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Motivation

M prior estimators ('weak’ estimators) : fi,...,fy

n observations : D,

Construction of a new estimator which is approximatively as good as the
best 'weak’ estimator :

Aggregation method ‘ or ’ Aggregate
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General Framework
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Examples

Adaptation :
Observations : Dp,yp
Estimation : D,, —non-adaptive estimators fi, ..., fy.
learning : D) —aggregate f, (adaptive).
Estimation :
e—net : fi,...,fy (functions)

learning : D, —aggregate f,.
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[ Je]

Model of classification

(X,.A) a measurable space,
(X,Y) ~ 7 valued in X x {—1,1},
D, = ((X1, Y1),..., (X4, Y»)) : ni.id. observations.
Problem of prediction : x € X — label y € {-1,1}7
f: X+ {—1,1} : prediction rule.
Bayes risk : Ag(f) = P[f(X) # Y]
Bayes rule : f*(x) = Sign(2n(x) — 1) where n(x) =P[Y = 1|X = x].
A5 < ming Ao(f) = Ao(F*)
Prediction—estimation : estimation of f*.
excess risk : Ao(f) — A}
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Model of classification

(f : X — R) — risk Ao(f) = E[po(YF(X))] where

Bo(x) = T(x<o) classical loss or 0 — 1 loss
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General Framework
oe

Model of classification

(f : X — R) — risk Ao(f) = E[po(YF(X))] where

§b0( ) - ]I (x<0)
#1(x) = max(0,1 — x)
x — log,(1 + exp(—
X — exp(—x)
x — (1 —x)?

x — max(0,1 — x)?

x))

classical loss or 0 — 1 loss
hinge loss or (SVM loss)
'Logit-Boosting’ loss
exponential Boosting loss
quadratic loss

2-norm soft margin loss
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General Framework
oe

Model of classification

(f : X — R) — risk Ao(f) = E[po(YF(X))] where

Bo(x) = T(x<o) classical loss or 0 — 1 loss
#1(x) = max(0,1 — x) hinge loss or (SVM loss)
x — log,(1 + exp(—x))  'Logit-Boosting' loss

X — exp(—x) exponential Boosting loss
x — (1 —x)? quadratic loss

x — max(0,1 — x)? 2-norm soft margin loss

def

p—risk : A?(f) = E[p(YF(X))], A®* = infr A(f) = A(f%*),

excess ¢—risk : A?(f) — A%,

‘ 1
empirical ¢p—risk : A7 (f) = . Zd)(Y,-f(X,-)).
i=1
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Aggregations Procedures
o

Selectors

¢:R—Raloss, Fo ={f,...,fu} C F a dictionary.

@ Empirical Risk Minimization (ERM) :(Vapnik, Chervonenksis...)

ZERM . ad
A .
f " € Arg min AZ(f)
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Aggregations Procedures
o

Selectors

¢:R—Raloss, Fo ={f,...,fu} C F a dictionary.

@ Empirical Risk Minimization (ERM) :(Vapnik, Chervonenksis...)
FERM S
e Arg min AL(f).
@ penalized Empirical Risk Minimization (pERM) :
ZERM [ Ad
e Argf[\g%[An(f)—i—pen(f)],

where pen is a penalty function. (Barron, Bartlett, Birgé,
Boucheron, Koltchinski, Lugosi, Massart,...)

Aggregation methods in classification: optimality and adaptation Université Paris 6



Aggregations Procedures
°

Aggregation methods with exponential weights

¢ :R+—Raloss, Fo ={f,...,mu} CF a dictionary.

@ Aggregate with Exponential weights (AEW) :

. —nTA(f
FAEW — N wiP()F, where wi?(f) = exp (= TAY l) :
FeFo > ger, &P (—HTAn (g))

T~! : temperature parameter.
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Aggregations Procedures
°

Aggregation methods with exponential weights

¢ :R+—Raloss, Fo ={f,...,mu} CF a dictionary.

