ON ORACLE INEQUALITIES RELATED
TO HIGH DIMENSIONAL LINEAR MODELS
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Abstract. We consider the problem of estimating an unknown vector 6 from the
noisy data Y = A6 + ¢, where A is a known m X n matrix and € is a white Gaussian
noise. It is assumed that n is large and A is ill-posed. Therefore in order to estimate
0, a spectral regularization method is used and our goal is to choose a spectral regu-
larization parameter with the help of the data Y. We study data-driven regularization
methods based on the empirical risk minimization principle and provide some new oracle
inequalities related to this approach.
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1. Introduction and main results. In this paper, we deal with a
classical problem of recovering an unknown vector # = (0(1),...,0(n))T €
R™ from the noisy data

Y = A0+, (1.1)

where A is a known m X n - matrix and € € R™ is a white Gaussian noise
with a known variance 02 = E¢?(k), k=1,...,m.

The standard way to estimate 6 is based on the maximum likelihood
estimator

0o = argmin ||Y — A6||?,
fcRn

where [|y[? = >°1-, #2(k). It is easy to see that 0o = (ATA)"*ATY and
the mean square risk of this estimator is computed as follows

E[[o — 0]]> = E[(ATA)"TAT¢||? = otrace[(AT A)7!] (1.2)
=02 Z Ak,
k=1
where A\, and ¢, € R™ are the eigenvalues and the eigenfunctions of
(ATA)~L
MAT Agy, = ¢y..

In what follows, it is assumed that A is ill-posed L.e., A1 < Ap < -+ < Ay,
The equation (1.2) reveals the principal difficulty in 6y: its risk may be
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very large when n is large or when A has a large condition number. In this
paper, we suppose that n is large (it may be infinity), so the risk of 0o is
also large.

The basic method to improve f is to make the variance o Sorei M
smaller by suppressing large A\;. The simplest way to implement this idea
is to smooth 6 with the help of a properly chosen n x n - matrix H i.e.,
using a new estimator H fo. In this paper, we focus on with the following
family of linear estimators

00 = Hollo = Ho[(ATA) (AT A) ATy,

where H,(z) is an analytic function Ha(z) = > po,ha(k)2* such that
limy—o Ho(z) = 1, lim,_ o Ho(z) = 0. This method is called spectral
regularization (see [3]). The regularization parameter o controls the quality
of . Indeed, with an elementary algebra we get the standard bias-variance
decomposition

Ellfo — 01> = Y [1 = HaOW)]" (60, 40)* + 0> 3 MHZ (), (1.3)

k=1 k=1

where ¢, = A¢y /|| Agr| and (0, v¢y) = >, ()Y (l). It is clear that the
spectral regularization may substantially improve 0o when (0,91)? is small
for large k.

In practice, a good choice of H,(-) is a delicate problem related to the
numerical complexity 0. For instance, to make use of the spectral cut-off
regularization with H,(z) = 1{az < 1}, one has to compute the singular
value decomposition (SVD) of A. For large n this numerical problem may
be difficult or even infeasible.

The very popular Tikhonov’s [7] regularization is defined by

0, = argmin{HY — A0 + a||0||2}.
6

For this method we have H,(z) = 1/(1 + az). Notice here that this regu-
larization technique is good if A is really ill-posed. Indeed in view of (1.3),
0, may improve the banal estimator 0y if

n

Z [1+a)\k Z)\k

k=1

This means for instance that for inverse problems with Ax &~ 1 Tikhonov’s
regularization makes no sense.

Another widespread regularization technique is due to Landweber.
This method is based on a very simple idea: to find recursively a root
of equation

ATY = AT 46.
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Notice that for positive a we can write ATY = [ATA— aI} 0+ ab, or equiva-
lently 6 = [I — a’lATA] 0+a"'ATY. This formula motivates Landweber’s
iterations defined by

0;=[I—a"ATA]f; 1 +a 'ATY.

