








difference between the two configurations is that in the circle

the autocorrelation of the Lagrangian velocity exhibits at

short increment time negative values. This might be related

to the more dominant spiraling motion of the trajectories in

the wall-bounded flow as observed in Figure 3.

The autocorrelation of the Lagrangian acceleration

decays faster than the one of the Lagrangian velocity and is

again very similar for both geometries. For large values of s,

the autocorrelation of the Lagrangian acceleration tends to

zero and becomes completely uncorrelated. Note that a small

negative bias at long times has been corrected, similar to

what was done in the work by Yeung and Pope,3 and attrib-

uted there to the statistical fluctuations of the considered

quantity. As observed in, e.g., Ref. 24, the time-correlation

of the norm of the acceleration is an order of magnitude

larger than the time-correlation of the components. The

explanation is the dominating circular motion of fluid par-

ticles. Indeed, during a circular motion, the norm of the

acceleration is constant, whereas its components change

constantly.

Fig. 11 shows spectra of the Lagrangian velocity as a

function of frequency w. In both spectra, no clear inertial

zone can be identified. If arguments à la Kolmogorov are

applied to Lagrangian spectra, the scaling of the spectrum in

3D would be proportional to w�2.25 The same would also be

the case in the inverse cascade regime in two-dimensions.

Here, we consider the forward enstrophy cascade and it is

not known which scaling should be expected. For compari-

son, we indicate in the figures the w�2 power law. However,

FIG. 5. (Color online) Single particle dispersion for periodic and circular

geometry. a and b correspond to the periodic and circular domains,

respectively.

FIG. 6. (Color online) Top: PDFs of normalized Lagrangian velocities uL=ruL , where ruL ¼ hu2
Li

1=2
. Bottom: PDFs of normalized Lagrangian velocity incre-

ments DuL(s)=r(s), where rðsÞ ¼ hðDuLðsÞÞ2i1=2
. a and b correspond to the periodic and circular domains, respectively.
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if a power-law is to be observed, it would be closer to w�1,

in particular in the circular geometry. The Lagrangian veloc-

ity spectrum for the periodic geometry presents a plateau for

lower frequencies, w< 20, while for the circular geometry,

the Lagrangian velocity spectrum exhibits a bump.

B. Is the influence of the walls localized in a small
region?

In this subsection, we will investigate if the influence of

the walls is localized in the near-wall region or if it is affect-

ing the complete domain. Indeed, in the foregoing analysis,

the quantities were averaged over all trajectories, sampling

thereby the complete domain. In this section, we will focus

separately on the near-wall region and the center-region of

the circular domain. We proceed as follows: we choose an

arbitrary radius rc�R and separate the statistics into two

parts, inside and outside the selected radius. A single trajec-

tory can thus contribute to both regions. The flatness of the

conditional Lagrangian acceleration aLr>rc
ðtÞ is defined as

FEXTðaL; rcÞ ¼
haLðrÞ4ir>rc

haLðrÞ2i2r>rc

; (6)

where h�ir>rc denotes the ensemble average, averaged in

time, for the particles confined to the annular subdomain

defined by the radius r> rc. For rc=R¼ 0, we thus consider

the whole domain, and approaching rc=R¼ 1, the subdomain

is confined to the near wall region. Analogously, we define

the flatness of the internal sub-domain

FINTðaL; rcÞ ¼
haLðrÞ4ir<rc

haLðrÞ2i2r<rc

: (7)

FIG. 7. (Color online) Top: PDFs of normalized Lagrangian velocities

uL=ruL
. Center: PDFs of the normalized Lagrangian acceleration aL=raL

.

Bottom: PDFs of the non-normalized Lagrangian acceleration.

TABLE I. Standard deviation of the Lagrangian quantities, showing only

the x-component. The y-components, which should by symmetry-considera-

tions converge to the same value, are all within 1% of the x-values and are

thus omitted. uLX
corresponds to the Lagrangian velocity, aLX

is the Lagran-

gian acceleration, arpX
is the pressure gradient, a�r2uLX

is the viscous term,

aFX
is the forcing term, auL �ruL X

is the advective term and a@uL
@t X

is the time

derivative of the velocity.

Periodic Circle

uLX
1.891 2.461

aLX
23.93 46.53

arpX
21.95 44.92

a�r2uL X
0.11 0.38

aFX
9.77 12.85

auL �ruLX
25.59 52.15

a@uL
@t X

16.33 29.61

FIG. 8. (Color online) Flatness as function of increments s for periodic and

circular geometry. a and b correspond to the periodic and circular domains,

respectively.
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This quantity thus gives the flatness of the Lagrangian-accelera-

tion confined to a circular domain with radius rc. The condi-

tional flatnesses are plotted in Fig. 12 for the case of the

circular geometry. The value in the periodic domain, which due

to the flow homogeneity does not depend on r, is also indicated.

For a radius rc=R< 0.6, the flatness FEXT is nearly con-

stant with a value of about 16. Then, for rc=R> 0.6, the con-

ditional flatness strongly increases. Since the flatness is

constant for rc=R< 0.6, it is tempting to state that no signifi-

cant influence of the wall can be found for the acceleration

in the center of the domain. However, if we compare with

the value in the periodic domain, we see that the flatness is

significantly changed by the presence of walls. This non-neg-

ligible influence becomes constant in the center of the do-

main but does not vanish. In the region rc=R> 0.6, the

influence of the walls becomes increasingly stronger. Note

that for the largest radius, the value of the conditional flat-

ness may not be converged since the domains become too

small and the statistical sampling is no longer sufficient.