@ Aggregate with Exponential weights (AEW) :

. —nTA(f
FAEW — N wiP()F, where wi?(f) = exp (= TAY l) :
FeFo > ger, &P (_nTAn (g))

T~! : temperature parameter.

e Cumulative Aggregate with Exponential Weights (CAEW) :(Catoni,
Yang,...)

n
FCAEW _ l FAEW
nT T kT -
k=1
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General Framework ggregations Procedures Optimality in class
sle] leo) [o)

Aim of Aggregation(1) : Optimal rate of aggregation

VFo={f,...,fu} CF, If, such that V7 € P, ¥n > 1

IE{ A(f) ] < min (A(f) — A*) + Goy(n, M).
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Aim of Aggregation(1) : Optimal rate of aggregation

VFo={fi,...,fm} C F, 3f, such that Vx € P, ¥n > 1

E [A(F) — A] < min (A(F) = A") + Co(n, M).

3Fs = {fi,..., fm} such that for any aggregate f,, It € P, ¥n> 1

E [A(F) ~ A°] = oin (A(F) ~ A%) + Giy(m, M).
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| Framework Aggregations Procedures 0 ification
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Aim of Aggregation(1) : Optimal rate of aggregation

Definition

VFo={f,...,fu} CF, 3If, such that ¥r € P, ¥n > 1

E [A(F) = A°] < min (A(f) = A°) + G (n. M).

3Fs = {fi,..., fm} such that for any aggregate f,, It € P, ¥n> 1

E [A(F) = 4] = oin (A(F) — A%) + Gy (. M).

~v(n, M) is an optimal rate of aggregation and £, is an optimal
aggregation procedure.
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General Framework ggregations Procedures Optimality in ¢
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Aim of Aggregation(2) : Adaptation

Definition (Oracle Inequality)

VFo={fi,...,fm} C F, 3f, such that Vx € P, ¥n > 1

E [A(F) - A| < C min (A() = A) + Goy(n. M),

where C > 1.
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Optimality in classification
[ ]

Continuous scale of loss functions

Classification problem : A?(f) = E[¢(Yf(X))], Y € {-1,1}, X € X.

_ (T —=h)oo(x) + hoi(x) if0<h<1
¢(X)_¢”(X)_{(h—1)x2—x+1 if h>1, VxR
where ¢o(z) = T,<q) is the 0 — 1 loss and ¢1(z) = max(0,1 — z) is the

hinge loss.
h=20

-1 08 08 04 02 o 02 04 0B 08 1
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Optimality in classification
[ ]

Continuous scale of loss functions

Classification problem : A?(f) = E[¢(Yf(X))], Y € {-1,1}, X € X.

9= ane) = { (DA TRZNEY e

where ¢o(z) = ;<o) is the 0 — 1 loss and ¢1(z) = max(0,1 — z) is the
hinge loss.

h=1/3

i \

-1 08 08 04 02 o 02 04 0B 08 1
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Optimality in classification
[ ]

Continuous scale of loss functions

Classification problem : A?(f) = E[¢(Yf(X))], Y € {-1,1}, X € X.

9= ane) = { (DA TRZNEY e

where ¢o(z) = ;<o) is the 0 — 1 loss and ¢1(z) = max(0,1 — z) is the
hinge loss.

h=2/3

15\
1

-1 08 08 04 02 o 02 04 0B 08 1

Aggregation methods in classification: optimality and adaptation Université Paris 6



Optimality in classification
[ ]

Continuous scale of loss functions

Classification problem : A?(f) = E[¢(Yf(X))], Y € {-1,1}, X € X.

_ (T —=h)oo(x) + hoi(x) if0<h<1
¢(X)_¢”(X)_{(h—1)x2—x+1 if h>1, VxR
where ¢o(z) = T,<q) is the 0 — 1 loss and ¢1(z) = max(0,1 — z) is the

hinge loss.
h=1
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Optimality in classification
[ ]

Continuous scale of loss functions

Classification problem : A?(f) = E[¢(Yf(X))], Y € {-1,1}, X € X.

