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Abstract. We consider the problem of estimating an unknown vector θ from the
noisy data Y = Aθ + ǫ, where A is a known m × n matrix and ǫ is a white Gaussian
noise. It is assumed that n is large and A is ill-posed. Therefore in order to estimate
θ, a spectral regularization method is used and our goal is to choose a spectral regu-
larization parameter with the help of the data Y . We study data-driven regularization
methods based on the empirical risk minimization principle and provide some new oracle
inequalities related to this approach.
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1. Introduction and main results. In this paper, we deal with a
classical problem of recovering an unknown vector θ = (θ(1), . . . , θ(n))⊤ ∈
R

n from the noisy data

Y = Aθ + ǫ, (1.1)

where A is a known m × n - matrix and ǫ ∈ R
n is a white Gaussian noise

with a known variance σ2 = Eǫ2(k), k = 1, . . . ,m.
The standard way to estimate θ is based on the maximum likelihood

estimator

θ̂0 = argmin
θ∈Rn

‖Y −Aθ‖2,

where ‖y‖2 =
∑m

k=1 x
2(k). It is easy to see that θ̂0 = (A⊤A)−1A⊤Y and

the mean square risk of this estimator is computed as follows

E‖θ̂0 − θ‖2 = E‖(A⊤A)−1A⊤ǫ‖2 = σ2trace
[

(A⊤A)−1
]

(1.2)

= σ2
n

∑

k=1

λk,

where λk and φk ∈ R
n are the eigenvalues and the eigenfunctions of

(A⊤A)−1:

λkA
⊤Aφk = φk.

In what follows, it is assumed that A is ill-posed i.e., λ1 ≤ λ2 ≤ · · · ≤ λn.
The equation (1.2) reveals the principal difficulty in θ̂0: its risk may be
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very large when n is large or when A has a large condition number. In this
paper, we suppose that n is large (it may be infinity), so the risk of θ̂0 is
also large.

The basic method to improve θ̂0 is to make the variance σ2
∑n

k=1 λk

smaller by suppressing large λk. The simplest way to implement this idea
is to smooth θ̂0 with the help of a properly chosen n × n - matrix H i.e.,
using a new estimator Hθ̂0. In this paper, we focus on with the following
family of linear estimators

θ̂α = Hαθ̂0 = Hα

[

(A⊤A)−1
]

(A⊤A)−1A⊤Y,

where Hα(z) is an analytic function Hα(z) =
∑∞

k=0 hα(k)zk such that
limα→0Hα(z) = 1, limz→∞Hα(z) = 0. This method is called spectral
regularization (see [3]). The regularization parameter α controls the quality

of θ̂α. Indeed, with an elementary algebra we get the standard bias-variance
decomposition

E‖θ̂α − θ‖2 =
n

∑

k=1

[

1 −Hα(λk)
]2〈θ, ψk〉2 + σ2

n
∑

k=1

λkH
2
α(λk), (1.3)

where ψk = Aφn/‖Aφk‖ and 〈θ, ψk〉 =
∑n

l=1 θ(l)ψk(l). It is clear that the

spectral regularization may substantially improve θ̂0 when 〈θ, ψk〉2 is small
for large k.

In practice, a good choice of Hα(·) is a delicate problem related to the

numerical complexity θ̂α. For instance, to make use of the spectral cut-off
regularization with Hα(z) = 1{αz ≤ 1}, one has to compute the singular
value decomposition (SVD) of A. For large n this numerical problem may
be difficult or even infeasible.

The very popular Tikhonov’s [7] regularization is defined by

θ̂α = argmin
θ

{

‖Y −Aθ‖2 + α‖θ‖2
}

.

For this method we have Hα(z) = 1/(1 + αz). Notice here that this regu-
larization technique is good if A is really ill-posed. Indeed in view of (1.3),

θ̂α may improve the banal estimator θ̂0 if

n
∑

k=1

λk

[1 + αλk]2
≪

n
∑

k=1

λk.

This means for instance that for inverse problems with λk ≈ 1 Tikhonov’s
regularization makes no sense.

Another widespread regularization technique is due to Landweber.
This method is based on a very simple idea: to find recursively a root
of equation

A⊤Y = A⊤Aθ.



ON ORACLE INEQUALITIES 3

Notice that for positive a we can write A⊤Y =
[

A⊤A−aI
]

θ+aθ, or equiva-

lently θ =
[

I−a−1A⊤A
]

θ+a−1A⊤Y. This formula motivates Landweber’s
iterations defined by

θi =
[

I − a−1A⊤A
]

θi−1 + a−1A⊤Y.

