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1Université de Provence (Aix-Marseille 1) CMI
39 rue F. Joliot-Curie, 13453 Marseille, France

E-mail: cao@cmi.univ-mrs.fr
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1. Introduction and Main Results
The classical “spline”, a wooden beam was probably invented to draw ship hulls.

The earliest available mention of a spline (see Figure 1) seems to be [4]. Nowadays,
computerized splines are widely used in various engineering applications. In sta-
tistics, splines are often viewed as a basic tool since they provide a very efficient
smoothing technique. We refer the interested readers to [5], [7], and [17], where
numerous examples of splines applications can be found. This paper focuses on
some statistical problems related to the so-called data-driven methods for choosing
the spline smoothing parameter. For simplicity, we will deal with the Gaussian
regression assuming that we have at our disposal the noisy data

(1) Yi = f(Xi) + σεi, i = 1, . . . , n,
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Figure 1. A mechanical spline from 1700s

where X1 < X2 < . . . < Xn are known design points in [0, 1], and the εi are
i.i.d. N (0, 1). The function f(x) is assumed to be unknown but smooth and our
goal is to estimate this function on the basis of Y1, . . . , Yn. In this paper, f(·) is
recovered with the help of a smoothing spline defined as a solution of the following
optimization problem:

(2) f̂α(x) = arg min
f

{
1
n

n∑

i=1

[Yi − f(Xi)]2 + α

∫ 1

0

[f (m)(u)]2 du

}
,

where f (m)(·) denotes the derivative of order m and α > 0 is called the smoothing
spline parameter. In typical statistical applications [7], m = 2, since this choice
provides an excellent compromise between numerical and statistical efficiencies of
the spline method. The most remarkable numerical properties of f̂α(x) are due to
the Reinsch algorithm, which allows for computing the spline in O(n) operations
(see [7] for details). In order to describe statistical properties of smoothing splines,
we measure the quality of f̂α(x) by its mean square risk

R(f̂α, f) = E
1
n

n∑

i=1

[f(Xi)− f̂α(Xi)]2,

where E stands for the expectation with respect to the measure generated by
Y1, . . . , Yn. Obviously this risk depends on α and the main goal of this paper
is to study certain data-driven methods for choosing this parameter. We restrict
ourselves to the principle of unbiased risk estimation [14], which is very popular in
statistics. The motivation of this method, going back to [1], [9], and [12], is rather
transparent. Since the optimization problem (2) is quadratic in f , f̂α(x) is a linear
functional of Y = (Y1, . . . , Yn)>, and thus

f̂α = SαY,

where f̂α = (f̂α(X1), . . . , f̂α(Xn))>, and Sα is an n × n matrix. Therefore we
obviously have

(3) R(f̂α, f) =
1
n
E‖f − SαY‖2 =

1
n
‖(I − Sα)f‖2 +

1
n

σ2 tr(SαS>α ).
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The main idea of the unbiased risk estimation is to minimize the right-hand side
of (3) on the basis of the observations. Replacing ‖(I − Sα)f‖2 by its unbiased
estimate, which can be easily computed since

E‖(I − Sα)Y‖2 = ‖(I − Sα)f‖2 + σ2n− 2σ2 tr(Sα) + σ2 tr(SαS>α ),

we arrive with (3) at the following data-driven choice:

(4) α̂ = arg min
α>0

{
‖Y − SαY‖2 + 2σ2 tr(Sα)

}
.

From the practical viewpoint, this method has a drawback because α̂ depends on σ2,
which is hardly known in practice. Fortunately, there is a simple trick to overcome
this difficulty. Let us estimate σ2 by

σ̂2 =
1
n
‖Y − SαY‖2

and plug-in this estimate in (4). Thus we get

α̂ ≈ arg min
α>0

{
‖Y − SαY‖2

[
1 +

2
n

tr(Sα)
]}

.

In practice, a slightly modified criterion is typically used. To motivate this method
let us note that tr(Sα) can be viewed as an effective dimension of the smoothing
spline. So, the spline method provides a visible data smoothing if tr(Sα) ¿ n. In
this case, the set of admissible α can be reduced to tr(Sα)/n ¿ 1, and therefore by
the Taylor formula [

1 +
2
n

tr(Sα)
]
≈

[
1− 1

n
tr(Sα)

]−2

.

Thus, we get the following method

(5) α̂GCV = arg min
α>0

‖Y − SαY‖2
[1− tr(Sα)/n]2

,

which is called generalized cross validation (GCV). Notice here that there is a very
effective numerical algorithm for computing α̂GCV (see [7] for details).