CRUORIE A e P

where ¢o(z) = T,<q) is the 0 — 1 loss and ¢1(z) = max(0,1 — z) is the
hinge loss.

h=2

=t 08 08 04 02 o 02 04 08 08 1
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Optimality in classification
[ ]

Continuous scale of loss functions

Classification problem : A?(f) = E[¢(Yf(X))], Y € {-1,1}, X € X.

CRUORIE A e P

where ¢o(z) = T,<q) is the 0 — 1 loss and ¢1(z) = max(0,1 — z) is the
hinge loss.

h=3

=t 08 08 04 02 o 02 04 08 08 1
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Optimality in classification
o

ORA in classification

2
Loss function 0<h<l1 h=1 h>1
Optimal rate of aggregation [log M log M log M
(ORA) n n n

Optimal aggregation proce-

ERM ERM, AEW, CAEW | CAEW
dure
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3
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Optimal rate of aggregation [log M log M
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Optimality in classification
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2 Questions

Question 1 : Why is there such a breakdown just after the Hinge loss ?
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2 Questions

Question 1 : Why is there such a breakdown just after the Hinge loss ?

log M log M
—

,h>1.
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2 Questions

Question 1 : Why is there such a breakdown just after the Hinge loss ?

log M log M
cEM _, lEM oy

Question 2 : Do we really need aggregation procedures with exponential
weights to achieve the optimal rates of aggregation?
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(]

2 Questions

Question 1 : Why is there such a breakdown just after the Hinge loss ?

0<h<i8M _  leM,
n n
ERM . CAEW

Question 2 : Do we really need aggregation procedures with exponential
weights to achieve the optimal rates of aggregation?
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al Framework ions Procedures i n classification

Question 1 : Why there is a breakdown at h =17

Margin assumption for the loss function ¢ :

The probability measure 7 satisfies the ¢—margin assumption ¢—MA(k),
with margin parameter k > 1 if

E[(¢(YF(X)) = o(YF**(X)))?] < co(A%(F) — A”)/",

forany f: X — R.

cf. Mammen and Tsybakov 99 (discriminant analysis) and Tsybakov 04
(classification).
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Question 1 : Why there is a breakdown at h =17

Margin assumption for the loss function ¢ :

The probability measure 7 satisfies the ¢—margin assumption ¢—MA(k),
with margin parameter k > 1 if

E[(¢(YF(X)) = o(YF**(X)))?] < co(A%(F) — A”)/",

forany f: X — R.

cf. Mammen and Tsybakov 99 (discriminant analysis) and Tsybakov 04
(classification).

b0 — MA(x) <= Bll2n(X) ~1| S ] S " W0 < t < La= ——

n(x) =P[Y = 1|X = x]
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| Framework ions P in classification

Question 1 : Why there is a breakdown at h =17

Margin assumption for the loss function ¢ :

The probability measure 7 satisfies the ¢—margin assumption ¢—MA(k),
with margin parameter k > 1 if

E[(¢(YF(X)) = o(YF**(X)))?] < co(A%(F) — A”)/",

forany f: X — R.

cf. Mammen and Tsybakov 99 (discriminant analysis) and Tsybakov 04
(classification).

1
b0 — MA(x) <= Bll2n(X) ~1| S ] S " W0 < t < La= ——

n(x) =P[Y = 1|X = x]

(k=1<=3h>0,]2n(X)—1| > h)
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Optimality in classification
oe

Question 1 : Why there is a breakdown at h =17

'8 Kk =400 forany 0 < h < 1.
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General Framework g ions es imality in classification

Question 2 : Do we really need agg. with exp. weights?

Theorem (suboptimality of selectors)

Forany M > 2, ¢ : R+— R s.t. ¢(—1) # ¢(1)

IA,...,fm: X — {—1,1} s.t. for any selector f,, I s.t.

min  (A®(f;) — A?*) + C

E A(b(?n) - A¢*:| >
Jj=1,...M

log M

n

Aggregation methods in classification: optimality and adaptation
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al Framework ions Procedures i n classification

Question 2 : Do we really need agg. with exp. weights?

