is specified, then the current module will be used.

This behaviour mimics that of is/2.

eval (Expr) See section 3.1.7 for an explanation of eval/1 usage.

eval

The eval/1 wrapper inside arithmetic constraints is used to indicate that a variable will
be bound to an expression at run-time. This feature will only be used by programs which
generate their constraints dynamically at run-time, for example.
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broken_sum(Xs,Sum) : -

(
foreach(X,Xs),
fromto (Expr,S1,82,0)
do
S1 =X+ 82
),
Sum $= Expr.

The above implementation of a summation constraint will not work as intended because the
variable Expr will be treated like an IC variable when it is in fact the term +(X1,+(X2,+(...)))
which is constructed in the for-loop. In order to get the desired functionality, one must wrap
the variable Expr in an eval/1.

working_sum(Xs,Sum) : -

(
foreach(X,Xs),
fromto (Expr,S1,52,0)
do
S1 =X+ S2
),

Sum $= eval (Expr).

3.2 Library Predicates

3.2.1 Domain constraints

Vars :: Domain Constrains Vars to take only integer or real values from the domain spec-
ified by Domain. Vars may be a variable, a list, or a submatrix (e.g. M[1..4, 3..6]); for
a list or a submatrix, the domain is applied recursively so that one can apply a domain
to, for instance, a list of lists of variables. Domain can be specified as a simple range Lo
.. Hi, or as a list of subranges and/or individual elements (integer variables only). The
type of the bounds determines the type of the variable (real or integer). Also allowed
are the (untyped) symbolic bound values inf, +inf and -inf.

::(Vars,Domain,Bool) Provides a reified form of the ::/2 domain assignment predicate.
This reified ::/3 is defined only to work for one variable and only integer variables
(unlike ::/2), hence only the Domain formats suitable for integers may be supplied to
this predicate.

For a single variable, V, the Bool will be instantiated to 0 if the current domain of V
does not intersect with Domain. It will be instantiated to 1 iff the domain of V is wholly
contained within Domain. Finally the Boolean will remain an integer variable in the
range 0. .1 if neither of the above two conditions hold.

Instantiating Bool to 1, will cause the constraint to behave exactly like ::/2. Instanti-
ating Bool to 0 will cause Domain to be excluded from the domain of all the variables
in Vars where such an exclusion is representable. If such an integer domain is unrep-
resentable (e.g. -1.0Inf .. -5, 5..1.0Inf), then a delayed goal will be setup to
exclude values when the bounds become sufficiently narrow.
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Note that calling the reified form of :: will result in the Variable becoming constrained
to be integral, even if Bool is uninstantiated.

Further note that, like other reified predicates, : : can be used infix in an IC expression
eg. B #= (X :: [1..10]) is equivalent to :: (X, [1..10], B). See section 3.2.3 for
more information of reified constraints.

Vars #:: Domain Constrains Vars to take only integer values from the domain specified
by Domain. Vars may be a variable, a list, or a submatrix (e.g. M[1..4, 3..6]); for a list
or a submatrix, the domain is applied recursively so that one can apply a domain to,
for instance, a list of lists of variables. Domain can be specified as a simple range Lo
.. Hi, or as a list of subranges and/or individual elements (integer variables only). Also
allowed are the (untyped) symbolic bound values inf, +inf and -inf.

Vars $:: Domain Constrains Vars to take real values from the domain specified by Domain.
Vars may be a variable, a list, or a submatrix (e.g. M[1..4, 3..6]); for a list or a submatrix,
the domain is applied recursively so that one can apply a domain to, for instance, a list
of lists of variables. Domain can only be specified as a simple range Lo .. Hi, in keeping
with other implementations of this generic domain assignment predicate.

reals(Vars) Declares that the given variables are IC variables.

integers(Vars) Constrains the given variables to take integer values only.