It is easy to see that these iterations converge if aλ1 < 1. It is also easy to
check that

Hi(z) = 1 −
(

1 − 1

az

)i+1

(1.4)

In spite of its iterative character, the numerical complexity of Landweber’s
iterations may be very hight. Indeed, when the noise is small, Hi(z) should
be 1, and (1.4) results in

i > cond(A)
def
=

λn

λ1

So, if A is severely ill-posed, the number of iterations may be very large,
thus making the method infeasible. A substantial improvement of Landwe-
ber’s iterations is provided with the ν-method (see e.g., [3]).

Whatever an inversion method is used, the principal question is how to
choose its regularization parameter. Intuitively, (see (1.3)), this parameter
should minimize in some sense the risk

L[α, θ] =

n
∑

k=1

[

1 −Hα(λk)
]2〈θ, ψk〉2 + σ2

n
∑

k=1

λkH
2
α(λk).

In statistics, there are two main ideas to formalize this optimization
problem:

• to assume that θ belongs to a known set Θ ∈ R
n and to take

α∗ = arg min
α

sup
θ∈Θ

L[α, θ]

• to construct based on the data an “estimate” L̂[α, Y ] of L[α, θ] and
to compute

α̂ = argmin
α

L̂[α, Y ]

Statistical literature related to these approaches is so vast that it would
impractical to cite it here. We refer interested reader to [6] and [2] as
typical representatives of its. Notice that the first approach is related to
the theory of minimax estimation [4].

This paper focuses on the second approach, namely, it deals with data-
driven regularization parameters computed with help of the empirical risk
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minimization principle. This method says that the regularization parame-
ter should be computed as follows

α̂ = arg min
α

RPen[Y, α],

where

RPen[Y, α] = ‖θ̂0 − θ̂α‖2 + Pen(α)σ2 − σ2
n

∑

k=1

λk,

and Pen(·) is a given function R
+ → R

+. A heuristic motivation behind
this method is rather transparent. Indeed, the best regularization param-
eter is obviously given by

α∗ = argmin
α

‖θ − θ̂α‖2. (1.5)

Evidently, α∗ cannot be used since it depends on θ which is unknown. So,
the first idea is replace θ in (1.5) by θ̂0. It is clear, that directly this idea

doesn’t work because minα ‖θ̂0 − θ̂α‖2 = 0. Therefore we need to correct

‖θ̂0 − θ̂α‖2 by an additional term, thus arriving at RPen[Y, α̂]. Intuitively,
this idea assumes that the best Pen(α) should be a minimal function such
that uniformly in θ ∈ R

n

E‖θ − θ̂α̂‖2 . ERPen[Y, α̂]. (1.6)

Unfortunately, the mathematical formalization of “the best penalty” and
(1.6) is a very delicate problem. We refer interested readers to [1], which
provides a reasonable approach to this formalization.

In this paper, we assume that the penalty is given and our goal is
to bound from above Eθ‖θ̂α̂ − θ‖2. The simplest way to analyze this risk
is to use SVD. Let λk and φk be the eigenfunctions and eigenvectors of
(A⊤A)−1. Denoting ψk = Aφn/‖Aφk‖, one checks easily

y(k)
def
= 〈Y, ψk〉

√

λk = 〈θ, ψk〉 + σξ(k)
√

λk, (1.7)

where ξ(k) are i.i.d. N (0, 1). Notice that θ̂α admits the following
representation

〈θ̂α, ψk〉 = Hα(λk)y(k)

and

‖θ̂0 − θ̂α‖2 =

n
∑

k=1

[1 −Hα(λk)]2y2(k) (1.8)

‖θ − θ̂α‖2 =
n

∑

k=1

[θ(k) −Hα(λk)y(k)]2. (1.9)
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We have already mentioned that the main idea in the empirical risk mini-
mization is to control Eθ‖θ̂α̂ − θ‖2 with the help of EθRPen[Y, α̂]. Mathe-
matically this idea can be expressed as follows. For any µ > 0 and a given
penalty Pen(·) define the excess risk by

∆Pen(µ) = sup
θ∈Rn

{

Eθ‖θ − θ̂α̂‖2 − (1 + µ)EθRPen[Y, α̂]
}

(1.10)

and we will say that the penalty is admissible if ∆Pen(µ) < ∞ for any
µ > 0.

If Pen(α) is admissible, then we obtain immediately

Eθ‖θ − θ̂α̂‖2 ≤ (1 + µ) inf
α
R̄Pen[θ, α] + ∆Pen(µ), (1.11)

where

R̄Pen[θ, α] = EθRPen[Y, α] =
n

∑

k=1

[1 −Hα(λk)]2〈θ, ψk〉2

+ σ2
n

∑

k=1

λkH
2
α(λk) + σ2Pen(α) − 2σ2

n
∑

k=1

λkHα(λk).