Theorem (suboptimality of selectors under the margin assumption)

Forany M>2,k>1, ¢:R+—— Rs.t. ¢(—1) 7{(;5(1),
A, ...,y X — {=1,1} s.t. for any selector f,, I satisfying the
(bo—MA(I{) s.t.

E [A¢(?n) - A¢*] > min (A%(f) - A”) + C(

J=1,...,

[log M log M\ z==1 log M
8 >>(Og ) >> o8 1<k < o0
n n n

log M)z%l
- .
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General Framework ions Procedures in classification
50 ofe °0

Question 2 : Do we really need agg. with exp. weights?

Forany M>2, k> 1and ¢ : R+—— Rs.t. ¢(—1) # ¢(1),
A, ..., X — {=1,1}, 37 satisfying the po—MA(k) s.t. the pERM
aggregate

FPERM ¢ Arg rlnin (A9(f) + pen(£)),

log M satisfies

% o . N log M
E [A¢(fnPERM) T } > min (A(£) = A") + €Y/ ==

a5

if /Mlog M < /n/(132¢%), for any integer n > 1.

where |pen(f)| < 3
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Optimality in classification
L]

Conclusion on optimality

@ The margin parameter characterizes the quality of aggregation and
estimation in a given model.
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Optimality in classification
L]

Conclusion on optimality

@ The margin parameter characterizes the quality of aggregation and
estimation in a given model.

@ We need convex aggregates to achieve the optimal rate of
aggregation for convex losses.
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Adaptive SVM
°

Exact Oracle Inequality

Fo={f,...,fu}, ¢ : R+— R bounded, k > 1. Assume that 7 satisfies

d—MA(k).
E[A? () — A% < min (A(f) — A®) + Cy(n, M, r),
€Fo

where the residual term is
shiem )’ log M\ ZHT
SroET if B> (—gn )

v(n, M, k) = -/
(M) o otherwise,

where B = minsez, (A?(f) — A%*).
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Adaptive SVM
°

Exact Oracle Inequality

Fo={f,...,fu}, ¢ : R+— R bounded, k > 1. Assume that 7 satisfies
¢»—MA(k). If ¢ is convex then,

E[A? (FAEW) — A?*] < min (A?(f) — A®*) 4+ Cy(n, M, k),

T feFo
where the residual term is
1 1/2 PR
(B» IogM> if B> (IogM) 2r—T
v(n, M, k) = " A
(@) el otherwise,

where B = minsez, (A?(f) — A%*).
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Adaptive SVM
o

Idea of SVM

Observations : (X1, Y1),..., (X, Ya) € X x {—1,1}.
X small dimension = linear separation unlikely.
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Adaptive SVM
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Idea of SVM

Observations : (X1, Y1),..., (X, Ya) € X x {—1,1}.
X small dimension = linear separation unlikely.

Transfer function : ¢ : X — H (dimoo).
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Adaptive SVM
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Idea of SVM

Observations : (X1, Y1),..., (X, Ya) € X x {—1,1}.
X small dimension = linear separation unlikely.

Transfer function : ¢ : X — H (dimoo).

New observations : (¢(X1), Y1), .., (6(Xn), Ya)
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Adaptive SVM
o

Idea of SVM

Observations : (X1, Y1),..., (X, Ya) € X x {—1,1}.
X small dimension = linear separation unlikely.

Transfer function : ¢ : X — H (dimoo).