The main goal of this paper is to provide the so-called oracle inequalities related
to α̂ and α̂GCV . In other words, we are looking for uniform upper bounds for
R(f̂α̂, f) and R(f̂α̂GCV , f) in terms of the risk of the oracle infα R(f̂α, f). Our first
result concerns the method of the unbiased risk estimation.

Theorem 1. Uniformly in f and γ ∈ (0, 1),

(6) R(f̂α̂, f) ≤ 1
1− γ

{
inf
α

R(f̂α, f) +
Cσ2

nγ

}
.

Here and in the rest of the paper, C denotes a generic constant.
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The case of the unknown noise variance is more complicated and we could not
prove a similar fact for the original GCV without restrictions on possible values of
α. Therefore we consider the following truncated GCV criterion:

(7) α̂G = arg min
α : tr(Sα)≤√n

‖Y − SαY‖2
[1− tr(Sα)/n]2

.

Theorem 2. Uniformly in f and γ ∈ (0, 1),

(8) R(f̂α̂G
, f) ≤ 1

1− γ

{(
1− 1√

n

)−2

inf
α : tr(Sα)≤√n

R(f̂α, f) +
Cσ2

nγ

}
.

Unfortunately, the precise evaluation of the constant C in Theorems 1 and 3 is a
very delicate problem. Our estimate of C by the Monte-Carlo method gives C ≤ 3.

Remark 1. It seems at the first glance that the difference between α̂GCV and
α̂G may result in different oracle inequalities. However, if the underlying regression
function is sufficiently smooth, then

min
α : tr(Sα)≤√n

R(f̂α, f) = min
α

R(f̂α, f).

A heuristic explanation of this equality is based on the fact that tr(Sα) is related to
the effective dimension of the linear space used by the spline method and therefore,
tr(Sα) = O(tr(SαS>α )). Obviously, smooth functions can be well approximated by
linear spaces with low dimensions thus resulting in minα R(f̂α, f) ≤ O(σ2n−1/2).
This means, in view of (3), that

arg min
α

R(f̂α, f) ∈ {α : tr(Sα) ≤ √
n}.

Notice also that the rate of convergence O(σ2n−1/2) means that the underlying
regression function has Sobolev’s smoothness 1/2.

Remark 2. In fact, the condition {α : tr(Sα) ≤ √
n} can be relaxed to {α:

tr(Sα) ≤ n/5}. However, in the latter case, the proof of Theorem 2 becomes
cumbersome and therefore we preferred, in this paper, to present a less general but
more transparent proof.

Standard mathematical applications of Theorems 1 and 2 are related to asymp-
totically minimax (n →∞) convergence rates on Sobolev balls. Let Wm

2 (L) be the
Sobolev ball

Wm
2 (L) =

{
f :

∫ 1

0

[f (m)(u)]2 du ≤ L

}

and suppose that the performance of an estimate f̂(x) is measured by its minimax
risk

rn(f̂) = sup
f∈Wm

2 (L)

1
n
E

n∑

i=1

[f(Xi)− f̂(Xi)]2.
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Then, under mild assumptions on the design X, combining Theorems 1 and 2 with
the lower bound from [11], one can show that as n →∞

(9) inf
f̂

rn(f̂) = (1 + o(1))κ(m)rn(f̂α̂G
) = (1 + o(1))κ(m)rn(f̂α̂),

where inf is taken over all estimators and the constant κ(m) < 1 represents the
efficiency of the standard smoothing spline (2) with respect to the asymptotically
best estimator. For mathematical details, we refer the reader to [13] and [10].
Equation (9) yields, in particular,

inf
f̂

rn(f̂) ³ rn(f̂α̂G
) ³ rn(f̂α̂) ³ L1/(2m+1)

(
σ2

n

)2m/(2m+1)

.

Notice also that κ(m) is close to 1, κ(m) ≥ 0.91 for all m ≥ 2 (see, e.g., Fig. 1
in [6]).

From the probabilistic viewpoint, the present paper can be viewed as a natural
generalization of [2], where we extensively exploited martingale properties of the
Wiener process W (t). In particular, the following well-known fact

Emax
t≥0

[W (t)− µt]p+ ≤
C(p)
µp

, p, µ > 0,

was at the very core of our approach. For smoothing splines, we need similar
facts but for essentially more general random processes. Therefore following [8],
we introduce a simple notion of zero mean ordered process ξ(t) characterized by
the property Eξ(t1)ξ(t2) ≥ min{Eξ2(t1),Eξ2(t2)}, and show with the standard
chaining argument (see, e.g., [16]) that

Emax
t≥0

[ξ(t)− µEξ2(t)]p+ ≤
C(p)
µp

.