It is easy to see that these iterations converge if aA; < 1. It is also easy to

check that
1 i+1
Hi(z)=1—(1-— 1.4
G=1-(1- ) (14

In spite of its iterative character, the numerical complexity of Landweber’s
iterations may be very hight. Indeed, when the noise is small, H;(z) should
be 1, and (1.4) results in

i > cond(A) def i\\—"
1

So, if A is severely ill-posed, the number of iterations may be very large,
thus making the method infeasible. A substantial improvement of Landwe-
ber’s iterations is provided with the v-method (see e.g., [3]).

Whatever an inversion method is used, the principal question is how to
choose its regularization parameter. Intuitively, (see (1.3)), this parameter
should minimize in some sense the risk

n

Llo, 0] = S [1 = Ha(\)]*(0,01) + 0 Z AeH2(Ag)-

k=1 k=1

In statistics, there are two main ideas to formalize this optimization
problem:
e to assume that 6 belongs to a known set © € R™ and to take

o = argmin sup L{a, 6]
o 4SS

e to construct based on the data an “estimate” L[a, Y] of L[a, 0] and
to compute

& = argmin L[a, Y]
(6%

Statistical literature related to these approaches is so vast that it would
impractical to cite it here. We refer interested reader to [6] and [2] as
typical representatives of its. Notice that the first approach is related to
the theory of minimax estimation [4].

This paper focuses on the second approach, namely, it deals with data-
driven regularization parameters computed with help of the empirical risk
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minimization principle. This method says that the regularization parame-
ter should be computed as follows

& = argmin Rpe, (Y, o],
«
where

Rpen[Y, 0] = [0 — 0a|* + Pen(a)o® — 0® > A,
k=1

and Pen(-) is a given function RT — RT. A heuristic motivation behind
this method is rather transparent. Indeed, the best regularization param-
eter is obviously given by

o = argmin |0 — 0|2 (1.5)

Evidently, a* cannot be used since it depends on § which is unknown. So,
the first idea is replace 6 in (1.5) by fo. It is clear, that directly this idea
doesn’t work because min, ||fg — 04]|2 = 0. Therefore we need to correct
o — 0412 by an additional term, thus arriving at Rpe,[Y,d]. Intuitively,
this idea assumes that the best Pen(«) should be a minimal function such
that uniformly in 0 € R™

E|0 — 04]> S ERpenlY, &) (1.6)

Unfortunately, the mathematical formalization of “the best penalty” and
(1.6) is a very delicate problem. We refer interested readers to [1], which
provides a reasonable approach to this formalization.

In this paper, we assume that the penalty is given and our goal is
to bound from above Egl|f5 — ||2. The simplest way to analyze this risk
is to use SVD. Let A\x and ¢ be the eigenfunctions and eigenvectors of
(AT A)~1. Denoting ¢, = A, /|| Adrl|, one checks easily

y(k) Y, )V A = (0, 0n) + o€ (k) M, (1.7)

where £(k) are iid. A(0,1). Notice that 0, admits the following
representation

<éav 1Z)k> = Ha(Ak)y(k)

and
160 — Oall® = [1 = Ho (M) (k) (1.8)
k=1
10— 0al1” = [0(k) — Ha(Mk)y (k)] (1.9)

k=1
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We have already mentioned that the main idea in the empirical risk mini-
mization is to control Eg||fs — 0|2 with the help of EgRp,[Y, d]. Mathe-
matically this idea can be expressed as follows. For any p > 0 and a given
penalty Pen(-) define the excess risk by

Apen(n) = sup {Eoll0 — s> = (1 + WEoRpealY,dl ) (1.10)
R

and we will say that the penalty is admissible if Ap., (1) < oo for any
w>0.
If Pen(a) is admissible, then we obtain immediately

Eg0 — 04> < (1+u)1npren[9 a) + Apen (i), (1.11)
where
RPen [9; 04] EORPen Y 04 = Z < ¢k>
k=1

+ o? Z MeHZ (M) + 02 Pen(a) — 202 Z AeHo (Ag)-
k=1 k=1

This equation can be interpreted as a bias-variance decomposition of 0
related to the empirical risk. The empirical bias term is given by > _,[1—
Ho(A))?(0,v)? and it coincides with the standard one. However the
variance term differs from o2 ") A, H2(\x,) and it is computed as follows