New observations : (¢(X1), Y1), .., (6(Xn), Ya)
4

Best linear separation in H.
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Adaptive SVM
L]

Kernel

Kernel : Symmetric function k : X x X — R s.t. Vn > 1,
Vx1,...,X, € X, the matrix

(k(xi,xj)1<ij<n is semi-definite positive.
< there exists a Hilbert space H and a transfer function ¢ : X — H s.t.

k(x,x") = (¢(x), d(x")), Vx,x" € X.
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Adaptive SVM
L]

Kernel

Kernel : Symmetric function k : X x X — R s.t. Vn > 1,
Vx1,...,X, € X, the matrix

(k(xi,xj)1<ij<n is semi-definite positive.
< there exists a Hilbert space H and a transfer function ¢ : X — H s.t.

k(x,x") = (¢(x), d(x")), Vx,x" € X.

Gaussian kernel : For all ¢ > 0 (o is called the window),

k(x,x') = exp (—0?||x = X|[3), x,x € R
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Adaptive SVM
o

RKHS : k is a kernel. The Reproducing Kernel Hilbert Space (RKHS) H
associated to k is the completion of the pre-hilbert space

n
{Za;k(x,-7.) :neN,ag,...,q, €R7x1,...7x,,€2(}7
i=1

endowed with the inner product :

<Z aik(x, ), Zﬁ;k(yn -)> = > aiBik(xi,%).

i=1 j=1
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Adaptive SVM
o

RKHS : k is a kernel. The Reproducing Kernel Hilbert Space (RKHS) H
associated to k is the completion of the pre-hilbert space

n
{Za;k(x,-7.) :neN,ag,...,q, €R7x1,...7x,,€2(}7
i=1

endowed with the inner product :

<Z aik(x, ), Zﬁ;k(yn -)> = > aiBik(xi,%).

i=1 j=1

Transfer function : ¢ : X — H, ¢(x) = k(x,.)
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Adaptive SVM
L]

Examples

@ For the gaussian kernel

H, = {f € C(R?,R) N L2(RY) : /R \?(W)|2exp(#)dw < oo} .

If X C R? is a compact subset then, H,, is dense in C(X,R).

Aggregation methods in classification: optimality and adaptation Université Paris 6



Adaptive SVM
L]

Examples

@ For the gaussian kernel
2,2

2

H, = {f € C(R?,R) N [2(RY) : /R F(w)? exp( T2 )dw < oo}.

If X C R? is a compact subset then, H,, is dense in C(X,R).

@ For k(x,x') =min(x,x"), Vx,x" €]0,1]

H = {f € C([0,1],R) a.e. differentiable, f' € L?([0, 1]), f(0) = 0} .
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Adaptive SVM
o0

SVM Estimators

k : kernel on X, Hy - RKHS of k, A > 0.
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Adaptive SVM
o0

SVM Estimators

k : kernel on X, Hy - RKHS of k, A > 0.

SVM Estimator :

PA = Arg min (A% (f) + N|f]2,) ,
n lgfemk( n( ) H H k)’
fo A (F) = 5 2011 (1 = Vif(Xi))+

A : regularization parameter.
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Adaptive SVM
o0

SVM Estimators

k : kernel on X, Hy - RKHS of k, A > 0.

SVM Estimator :

F) = Arg min (A%(f) + A|f]13,) .
» = Arg min (A7 () + Allfl[3,) .
fo AH(F) = 5 27 (1 = Yif (X))«

n

A : regularization parameter.

SVM classifier :
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Adaptive SVM
oe

SVM Estimators

A x) = Z Cik(Xi, x),¥x € X,

n
i=1
where Ci,..., C, are solutions of

0<2AC;Yi<n

max . 22’7: C,Y, - zn: C,Cjk(X,,)g)
i=1

ihj=1

Aggregation methods in cla B y and adaptation Université Paris 6



Adaptive SVM
o0

Convergence rates for SVM

(GNA) Geometric noise assumption.(Steinwart and Scovel) X C RY,
3C; >0 and v >0 s.t.

