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Abstract—The problem of estimating a linear functional in a linear Gaussian model is consid-
ered. For the estimation, the class of projection estimators is used. The problem is to choose
the optimal estimate from this class on the basis of observations. The solution of this problem
is based on the principle of risk envelope minimization.

1. INTRODUCTION

One of the approaches to solution of the problem of choosing the best estimate from a given
family of estimators is discussed by the example of estimating a linear functional. This problem
plays one of the fundamental roles not only in modern statistics but also in learning theory, which is
intensively developing (see, e.g., [1]). In general, the problem of our interest is the following. Assume
that we want to estimate an unknown parameter § € R? from observations of a random variable X
with probability distribution Py(z), x € R™. Assume also that for the estimation of the parameter
we can use estimates from a given collection (class) of estimators © = {6(X),#%(X),...} only. The
problem is to find, using the observation of X, an estimate from O that estimates the unknown

~

parameter # in the best way. Here, the risk of the estimate #(X) is measured by the quantity
r(6,0) = Eg £(0(X),0),

where £(-,-): R? x R? — R¥ is a loss function and Ey is averaging over the measure Py. Speaking
more precisely, we want to find an integer-valued function K (X) such that the risk r(9%,0) is
minimal for any 6 € RY.

The answer to the question why precisely this approach is used in statistics can be explained
by the fact that, in many problems of interest from a practical point of view, the dimension d
is rather large; therefore, in this case, it would be somewhat naive to expect sufficiently reliable
a priori information on the estimated parameter. On the other hand, using classes of estimators
allows one to extract missing a priori information from observations. In addition, of course, the
class © should be neither too poor nor extremely rich. For example, if this set is close to the class
of all estimates, then in such a situation we undoubtedly cannot find a good estimate. The point
is that, in the case where all estimates could be used, we could take 67(X ) = 0. This estimate is
obviously very bad, but its risk is equal to 0 for & = 0. Therefore, the problem of finding the best
estimate for all 6 in the class of all estimators does not have a reasonable solution. However, using
not too rich classes of estimators allows us to make this problem completely sensible. In general,
it is difficult to exactly say how rich the class of estimators can be, and here we do not study this
(very interesting) question. Some ideas and approaches to solution of this problem can be found,
for example, in [1,2].
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54 GOLUBEV

One of the well-known approaches to solution of the problem of choosing the best estimate
from a given class in classical nonparametric statistics is the principle of unbiased risk estimation.
Roughly, its motivation is the following. Assume that there exists an unbiased estimate of the risk

r(6%,0), i.c., there exists a function r(k, X) such that r(6%,0) = Egr(k, X) + ro(0) for all § € R?.
It is fundamentally important that the function r¢(6) in this representation does not depend on
the index k. According to the principle of unbiased risk estimation, the index of the best estimate
is defined as

K(X)=argminr(k, X).
k

This idea is extensively used in statistics. For example, the Akaike criterion [3], Mallows cri-
terion [4], and all cross-validation methods [5] are based on this principle. Mathematical results
concerning the quality of these methods were, apparently, first obtained in [6]. However, one
certainly cannot say that the principle of unbiased risk estimation is applicable to any practical
situation. It can perform very well in certain problems but lead to a catastrophe in some others.

Consider a simple example. Let X be a Gaussian vector with components
Xi=0,4+0&, 1=12 ..., (1)

where &; is a white Gaussian noise (i.e., §; are independent Gaussian random variables with E&; = 0
and E£Z = 1) and o; are known quantities. To estimate the vector § = (61,09,...)7, we will use
the class of projection estimators Gk( ), k=1,2,..., defined by the equalities

0F(X) = 1{i < k}X;.