3.2.2 Arithmetic constraints

Note that the integer forms of the constraints are essentially the same as the general forms,
except that they check that all constants are integers and generally constrain all variables
and subexpressions to be integral. Thus with integer constraints, the solver does very much
behave like a traditional integer solver, with any temporary variables and intermediate results
assumed to be integral. This means that it makes little sense to use many of the nonlinear
functions available for use in expressions (e.g. sin, cos, In, exp) in integer constraints. It also
means that one should take care using such things as division: X/2 + Y /2 #= 1 and X +
Y #= 2 are different constraints, with the former constraining X and Y to be even. That
said, if all the constants and variables are integral already and the subexpressions clearly so
as a consequence, then the integer (#) constraints and general ($) constraints may be used
integerchangeably.

ExprX $= ExprY, ic:(ExprX =:= ExprY) ExprX is equal to ExprY. ExprX and Ex-
prY are general expressions.

ExprX $>= ExprY, ic:(ExprX >= ExprY) ExprX is greater than or equal to ExprY.
ExprX and ExprY are general expressions.

ExprX $=< ExprY, ic:(ExprX =< ExprY) ExprX is less than or equal to ExprY. Ex-
prX and ExprY are general expressions.

ExprX $> ExprY, ic:(ExprX > ExprY) ExprX is strictly greater than ExprY. ExprX
and ExprY are general expressions.
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ExprX $< ExprY), ic:(ExprX < ExprY) ExprX is strictly less than ExprY. ExprX and
ExprY are general expressions.

ExprX $\= ExprY, ic:(ExprX =\= ExprY) ExprX is not equal to ExprY. ExprX and
ExprY are general expressions.

ExprX #= ExprY ExprX is equal to ExprY. ExprX and ExprY are constrained to be
integer expressions.

ExprX #>= ExprY ExprX is greater than or equal to ExprY. ExprX and ExprY are
constrained to be integer expressions.

ExprX #=< ExprY ExprX is less than or equal to ExprY. ExprX and ExprY are con-
strained to be integer expressions.

ExprX #> ExprY ExprX is greater than ExprY. ExprX and ExprY are constrained to be
integer expressions.

ExprX #< ExprY ExprX is less than ExprY. ExprX and ExprY are constrained to be
integer expressions.

ExprX #\= ExprY ExprX is not equal to ExprY. ExprX and ExprY are constrained to
be integer expressions.

The comparison constraints =:=/2, >=/2, =</2 and =\=/2 have the same syntax as the stan-
dard ECL!PS® built-in comparison operators (and those of other constraint solvers). Unless
explicitly qualified, the ECL*PS built-ins are used. To use these constraints without the need
to qualify them, use the alternative dollar-syntax.

3.2.3 Reified constraints

As mentioned earlier, when constraints appear in an expression context, then they evaluate
to their reified truth value. Practically this means that the constraints are posted in a passive
check but do not propagate mode, whereby no variable domains are modified but checks are
made to see if the constraint has become entailed (necessarily true) or dis-entailed (necessarily
false).

The simplest and arguably most natural way to reify a constraint is to place it in an expression
context (i.e. on either side of a $=, $>=, #=, etc.) and assign its truth value to a variable. For
example:

TruthValue #= (X $> 4).

It is also possible to use the 3 argument form of the constraint predicates where the third
argument is the reified truth value, for example:

$>(X, 4, TruthValue).

But in general the previous form is recommended as it can be easily extended to handle
the truth values of a combination of constraints, by using the infix operators and (logical
conjunction), or (logical disjunction) and => (logical implication) or the prefix operator neg
(logical negation). e.g.:
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TruthValue #= (X $> 4 and Y $< 6).

Again, as mentioned earlier, there are a number of reified connectives which can be used to
combine reified constraints using logical operations on their truth values.

and/2 Reified constraint conjunction. e.g. B #= (X $> 3 and X $< 8) orX $> 3 and X $< 8
or/2 Reified constraint disjunction. e.g. B #= (X $> 3 or X $< 8) or X $> 3 or X $< 8
=>/2 Reified constraint implication. e.g. B #= (X $> 3 => X $< 8) orX $> 3 => X $< 8

neg/1 Reified constraint negation. e.g. B #= (neg X $> 3) or neg X $> 3

Enforcing constraints

The logical truth value of a constraint, when reified, can be used to enforce the constraint (or
its negation) during search.
The following three examples are equivalent:

X $ 4.