We will see that this inequality almost immediately results in Theorems 1 and 2.

2. Proofs
2.1. Preliminaries. We begin with a standard linear transformation of

the observations, which enables us to simplify numerous technical details. Recall
that the design points Xi, i = 1, . . . , n, are assumed to be different and belonging
to [0, 1]. Let {ϕk(x), k = 1, . . . , n} be the Reinsch–Demmler [3] basis defined by

(10)
1
n

n∑

i=1

ϕk(Xi)ϕj(Xi) = δkj ,

∫ 1

0

ϕ
(m)
i (x)ϕ(m)

j (x) dx = λiδij ,

0 = . . . = 0 < λm < . . . < λn,

where δij is Kronecker’s delta. The eigenvalues λk, k = 1, . . . , n, are related to
Kolmogorov’s diameter (see [15] for details) of the Sobolev ball

Wm
2 =

{
f :

∫ 1

0

[f (m)(x)]2 dx ≤ 1
}

.
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To explain this fact, suppose we want to approximate functions in Wm
2 with the

help of linear methods. It means that for given functions φi, i = 1, . . . , N , we are
interested in the maximal approximation error

DN (φ) = sup
f∈Wm

2

inf
c1,... ,cN

1
n

n∑

i=1

[
f(Xi)−

N∑

k=1

ckφk(Xi)
]2

.

Then Kolmogorov’s diameter dN of Wm
2 is defined as the minimal approximation

error
dN = inf

φ
DN (φ),

where inf is computed over all functions φk, k = 1, . . . , N . With a relatively simple
algebra one can show that the Reinsch–Demmler basis provides the Kolmogorov
diameter of Wm

2 , i.e.,
dN = DN (ϕ) = λ−1

N+1.

Using this basis, we make the following linear transformation of the observations:

(11) Zk =
1
n

n∑

i=1

Yiϕk(Xi) = θk + εξk,

where

θk =
1
n

n∑

i=1

f(Xi)ϕk(Xi), ξk =
1√
n

n∑

i=1

εiϕk(Xi), ε =
σ√
n

.

Obviously, the sequence space model (11) is equivalent to (1) and therefore from
now on we deal with (11). Notice that the risk of an estimator f̂ can be rewritten
in terms of (11) as

R(f̂ , f) = E
n∑

k=1

[θ̂k − θk]2, where θ̂k =
1
n

n∑

i=1

f̂(Xi)ϕk(Xi).

It is also easy to check, in view of (10), that the smoothing spline admits the
following spectral representation:

f̂α(x) =
n∑

k=1

hk(α)Zkϕk(x) with hk(α) =
1

1 + αλk

and its risk is computed as follows:

R(f̂α, f) = R(α, θ) =
n∑

k=1

[1− hk(α)]2θ2
k + ε2

n∑

k=1

h2
k(α).
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Finally notice that α̂ and α̂G can be expressed in terms of Zk, k = 1, . . . , n, as

α̂ = arg min
α≥0

{ n∑

k=1

[1− hk(α)]2Z2
k + 2ε2‖h(α)‖1

}
,(12)

α̂G = arg min
α : ‖h(α)‖≤√n

n∑

k=1

[1− hk(α)]2Z2
k[

1− ‖h(α)‖1/n
]2 ,(13)

where ‖h(α)‖1 =
∑n

k=1 hk(α).

2.2. Ordered processes and their properties. Our method of deriv-
ing oracle inequalities is related to a special class of random processes. Let ξ(t),
t ≥ 0, be a random process with Eξ(t) = 0 and a finite variance Eξ2(t) = σ2(t),
which is assumed to be continuous and monotone

σ2(t2) ≥ σ2(t1), t2 ≥ t1.

The process ξ(t), t ≥ 0, is called ordered if it is separable and for all t2 ≥ t1

(14) E[ξ(t2)− ξ(t1)]2 ≤ σ2(t2)− σ2(t1).

Obviously this inequality admits the following equivalent form

Eξ(t2)ξ(t1) ≥ min
{
Eξ2(t2),Eξ2(t1)

}
.

Thus, an ordered process can be viewed as a natural generalization of the Wiener
process W (t) for which EW (t1)W (t2) = min{EW (t1),EW (t2)}. We will see that
the class of ordered processes is sufficiently broad.

Denote for brevity

∆ξ(t1, t2) =
ξ(t1)− ξ(t2)√
E[ξ(t1)− ξ(t2)]2

.

The main property of ordered processes is given by the following lemma.

