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Smoothing splines provide very efficient algorithms for univariate regression estimation. When
an unknown regression function is estimated with the help of smoothing splines, the principal
problem is related to statistical properties of data-driven methods for choosing a smoothing spline
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and for these techniques we derive the so-called oracle inequalities controlling the performance of
splines with the data-driven smoothing parameter.
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1. Introduction and Main Results

The classical “spline”, a wooden beam was probably invented to draw ship hulls.
The earliest available mention of a spline (see Figure 1) seems to be [4]. Nowadays,
computerized splines are widely used in various engineering applications. In sta-
tistics, splines are often viewed as a basic tool since they provide a very efficient
smoothing technique. We refer the interested readers to [5], [7], and [17], where
numerous examples of splines applications can be found. This paper focuses on
some statistical problems related to the so-called data-driven methods for choosing
the spline smoothing parameter. For simplicity, we will deal with the Gaussian
regression assuming that we have at our disposal the noisy data

(1) }/i:f(Xi)—i_UElﬁ 1=1,...,n,
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FIGURE 1. A mechanical spline from 1700s

where X; < X5 < ... < X, are known design points in [0,1], and the &; are
iid. N(0,1). The function f(z) is assumed to be unknown but smooth and our
goal is to estimate this function on the basis of Y7,...,Y,. In this paper, f(-) is
recovered with the help of a smoothing spline defined as a solution of the following
optimization problem:

n

Ax:arminl P — ; @ 1 (m) (4, U
@ el = amin £SO 0P+ [ @,

i=1

where f(™(.) denotes the derivative of order m and a > 0 is called the smoothing
spline parameter. In typical statistical applications [7], m = 2, since this choice
provides an excellent compromise between numerical and statistical efficiencies of
the spline method. The most remarkable numerical properties of fa(x) are due to
the Reinsch algorithm, which allows for computing the spline in O(n) operations
(see [7] for details). In order to describe statistical properties of smoothing splines,
we measure the quality of fa (z) by its mean square risk

S|

n
R(fa, /) =E=Y [f(Xi) = fa(X3)]%,
i=1
where E stands for the expectation with respect to the measure generated by
Y1,...,Y,. Obviously this risk depends on « and the main goal of this paper
is to study certain data-driven methods for choosing this parameter. We restrict
ourselves to the principle of unbiased risk estimation [14], which is very popular in
statistics. The motivation of this method, going back to [1], [9], and [12], is rather

transparent. Since the optimization problem (2) is quadratic in f, f,(x) is a linear
functional of Y = (Y1,...,Y,)T, and thus

f‘a = SaY7

where f, = (fo(X1),..., fa(X,))T, and S, is an n x n matrix. Therefore we
obviously have

. 1 1 1
(3) R(fa, ) = Bl = SaY[[* = —[[(1 = S)f|* + o tr(Sa S5 )-
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The main idea of the unbiased risk estimation is to minimize the right-hand side
of (3) on the basis of the observations. Replacing ||(I — S,)f||? by its unbiased
estimate, which can be easily computed since

E[|(I = So) Y| = [[(I = Sa)f||*> + 0°n — 20° tr(S4) 4+ 0° tr(5a S, ),
we arrive with (3) at the following data-driven choice:
(4) & = arg min{||Y - S Y| + 202 tr(SQ)}.
a>0

From the practical viewpoint, this method has a drawback because & depends on o2,

which is hardly known in practice. Fortunately, there is a simple trick to overcome
this difficulty. Let us estimate o2 by

1
5% = ~|Y - S, Y|?
n

and plug-in this estimate in (4). Thus we get
A~ . 2 2
& = arg mm{HY - 5.Y] [1 +— tr(Sa)} }
a>0 n

In practice, a slightly modified criterion is typically used. To motivate this method
let us note that tr(S,) can be viewed as an effective dimension of the smoothing
spline. So, the spline method provides a visible data smoothing if tr(S,) < n. In
this case, the set of admissible « can be reduced to tr(S,)/n < 1, and therefore by
the Taylor formula

1+ %tr(Sa)} ~[1- %tr(sa)f.

Thus, we get the following method

(5) & — ar minw
Gov = A =t (Sa) /]2

which is called generalized cross validation (GCV). Notice here that there is a very
effective numerical algorithm for computing dgcy (see [7] for details).