This equation can be interpreted as a bias-variance decomposition of θ̂α

related to the empirical risk. The empirical bias term is given by
∑n

k=1[1−
Hα(λk)]2〈θ, ψk〉2 and it coincides with the standard one. However the
variance term differs from σ2

∑n
k=1 λkH

2
α(λk) and it is computed as follows

ΣPen(α) = σ2
n

∑

k=1

λkH
2
α(λk) + σ2Pen(α) − 2σ2

n
∑

k=1

λkHα(λk).

The inequality (1.11) can be rewritten in the form of an oracle
inequality

Eθ‖θ − θ̂α̂‖2 ≤ rPen[θ] + inf
µ

{

µrPen[θ] + ∆Pen(µ)
}

,

where rPen[θ] = infα R̄Pen[θ, α] is the oracle risk. Thus, to control the
risk of our data-driven method we need to compute the excess risk. Notice
that when n is large the exact computation of the excess risk is infeasible:
indeed, for given θ with the Monte-Carlo method we can compute

D(θ, µ) = Eθ‖θ − θ̂α̂‖2 − (1 + µ)EθRPen[Y, α̂]

but we cannot maximize this function numerically over R
n for large n.

In order to overcome this difficulty, let us introduce

∆C
Pen(µ)

def
= E0 sup

α

{

2(1 + µ)
n

∑

k=1

ξ2(k)λkHα(λk)

(1.12)

−µ
n

∑

k=1

λkH
2
α(λk)ξ2(k) +

Cmaxk λkH
2
α(λk)

µ
− (1+µ)Pen(α)

}

.
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Notice that in contrast to the excess risk, ∆C
Pen(µ) can be computed

by the Monte-Carlo method, and we will show that for a sufficiently large
class of spectral regularization methods ∆Pen(µ) ≤ σ2∆C

Pen(µ). These
regularization methods (smoothers) are called ordered smoothers. They
were firstly introduced in [5].

Definition 1.1. The family of smoothers {Hα(·), α ≥ 0} is called
ordered if:

1. for all α ≥ 0 and λ ≥ 0, 0 ≤ Hα(λ) ≤ 1
2. Hα1

(λ) ≥ Hα2
(λ), for all α1 ≤ α2 and all λ > 0.

Typical examples of ordered smoothers are provided the Tikhonov
regularization, the spectral cut-off method, the Landweber iterations.

The main result of this paper is given by the following theorem
Theorem 1.1. Let {Hα(·), α ≥ 0} be a family of ordered smoothers.

Then for some C > 0 and for all µ > 0

∆Pen(µ) ≤ σ2∆C
Pen(µ).

Let us illustrate how this theorem works. Suppose

Pen(α) = Pen(α) = 2

n
∑

k=1

Hα(λk)λk.

It is well known that this penalty is related to the unbiased risk estimation,
since for given α

Eθ‖θ−θ̂α‖2 = R̄Pen[θ, α] =

n
∑

k=1

[1−Hα(λk)]2〈θ, ψk〉2+ σ2
n

∑

k=1

λkH
2
α(λk).

Assume also that A is not severely ill-posed. More precisely, suppose there
exists κ < 1 such that for all α ≥ 0

max
k

λkH
2
α(λk) ≤ λ1

[

1

λ1

n
∑

k=1

λkH
2
α(λk)

]κ

, (1.13)

n
∑

k=1

λ2
kH

2
α(λk) ≤ λ2

1

1 − κ

[

1

λ1

n
∑

k=1

λkH
2
α(λk)

]1+κ

. (1.14)

It is easy to see that these conditions allow only a polynomial growth of
λk. Indeed, if

λk

λ1
= km for some m ∈ [0,∞),

then for the spectral cut-off with Hα(λ) = 1{αλ ≤ 1} it is easy to check
that κ = m/(m+ 1).
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Theorem 1.2. Let {Hα(·), α ≥ 0} be a family of ordered smoothers
and (1.13-1.14) hold true, then for some C > 1 and any µ ∈ (0, 1)

∆Pen(µ) ≤ C1/(1−κ)λ1σ
2

(1 − κ)1/(1−κ)µ(1+κ)/(1−κ)
.

This theorem improves oracle inequalities from [2] over the classes
of ordered smoothers. It says that the upper bound for the excess risk
doesn’t depend on n. Moreover, it allows the minimization of the empirical
risk over all possible regularization parameters, thus showing that a priory
restrictions on α are not essential. On the other hand, it reveals some
serious difficulties related to the penalty Pen(α): the upper bound for
excess risk explodes as κ → 1. It means that this penalty is not good for
severely ill-posed inverse problems. More details about this effect along
with an improved penalty can be found in [1].