B #

X $ 4), B=1.
B #= (X $=< 4), B=0.

By unifying the value of the reified truth value, the constraint changes from being passive
to being active. Once actively true (or actively false) the constraint will prune domains as
though it had been posted as a simple non-reified constraint.

User-defined reified constraints

Reified constraints are implemented using the the 3 argument form of the constraint predicate
if it exists (and it does exist for the arithmetic relation constraints).

User-defined constraints will be treated as reifiable if they appear in an expression context
and as such should provide forms where the last argument is the reified truth value reflected
into a variable.

The user-defined constraint should behave as follows depending on the state of the reified
variable.

Reified variable is unbound When the reified variable is unbound, the constraint should
not perform any domain reduction on its arguments, but should check to see if the constraint
has become entailed or dis-entailed, setting the reified variable to 1 or O respectively.

Reified variable is bound to 0 In the event that the reified variable becomes bound to
0 then the constraint should actively propagate its negation.

Reified variable is bound to 1 In the event that the reified variable becomes bound to
1 then the constraint should actively propagate its normal semantics.
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3.2.4 Miscellaneous constraints

alldifferent(Vars) Constrains all elements of a list to be different from all other elements
of the list.

element(Index, List, Value) Constrains Value to be the Index’th element of the list of
integers List.
3.2.5 Integer labeling predicates

These predicates can be used to enumerate solutions to a set of constraints over integer
variables. For optimisation, see also the branch _and_bound library.

indomain(Var) Instantiates an integer IC variable to an element of its domain.

labeling(Vars) Instantiates all IC variables in a list to elements of their domains.

search(Vars, Arg, Select, Choice, Method, Options) Instantiates the variables Vars by
performing a search based on the parameters provided by the user.

3.2.6 Real domain refinement predicates

These predicates can be used to locate real solutions to a set of constraints. They are essen-
tially the same as those that were available in RIA; more details of the algorithms used can
be found in section 3.2.10.

locate(Vars, Precision) Locate solution intervals for Vars by splitting and search. Pre-
cision indicates how accurate the intervals have to be (in absolute or relative terms)
before splitting stops.

locate(Vars, Precision, LinLog) As per locate/2, but LinLog specifies wither linear (1in)
or logarithmic (log) splitting should be used. (locate/2 is equivalent to calling lo-
cate/3 with log as the third argument.)

locate(LocateVars, SquashVars, Precision, LinLog) As per locate/3, but also applies
the squashing algorithm to SquashVars both before splitting commences, and then again
after each split.

squash(Vars, Precision, LinLog) Refine the intervals of Vars by the squashing algorithm.

3.2.7 Variable query predicates

These predicates allow one to retrieve various properties of an IC variable (and usually work
on ground numbers as well).

is_solver_var(Var) Succeeds if an only if Var is an IC variable.
is_solver_type(Term) Succeeds if an only if Term is an IC variable or a number.
get_solver_type(Var, Type) Returns whether Var is an integer variable or a real variable.

get_bounds(Var, Lo, Hi) Returns the current bounds of Var.
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get_min(Var, Lo) Returns the current lower bound of Var.
get_max(Var, Hi) Returns the current upper bound of Var.
get_float_bounds(Var, Lo, Hi) Returns the current bounds of Var as floats.

get_integer_bounds(Var, Lo, Hi) Returns the current bounds of the integer variable Var
(infinite bounds are returned as floats). Constrains Var to be integral if it isn’t already.

get_finite_integer_bounds(Var, Lo, Hi) Returns the current (finite) bounds of the integer
variable Var. Constrains Var to be finite and integral if it isn’t already.

get_domain size(Var, Size) Returns the number of elements in the IC domain for Var.
Currently Var needs to be of type integer.

get_domain(Var, Domain) Returns a ground representation of the current IC domain for
Var.

get_domain_as_list(Var, Domain) Returns a list of all the elements in the IC domain for
Var. Currently Var needs to be of type integer.

get_median(Var, Median) Returns the median of the interval of Var.
get_delta(Var, Delta) Returns the width of the interval of Var.

is_in_domain(Var, Value) Succeeds if and only if Value is contained in the current domain
of Var.

is_in_domain(Var, Value, Result) Binds Result to ’'yes’, 'no’ or 'maybe’ depending on
whether Value is in the current domain of Var.

delayed_goals_number(Var, Number) Returns the number of delayed goals suspended on
the IC attribute. This approximates the number of IC constraints that Var is involved
in.