The main goal of this paper is to provide the so-called oracle inequalities related
to & and G&goy. In other words, we are looking for uniform upper bounds for
R(fa, f) and R(fauey, f) in terms of the risk of the oracle infy R(fa, f). Our first
result concerns the method of the unbiased risk estimation.

Theorem 1. Uniformly in f and v € (0,1),
R 1 . Co?
o < — {4 -
(6) R(fa f) < 5 _W{lng(fa,fH e }

Here and in the rest of the paper, C' denotes a generic constant.
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The case of the unknown noise variance is more complicated and we could not
prove a similar fact for the original GCV without restrictions on possible values of
«. Therefore we consider the following truncated GCV criterion:

_ 2
(7) Gg = argmin MO‘Y”?
a: tr(Sqa)<v/n [1 - tr(Sa)/n]

Theorem 2. Uniformly in f and v € (0,1),

-2
R 1 1 A Co?
8 R(fae, )< —<(1—-—— inf R(fo, f)+— .
®  Rieds{(1-) ot Gan+ S0
Unfortunately, the precise evaluation of the constant C' in Theorems 1 and 3 is a
very delicate problem. Our estimate of C' by the Monte-Carlo method gives C' < 3.

Remark 1. It seems at the first glance that the difference between &gcy and
&g may result in different oracle inequalities. However, if the underlying regression
function is sufficiently smooth, then

s iU D =i G .

A heuristic explanation of this equality is based on the fact that tr(S,) is related to
the effective dimension of the linear space used by the spline method and therefore,
tr(S,) = O(tr(S,S, ). Obviously, smooth functions can be well approximated by
linear spaces with low dimensions thus resulting in ming R(fa, f) < O(02n=1/2).
This means, in view of (3), that

argininR(fa,f) € {a: tr(Sa) < Vn}.

Notice also that the rate of convergence 0(0'27171/ 2) means that the underlying
regression function has Sobolev’s smoothness 1/2.

Remark 2. In fact, the condition {a: tr(S,) < v/n} can be relaxed to {a:
tr(Sy) < n/5}. However, in the latter case, the proof of Theorem 2 becomes
cumbersome and therefore we preferred, in this paper, to present a less general but
more transparent proof.

Standard mathematical applications of Theorems 1 and 2 are related to asymp-

totically minimax (n — 0o0) convergence rates on Sobolev balls. Let W5 (L) be the
Sobolev ball

wpo = {r [y wras )

and suppose that the performance of an estimate f (x) is measured by its minimax
risk

)= s SESTIFCN) - P

fews (L)
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Then, under mild assumptions on the design X, combining Theorems 1 and 2 with
the lower bound from [11], one can show that as n — oo

(9) irf{f r(f) = L+ o())r(m)ra(fae) = (1+ o(1)r(m)ra(fa),

where inf is taken over all estimators and the constant x(m) < 1 represents the
efficiency of the standard smoothing spline (2) with respect to the asymptotically
best estimator. For mathematical details, we refer the reader to [13] and [10].
Equation (9) yields, in particular,

) ) ) Lo ) o2 2m/(2m+1)
ir}frn(f)xrn(fdc)xrn(fd)XL /(@mt )(n> :

Notice also that x(m) is close to 1, xk(m) > 0.91 for all m > 2 (see, e.g., Fig. 1
in [6]).

From the probabilistic viewpoint, the present paper can be viewed as a natural
generalization of [2], where we extensively exploited martingale properties of the
Wiener process W (t). In particular, the following well-known fact

C(p)
_ p
Emax[W(t) — utl} < 0

, Dy >0,

was at the very core of our approach. For smoothing splines, we need similar
facts but for essentially more general random processes. Therefore following [8],
we introduce a simple notion of zero mean ordered process £(t) characterized by
the property E&(t1)E(t2) > min{E&2(t1), EE2(t2)}, and show with the standard
chaining argument (see, e.g., [16]) that

Emax[¢(t) - nEE ()] <

We will see that this inequality almost immediately results in Theorems 1 and 2.