2. Proofs.

2.1. Ordered processes and their properties. Our method of de-
riving oracle inequalities is related to a special class of random processes.
Let ξ(t), t ≥ 0 be a random process with Eξ(t) = 0 and a finite variance
Eξ2(t) = σ2(t) which is assumed to be monotone

σ2(t2) ≥ σ2(t1), t2 ≥ t1.

The process ξ(t), t ≥ 0, is called ordered if it is separable and for all t2 ≥ t1

E[ξ(t2) − ξ(t1)]
2 ≤ σ2(t2) − σ2(t1). (2.1)

Obviously, this condition can be rewritten as

Eξ(t2)ξ(t1) ≥ min{Eξ2(t2),Eξ2(t1)}.

So, an ordered process can be viewed as a natural generalization of the
Wiener process W (t) for which EW (t1)W (t2) = min{EW 2(t1),EW

2(t2)}.
Denote for brevity

∆ξ(t1, t2) =
ξ(t1) − ξ(t2)

√

E[ξ(t1) − ξ(t2)]2
.

The main property of ordered processes is given by the following lemma.
Lemma 2.1. Suppose there exists λ > 0 such that

ϕ(λ)
def
= sup

t1,t2

E cosh
[

λ∆ξ(t1, t2)
]

<∞. (2.2)

Then there exists a constant C depending on λ such that for all T > 0 and
all p ≥ 1

[

E sup
t,s∈[0,T ]

|ξ(t) − ξ(s)|p
]1/p

≤ Cpσ(T ), (2.3)
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where C is a generic constant.
Proof. We provide the proof of (2.3) only for reader’s convenience. In

fact, its proof is standard and it is based on the classical chaining arguments
[8]. For simplicity, we assume that σ2(t) is a continuous function. Then
for a given integer s ≥ 0 we can find points tsk on [0, T ] such that

σ2(tsk) = 2−skσ2(T ), k = 0, . . . , 2s − 1

and denote by T s the set of these points. Let u be an arbitrary point in
T s. Then we can find a chain, i.e. the points τj(u) ∈ T j , j = 0, . . . , s
such that

1. u = τs(u), 0 = τ0(u)
2. |σ2(τj(u)) − σ2(τj−1(u))| ≤ 2−j+1σ2(T ).

To verify that such points exist, one can imagine the standard binary tree
with the nodes at the level j associated with the points tjl , l = 0, . . . , 2j−1.
It is clear that there exists a unique way connecting u ∈ T s and 0 (top of
the tree). This way passes via nodes, which are denoted by τk(u). So, we
can write

u =

s−1
∑

k=0

[τk+1(u) − τk(u)],

and for arbitrary points u, v in T s we get

u− v =
s−1
∑

k=0

[τk+1(u) − τk(u)] −
s−1
∑

k=0

[τk+1(v) − τk(v)].

Therefore in view of (2.2), we have

E1/p sup
u,v∈T s

|ξ(u) − ξ(v)|p

≤ 2

s−1
∑

k=0

[

E sup
u∈T k+1

|ξ(τk+1(u)) − ξ(τk(u))|p
]1/p

= 2

s−1
∑

k=0

[

E sup
u∈T k+1

∣

∣∆ξ(τk+1(u), τk(u))
∣

∣

p
(2.4)

×
[

E[ξ(τk+1(u)) − ξ(τk(u))]2
]p/2

]1/p

≤ 2σ(T )
s−1
∑

k=0

2−k
[

E sup
u∈T k+1

∣

∣∆ξ(τk+1(u), τk(u))
∣

∣

p
]1/p

.

Let L(x) = logp
(

x + ep−1
)

. Notice that for any p ≥ 1 this function is
convex on (0,∞), since

L′′(x) =
p logp−2

(

x+ ep−1
)

(

x+ ep−1
)2

[

p− 1 − log
(

x+ ep−1
)

]

≤ 0.
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Therefore, using convexity of L(x) and (2.2), we obtain

E1/p sup
u∈T k+1

∣

∣∆ξ(τk+1(u), τk(u))
∣

∣

p

≤ 1

λ
L

[

∑

u∈T k+1

Eeλ|∆ξ(τk+1(u),τk(u))|

]

≤ 1

λ
log

[

2k+2ϕ(λ) + ep−1
]

=
(k+2) log(2)+p−1

λ
+

log[ϕ(λ)]

λ
.

Substituting this in (2.4), we arrive at the inequality

[

E sup
u,v∈T s

|ξ(u) − ξ(v)|p
]1/p

≤ Cσ(T )

which proves the lemma, since by separability of ξ(t)

[

E sup
u,v∈[0,T ]

|ξ(u) − ξ(v)|p
]1/p

= lim sup
s→∞

[

E sup
u,v∈T s

|ξ(u) − ξ(v)|p
]1/p

.