In addition, estimation quality for the vector 6 is measured by the quadratic loss function

oo

00,0) =3 (6 — 0,2

i=1
It can easily be checked that the risk of the estimate ék(X ) is computed as

k

00 k 00
S0P +Y ol =>[o7 -0+ 67

i=k+1 1=1 i=1 =1

From this it is clear that, to construct an unbiased estimate of the risk, it is sufficient to construct

such an estimate for #2. We can do this very simply, taking X? — o7 as an estimate. Hence, the

unbiased estimate of the risk has the form

k

r(k, X) =) [207 — X7,

i=1

and, according to the principle of unbiased risk estimation, we take the projection estimate with
the index

k
K(X) = arg min{Zpaf — Xf]}. (2)

k i=1
In many cases this principle gives rather good results. In particular, this holds for the case where
0; = 0. Denote by r(0) = mkin 7(6%,0) the risk of the best projection estimate. Then, uniformly in

all 6 € l5(1,00) (see [7]), we have the inequality

(6%, 0) ) < C\/
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THE METHOD OF RISK ENVELOPE 95

where C' is a constant. In statistics, inequalities of such kind are called oracle inequalities since
this inequality claims in fact that the difference between r(6%,6) and the risk 7(6) (which can be
interpreted as the risk of an oracle) is relatively small as compared with r(#) in the cases where
7(0) > o%. At the same time, this difference has order o if r(0) ~ o2

To understand why choosing a projection estimate based on the unbiased risk estimation can
be bad, consider the situation where

Consider for simplicity how the principle of unbiased risk estimation works in the case where all
0; = 0. In this situation, we choose the estimate with the index

k k
K(X):argmin{—ZJ?@?—FQZU?}. (3)
k i=1 i=1

Note that, for the case where o7 grows exponentially, we have the inequality

k 2
> o7 < 7k E
i=1 a—
and therefore i i
=Y 0l +2> ol <op[-&+2/(a—1)]. (4)
=1 =1

For any T' > 0 we almost surely have

2
2 _e2l
ot Ok { a—1 S } >

since the probability of the event &7 > 3/(a — 1) is strongly positive for any k. From (4) and (3),
we immediately obtain

1 T 9
20
{K( )_1}_P{ ;:10Z§Z+ ;Zlffz_gggl AT

for any T' > 0. Therefore, it is obvious that the risk of the estimate 0K is infinitely large. In other
words, the considered method of choosing an estimate is catastrophically bad in the case where o;
grows exponentially.

Note that there are many other statistical problems in which the principle of unbiased risk
estimation leads to very bad estimates or cannot be applied at all. In particular, one of such
problems is that of estimating a linear functional. The simplest variant of this problem is to
estimate

S(6) = i 0;
=1

from observations (1). The present paper is precisely devoted to this problem. In contrast to the
problem of estimating a vector as a whole, the problem of estimating a linear functional actually
occurs rather rarely in practical applications, though, of course, problems are known in which
this problem arises in a natural way, for example, the Wicksell problem [8]. Statistical literature
on estimation of linear functionals is very extensive (see, e.g., [9,10]) in spite of the relatively
narrow scope of its applications. In this paper we use the problem of estimating a linear functional
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as a model example allowing us to demonstrate the universality of the risk envelope method.
Essentially, this method is a generalization of the principle of unbiased risk estimation.

The essence of the suggested method is very simple. It consists of two steps:
— construction of the risk envelope;
— minimization of the risk envelope on the basis of observations.

The risk envelope for a family of estimates {01(X),6%(X),...} is defined as a deterministic
(independent of the observations X) function L(k, ) for which the condition

Egsup{ ((9*(X),0) — L(k,0)} <0 (5)
k

holds for all 6 € R<.

It is obvious that the risk envelope allows one to easily control the risk of any method of choosing
the estimate K (X) R
r(0%,0) < Eg L(K,9). (6)

It is seen from this inequality that the smaller the envelope, the better we can control the risk
of our method. On the other hand, we of course would like to find a method for choosing the
estimate that minimizes the envelope L(k,6) over all k. This functional depends on the parameter
estimated, and we have to minimize it on the basis of observations X. In fact, this is the most
difficult problem. The point is that the set of envelopes is vast and contains envelopes which, at first
sight, look very good but which are absolutely impossible to stochastically minimize. The idea is
to find a compromise: to choose, perhaps, not the optimal envelope but such that its minimization
could be realized with acceptable quality. The main goal of this paper is to demonstrate how such
a compromise can be realized in a particular problem.