2. Proofs
2.1. PRELIMINARIES. We begin with a standard linear transformation of
the observations, which enables us to simplify numerous technical details. Recall

that the design points X;, ¢ = 1,... ,n, are assumed to be different and belonging
to [0,1]. Let {ox(x), k=1,...,n} be the Reinsch-Demmler [3] basis defined by

1 Yo m
ngk(Xi)%(Xi)Z(skw /0 o™ (@)™ () dx = Midiy,
=1

0=...=0< A <... < Ap,

(10)

where §;; is Kronecker’s delta. The eigenvalues A, k = 1,...,n, are related to
Kolmogorov’s diameter (see [15] for details) of the Sobolev ball

g = {f: /01[f<m>(x)]2dx < 1}.
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To explain this fact, suppose we want to approximate functions in W5* with the
help of linear methods. It means that for given functions ¢;, ¢ = 1,... , N, we are
interested in the maximal approximation error

n

o= sw e L3500 - Y aanon)]
= sup - inf Zf(XZ) ch@c(Xl) .
CN T =1

Cly.--
gewy e =

Then Kolmogorov’s diameter d of W% is defined as the minimal approximation
error

dN = inf DN (¢),
[
where inf is computed over all functions ¢, k = 1,... , N. With a relatively simple

algebra one can show that the Reinsch-Demmler basis provides the Kolmogorov
diameter of Wi*, i.e.,

d =DV (p) = Ay

Using this basis, we make the following linear transformation of the observations:
1 n
11 Zy=—) Yipp(X;) =10 ;
(11) k ”Z or(Xi) = Op + €&

where

o= S F(X)en(X), &= %Zwﬂxi), A
i=1 i=1

Obviously, the sequence space model (11) is equivalent to (1) and therefore from
now on we deal with (11). Notice that the risk of an estimator f can be rewritten
in terms of (11) as

n R 1 n ~
;9;c 0], where 6y, ”;f( $en(Xi)

It is also easy to check, in view of (10), that the smoothing spline admits the
following spectral representation:

Z Zngk ) with hk;(O[) = m

and its risk is computed as follows:

R(for f) = =Y 1= he(@)*07 +> Y hi(a)
k=1 k=1
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Finally notice that & and &g can be expressed in terms of Zp, k=1,... ,n, as
n
(12) &= argmin{Z[l — hp(Q)]?ZE + 2€2||h(0z)||1}7
a>0 h—1

n _ 272
(13) dg = argmin [1 = hi()" Z;
a: @<V [1 = [1h(@)ll1/n]

where ||h(a)|l1 = S5, hr(a).

2.2. ORDERED PROCESSES AND THEIR PROPERTIES. Our method of deriv-
ing oracle inequalities is related to a special class of random processes. Let &(¢),
t > 0, be a random process with E£(t) = 0 and a finite variance E¢2(t) = o2(t),
which is assumed to be continuous and monotone

27

o2(ty) > 02(t1),  ta >ty.
The process &(t), t > 0, is called ordered if it is separable and for all t3 > t;
(14) E[¢(t2) — £(t1)]* < 0*(t2) — 0*(t1).
Obviously this inequality admits the following equivalent form
E&(t2)&(t1) > min {EE3(t2), EE%(t1) }.

Thus, an ordered process can be viewed as a natural generalization of the Wiener
process W (t) for which EW (t1)W (t2) = min{EW (t;), EW (t2)}. We will see that
the class of ordered processes is sufficiently broad.

Denote for brevity

t1) —&(E
Acltn,ts) — §(t1) — &(t2) :
E[{(t1) — &(t2)]
The main property of ordered processes is given by the following lemma.

Lemma 1. Suppose that there exists A > 0 such that

(15) ©(A) £ sup Ecosh{A\A¢(t1,t2)} < o0.

t1,t2

Then there exists a constant C' depending on A such that for ollT > 0 and allp > 1

T/p < Cpo(T).

(16) B sup |e(t) —£(s))”

t,s€[0,T]

Proof. Notice that for p > 1 the function L(x) = log” (ac + ep_l) is concave on
(0, 00) since
B plog"?(z + eP71)

L' (x
W=t

[p —-1- log(x + ep_l)] <0.
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In order to prove (16), we use the standard chaining argument [16]. For a given
integer s > 0 define the points ¢} on [0, 7] by

o?(t) = 27 %ka*(T), k=0,...,2°—1,

and denote by 7° the set of these points. Let u be an arbitrary point in 7°. Then
we can find a chain, i.e., the points 7, (u) € 7%, k =0,... , s, such that

o u=r14(u), 0="19(u),

o [0*(m(w)) — 0% (-1 (w))| < 2710 *(T).
To verify that such points exist, one can imagine the standard binary tree. The
nodes of this tree at the level k are associated with the points t;?, j=0,...,2F-1.
It is clear that there exists a unique way connecting u € 7° and 0 (top of the tree).
This way passes via nodes, which are denoted by 74 (u). So we can write