Lemma 2.1 almost immediately results in the following fact:

Lemma 2.2. Let ξ(t) be an ordered process satisfying (2.1, 2.2) and
such that ξ(0) = 0. Then there exists a constant C depending on λ such
that for all γ > 0

E sup
t≥0

[

ξ(t) − γσq(t)
]p

+
≤ C[2q(p+ 2) − 4]q(p+2)−2

γp/(q−1)
, (2.5)

where [x]+ = max(0, x).

Proof. We will use the following form of the Markov inequality

Eηp1{η > x} ≤ E|η|p+d

xd
(2.6)

which immediately results from the banal inequality

ηp1{η > x} ≤ |η|p
∣

∣η/x
∣

∣

d
.

Without loss of generality, we may assume that σ2(t) is continuous
and such that limt→∞ σ2(t) = ∞. Then for any integer k ≥ 0 we can find
tk(γ) such that

σq−1
(

tk(γ)
)

=
k

γ
.
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Using that f(x) = xp1{x > x0} is monotone in x > 0, we have

E sup
t≥0

[

ξ(t) − γσq(t)
]p

+

≤
∞
∑

k=0

E sup
t∈[tk(γ),tk+1(γ)]

ξp(t)1
{

ξ(t) ≥ γσq(t)
}

≤
∞
∑

k=0

E sup
t∈[tk(γ),tk+1(γ)]

ξp(t)1
{

ξ(t) ≥ γσq(tk(γ))
}

(2.7)

≤
∞
∑

k=0

E sup
t∈[tk(γ),tk+1(γ)]

ξp(t)1
{

sup
t∈[tk(γ),tk+1(γ)]

ξ(t) ≥ γσq(tk(γ))
}

≤ E sup
0≤t≤t1(γ)

|ξ(t)|p

+

∞
∑

k=1

E sup
0≤t≤tk+1(γ)

ξp(t)1
{

sup
0≤t≤tk+1(γ)

ξ(t) ≥ γσq(tk(γ))
}

.

By Lemma 2.1, the first term at the right-hand side of the above inequality
is bounded as follows

E sup
0≤t≤t1(γ)

|ξ(t)|p ≤ Cpp, σp(t1(γ)) =
Cpp

γp/(q−1)
(2.8)

whereas the second one, in view of (2.6), is controlled by

∞
∑

k=1

E sup
0≤t≤tk+1(γ)

ξp(t)1
{

sup
0≤t≤tk+1(γ)

ξ(t) ≥ γσq(tk(γ))
}

≤ C(p+ d)p+d
∞
∑

k=1

σp+d(tk+1(γ))

[γσq(tk(γ))]d
=
C(p+ d)p+d

γp/(q−1)

∞
∑

k=1

(k + 1)p+d

kqd/(q−1)

≤ C[2(p+ d)]p+d

γp/(q−1)

∞
∑

k=1

1

kd/(q−1)−p
.

Setting d = (q − 1)(p+ 2) in the above inequality and using (2.7) together
with (2.8), we prove (2.5).

2.2. Some examples of ordered processes. The simplest example
of an ordered process is ξ(t) = ξt, where ξ is a zero mean random variable
with a finite exponential moment E cosh(λξ) < ∞ for some λ > 0. As
we have already mentioned, the Wiener process W (t) is an ordered pro-
cess. At the first glance, ξt and W (t) are quite different, but from the
viewpoint of Lemma 2.2 they are equivalent. Of course, the distribution of
maxt≥0[W (t) − γt] is well-known

P
{

max
t≥0

[W (t) − γt] ≥ x
}

= exp(−2γx).
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The next two examples play an essential role in adaptive estimation.
Let Ht(·) be a family of ordered smoothers (see Definition 1.1). Consider
the following Gaussian processes

ξ+(t) =

n
∑

k=1

[Ht0(λk) −Ht0+t(λk)]bkξ(k), t ≥ 0

ξ−(t) =

n
∑

k=1

[Ht0(λk) −Ht0−t(λk)]bkξ(k), 0 ≤ t ≤ t0,

where ξ(k) are i.i.d. N (0, 1) and
∑∞

i=1 b
2
i <∞. It is easy to see that ξ+(t)

and ξ−(t) are ordered processes. Indeed, in view of (1.12) we have for
t2 ≥ t1

Eξ2+(t1) =
n

∑

k=1

[Ht0(λk) −Ht0+t1(λk)][Ht0(λk) −Ht0+t1(λk)]b2k

≤
n

∑

k=1

[Ht0(λk) −Ht0+t1(λk)][Ht0(λk) −Ht0+t2(λk)]b2k

= Eξ+(t1)ξ+(t2),

and similarly,

Eξ2+(t1) =

n
∑

k=1

[Ht0−t1(λk) −Ht0(λk)][Ht0−t1(λk) −Ht0(λk)]b2k

≤
n

∑

k=1

[Ht0−t1(λk) −Ht0(λk)][Ht0−t2(λk) −Ht0(λk)]b2k

= Eξ+(t1)ξ+(t2).