Ypen(a) = o Z MNeH2(AR) + 0?Pen(a) — 202 Z MeHo(Ag)-
k=1 k=1

The inequality (1.11) can be rewritten in the form of an oracle
inequality

EOHQ - éész S rPen[g] + 12f{MTPen[9] + APen(M)}a

where 7pe,[0] = infy Rpenl0, ] is the oracle risk. Thus, to control the
risk of our data-driven method we need to compute the excess risk. Notice
that when n is large the exact computation of the excess risk is infeasible:
indeed, for given 6 with the Monte-Carlo method we can compute

D, 1) = Bgl|0 — Oa* — (1 + p)EgRpen[Y, 4]

but we cannot maximize this function numerically over R™ for large n.
In order to overcome this difficulty, let us introduce

AS,,. (1 )dfonsup{ (1+ p) 252 A Ho(Ar)
(1.12)
- (1—|—,u)Pen(oz)}.

- C A HZ (A
Y MHZ W k) + T e )
k=1 H
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Notice that in contrast to the excess risk, AS,, (1) can be computed
by the Monte-Carlo method, and we will show that for a sufficiently large
class of spectral regularization methods Ap,(n) < 02A%,, (1). These
regularization methods (smoothers) are called ordered smoothers. They
were firstly introduced in [5].

DEFINITION 1.1. The family of smoothers {H,(-), a > 0} is called
ordered if:

1. foralla >0 and A >0,0< H,(A) <1

2. Hoy(N) > Hqy(N), for all a1 < ag and all X > 0.

Typical examples of ordered smoothers are provided the Tikhonov
regularization, the spectral cut-off method, the Landweber iterations.

The main result of this paper is given by the following theorem

THEOREM 1.1. Let {Hy(-), a > 0} be a family of ordered smoothers.
Then for some C' > 0 and for all p > 0

AP@”( )<02APen( )

Let us illustrate how this theorem works. Suppose

n

Pen(a) = Pen(a) =2 Ha (M)A
k=1

It is well known that this penalty is related to the unbiased risk estimation,
since for given «

n

Eoll0—6al2 = Reenld o] = 3 11— Ha(A)I2(6, 1)+ 02 3 AeH2 ().

k=1 k=1

Assume also that A is not severely ill-posed. More precisely, suppose there
exists k < 1 such that for all « >0

maXAkHQ k) < )\1[ ZAkHQ k) 1 : (1.13)
n n 1+k

D> OAHZ () AL > MHZ (M) (1.14)
k=1 - 1 — 5| Pl : . .

It is easy to see that these conditions allow only a polynomial growth of
Ak. Indeed, if

A
)\_’“ = k™ for some m € [0, c0),
1

then for the spectral cut-off with H,(A\) = 1{aX < 1} it is easy to check
that Kk =m/(m + 1).
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THEOREM 1.2. Let {H,(-), a > 0} be a family of ordered smoothers
and (1.13-1.14) hold true, then for some C > 1 and any p € (0,1)

Cl/(l—ﬁ,)/\loﬂ
(1= r) /=0 R/

Apen(p) <

This theorem improves oracle inequalities from [2] over the classes
of ordered smoothers. It says that the upper bound for the excess risk
doesn’t depend on n. Moreover, it allows the minimization of the empirical
risk over all possible regularization parameters, thus showing that a priory
restrictions on « are not essential. On the other hand, it reveals some
serious difficulties related to the penalty Pen(a): the upper bound for
excess risk explodes as k — 1. It means that this penalty is not good for
severely ill-posed inverse problems. More details about this effect along
with an improved penalty can be found in [1].

2. Proofs.

2.1. Ordered processes and their properties. Our method of de-
riving oracle inequalities is related to a special class of random processes.
Let £(t), t > 0 be a random process with E¢(¢) = 0 and a finite variance
E¢2%(t) = o%(t) which is assumed to be monotone

02(t2) 202(t1), tg 2t1~

The process £(t), t > 0, is called ordered if it is separable and for all to > t;

E[£(t2) — £(11)]? < 0*(t2) — o*(t1). (2.1)
Obviously, this condition can be rewritten as

E¢(t2)¢(t1) > min{B¢*(t2), BE (1)}
So, an ordered process can be viewed as a natural generalization of the
Wiener process W (t) for which EW (t1)W (t3) = min{EW?(¢;), EW?2(t5)}.
Denote for brevity

§(t1) — &(t2)
E[¢(t1) — &(t2)]?