2. ESTIMATION OF A LINEAR FUNCTIONAL

o0
Our goal is to estimate a linear functional S(0) = 3 6; from observations (1). We assume that
i=1
all o; are identical and equal o. As a family of estimators, we use projection estimates

Wi
SHX) =X, (7)
i=1
where
wy=(1+a), a>0, k=01,2,.... (8)

The purport of introducing the sequence wj; with exponential growth is in the fact that only for
the family of projection estimators generated by such kind of sequences we can construct relatively
good methods of risk envelope minimization.

As a loss function, let us take
0(S,8) =|5(X) - 5(8)|.

One can also consider (without essential problems) other loss functions but, to simplify technical
details, we limit ourselves to this simplest case.

2.1. Risk Envelope
Computation of the risk envelope is rather simple. Define for brevity

’u}[+171

Se0) =3 0,

1=wp
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THE METHOD OF RISK ENVELOPE o7

In what follows, we denote by C' all constants whose exact values are unimportant.

Lemma 1. For any « € (0,1], the function

L(k,0) = i Sj(ﬁ)' + U\/wk log(wg,) + U\/u;k +Co

j=k+1

s a risk envelope.
Proof. It is obvious that we have the inequality
[5%(0) = 5(0)] <

3 Sj(e)‘ +olS gl ()

j=k+1

> &
i=1

Let us use two banal inequalities:
r—y<zl{z >y}, y=>0,

and the fact that for any x; > 0 we have

n
max{zry,...,Tn} < sz
i=1

Therefore,

> &
=1

Emax{
k —

_ \/wk log(wy,) — \/u;k}

<Y ED & 1{ > &
k=0 =1 =1

> \/’wk log(wy) + \/u;k}
— i Vwy, E|§1\1{|51\ > \/log(wk) + \/1 }
k=0

(67

Further, integrating by parts, we obtain

E\§1|1{\£1| > \/log(wy) + \/;} = CeXp{_; Vwk " ja]Q}'

Thus,

Wi
E .
ml?x{ ; &

- \/wk log(wy,) — \/Zk}

< €Yy xp { ~loglun)/2  fog(un)fa — 1/(20)}
k=0

Caexp[—1/(2a)] '

< Cexp[—1/(2a)] kz:%eXp {_\/k log(1 + a)/a} = log(1+a)

The statement of the lemma directly follows from this inequality, the definition of an envelope (5),
and inequality (9).
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2.2. Stochastic Minimization of the Risk Envelope

This is a simple but, in a sense, nontrivial problem. According to Lemma 1, we would like to
find the index k£ that minimizes the envelope

i S;(0)

j=k+1

Wk

Lo(k,0) = + o/ wi log (wy) + a\/ !

The complexity of this problem consists only in that we do not know S;(6), and at first sight the
situation looks hopeless since we arrive at the same problem as we started from. But, in fact, it is
not too difficult to overcome this. Let us try to minimize a little larger quantity, namely,

L0) = 3 [S,0)] + oy log(un) +o¢ o

j=k+1
00 k

= 3150~ 3 1S,0)] + oy log ) + /U (10)
=0 =0

Hence it is clear that if suffices to minimize over all k£ the following function:

k
Wi,
= 1S5(0)] + 0w log (wy) + 0\/ .
: o
7=0
But this is already a rather good problem, whose solution can easily be found. It suffices to estimate
|S;(0)| from the observations
XZ:91+O-§Z7 /i:wju"'ij+1_17

and substitute the obtained estimates into the minimized functional. The problem can be simplified
by summing up the observations X;. In this case, we have to estimate |S;(#)| from the observation

3/]' = SJ(H) + O'jfj,

where 0; = 0/wj;1 — w;. As an estimate for S;(6), one can obviously take |Y;|. Thus, we arrive
at a method of estimating a linear functional described below.

2.83. Method of Estimating a Linear Functional

In this section, we describe a procedure of estimating a linear functional S(6) from observa-
tions (1), which is based on the principle of risk envelope minimization. An estimate for S(#) is
constructed from the reduced data

wj41—1

V= > X; j=0,1,....