Lemma 1. Suppose that there exists λ > 0 such that

(15) ϕ(λ) , sup
t1,t2

E cosh
{
λ∆ξ(t1, t2)

}
< ∞.

Then there exists a constant C depending on λ such that for all T > 0 and all p ≥ 1

(16)
[
E sup

t,s∈[0,T ]

|ξ(t)− ξ(s)|p
]1/p

≤ Cpσ(T ).

Proof. Notice that for p ≥ 1 the function L(x) = logp
(
x + ep−1

)
is concave on

(0,∞) since

L′′(x) =
p logp−2

(
x + ep−1

)
(
x + ep−1

)2

[
p− 1− log

(
x + ep−1

)] ≤ 0.
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In order to prove (16), we use the standard chaining argument [16]. For a given
integer s ≥ 0 define the points tsk on [0, T ] by

σ2(tsk) = 2−skσ2(T ), k = 0, . . . , 2s − 1,

and denote by T s the set of these points. Let u be an arbitrary point in T s. Then
we can find a chain, i.e., the points τk(u) ∈ T k, k = 0, . . . , s, such that

• u = τs(u), 0 = τ0(u),
• |σ2(τk(u))− σ2(τk−1(u))| ≤ 2−k+1σ2(T ).

To verify that such points exist, one can imagine the standard binary tree. The
nodes of this tree at the level k are associated with the points tkj , j = 0, . . . , 2k− 1.
It is clear that there exists a unique way connecting u ∈ T s and 0 (top of the tree).
This way passes via nodes, which are denoted by τk(u). So we can write

u =
s−1∑

k=0

[τk+1(u)− τk(u)]

and for two arbitrary points u, v in T s we get

u− v =
s−1∑

k=0

[τk+1(u)− τk(u)]−
s−1∑

k=0

[τk+1(v)− τk(v)].

Therefore by (15) we have

[
E sup

u,v∈T s

|ξ(u)− ξ(v)|p
]1/p

≤ 2
s−1∑

k=0

[
E sup

u∈T k+1
|ξ(τk+1(u))− ξ(τk(u))|p

]1/p

(17)

= 2
s−1∑

k=0

[
E sup

u∈T k+1

∣∣∆ξ(τk+1(u), τk(u))
∣∣p[E[ξ(τk+1(u))− ξ(τk(u))]2

]p/2
]1/p

≤ 2σ(T )
s−1∑

k=0

2−k
[
E sup

u∈T k+1

∣∣∆ξ(τk+1(u), τk(u))
∣∣p

]1/p

.

Next, using concavity of L(x), x ≥ 0, and (15), we obtain

[
E sup

u∈T k+1

∣∣∆ξ(τk+1(u), τk(u))
∣∣p

]1/p

≤ 1
λ

log
[ ∑

u∈T k+1

E exp[λ |∆ξ(τk+1(u), τk(u))| ] + ep−1

]

≤ 1
λ

log
[
2k+2ϕ(λ) + ep−1

]
=

(k + 2) log(2) + p− 1
λ

+
log[ϕ(λ)]

λ
.

Substituting this in (17), we arrive at the inequality

[
E sup

u,v∈T s

|ξ(u)− ξ(v)|p
]1/p

≤ Cσ(T ),
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which proves the lemma, since by separability of ξ(t)

[
E sup

u,v∈[0,T ]

|ξ(u)− ξ(v)|p
]1/p

= lim sup
s→∞

[
E sup

u,v∈T s

|ξ(u)− ξ(v)|p
]1/p

. ¤

Lemma 1 almost immediately results in the following fact.
Lemma 2. Let ξ(t) be an ordered process satisfying (15) and such that ξ(0) = 0.

Then there exists a constant C depending on λ such that for all α > 0

(18) E sup
t≥0

[
ξ(t)− ασ2(t)

]p

+
≤ C(4p + 4)2p+2

αp
,

where [x]+ = max(0, x).

Proof. Without loss of generality, we can assume that limt→∞ σ2(t) = ∞. Then
for any integer k ≥ 0 we define tk(α) by

σ
(
tk(α)

)
=

k

α
.