The main property of ordered processes is given by the following lemma.
LEMMA 2.1. Suppose there exists A > 0 such that

AE (tla tQ) =

©(A) 4' Sup E cosh [AA¢(t1,t2)] < oo. (2.2)

ti,t2

Then there exists a constant C depending on A such that for all T > 0 and
allp>1

/p
B sup |et) )] < Cpo(D), (2.3)
t,s€[0,T
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where C' is a generic constant.

Proof. We provide the proof of (2.3) only for reader’s convenience. In
fact, its proof is standard and it is based on the classical chaining arguments
[8]. For simplicity, we assume that o2(t) is a continuous function. Then
for a given integer s > 0 we can find points ¢ on [0,T] such that

o2(t3) =27°ko*(T), k=0,...,2°—1

and denote by 7° the set of these points. Let u be an arbitrary point in
75. Then we can find a chain, i.e. the points 7j(u) € 77, j = 0,...,s
such that

1. u="7s(u), 0="9(u)

2. [0%(r;(w) — 02(rj1 (w))] < 2-7+103(T).
To verify that such points exist, one can imagine the standard binary tree
with the nodes at the level j associated with the points ¢/, [ =0,...,2/ —1.
It is clear that there exists a unique way connecting u € 7° and 0 (top of
the tree). This way passes via nodes, which are denoted by 7x(u). So, we
can write

s—1

U = Z[Tk-i—l(u) - Tk(u)]a

k=0

and for arbitrary points u,v in 7° we get

u—v= i[TkJrl(u) — 7i(u)] — 3 [Te+1(v) = Te(v)]-
k=0 k=0

Therefore in view of (2.2), we have

EYP sup [€(u) - &(v)]?

u,weT*
<2 [B swp lrmen ()~ rull?]
k=0  u€THH
_ o (B sup [A(ripn (w), mi(w)]” (2.4)
k=0  uETFH
<[BlE (s () — ECre)2)%]
s—1
S?U(T)ZZ"“[E sup |A§(Tk+1(u),rk(u))‘pr/.

k=0 ueTk+1

Let L(z) = log? (x + epfl). Notice that for any p > 1 this function is
convex on (0, 00), since
B plogp*2 (x + ep_l)

(x + ep—l)

{p —-1- log(x + epfl)} <0.
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Therefore, using convexity of L(x) and (2.2), we obtain

EY? sup |A5(Tk+1(u),7k(u))|p
ueT}c+l
1 A Ag (g1 (w),m (u))]
< XL|: Z Ee S
ueT}c+l
(k+2)log(2)+p—1 | loglp(M)]
) T

< < log[2"2p(\) + 771 =

> =

Substituting this in (2.4), we arrive at the inequality

B swp [¢(w) — ()"

w,veT S

which proves the lemma, since by separability of £(t)
1/p 1/p

E sup [6(u) —£@))] |

= limsup|[E sup_[¢(u) — £(v))”
u,v€[0,T

s—00 u,veT®

a

Lemma 2.1 almost immediately results in the following fact:

LEMMA 2.2. Let £(t) be an ordered process satisfying (2.1, 2.2) and
such that £(0) = 0. Then there exists a constant C depending on \ such
that for all v >0

C[2q(p + 2) — 4]2lr+2)=2

— ~gd p
Egg[&(t) yol(t)]] < /D : (2.5)
where [z]+ = max(0, ).
Proof. We will use the following form of the Markov inequality
E|n|pta
By1(y > o) < D0 (26)

zd
which immediately results from the banal inequality

W 1{n >z} < nl?|n/z|".