1=wj

Define the quantity K. which minimizes the risk envelope L*(k, ) on the basis of observations:

k
K, = argmin{— SO+ U\/(l + v)wy, log(wy) + 50\/wk } (11)
k -
7=1

(%

Then the estimate is defined as follows:
K"/
S(x)=>_v. (12)
i=1

The quality of this estimate is described by the following theorem.
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THE METHOD OF RISK ENVELOPE 59
Theorem 1. For the estimate S(X) defined in (11) and (12), the inequality

~ C . >
Ey |S(X)-S(0)] < (1 + Xa> mkm{ > |Sj(¢9)|+0\/(1 + y)wg, log(wk)+5a\/1(l;k }+CO’ (13)
j=k+1
is fulfilled uniformly in all 6 € ¢5(1,00).
The proof of this result is based on simple probabilistic facts stated in Section 3.
The statistical meaning of Theorem 1 is, in essence, the following. Inequality (13) claims that
on the basis of the observation X; we can minimize the functional

oo

L0,k)= Y 1S;(6)] + oy/wp log(wy)
j=k+1

with small losses. To clarify the meaning of this claim, consider two situations: mkin L.(0,k)~ o
and rnkin L.(0,k) > o. In the first case, which corresponds to parametric estimation where only
finitely many components of the vector 6 are nonzero, we immediately obtain that the risk of our
estimate has order o. The second situation is typical for nonparametric estimation. In addition,
the risk of our method can be made smaller than (1 + ¢) mkin L.(8,k), where € > 0 is an arbitrary
given number, by an appropriate choice of the parameters « and ~.

The question naturally arises whether it is possible to construct estimates that are better than
S(X) in both the parametric and nonparametric case. It turns out that the answer is negative.
A discussion of the problem in what sense it is impossible to construct better estimates is beyond
the framework of this paper. For details of some methods of constructing lower bounds in problems
of such kind, we refer the reader to [11-13].

Some other possible applications of Theorem 1 are connected with adaptive minimax estimation.
For example, if we assume that

0€0,4L)= {0 : 203 exp(ui?) < L}, ,q, L >0,
i=1

then, using inequality (13), we can easily estimate the risk ~ sup  Eg|S(X)—S5(0)| as L/o? — cc.
0€0,,4(L)

Moreover, it is not difficult to verify that the estimate S(X) is minimax for all classes O,,4(L) with

1, q, L > 0. Note that similar asymptotic results for estimation on the classes ©,, ;(L) were obtained

in [11] with the help of another method of estimation suggested in [14]. However, in contrast to

the results of [11], which are of the asymptotically-minimax nature, Theorem 1 allows us to control

the risk of the suggested method of estimation for all 6.

3. AUXILIARY RESULTS

Put
k

me =Y oi(|&] — El&l),

i=0
where &; are independent N(0,1) random variables and UZ-Q = w; — w;_1. First of all, we are
interested in large deviations of 7.

Lemma 2. For all x > 0, we have the inequality

ka

Pl > 1} < exp{— v } (14)
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60 GOLUBEV
Proof. Note that

o0

/exp()\aix —2%/2) dx
0

Ao;
2
= exp{)\QJ?/Q}(l + /2 /6“2/2du>
7r
0

Ao
1+ 2 /e_“2/2du
V2 s

No?
§exp{ ;Z +)\JZ‘E’51‘}.

2
E eXp{)\JZ‘ ’fz‘} = \/271'

No?
=expy + log

Therefore, using the exponential Chebyshev inequality, we obtain

k 2 k
P{n, >z} < exp(—)\:):)EeXp{)\ZaiU{i\ - E\&ZH} < exp{—)\x + )\2 Zaf}.
i=0

i=0
Choosing A = z/wy, in this inequality, we arrive at (14). A
Lemma 3. For all x > 1 and 0 < q < 2, we have
En{1{n, > z\/wi} < CwZ/que_$2/2.
The proof directly follows from Lemma 2 and the formula of integration by parts. A
Lemma 4. For any integer-valued random variable T and any p € (1/2,1], we have
B(n—y"7) <, @un)®, (15)
where o € (0,1].
Proof. Let us first show that, for any p > 0, we have the following inequality:
Eml?x [nk - \/u;k - uwﬂ < Cexp { 1 ip2p log 2;? 1 } p /@1, (16)
Take the integer K, = min{k : \/Jwy > py/aw} }. Note that we have the trivial inequality