In what follows, we will use the following form of the Markov inequality

(19) Eηp1{η > x} ≤ E|η|p+q

xq
,

which follows immediately from the inequality ηp1{η > x} ≤ |η|p
∣∣η/x

∣∣q.
Using that f(x) = xp1{x > x0} is monotone in x > 0, we have

E sup
t≥0

[
ξ(t)− ασ2(t)

]p

+
≤

∞∑

k=0

E sup
t∈[tk(α),tk+1(α)]

ξp(t)1
{
ξ(t) ≥ ασ2(t)

}
(20)

≤
∞∑

k=0

E sup
t∈[tk(α),tk+1(α)]

ξp(t)1
{
ξ(t) ≥ ασ2(tk(α))

}

≤
∞∑

k=0

E sup
t∈[tk(α),tk+1(α)]

ξp(t)1
{

sup
t∈[tk(α),tk+1(α)]

ξ(t) ≥ ασ2(tk(α))
}

≤ E sup
0≤t≤t1(α)

|ξ(t)|p

+
∞∑

k=1

E sup
0≤t≤tk+1(α)

ξp(t)1
{

sup
0≤t≤tk+1(α)

ξ(t) ≥ ασ2(tk(α))
}
.

By Lemma 1, the first term at the right-hand side of the above inequality is bounded
by

(21) E sup
0≤t≤t1(α)

|ξ(t)|p ≤ Cppσp(t1(α)) =
Cpp

αp
,
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whereas for the second one, in view of (19), we get the following upper bound:

∞∑

k=1

E sup
0≤t≤tk+1(α)

ξp(t)1
{

sup
0≤t≤tk+1(α)

ξ(t) ≥ ασ2(tk(α))
}

≤ C(p + q)p+q
∞∑

k=1

σp+q(tk+1(α))
[ασ2(tk(α))]q

=
C[2(p + q)]p+q

αp

∞∑

k=1

1
kq−p

.

Setting q = p + 2 in the above inequality and using (20) together with (21), we
prove (18). ¤

2.3. Examples of ordered processes. The simplest example of an
ordered process is ξ(t) = ξt, where ξ is a zero mean random variable with a finite
exponential moment E exp(λ|ξ|) < ∞ for some λ > 0. As we have already men-
tioned, the Wiener process W (t) is an ordered process. At the first glance, ξt and
W (t) are quite different, but from the viewpoint of Lemma 2 they are equivalent.
Of course, the distribution of maxt≥0[W (t)− αt] is well known

P
{
max
t≥0

[W (t)− αt] ≥ x
}

= exp(−2αx).

The following two examples play an essential role in adaptive estimation. Let
Hk(µ) ∈ [0, 1] be a nonincreasing sequence in k and such that

Hk(µ2) ≥ Hk(µ1) for all µ2 ≥ µ1 and k = 1, 2, . . . ,(22)

lim
µ→∞

Hk(µ) = 1, k = 1, 2, . . .

Consider the following Gaussian process:

ξ1(t) =
∞∑

k=1

[1−Hk(1/t)]θkξk,

where ξk are i.i.d. N (0, 1) and
∑∞

i=1 θ2
i < ∞. It is easy to see that ξ1(t) is an

ordered process. Indeed, in view of (22) we have for t1 ≤ t2

Eξ2
1(t1) =

∞∑

k=1

[1−Hk(1/t1)]2θ2
k ≤

∞∑

k=1

[1−Hk(1/t1)] [1−Hk(1/t2)]θ2
k = Eξ1(t1)ξ1(t2),

thus proving that ξ1(t) is an ordered process. For ξ1(t) Lemma 2 sounds as follows.

Lemma 3. Let Hk(·) satisfies (22), then for all α > 0

(23) E sup
µ≥0

[ ∞∑

k=1

[1−Hk(µ)]θkξk − α

∞∑

k=1

[1−Hk(µ)]2θ2
k

]p

+

≤ C(p)
αp

,

and

(24) E sup
µ≥0

[ ∞∑

k=1

[1−Hk(µ)]2θkξk − α

∞∑

k=1

[1−Hk(µ)]2θ2
k

]p

+

≤ C(p)
αp

.
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In order to prove (24), it suffices to note that if Hk(·) satisfies (22), then the
function 2Hk(·)−H2

k(·) also satisfies this condition.
The next useful ordered process is defined by

ξ2(t) =
∞∑

k=1

Hk(t)(ξ2
k − 1),

where the ξk are i.i.d. N (0, 1) and Hk(t) satisfies (22). It is easy to check that

Eξ2
2(t1) ≤ Eξ2(t2)ξ2(t1), t1 ≤ t2.

So, in order to apply Lemma 2, it remains to check (15). Denoting for brevity

‖H(t2)−H(t1)‖2 =
∞∑

k=1

[Hk(t2)−Hk(t1)]2,

we have

E exp
[
λ∆ξ(t2, t1)

]
= exp

[
− λ√

2‖H(t2)−H(t1)‖
∞∑

k=1

[Hk(t2)−Hk(t1)](25)

− 1
2

∞∑

k=1

log
(

1−
√

2λ
Hk(t2)−Hk(t1)
‖H(t2)−H(t1)‖

)]
.