3.2.8 Propagation threshold predicates

With interval constraint propagation, it is sometimes useful to limit propagation for efficiency
reasons. In IC, this is controlled by the propagation threshold. The way it works is that
for non-integer variables, bounds are only changed if the absolute and relative changes of the
bound exceed this threshold (i.e. small changes are suppressed). This means that constraints
over real variables are only guaranteed to be consistent up to the current threshold (over and
above any normal widening which occurs).

Note that a higher threshold speeds up computations, but reduces precision and may in the
extreme case prevent the system from being able to locate individual solutions.

The default threshold is le-8.

get_threshold(Threshold) Returns the current propagation threshold.
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set_threshold(Threshold) Sets the propagation threshold. Note that if the threshold is
reduced using this predicate (requiring a higher level of precision), the current state of
the system may not be consistent with respect to the new threshold. If it is important
that the new level of precision be realised for all or part of the system before computation
proceeds, set_threshold/2 should be used instead.

set_threshold(Threshold, WakeVars) Sets the propagation threshold, with re-computation.
If the threshold has been reduced, all constraints suspended on the bounds of the vari-
ables in the list WakeVars are woken.

3.2.9 Solving by Interval Propagation
Some problems can be solved just by interval propagation, for example:

[eclipse 9]: X :: 0.0..100.0, sqr(X) $= 7-X.
X = X{2.1925824014821353 .. 2.1925824127108307}
Delayed goals:

yes.
There are two things to note here:
e The solver never instantiates real variables. They only get reduced to narrow ranges.

e In general, many delayed goals remain at the end of propagation. This reflects the
fact that the variable’s ranges could possibly be further reduced later on during the
computation. It also reflects he fact that

e the solver does not guarantee the existence of solutions in the computed ranges. How-
ever, it guarantees that there are no solutions outside these ranges.

Note that, since variables by default range from minus to plus infinity, we could have written
the above example as:

[eclipse 2]: sqr(X) $= 7-X, X $>= 0.
X = X{2.1925824014821353 .. 2.1925824127108307}
Delayed goals:

yes.

If too little information is given, the interval propagation may not be able to infer any inter-
esting bounds:

[eclipse 2]: sqr(X) $= 7-X.

X = X{-1.0Inf .. 7.0}
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Delayed goals:

yes.

3.2.10 Reducing Ranges Further

There are two methods for further domain reduction. They both rely on search and splitting
the domains. There are 2 parameters to specify how domains are to be split.

The Precision parameter is used to specify the minimum required precision, i.e. the max-
imum size of the resulting intervals (in either absolute or relative terms). Note that the
arc-propagation threshold needs to be one or several orders of magnitude smaller than preci-
siton, otherwise the solver may not be able to achieve the required precision.

The lin/log parameter guides the way domains are split. If it is set to lin then the split is
in the arithmetic middle. If it is set to log, the split is such as to have the same number of
floats to either side of the split. This is to take the logarithmic distribution of the floats into
account.

If the ranges of variables at the start of the squashing algorithm are known not to span several
orders of magnitude (Jmazx| < 10 |min|) the somewhat cheaper linear splitting may be used.
In general, log splitting is recommended.

locate(+4Vars, +Precision)

locate(+4Vars, +Precision, +lin/log) Locate solution intervals for the given variables
with the required precision. This works well if the problem has a finite number of
solutions. locate/2,3 work by nondeterministically splitting the ranges of the variables
until they are narrower than Precision.

squash(+Vars, +Precision, +lin/log) Use the squash algorithm (section 3.2.10) on these
variables. This is a deterministic reduction of the ranges of variables, done by searching
for domain restrictions which cause failure, and then reducing the domain to the comple-
ment of that which caused the failure. This algorithm is appropriate when the problem
has continuous solution ranges (where locate would return many adjacent solutions).

locate(+LocateVars,+SquashVars,+Precision,+lin/log) A variant of locate/2,3 with
interleaved squashing: The squash algorithm (section 3.2.10) is applied once to the
SquashVars initially, and then again after each splitting step, ie. each time one of the
LocateVars has been split nondeterministically. A variable may occur both in Locate-
Vars and SquashVars.