E [277(X) — 1] exp (-T():)zﬂ <GtT, vt>o.

d(x,GoU G_1), if x € Gy, forall x € X,

d X Go U Gl), if x e G_1,
0, otherwise,

Go = {x € X n(x) = 172,
G ={xe X :n(x)>1/2},
G_1={x€ X :n(x) <1/2}.
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Adaptive SVM
(] J

Convergence rates for SVM

Théoreme (Steinwart and Scovel (2005)) :
i) X : unit ball of R?, k : gaussian kernel.
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Adaptive SVM
(] J

Convergence rates for SVM

Théoreme (Steinwart and Scovel (2005)) :
i) X : unit ball of R?, k : gaussian kernel.
ii) 7 satisfies po—MA((cx + 1)/) and GNA(~).
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Convergence rates for SVM

Théoreme (Steinwart and Scovel (2005)) :
i) X : unit ball of R?, k : gaussian kernel.
ii) 7 satisfies po—MA((cx + 1)/) and GNA(~).
For the regularization parameter
prey

2(y+1)(a+1)

AT =
n — Sl
n_ 2v(e¥2)F3a+4 otherW|se,

1 .
and o7 = (A7) 6% for window,

n~ 2+ if v < “*2,

Adaptive SVM
(] J
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Adaptive SVM
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Convergence rates for SVM

Théoreme (Steinwart and Scovel (2005)) :

i) X : unit ball of R?, k : gaussian kernel.

ii) 7 satisfies po—MA((cx + 1)/) and GNA(~).
For the regularization parameter

+1
n~ 2 if v < “*2,
__2(y+1)(atl)
n_ 2v(e¥2)F3a+4 otherW|se,

AT =
and o7 = (A7) &% for window, the SVM estimator satisfies
(Ve > 0)

+e H a+2
2v+1 Stre
SERECRIN B ae ify < G
n ) ol = “e 2y(a+1) +e .

n- 2v(at2)+3a+4 otherwise,
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Adaptive SVM
o

Problem of adaptation

This estimator depends on « (margin) and ~ (geometric margin)

Aggregation methods in cla B y and adaptation Université Paris 6



Adaptive SVM
o

Problem of adaptation

This estimator depends on « (margin) and ~ (geometric margin)

I

Problem : simultaneous adaptation to a and ~
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Adaptive SVM
o

Problem of adaptation

This estimator depends on « (margin) and ~ (geometric margin)

I

Problem : simultaneous adaptation to a and ~

U
Aggregation methods
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Adaptive SVM

Adaptation Problem

Split the observations in two parts :
o /= L” 1 etm=n—|
og n
e DL = ((X1,Y1),...,(Xm, Ym)) (training sample)
1

Construction of SVM estimators
]_—:{Iﬁ—(ak,A,)_ Uk:mﬁ, k=1,...,2|A] }

N=mGta) =1 [A/2]

for A = log n.

Aggregation methods in classification: optimality and adaptation Université Paris 6
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Adaptive SVM
O

o D? = ((Xms1, Yms1)s - -5 (Xn, Ya)) (learning sample).
!

Construction of the weights :

exp (ZI m+1 YF( _))
D Ferexp (Zi:m+l YiF(Xi))

wll(F) = VF e F.
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Adaptive SVM
O

o D? = ((Xms1, Yms1)s - -5 (Xn, Ya)) (learning sample).
!

Construction of the weights :

exp (i my1 YiF (X))

wll(F) = F
(F) Yrer &P (L mi YiF(X)

VF e F.

o Fadp = sign(f29) where

Fd =" wll(F)F,

FeF

Aggregation methods in classification: optimality and adaptation Université Paris 6



al Framework ions Procedures Optimali assification

Theorem (adaptive SVM)

Two compact subsets K C U = {(a,7) € (0,400)? : v > %2} and
K' cU = {(a,7) € (0,+00)% : v < %2}, We have (Ve > 0),

— e 0 /
. n- v if (a,7) € K',

sup E [Ao(Fﬁdp) - AS} SCq __2m )
TEPa,y n~ HeBati T if (a,) € K,

V(a,v) € KUK’ and P, is the set of probility measure on X x {—1,1}
satisfying MA(«) and GNA(7).

Aggregation methods in classification: optimality and adaptation Université Paris 6
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