Since obviously
max

k
[Hk(t2)−Hk(t1)] ≤ ‖H(t2)−H(t1)‖,

then using the Taylor expansion for log(1− ·) in the right-hand side of (25), we get
for λ ≤ 1/2

E exp
[
λ∆ξ(t2, t1)

] ≤ exp(Cλ2),

thus proving (15). Therefore using Lemma 2, we obtain the following fact.

Lemma 4. Let Hk(·) satisfies (22), then for all α > 0

(26) Emax
µ>0

[ ∞∑

k=1

Hk(µ)(ξ2
k − 1)− α

∞∑

k=1

H2
k(µ)

]p

+

≤ C(p)
αp

,

and

(27) Emax
µ>0

[ ∞∑

k=1

Hk(µ)(1− ξ2
k)− α

∞∑

k=1

H2
k(µ)

]p

+

≤ C(p)
αp

.

The proof of (27) is quite similar to that of (26) and therefore omitted.
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2.4. Proof of Theorem 1. It follows the main lines of the proof of
Theorem 1 in [2]. Let α̃ be an arbitrary data-driven smoothing parameter. Then
we can decompose the risk ‖h(α̃)Z − θ‖2 as follows:

‖h(α̃)Z − θ‖2 =
n∑

k=1

[hk(α̃)Zk − Zk + εξk]2(28)

=
n∑

k=1

[hk(α̃)− 1]2Z2
k + 2ε

n∑

k=1

[hk(α̃)− 1]Zkξk + ε2
n∑

k=1

ξ2
k

=
{ n∑

k=1

[1− hk(α̃)]2Z2
k + 2ε2

n∑

k=1

hk(α̃)
}
− ε2

n∑

k=1

ξ2
k

+ 2ε

n∑

k=1

[hk(α̃)− 1]θkξk + 2ε2
n∑

k=1

hk(α̃)(ξ2
k − 1).

The principal idea is to show that the last two terms of this equation are small. To
implement this idea, notice that for any γ ∈ (0, 1) the estimation error ‖h(α̃)Z−θ‖2
admits the following representation:

‖h(α̃)Z − θ‖2 = (1− γ)‖h(α̃)Z − θ‖2 + γ‖h(α̃)Z − θ‖2(29)

= (1− γ)‖h(α̃)Z − θ‖2 + γ

n∑

k=1

[1− hk(α̃)]2θ2
k

+ γε2
n∑

k=1

[hk(α̃)]2ξ2
k − 2γε

n∑

k=1

hk(α̃)[1− hk(α̃)]θkξk

= (1− γ)‖h(α̃)Z − θ‖2 + γε2
n∑

k=1

[hk(α̃)]2 + γ

n∑

k=1

[1− hk(α̃)]2θ2
k

+ γε2
n∑

k=1

[hk(α̃)]2(ξ2
k − 1)− 2γε

n∑

k=1

hk(α̃)[1− hk(α̃)]θkξk.

Our next step is to use the definition of α̂ (see (12)). We obviously have that for
any given α

{ n∑

k=1

[1− hk(α̂)]2Z2
k + 2ε2

n∑

k=1

hk(α̂)
}
≤

{ n∑

k=1

[1− hk(α)]2Z2
k + 2ε2

n∑

k=1

hk(α)
}

≤ R(α, θ) + ε2
n∑

k=1

ξ2
k + 2ε

n∑

k=1

[1− hk(α)]2θkξk + ε2
n∑

k=1

[1− hk(α)]2(ξ2
k − 1).

Therefore, combining this inequality with (28) and (29), we obtain

(30) (1− γ)E ‖h(α̂)Z − θ‖2 ≤ R(α, θ) + E r0[h(α), θ] + E r1[h(α̂), θ] + E r2[h(α̂)],
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where

r0[h, θ] = 2ε

n∑

k=1

(1− hk)2θkξk + ε2
n∑

k=1

(1− hk)2(ξ2
k − 1),

r1[h, θ] = −2ε

n∑

k=1

{
1− (1 + γ)hk − γh2

k

}
θkξk − γ

n∑

k=1

(1− hk)2θ2
k,

r2[h] = ε2
n∑

k=1

{
2hk − γ[hk]2

}
(ξ2

k − 1)− γε2
n∑

k=1

[hk]2.