Therefore with Lemma 2.2 we get

E sup
α≥α0

[

ξ+(α) − γ

n
∑

k=1

[Hα0
(λk) −Hα(λk)]2b2k

]p

+

≤ C(p)

γp
,

E sup
α≤α0

[

ξ−(α) − γ

n
∑

k=1

[Hα0
(λk) −Hα(λk)]2b2k

]p

+

≤ C(p)

γp
,

thus arriving at
Lemma 2.3. Let {Hα(·), α ≥ 0} be a family of ordered smoothers,

then for any γ > 0

E sup
α≥0

[ n
∑

k=1

[Hα0
(λk) −Hα(λk)]bkξ(k)

(2.9)

−γ
n

∑

k=1

[Hα0
(λk) −Hα(λk)]2b2k

]p

+

≤ C(p)

γp
.
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The next important ordered process is defined by

η(t) =

n
∑

k=1

H1/t(λk)(ξ2(k) − 1),

where ξ(k) are i.i.d. N (0, 1) and {Ht(·), t ≥ 0} is a family of ordered
smoothers. It is easy to check that

Eη2
2(t1) ≤ Eη2(t2)η2(t1), t1 ≤ t2.

So, in order to apply Lemma 2.2, it remains to check (2.2). Denoting for
brevity

‖Hα2
−Hα1

‖2 =

n
∑

k=1

[Hα2
(λk) −Hα1

(λk)]2,

we have

E exp
[

λ∆ξ(α2, α1)
]

= exp

[

− λ√
2‖Hα2

−Hα1
‖

n
∑

k=1

[Hα2
(λk) −Hα1

(λk)] (2.10)

−1

2

n
∑

k=1

log

(

1 −
√

2λ
Hα2

(λk) −Hα1
(λk)

‖Hα2
−Hα1

‖

)]

.

Since obviously

max
k

[Hα2
(λk) −Hα1

(λk)] ≤ ‖Hα2
−Hα1

‖,

then using the Taylor expansion for log(1 − ·) at the right-hand side of
(2.10), we get for λ ≤ 1/2

E exp
[

λ∆ξ(α2, α1)
]

≤ exp(Cλ2),

thus proving (2.2). Therefore using Lemma 2.2, we obtain the follow-
ing fact.

Lemma 2.4. Let {Hα(·), α ≥ 0} be a family of ordered smoothers,
then for all γ > 0

E sup
α>0

[ ∞
∑

k=1

Hα(λk)[ξ2(k) − 1] − γ

(

2
∞
∑

k=1

H2
α(λk)

)q]p

+

≤ C(p)

γp/(1−q)
. (2.11)
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2.3. Proof of Theorem 1.1. Denote for brevity θk = 〈θ, φk〉. We
begin with a simple auxiliary lemma that is cornerstone for the proof.

Lemma 2.5. Let {Hα(·), α ≥ 0} be a family of ordered smoothers.
Then there exists a constant C such that for any data-driven smoothing
parameter α̂

[

Eθ

∞
∑

k=1

[1 −Hα̂(λk)]
√

λkθkξ(k)

]2

(2.12)

≤ CEθ max
k

λkH
2
α̂(λk)Eθ

∞
∑

k=1

[1 −Hα̂(λk)]2θ2k.

and

[

Eθ

∞
∑

k=1

[1 −Hα̂(λk)]2
√

λkθkξ(k)

]2

(2.13)

≤ CEθ max
k

λkH
2
α̂(λk)Eθ

∞
∑

k=1

[1 −Hα̂(λk)]2θ2k.

Proof. Let α0 be a given smoothing parameter. We obviously have

Eθ

∞
∑

k=1

[1 −Hα̂(λk)]
√

λkθkξ(k) (2.14)

= Eθ

∞
∑

k=1

[Hα0
(λk) −Hα̂(λk)]

√

λkθkξ(k).

It follows immediately from (2.9) that

∣

∣

∣

∣

Eθ

∞
∑

k=1

[Hα0
(λk) −Hα̂(λk)]

√

λkθkξ(k)

∣

∣

∣

∣

≤ γEθ

∞
∑

k=1

[Hα0
(λk) −Hα̂(λk)]2λkθ

2
k +

C

γ
.

Therefore minimizing the right-hand side in γ, we obtain

∣

∣

∣

∣

Eθ

∞
∑

k=1

[Hα0
(λk) −Hα̂(λk)]λkθkξ(k)

∣

∣

∣

∣

(2.15)

≤ C

{

Eθ

∞
∑

k=1

[Hα0
(λk) −Hα̂(λk)]2λkθ

2
k

}1/2

.