E max [nk - \/wk — ,uwf;] < Emaxn;1 {Uk > \/wk —|—,uw£}
k o k «
Ky

w © w
SZEnkl{nkZ\/ak+Nw£}+ > Enkl{nkz\/a’“ruwi}- (17)
k=1

k=K, +1

The first term on the right-hand side of this inequality can be estimated very simply. Using
Lemma 3, we get
Ky

K, 2
Wy 1/2 p—1/2 1 1 p—1/2 1
Y Enpl {nk > \/ +uw£} <> w, {uwk + } exp{— [uwk +
= a = Va 2 Va
K
1 X 1
< 2a71/? exp {_QQ} Z w,ﬁﬂ < 6o exp {_QQ} w}(/f
k=1
< o111 o {_21 } L1/
o

1 1 LV 1@
- — : 1
Cexp{ 2a+<1+2p_1)loga},u (18)
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THE METHOD OF RISK ENVELOPE 61
It is not difficult to see that

1 1 1 2p 2p 4p 2p 2p
. 1 1 — 1 < 1 .
mc?x{ 2a+( +2p—1) Oga} %1 T op—1 81 S 2p—1 %21

Therefore, substituting this inequality into the right-hand side of (18), we get

Ku

2 2
Y Enl {nk > \/wk + Mwi} < Cexp { P log }u‘l/@p‘”- (19)
k=1 a 2p—-1 " 2p-1

To estimate the second term on the right-hand side of (17), we again use Lemma 3. Then we have

Z Eﬁkl{UkZ\/ +uwk}<uexp{ 1/(2a)} Z wkexp{ ;LQ 2p— 1/2}

k=K, +1 k=K, +1

< pexp{—1/(2a)} /(1 + @) exp{—p2(1 + a)*®~Y )2} dz.

Making the change of variables p?(1 + «)*@P~Y = 4 in the integral, we can continue the above
inequality as follows:

§Oo E .l Wk P pCD e 2)d 20
> - .

Py 1Tk {Uk - \/ « +ka} ~ log(14+ a)(2p — 1) /u exp( u/2) du (20)

=K, +1 0

The integral on the right-hand side of this inequality is the gamma function, and it can be estimated
by the Laplace method. In particular, we have the following inequality:

/u(l_p)/(2p_1) exp(—u/2) du S CeXp{ 2pl_ 1 10g 2p1— 1 } (21)

Inequality (16) automatically follows from (17) and (19)—(21).
After that, inequality (15) can be proved very easily. It suffices to note that, by (16), we have

wr 2p 2p 1/(2p—1)
E — <uEuwP+C 1 P2,
{m \/a]_u wh + exp{Qp_10g2p_1}u

Therefore, ChOOSiIlg
2 _
p [E wg] (2p—-1)/(2p)

in this inequality, we get
[E wP

which proves the required inequality (15). A
We need one more simple fact.

Lemma 5. For any integer-valued random variable T and any number v € (0, 1], we have
E"ﬁﬂl{"?r = \/(1 + y)w- log(ws) + \/wT} <C. (22)
o
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Proof. Let us proceed in the same way as in the proof of Lemma 4. Using Lemma 3, we get

Enlﬂl{m > /(1 + y)w, log(w,) + \/12:}

< i EnliJer{nk > \/(1 + v)wy log(wy,) + \/Zk}

k=1

i{\/ (1+7)log(wg) + o~ 1ﬂrﬂexp{—\/(l +’y)log(wk)/a—a_1/2}

= Cexp[—1/(2c) i[\/l—kv )klog(l+ o) + 1/(2\/a)}1+7exp[—\/klog(l+oz)/a}

k=1
<C. A

4. PROOF OF THE THEOREM
Denote for brevity
Pen(k) = a\/(l + v)wy, log(wy,).
Since L*(k,0) is a risk envelope, from (6), (10), and Lemma 1 we derive

o0

By |3(X) — 5(0) sEe{ > (SO + Pen(i) + 0 wf}wa

j=Ky+1

% K, w
:Z +E9{—Z\Yj\+Pen(Kw)+5a\/ K”}

=0 @

{g By [Y;] — |5;(0)] —wwj}
I; w
{Z Y;| — B Y]] —a\/ §”}+ca. (23)