Without loss of generality, we may assume that o2(¢) is continuous
and such that lim; .o, 0%(t) = co. Then for any integer £ > 0 we can find
tr(7y) such that

o1 (tk(’y)) = %
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Using that f(x) = 2P1{x > z¢} is monotone in x > 0, we have

Esup[¢(t) - yo* ®]%

IN

Mr T I

E  sup  EP)L{E() > 0i(t)}
tE[tr (v)strt1(7)]

E  sup ML) > 0% (t()}
t€[tk (v) th+1(7)]
(2.7)

E sw e  sw€0) 20"}
—o  teltr(7)tet1 ()] te[tr (V) tk+1(7)]
<E swp [€0)

0<t<t1(y)

+Y B sw o M sw  €1)=907(0()}-

o1 O0<t<tri1(v) 0<t<tiy1(7)

IN
>~

By Lemma 2.1, the first term at the right-hand side of the above inequality
is bounded as follows

Cp*
E sup [((1)]" <Cp?,0"(i(7) = 7 (2.8)
0<t<ti(v) v
whereas the second one, in view of (2.6), is controlled by
(o)
SE swo @i sw o €t)z0"(t(y)}
=1 O0Zt<tri1(7) 0<t<tr4+1(7v)
<Clp+d p-l—dz o’ (g1 (v))  Clp+d)rte i (k 4+ 1)ptd
p — [yod (tx(7))]? B ~p/(a=1) —~ fad/(q—1)
_ CRp+ ) 1

—1 d/(q—1)—p"
~p/(a=1) k:lk/(q )—p

Setting d = (¢ — 1)(p + 2) in the above inequality and using (2.7) together
with (2.8), we prove (2.5). a

2.2. Some examples of ordered processes. The simplest example
of an ordered process is £(t) = &t, where £ is a zero mean random variable
with a finite exponential moment E cosh(A{) < oo for some A > 0. As
we have already mentioned, the Wiener process W(t) is an ordered pro-
cess. At the first glance, & and W(t) are quite different, but from the
viewpoint of Lemma 2.2 they are equivalent. Of course, the distribution of
max;>o[W (t) — vt] is well-known

P{max[IW(t) = 4] 2 z} = exp(~29a).
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The next two examples play an essential role in adaptive estimation.
Let H:(-) be a family of ordered smoothers (see Definition 1.1). Consider
the following Gaussian processes

n

E4(t) = D [Hig(M) = HugreO)RE(K), €20
k=1

§(t) = [Hig(\) = Hig—(A)IbRE(R), 0 <t <o,
k=1
where (k) are i.i.d. N(0,1) and Y 2, b? < occ. It is easy to see that & (t)
and £_(t) are ordered processes. Indeed, in view of (1.12) we have for
to > 1

B (1) = ) [Hiy (M) = Hugre, ()] [Heo (M) = Hegp, (k)07
k=1
< Z[Hto (Ak) = Hegtty (Ak)] [Hto (Ak) = Higtt, ()‘k)]bi
k=1
=E&4 (1) (t2),

and similarly,

[Hto—tl ()‘k) - Hto ()‘k)] [Hto—tl ()‘k) - Hto (/\k)]bz

NE

E& (t) =

>
3l
—

< [Hto—tl ()‘k) - Hto ()‘k)] [Hto—t2 ()‘k) - Hto (/\k)]bi

k=1
= B¢ (t1)&4(t2).
Therefore with Lemma 2.2 we get

n P C
B sup |6 (@) =7 3 [HaoO) ~ HaWP2E| < S0

a>ap =1 + v
B s |6 (@) =9 3 [HaoO) - Ho(WP2E| < S0

a<log 1 + 0

thus arriving at
LEMMA 2.3. Let {Hu(:), a > 0} be a family of ordered smoothers,
then for any v > 0

Bsup [Z [Hoy (M) — Ha(A)]bi£ (R)

a>0[;
=1 (2.9)

n

- Z[Hao()\k) — Ha()\k)]Qbi : < C(f)
k=1 + ot
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The next important ordered process is defined by

= 5" Hyp (W)€ (k) - 1),
k=1

where £(k) are iid. N(0,1) and {H(-), t > 0} is a family of ordered
smoothers. It is easy to check that

En3(t1) < Ena(ta)na(t1), t1 <t

So, in order to apply Lemma 2.2, it remains to check (2.2). Denoting for
brevity

n

|Ha, — Ha1H2 = Z[Haz(Ak) — Ha, (Ak)]Q’
k=1

we have

Eexp [)\Ag(ag, oq)]

n

[mz 0s (%) = Ho, ()] (2.10)

1 az )‘k) — oy ()‘k)
2;mOV@|%fmA |

Since obviously

m]?X[Haz(Ak) - Ha1 (Ak)] < ”Haz - Hal”’

then using the Taylor expansion for log(l — -) at the right-hand side of
(2.10), we get for A < 1/2

E exp[A¢(az, a1)] < exp(CA?),

thus proving (2.2). Therefore using Lemma 2.2, we obtain the follow-
ing fact.