Squash algorithm

A stronger propagation algorithm is also included. This is built upon the normal bound
consistency. It guarantees that, if you take any variable and restrict its range to a small domain
near one of its bounds, the original bound consistency solver will not find any constraint
unsatisfied.

All points (X,)Y) Y >= X, lying within the intersection of 2 circles with radius 2, one centred
at (0,0) the other at (1,1).
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Figure 3.1: Propagation with Squash algorithm (example)

[eclipse 2]: 4 $>= X"2 + Y72, 4 $= (X-1)"2+(Y-1)"2, Y $>= X.

Y{-1.0000000000000004 .. 2.0000000000000004%}
X{-1.0000000000000004 .. 2.0000000000000004}

Y
X

Delayed goals:

yes.

The bound-consistency solution does not take into account the X >=Y constraint. Intuitively
this is because it passes through the corners of the box denoting the solution to the problem

of simply intersecting the two circles.

[eclipse 2]: 4 $>= X"2 + Y72, 4 $= (X-1)"2+(Y-1)"2, Y $>= X,
squash([X,Y], le-5, lin).

X{-1.0000000000000004 .. 1.4142135999632601}
Y{-0.41421359996326 .. 2.0000000000000004}

X
Y

Delayed goals:

yes.
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3.2.11 Obtaining Solver Statistics

(Using the facilities described in this section requires importing the ic_kernel module. Also,
since they depend on the internals of the IC library, the details presented here are subject to
change without notice.)

Often it is difficult to know where the solver spends its time. The library has built-in counters
which keep track of the number of times various events occur:

ic_lin_create The number of linear constraints set up.
ic_lin_prop The number of times a linear constraint is propagated.

ic_uni_prop/ic_bin_prop/ic_tern_prop The number of times a non-linear (unary/binary/ternary)
operator is propagated.

ic_split The number of domain splits in locate/2,3,4.
ic_squash The number of squash attempts in squash/3 or locate/4.

Users who wish to track activity within their own programs may (if they wish) use the same
mechanism. New event types can be registered (see below) and actions recorded by calling
the ic_event(Event) predicate.

The counters are controlled using the primitives:

ic_stat(on)

ic_stat(off) Enables/disable collection of statistics. Default is off.
ic_stat(reset) Reset statistics counters.

ic_stat(print) Print statistics counters to the standard output stream.

ic_stat_get(-Stat) Returns a list of CounterName=CounterValue pairs, summarising the
computation since the last reset.

ic_event(+Name) Records the fact that the named event has happened.

ic_stat_register_event(4+Name,+Description) Registers a new event type and sets the
counter to 0. This allows user-defined predicates to record their own events within the
same framework.

3.3 General Guidelines for the Use of the IC library

Whilst IC has been designed to provide a flexible, consistent and yet powerful framework for
many sorts of constraint satisfaction problems, it can not be all things to all people.

There are circumstances under which IC will not propagate all possible information, for
reasons of efficiency.

It is the purpose of this section to point out ways that may help IC to solve problems more
efficiently.

Typical constraint satisfaction problems are solved by iteratively propagating information
from basic constraints until no more propagation can take place (i.e. a fixed point has been
reached), and then reducing the domain of a variable so as to prompt more propagation.
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As with most constraint solvers the propagation provided by the builtin constraints is rarely
able to solve large problems completely without the need for some form of search. A number
of factors affect the speed of the propagation phase.

1. The size of the initial domains. Smaller domains typically result in propagation reaching
a fixed point sooner. So give explicit initial domains to as many variables as possible.

2. Integer domains allow more propagation. An important point to note here is that (as in
mathematics) IC treats integers as a strict subset of the reals, and as such the integer do-
main 0 .. 100 contains significantly fewer values than the real domain 0.0 .. 100.0.
With this in mind, IC attempts to infer integrality where possible (e.g. the sum of two
integer variables is constrained to be integer), however integer domains (where applica-
ble) should be used in user code.