To bound from above these remainder terms, we apply Lemmas 3 and 4. It is easy
to see that the sequence (1 + γ)hk(α)− γh2

k(α) with α = 1/µ satisfies (22) for any
γ ∈ [0, 1]. Therefore with (23) we obtain

E r1[h(α̂), θ] ≤ E sup
α≥0

[
−2ε

n∑

k=1

[
1− (1 + γ)hk(α) + γh2

k(α)
]
θkξk(31)

− γ

n∑

k=1

[
1− (1 + γ)hk(α) + γh2

k(α)
]2

θ2
k

]

+ E sup
α≥0

[
γ

n∑

k=1

[
1− (1 + γ)hk(α) + γh2

k(α)
]2

θ2
k

− γ

n∑

k=1

[
1− hk(α)

]2
θ2

k

]

+

≤ Cε2

γ
.

In order to control E r2(h(α̂)), notice that 2x−γx2 is a monotone function on [0, 1]
for any γ ∈ [0, 1]. Hence the sequence [2hk(α) − γh2

k(α)]/(2 − γ) with α = 1/µ
satisfies (22), and by Lemma 4 we obtain

(2− γ)E
n∑

k=1

2hk(α̂)− γ[hk(α̂)]2

2− γ
(ξ2

k − 1)− γE
n∑

k=1

[
2hk(α̂)− γ[hk(α̂)]2

2− γ

]2

(32)

+ γE
n∑

k=1

[
2hk(α̂)− γ[hk(α̂)]2

2− γ

]2

− γE
n∑

k=1

[
hk(α̂)

]2

≤ (2− γ)E sup
α≥0

{ n∑

k=1

2hk(α)− γ[hk(α)]2

2− γ
(ξ2

k − 1)

− γ

2− γ

n∑

k=1

[
2hk(α)− γ[hk(α)]2

2− γ

]2}
≤ C(2− γ)2

γ
,

thus proving that

E r2[h(α̂)] ≤ Cε2

γ
.

To finish the proof, it remains to substitute this inequality and (31), (32) in (30)
and to notice that obviously Er0[h(α), θ] = 0. ¤
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2.5. Proof of Theorem 2. The main idea of the proof is related to the
almost obvious fact that ‖h(α̂G)Z−Z‖2/n always provides a good upper bound for
the unknown noise variance.

Lemma 5. Let α̃ be an arbitrary data-driven smoothing parameter. Then

(33) E
[
ε2 − ‖h(α̃)Z − Z‖2

n

]

+

≤
√

2ε2

√
n

+
2ε2

n
E

n∑

k=1

hk(α̃) +
Cε2

n
.

Proof. We start with the following decomposition:

ε2 − ‖h(α̃)Z − Z‖2
n

=
ε2

n

n∑

k=1

(1− ξ2
k)(34)

+
1
n

[
−2ε

n∑

k=1

[1− hk(α̃)]2θkξk −
n∑

k=1

[1− hk(α̃)]2θ2
k

]

+
ε2

n

[ n∑

k=1

[h2
k(α̃)− 2hk(α̃)](1− ξ2

k)−
n∑

k=1

[h2
k(α̃)− 2hk(α̃)]

]
.

The first term in the right-hand side can be easily bounded since

(35) E
[

1
n

n∑

k=1

(ξ2
k − 1)

]2

=
2
n

.

To control the last two remainder terms, we apply Lemmas 3 and 4. By (24) we
immediately get

(36) Eθ

[
−2ε

n∑

k=1

[1− hk(α̃)]2θkξk −
n∑

k=1

[1− hk(α̃)]2θ2
k

]

+

≤ Cε2.

Our final step is to control the last term, which can be rewritten as

E
[ n∑

k=1

[h2
k(α̃)− 2hk(α̃)](1− ξ2

k)−
n∑

k=1

[h2
k(α̃)− 2hk(α̃)]

]

= E
[ n∑

k=1

[h2
k(α̃)− 2hk(α̃)](1− ξ2

k)− 1
4

n∑

k=1

[h2
k(α̃)− 2hk(α̃)]2

]

+
[
1
4

n∑

k=1

[h2
k(α̃)− 2hk(α̃)]2 −

n∑

k=1

[h2
k(α̃)− 2hk(α̃)]

]
.

Since 2hk(α)−h2
k(α) with α = 1/µ satisfies (22), we get with the help of Lemma 4

E sup
α≥0

[ n∑

k=1

[h2
k(α)− 2hk(α)](1− ξ2

k)− 1
4

n∑

k=1

[h2
k(α)− 2hk(α)]2

]

+

≤ C
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and therefore

E
[ n∑

k=1

[h2
k(α̃)− 2hk(α̃)](1− ξ2

k)−
n∑

k=1

[h2
k(α̃)− 2hk(α̃)]

]

+

≤ E
[ n∑

k=1

[h2
k(α̃)− 2hk(α̃)](1− ξ2

k)− 1
4

n∑

k=1

[h2
k(α̃)− 2hk(α̃)]2

]

+

+ E
[ n∑

k=1

(
hk(α̃)− h2

k(α̃)
2

)2

+
n∑

k=1

[2hk(α̃)− h2
k(α̃)]

]

+

≤ E sup
α≥0

[ n∑

k=1

[h2
k(α)− 2hk(α)](1− ξ2

k)− 1
4

n∑

k=1

[h2
k(α)− 2hk(α)]2

]

+

+ 2E
n∑

k=1

hk(α̃) ≤ C + 2E
n∑

k=1

hk(α̃).