LEMMA 2.4. Let {H(-), a > 0} be a family of ordered smoothers,
then for all v >0

Esup{ZH (M) [€2(k) ( ZH2 (Ak ) L < %. (2.11)

a>0
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2.3. Proof of Theorem 1.1. Denote for brevity 6, = (0, ¢). We
begin with a simple auxiliary lemma that is cornerstone for the proof.

LEMMA 2.5. Let {Hy(:), o > 0} be a family of ordered smoothers.
Then there exists a constant C' such that for any data-driven smoothing
parameter &

00 2
|:E9 > = Ha(M)] \/ﬁﬁkf(k)]
k=1

. (2.12)
< CEgmax AeHZ(AR)Eg > [1— Ha(A)]207.
k=1
and
00 2
[Ee - Ha()\k)]Q\/A—kaﬁ(k)}
=1 (2.13)

< CEgmax MeHZ(AR)Eg > [1— Ha(A)]?07.
k=1

Proof. Let ag be a given smoothing parameter. We obviously have

Eg i[l — Ha (M) v/ M6 () (2.14)
k=1

It follows immediately from (2.9) that
’Ee Z[ Hoo (M) — Ha(Mi)]V M\0r€(k ‘

> C
<Ey Z[Hao(/\k) — Ha(M)?Axb7 + 5
k=1

Therefore minimizing the right-hand side in 7, we obtain

’Eez o (Ak) — d()\k)]/\kekf(/f)’ (2.15)
= [e's) 1/2
< C{Eg > [Hao (M) — H&(Ak)]QAkoi} .
k=1

To bound from above the right-hand side at the above display, we use
once again that H,(-) are ordered smoothers. So, when & < ag we obtain
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00 H@ A 2
2 Heal0n) = HalMu) 3081 = Z 1= 72 g et

k=1

2
< max AeHG, (Ak) Z[l —

k=1
and similarly for & > «q
Z 040 /\k &(/\k)]Q/\kGZ < m]?X/\kH Z 040 )\k GZ
k=1 ) k=1

Therefore combining these inequalities with (2.14) and (2.15), we get

’Eg i[l — H@()\k)] mekf(k)’
k=1

172750 1/2
2 202
< C[Bomax A2 ()| Lz_lu — Hay(M)] ek}
oo 1/2
+C mI?JX \/ /\kHao(/\k) |:E9 Z[l — H&(/\k)]Qei:| .
) k=1

Using the elementary inequality 2ab < pa® + b?/u, we can continue the
above display as follows

o0

Eg Y [1— Ha(Me)]V/Ak0k&(k ‘
k=1
> C MeH? (A
Sl e S
1 2
2
+MEOZ - 2 2 CEg man/j\kH&()\k)-

Therefore minimizing the right-hand side in «q, we get

‘Eg i[l — H&(Ak)]\/Tkekf(k)‘

- C maxy A H2, (A
Sinf{uz[l_Hao()\k)]zﬁi—i— maxy, : ao k)}
k=1

= C A H2 (A
+Bo{ 13001 - Holv e + SR |
k=1

k=1
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To finish the proof of (2.12) it suffices to minimize the right-hand side in .
Inequality (2.13) follows from (2.12) since Hq(X) = 2Ho(X) — HZ())

are ordered smoothers and we can apply (2.12) with H, () = Hy(+). |
In view of the definition of the empirical risk and (1.9), we have

RpenlY,a] = ||60 — 04 + 0> Pen(a) — o> Z Ak

= [L— Ha(\))*0} + 0 Pen(a)

k=1

+ zn:[Hg(Ak) — 2Ha (M) A2 (k)