The difference becomes apparent when dealing with strict inequalities, for example.

[eclipse 4]: reals([X]), X $> 5.

X =X{5.0 .. 1.0Inf}

Delayed goals:
ic : (X{5.0 .. 1.0Inf} > 5)
Yes (0.00s cpu)

Note that the lower bound of X is still five despite the fact that X has been constrained
to be strictly greater than five. Further note the presence of a delayed goal which will
fail should X be constrained to be exactly five.

[eclipse 5]: integers([X]), X $> 5.

X =X{6 .. 1.0Inf}
Yes (0.00s cpu)

In this example since X is known to be integral, the lower bound of X can be set to 6,
as there are no integers between five and six.

3.4 User defined constraints

The library ic_kernel provides a number of facilities useful for implementing IC constraints
or otherwise extending the facilities provided by the standard IC library.

While the ic_kernel library exposes the structure of the IC attribute to the programmer (see
below), accessing it directly is strongly discouraged (if for no other reason, the internals of
IC may continue to evolve). For accessing information about a variable and its domain, use
the predicates described earlier in section 3.2.7 “Variable query predicates”. For modifying a
variable, it is particularly important to go through the access predicates, in order to make sure
that the internal state remains consistent, appropriate constraints are scheduled for execution
as a result of the change, etc. The predicates available for modifying a variable are discussed
in the next section.
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3.4.1 Modifying variable domains

When using IC variables in normal code, one would typically use the $\=, $=< and $>= family
of constraints to (resp.) remove a value, reduce the upper bound or increase the lower bound
of a variable.

While these constraints are good for normal CSP solving, they have a number of properties
which may be less desirable when writing new constraints. In particular, they may leave
unwanted delayed goals behind and may perform extra propagation before returning (it may
be desirable to perform all required bound updates before allowing further propagation to
occur).

To give the constraint writer more control over such matters, special predicates exist in the
ic_kernel module which allow direct modification of the domain without the waking of goals
(they are scheduled for execution but not actually executed). These predicates generally
accept an IC variable, a non-IC variable (which will be constrained to make it a real IC
variable) or a number.

Full details on these predicates can be found in the reference manual; they are listed here
for completeness. Note that with the exception of impose_bounds/3 none of the goals call
wake /0, so the programmer is free to do so at a convenient time.

impose_min/2 Set the lowerbound.

impose_max/2 Set the upperbound.

impose_bounds/3 Sets both upper and lower bounds.

exclude/2 Excludes an integer from an integral variable.
exclude_range/3 Excludes a range of integers from an integral variable.
set_var_type/2 Makes the variable be of the given type.

set_vars_type/2 Like set_var_type, but works for lists and submatrices of variables as well.

3.4.2 The IC attribute

The IC attribute is a meta-term which is attached to all variables which take part in I1C
constraints. ic_kernel defines the IC attribute as a structure of the following form:

ic with [var_type:Type,
lo:Lo,
hi:Hi,
bitmap:Bitmap,
min:SuspMin,
max:SuspMax,
hole:SuspHole,
type:SuspType
]

This structure holds
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var_type The type of the variable. This defaults to 'real’ but may become ’integer’ after an
explicit call to integers/1, by being included in an integer constraint (e.g. #=) or by
inferences made during constraint propagation.

lo The lower bound of the variable’s domain, as a float.
hi The lower bound of the variable’s domain, as a float.

bitmap Where relevant, a bitmap represent the integer domain; where not relevant it holds
the atom undefined.

min Suspension list of goals to be woken on lower bound changes.
max Suspension list of goals to be woken on upper bound changes.

hole Suspension list of goals to be woken when a value is removed from the middle of a
domain. Such removals only happen for integer variables whose domain is finite.

type Suspension list of goals to be woken when a variable’s type becomes more constrained,
i.e. when a variable goes from being real to being integer.

The suspension list names can be used in suspend/3 and related predicates to denote an
appropriate waking condition.

The attribute of a domain variable can be accessed with the predicate get_ic_attr/2.

As noted above, direct access and manipulation of t