To bound from above the right-hand side at the above display, we use
once again that Hα(·) are ordered smoothers. So, when α̂ ≤ α0 we obtain
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∞
∑

k=1

[Hα0
(λk) −Hα̂(λk)]2λ2

kθ
2
k =

∞
∑

k=1

H2
α0

(λk)

[

1 − Hα̂(λk)

Hα0
(λk)

]2

λ2
kθ

2
k

≤ max
k

λkH
2
α0

(λk)

∞
∑

k=1

[1−Hα̂(λk)]2θ2k

and similarly for α̂ ≥ α0

∞
∑

k=1

[Hα0
(λk) −Hα̂(λk)]2λkθ

2
k ≤ max

k
λkHα̂(λk)

∞
∑

k=1

[1 −Hα0
(λk)]2θ2k.

Therefore combining these inequalities with (2.14) and (2.15), we get

∣

∣

∣

∣

Eθ

∞
∑

k=1

[1 −Hα̂(λk)]
√

λkθkξ(k)

∣

∣

∣

∣

≤ C
[

Eθ max
k

λkH
2
α̂(λk)

]1/2
[ ∞
∑

k=1

[1 −Hα0
(λk)]2θ2k

]1/2

+Cmax
k

√

λkHα0
(λk)

[

Eθ

∞
∑

k=1

[1 −Hα̂(λk)]2θ2k

]1/2

.

Using the elementary inequality 2ab ≤ µa2 + b2/µ, we can continue the
above display as follows

∣

∣

∣

∣

Eθ

∞
∑

k=1

[1 −Hα̂(λk)]
√

λkθkξ(k)

∣

∣

∣

∣

≤ µ

∞
∑

k=1

[1 −Hα0
(λk)]2θ2k +

Cmaxk λkH
2
α0

(λk)

µ

+µEθ

∞
∑

k=1

[1 −Hα̂(λk)]2θ2k +
CEθ maxk λkH

2
α̂(λk)

µ
.

Therefore minimizing the right-hand side in α0, we get

∣

∣

∣

∣

Eθ

∞
∑

k=1

[1 −Hα̂(λk)]
√

λkθkξ(k)

∣

∣

∣

∣

≤ inf
α0

{

µ
∞
∑

k=1

[1 −Hα0
(λk)]2θ2k +

Cmaxk λkH
2
α0

(λk)

µ

}

+Eθ

{

µ

∞
∑

k=1

[1 −Hα̂(λk)]2θ2k +
C maxk λkH

2
α̂(λk)

µ

}

≤ 2Eθ

{

µ
∞
∑

k=1

[1 −Hα̂(λk)]2θ2k +
Cmaxk λkH

2
α̂(λk)

µ

}

.
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To finish the proof of (2.12) it suffices to minimize the right-hand side in µ.

Inequality (2.13) follows from (2.12) since H̃α(λ) = 2Hα(λ) − H2
α(λ)

are ordered smoothers and we can apply (2.12) with Hα(·) = H̃α(·).
In view of the definition of the empirical risk and (1.9), we have

RPen[Y, α̂] = ‖θ̂0 − θ̂α̂‖2 + σ2Pen(α̂) − σ2
n

∑

k=1

λk

=

n
∑

k=1

[1 −Hα̂(λk)]2θ2k + σ2Pen(α̂)

+

n
∑

k=1

[H2
α̂(λk) − 2Hα̂(λk)]λkξ

2(k)

+2σ
n

∑

k=1

[1 −Hα̂(λk)]2
√

λkθkξ(k)

and

‖θ − θ̂α̂‖2 =

n
∑

k=1

[θ(k) −Hα̂(λk)y(k)]2

=

n
∑

k=1

[1 −Hα̂(λk)]2θ2k + σ2
∞
∑

k=1

λkH
2
α̂(λk)ξ2(k)

−2σ

n
∑

k=1

[1 −Hα̂(λk)]θk

√

λkHα̂(λk)ξ(k).

Therefore for the excess risk we have

∆Pen(µ) = sup
θ∈Rn

Eθ

{

‖θ − θ̂α̂‖2 − (1 + µ)RPen[Y, α̂]
}

= sup
θ∈Rn

Eθ

{

−µ
n

∑

k=1

[1−Hα̂(λk)]2θ2k − Cσ2 maxk λkH
2
α̂(λk)

µ

−2σ

n
∑

k=1

[1 −Hα̂(λk)]θk

√

λkξ(k)

(2.16)

−2µσ

n
∑

k=1

[1 −Hα̂(λk)]2θk

√

λkξ(k)

+
Cmaxk σ

2λkH
2
α̂(λk)