+20 Z[l — Ha(MR)*V/ A0k (k)
k=1
and

10 = 0all* =D _[0(k) — Ha(Ak)y(k))?

k=1

_21_ a(w)] eQmQZAkHQ (Ar)&? (k)

k=1

—202[1 — Ha(Me)]0k v/ A Ha (Ak)E(K)
k=1
Therefore for the excess risk we have
Apen(i) = sup Bo{ 10— s> = (1 + p)RpenlY ]}
fERn

- Co? AeH2(A
— sup Ee{ /‘Z 92 o maxy, A\ H§(Ax)
6€R™ 1 K

9%y Zn:[l — Ha(Mo))0k v/ A€ (K)
k=1 (2.16)

—2uo 2”:[1 — Hs(\)]206 v/ M (k)
k=1

o 2)\ H% \ n
. maxg O'M k a( k) +2(1+N)022)\k1{d()\k)€2(k)
k=1

~(1+ o Pen(@) - SMHEOE®) |-

k=1
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The last two lines can be bounded by 0?A%_ (11). Indeed,

2 2
E{Cg maxg )\kH@()\k) 2 1+/1' Z}\kH )\k 52( )

"

—(1+4 p)o® Pen(d) ,UUQZ)\kHQ (k)€ (K )}

k=1
002 maXxg )\kHz()\k)
W

< Esup
a { § (2.17)
+2(1+ w)o® Y AeHa(Ae)E3 (k)

k=1

~(1+ o Pen(a) - o Y MHEMED) |
k=1

S )

Finally, with Lemma 2.5 we obtain

Co? maxy \eH2(\g)
2 &
{ “E [1-H IR P

—202[1—Hd(Ak)]9km§(k) - 2/402":[1_H&(/\k)]29k\/)\7k§(k)}
k=1 k=1

<0.

This inequality together with (2.16) and (2.17) completes the proof of the
theorem.

2.3.1. Proof of Theorem 1.2. In view of Theorem 1.1, it suffices to
check that

C1/(1=r) ), 52

C
Apen (1) < (1 — )/ (R /(0=R)" (2.18)
where
c Ao HZ (A -
Aﬁenw:Esup{ ek AHa) ™ 12 )
« K k=1
214 p)Ho(Ng) — pH2 (X
+ )y ) SO e - .

k=1
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We begin the proof of (2.18) with the deterministic term. By (1.13) we get

Cmaxk )\kH 2 }
su AeHE (A 2.19
a>1?){ 1% Z g k ( )

<s MHZOW)| - B )\HQ)\}
< [Zk o] =g 3 sz

k=1

1—
< sup{ CA\ " = gx} _ 01/(1_ﬁ)/\1u(n+1)/(n—1).
>0 1% 2

Denote for brevity

Our next step is to show that

Ebup{ 2+p) Z/\kH (\e)[E3 (k) — 1] — %zn:)\kHi(x\k)} (2.20)
k=1

a>0
SCl/ (1-k Al( —H) 1/(1— n)’u(/{Jrl)/(nfl).

It is easy to see that in view of (1.14)

:E[ixkﬁa(xk)[g —1} zn: PH2(\)
k=1

2 2
— ” Z/\QHQ (\x)

14k

2)\2(2+2u 9
<— AeHZ(Ag)
< Ao WGt Z R Ha (M)

Next notice that if {Ha(-), a > 0} is a family of ordered smoothers, then
{H4("), @ > 0} is also a family of ordered smoothers. Therefore by Lemma
2.4, for any p > 0 we obtain

=

Esup{(2 + ) Z AeHo (M) (€2 (k) — 1] —
« k=1

> wtow |
k=1

<2+ pE sup{z AeHo (M) (€2 (k) — 1]
@ k=1

__ MM {‘72(04)(1—H)(2+u)2]1/(1+f<)}
22+p) | 22} (2+2p)?

< C(]. + M)Q/(lfn)2(4+n)/(1fn)>\1(1 o /{)71/(171{)#(54’1)/(/{71).

thus proving (2.20). Thus (2.18) follows obviously from (2.19) and (2.20).
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