Let us use the trivial inequality
—sEl¢| <|z| - E|z + s <0, (24)

where s > 0 and £ ~ N (0,1). The validity of this relation can easily be checked if we note that the
function
p(r) =z — Elr + s¢|

does not decrease as x > 0 since its derivative ¢'(z) = 1 — Esign(z + s) is nonnegative.
Using inequality (24), we find

Ee{i[Ee Y5 = 1S;(0)]] — 30\/ } < EG{UZ VWil — wj — 30\/11);@}

J=0

«

<E { VR, 30—\/””{” } <0. (25

Vita—1 o

= Eg{az\/a(l +a)/? - 30\/va }
=0
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Further, the definition of K, and inequality (24) directly imply the following inequality:
K, wx
Z 15,00)] + Ea{—z Y;l + Pen(i,) + 50, Oj}
=0
Z 0)] + Eqg { —

ko w
S 1Y;] + Pen(ko) + 50\/ ;“0 }

j=0

o0
< Z |Sj(9)| + Pen(k:o) + 50‘\/ka, (26)
Jj=ko+1 @
where kg is an arbitrary integer.

Thus, it remains to estimate the next-to-last term on the right-hand side of (23). Applying
Lemma 4, we immediately obtain

S Wy 1,172 (1+y)/2] /0
Eoq Y_[1il — B |V;l] — o/ "7 b < Coa 7y 2 By (w, )] : (27)
=0

To upper bound the quantity Eg (wKW)(HV)/ 2 let us use the definition of K. It is obvious that
the inequality

Ky ko
= ¥+ Pen(y) + 50y < = 3 ¥+ Pen(h) + 50/ (2%)
3=0 @ j=0 a
holds for any integer ky. Then, putting for brevity
wjit1—1
> &
k=w;
we immediately obtain from (28) that, for K, > ko, the inequalities
w Ky w w
O'\/ Ky < Z |Y;| 4 Pen(ko) + 50\/ Fo Pen(K,) — 40\/ Ko
a a a
j=ko+1
K’Y
Weq WK,
< > |S;(0)] + Pen(ko) + 50 + Z £)] — Pen(K.,) — 4o
j=kot1 j=ko+1 a
< 3 185(0)] + Pen(ky) + 50\/ ’
j=ko+1 o
K, wi
D (IS0~ By [S5(€)]) — Pen() o[ (29)
j=0

are valid. Here, we have used the following fact proved above (see (25)):

ZE9|S |—3a\/w§” <0.

Further, using the Hélder inequality and Lemma 5, we derive from (29) that
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o Bt ) 2 1) < S (501 + Peatha) + 50
Jj=ko+1
K I+ (K, e 1/(1+7)
+ 4 Eg [ZUSJ‘(O! —Ey !Sj(é)ﬂl 1{2[\%(5)! —Eg[9;(§)]] = Pen(K,) + ff\/ a”}
j=0 Jj=0
< i |S;(0)| + Pen(ko) + 50\/ka + Co. (30)
Jj=ko+1 o

Note also that (28) implies, for K., < kg, the trivial inequality

U\/va < Pen(ko) + 50\/ka.
a o

Therefore, it is evident that the inequality

g

Va
is valid; hence, by (27) and (30), we obtain

’U)ko

1/(1+
} [ < Pen(ko) + 50\/
a

[Bo(wre )V, < o)

K w 00 w
Ee{Z[IYjI — Eg|Yj]] —\/ 5} < C’V_lalﬂl > 18;(0)] + Pen(ko) +50\/ ko +cg].

: . (0%
J=0 Jj=ko+1

Finally, substituting this inequality and inequalities (25) and (26) into (23), we complete the proof
of the theorem. A

In conclusion, the author would like to express his sincere gratitude to the reviewer who carefully
read this paper and made a number of important and useful remarks, which allowed the author to
correct inaccuracies in proofs.
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