µ
+ 2(1+µ)σ2

n
∑

k=1

λkHα̂(λk)ξ2(k)

−(1 + µ)σ2Pen(α̂) − µσ2
n

∑

k=1

λkH
2
α̂(λk)ξ2(k)

}

.
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The last two lines can be bounded by σ2∆C
Pen(µ). Indeed,

E

{

Cσ2 maxk λkH
2
α̂(λk)

µ
+ 2(1 + µ)σ2

n
∑

k=1

λkHα̂(λk)ξ2(k)

−(1 + µ)σ2Pen(α̂) − µσ2
n

∑

k=1

λkH
2
α̂(λk)ξ2(k)

}

≤ E sup
α

{

Cσ2 maxk λkH
2
α(λk)

µ
(2.17)

+2(1 + µ)σ2
n

∑

k=1

λkHα(λk)ξ2(k)

−(1 + µ)σ2Pen(α) − µσ2
n

∑

k=1

λkH
2
α(λk)ξ2(k)

}

= σ2∆C
Pen(µ).

Finally, with Lemma 2.5 we obtain

Eθ

{

−µ
n

∑

k=1

[1 −Hα̂(λk)]2θ2k − Cσ2 maxk λkH
2
α̂(λk)

µ

−2σ

n
∑

k=1

[1−Hα̂(λk)]θk

√

λkξ(k) − 2µσ

n
∑

k=1

[1−Hα̂(λk)]2θk

√

λkξ(k)

}

≤ 0.

This inequality together with (2.16) and (2.17) completes the proof of the
theorem.

2.3.1. Proof of Theorem 1.2. In view of Theorem 1.1, it suffices to
check that

∆C
Pen(µ) ≤ C1/(1−κ)λ1σ

2

(1 − κ)1/(1−κ)µ(1+κ)/(1−κ)
, (2.18)

where

∆C
Pen(µ) = E sup

α

{

C maxk λkH
2
α(λk)

µ
− µ

n
∑

k=1

λkH
2
α(λk)

+(2 + µ)
n

∑

k=1

2(1 + µ)Hα(λk) − µH2
α(λk)

2 + µ
λk[ξ2(k) − 1]

}

.
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We begin the proof of (2.18) with the deterministic term. By (1.13) we get

sup
α>0

{

Cmaxk λkH
2
α(λk)

µ
− µ

2

n
∑

k=1

λkH
2
α(λk)

}

(2.19)

≤ sup
α>0

{

Cλ1−κ
1

µ

[ n
∑

k=1

λkH
2
α(λk)

]κ

− µ

2

n
∑

k=1

λkH
2
α(λk)

}

≤ sup
x≥0

{

Cλ1−κ
1

µ
xκ − µ

2
x

}

= C1/(1−κ)λ1µ
(κ+1)/(κ−1).

Denote for brevity

H̃α(λ) =
2(1 + µ)Hα(λk) − µH2

α(λk)

2 + µ
.

Our next step is to show that

E sup
α>0

{

(2 + µ)
n

∑

k=1

λkH̃α(λk)[ξ2(k) − 1] − µ

2

n
∑

k=1

λkH
2
α(λk)

}

(2.20)

≤ C1/(1−κ)λ1(1 − κ)−1/(1−κ)µ(κ+1)/(κ−1).

It is easy to see that in view of (1.14)

σ2(α) = E

[ n
∑

k=1

λkH̃α(λk)[ξ2(k) − 1]

]2

= 2

n
∑

k=1

λ2
kH̃

2
α(λk)

≤ 2(2 + 2µ)2

(2 + µ)2

n
∑

k=1

λ2
kH

2
α(λk)

≤ 2λ2
1(2 + 2µ)2

(1 − κ)(2 + µ)2

[

1

λ1

n
∑

k=1

λkH
2
α(λk)

]1+κ

.

Next notice that if {Hα(·), α ≥ 0} is a family of ordered smoothers, then
{H̃α(·), α ≥ 0} is also a family of ordered smoothers. Therefore by Lemma
2.4, for any µ > 0 we obtain

E sup
α

{

(2 + µ)

n
∑

k=1

λkH̃α(λk)[ξ2(k) − 1] − µ

2

n
∑

k=1

λkH
2
α(λk)

}

≤ (2 + µ)E sup
α

{ n
∑

k=1

λkH̃α(λk)[ξ2(k) − 1]

− µλ1

2(2 + µ)

[

σ2(α)(1 − κ)(2 + µ)2

2λ2
1(2 + 2µ)2

]1/(1+κ)}

≤ C(1 + µ)2/(1−κ)2(4+κ)/(1−κ)λ1(1 − κ)−1/(1−κ)µ(κ+1)/(κ−1).

thus proving (2.20). Thus (2.18) follows obviously from (2.19) and (2.20).
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