These results enable us to reassess the conditional flat-

ness in Ref. 16. We do not observe the sharp transition of the

flatness for rc=R> 0.3 as was observed in Ref. 16. Indeed

closer inspection of the results in Ref. 16 showed that the

sharp increase was caused by a problem of statistical conver-

gence and an inhomogeous initial distribution of the par-

ticles. In the present study, the particles are spread initially

homogeneously, and the statistically stationary flow allows

to obtain better converged statistics. A further difficulty with

Ref. 16 was that during the computation, the enstrophy

strongly decayed, leading to statistics averaged over strongly

varying flow-conditions. The stationarization used allows to

compensate for the energy decay but not for this enstrophy

decay. However, also in the present study, we observe a

strong increase of the conditional flatness for rc=R> 0.7

FIG. 9. (Color online) Lagrangian velocity autocorrelation for periodic and

circular geometry. a and b correspond to the periodic and circular domains,

respectively.

FIG. 10. (Color online) Lagrangian acceleration autocorrelation for periodic

and circular geometry. a and b correspond to the periodic and circular

domains, respectively.

FIG. 11. (Color online) Lagrangian velocity spectra for periodic and circu-

lar geometry.
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which indicates the presence of a Lagrangian boundary layer,

be it smaller and less sharp than the one found in Ref. 16.

The PDFs corresponding to these subdomains are shown

in Figure 13 which confirms that the extreme values of the

Lagrangian acceleration appear for regions close to the wall.

For completeness, we also show in Figure 14, the enstrophy

as a function of the radius r. It is observed that the value of

the enstrophy increases rapidly in the vicinity of the wall.

We will focus on the influence of the value of the enstrophy

on the Lagrangian statistics in the next paragraph.

C. The influence of the level of enstrophy
on the Lagrangian acceleration

Comparing the PDFs in Figure 7, we observe that the

shape of the PDF of the Lagrangian acceleration is very

similar for the two geometries, but that the standard devia-

tion changes considerably. In both geometries, the kinetic

energy is maintained on the same level, but this implies a

higher level of enstrophy in the circular geometry, as is

observed in Figure 2. The reason for this is that the solid

FIG. 12. (Color online) Conditional statistics as a function of radius rc=R for

the circular geometry. The lines for FEXT and FINT are shown with a solid

line where we trust the statistics and by dashed line in the remaining bits.

FIG. 13. (Color online) PDFs of the acceleration in the subdomain defined

by r> rc (top) and r< rc (bottom) for the circular geometry, compared to the

PDF in the periodic domain.

FIG. 14. (Color online) Enstrophy as function of the radius in the circular

geometry.

FIG. 15. (Color online) The PDFs of the Lagrangian acceleration for the

case in which both the enstrophy and the energy are maintained at the same

level in both geometries. Top: normalized PDFs, bottom: non-normalized

PDFs.
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boundaries in the circular domain act as an energy sink by

producing enstrophy. In order to obtain the same level of

energy, the forcing strength has to be increased in the circu-

lar domain. The resulting flow has a higher level of enstro-

phy at equal energy. A question which can be asked at this

point is how the flow statistics would change if both the

energy and the enstrophy level are the same in both flows.

We managed to create such a flow by removing the Rayleigh

friction in the circular domain and adapting the forcing

strength. Both the energy and enstrophy level are comparable

in the resulting flow, with some strong enstrophy fluctuations

around the mean value in the circular geometry. For this

flow, we show the PDFs of the Lagrangian acceleration in

Figure 15. The striking difference with Figure 7 is the ap-

proximate collapse of the non-normalized PDFs, while the

standard deviation of the Lagrangian acceleration is 1.5

times stronger in the circular geometry. This is an indication

that the standard deviation of the Lagrangian acceleration is

intimately related to the level of enstrophy of the flow.

Indeed the presence of stronger enstrophy fluctuations, due

to intermittent vorticity generation at the wall, probably

explains the stronger standard deviation in the circular do-

main, although the mean values of enstrophy are similar for

both geometries. Moreover, the normalized PDFs do not col-

lapse as well as those in Figure 7. Clearly, the presence of a

large-scale friction influences the shape of the PDF of the

Lagrangian acceleration, since we need more enstrophy to

obtain similar energy for both cases.

The present observations infer, therefore, that the main

influence of the walls on the PDFs of the Lagrangian accelera-

tion is the enhancement of the level of enstrophy, which leads

to a higher standard deviation of the Lagrangian acceleration.

IV. CONCLUSION

In this study, we showed the influence of no-slip condi-

tions on the Lagrangian statistics of passive tracers. For that,

we performed direct numerical simulations of two-dimen-

sional statistically stationary incompressible turbulent flow in

periodic and circular domains, for the latter with no-slip

boundary conditions. The influence of the wall was assessed

by analyzing the Lagrangian statistics. As found in Ref. 16,

the presence of solid boundaries influences in particular the

behavior of the Lagrangian acceleration. When considering

subdomains including or not the near-wall region, we observe

that the influence of the walls becomes approximately con-

stant in a central region, which allows to define a Lagrangian

boundary layer, be it less pronounced than in Ref. 16. How-

ever, comparing this center region with fully periodic flows, a

difference remains. This difference is traced back to the ens-

trophy which is produced at the walls and diffuses into the do-

main. In the periodic domain, no enstrophy production exists,

except for the homogeneous force term. The influence of

walls is thus not confined to a small near-wall region but influ-

ences the entire domain. As in Ref. 16, we can conclude that,

since a large number of experiments on Lagrangian tracers

are carried out in wall-bounded geometry, the universality of

these experimental results can be questioned. However, it is

possible that the effects in three-dimensional turbulence are

decaying faster as a function of the distance to the wall since

enstrophy is no conserved quantity in three dimensions. In

order to answer this question, a three dimensional extension

of the present study constitutes an important perspective.
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