Finally, combining this with (34)–(36), we finish the proof. ¤
Proof of Theorem 3. We prove this theorem with the help of two basic inequali-

ties. The first one follows immediately from Lemma 5. Namely,

(37) E
[
ε2 − ‖h(α̂G)Z − Z‖2

n

]

+

≤ Cε2

√
n

,

which holds true since
∑n

k=1 hk(α̂G) ≤ √
n.

The second inequality is quite banal

(38)
‖h(α̂G)Z − Z‖2

[1− ‖h(α̂G)‖1/n]2
≤ ‖h(α∗G)Z − Z‖2

[1− ‖h(α∗G)‖1/n]2
,

where
α∗G = arg min

α : ‖h(α)‖1≤
√

n

R(α, θ).

To combine these inequalities, we bound from below the left-hand side of (38).
Using that (1− x)−2 ≥ 1 + 2x, x ∈ [0, 1], we immediately get

‖h(α̂G)Z − Z‖2 +
2
n
‖h(α̂G)Z − Z‖2 ‖h(α̂G)‖1 − ε2

n∑

k=1

ξ2
k

≤ ‖h(α∗G)Z − Z‖2
[1− ‖h(α∗G)‖1/n]2

− ε2
n∑

k=1

ξ2
k,

and therefore

E
[
‖h(α̂G)Z − Z‖2 +

2
n
‖h(α̂G)Z − Z‖2‖h(α̂G)‖1 − ε2

n∑

k=1

ξ2
k

]

≤ R(α∗G, θ)− ε2‖h(α∗G)‖1/n

[1− ‖h(α∗)‖1/n]2
≤ R(α∗G, θ)

[1− ‖h(α∗)‖1/n]2
.
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Next we rewrite this inequality in the following equivalent form:

E‖h(α̂G)Z − Z‖2 − ε2E
n∑

k=1

ξ2
k + 2ε2E‖h(α̂G)‖1(39)

≤ R(α∗G, θ)
[1− ‖h(α∗G)‖1/n]2

+ 2E‖h(α̂G)‖1
[
ε2 − ‖h(α̂G)Z − Z‖2

n

]
.

Using simple algebra together with (31) and (32), one can bound from below the
left-hand side of the above display as follows:

E‖h(α̂G)Z − Z‖2 − ε2E
n∑

k=1

ξ2
k + 2ε2E‖h(α̂G)‖1(40)

= E‖h(α̂G)Z − θ‖2

+ 2εE
n∑

k=1

(1− hk(α̂G))θkξk + 2ε2E
n∑

k=1

hk(α̂G)(1− ξ2
k)

= (1− γ)E‖h(α̂G)Z − θ‖2 + γE
n∑

k=1

[1− hk(α̂G)]2θ2
k

+ 2εE
n∑

k=1

[1− (1 + γ)hk(α̂G) + γh2
k(α̂G)]θkξk

+ ε2Eθ

n∑

k=1

[2hk(α̂G)− γh2
k(α̂G)](1− ξ2

k) + γε2E
n∑

k=1

[hk(α̂G)]2

≥ (1− γ)E‖h(α̂G)Z − θ‖2 − Cε2

γ
.

The right-hand side of (39) can be easily controlled since ‖h(α̂G)‖1 ≤
√

n and it
follows immediately from (37) that

E‖h(α̂G)‖1
[
ε2 − ‖h(α̂G)Z − Z‖2

n

]
≤ √

nE
[
ε2 − ‖h(α̂G)Z − Z‖2

n

]

+

≤ Cε2.

Combining this inequality with (39) and (40) we get

E‖h(α̂G)Z − θ‖2 ≤ 1
1− γ

[
R(α∗G, θ)(

1− 1/
√

n
)2 +

Cε2

γ

]
,

thus completing the proof of the theorem. ¤
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des Vaissaux, Paris, 1752.

[5] R. Eubank, Nonparametric Regression and Spline Smoothing (2nd ed.), Dekker, New
York, 1999.
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