s—1

w= 3" (u) = i(w)

k=0

and for two arbitrary points u,v in 7° we get

U— v = i[Tk_A'_l(u) — 1 (u)] — )y [Tht1(v) — T (V)]
k=0 k=0

Therefore by (15) we have

(17) [B sup_Je(w) |p} <2z{ sup [€(mis1 (1) — E(mi(w) [P

w,veT s uGT’“+1

=23 [B sup [Ae(ruin () 7)) [Ble(reon ) - )]

oL ueThH

s—1

1/p
< 20(T g 27 k[E sup ’Ag Trt1(w), Tk(u))ﬂ .
k=0 u€TrH

Next, using concavity of L(x), x > 0, and (15), we obtain

1/p
{E sup |A¢(Tip1(u), 7 (U))ﬂ
ueZ k+1
< tor| 3 BexpliAc(ru) ww)l] + o
u€T k+1
< %log [2k+2<,0(/\) N epfl} _ (k+2) 10g)(\2) +p—1 n log[g;()\)].

Substituting this in (17), we arrive at the inequality

T/p Co(T),

B sup lg(u) - ()P

wu,wET*S
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which proves the lemma, since by separability of £(t)

B swp o) @] = msw[E swp lgw -cwp] . O

u,ve[0,T] $§—00 u,veT*

Lemma 1 almost immediately results in the following fact.
Lemma 2. Let £(t) be an ordered process satisfying (15) and such that £(0) = 0.
Then there exists a constant C' depending on A such that for all a > 0

2p+2
(18) Bsuple(1) - ao?()]], < S L

)

where [z]+ = max(0, ).

Proof. Without loss of generality, we can assume that lim; .., 0%(t) = co. Then
for any integer k > 0 we define ¢;(a) by

k
t = —.
o (te(a) = &
In what follows, we will use the following form of the Markov inequality

E|nlpte
(19) By > o) < S0

xd

which follows immediately from the inequality n?1{n > =} < \77|p|77/:rfq.
Using that f(z) = 2P1{zx > zo} is monotone in = > 0, we have

t)}i < ZE sup (t)1{&(t) > ao?(t)}

=0 te[tk(a),tk+1(a)]

(20)  Esup[£(t) — ao?(

t>0

<Y E s EOL{E) = ac’(ti(a))}

teftr (o), tpy1 ()]

<Y E sup W sup &) > a0’(tk(@)}

teftr(a),trt1(a)] teftr(a),trt1(a)]
<E sup [£@)]P
0<t<ti(a)

+ Z E sup  &@)1{ sup &) > ac’(ty(a)}.

_ O<t<tk+1(a) OStStk+1((¥)
By Lemma 1, the first term at the right-hand side of the above inequality is bounded
by

C’pp

oP

(21) E sup [£@)]" < CpPoP(ti(a)) =
0<t<t1 ()

)
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whereas for the second one, in view of (19), we get the following upper bound:

ZE sup  LML{  sup  &(t) > ao®(ti(@))}

=1 O0St<tpii(a) 0<t<tp41(x)

oPta(t CR(p+qPTTX 1
<C(p+q) p+qz aaz(tl:i(-l())])q) _ [ (pap(I)] ; pr

Setting ¢ = p + 2 in the above inequality and using (20) together with (21), we
prove (18). O

2.3. EXAMPLES OF ORDERED PROCESSES. The simplest example of an
ordered process is £(t) = &t, where £ is a zero mean random variable with a finite
exponential moment Eexp(A|¢]) < oo for some A > 0. As we have already men-
tioned, the Wiener process W (t) is an ordered process. At the first glance, £t and
W (t) are quite different, but from the viewpoint of Lemma 2 they are equivalent.
Of course, the distribution of max;>o[W (t) — at] is well known

P{I?Zagc[W(t) —at] > z} = exp(—2az).

The following two examples play an essential role in adaptive estimation. Let
Hi(p) € [0,1] be a nonincreasing sequence in k and such that

(22) Hy (o) > Hi(p1) forall po>p; and k=1,2,...,
lim Hy(u) =1, k=1,2,...
— 00

Consider the following Gaussian process:
= [1— Hp(1/t)0xk,
k=1

where & are i.i.d. N(0,1) and Y ;2,07 < oo. It is easy to see that & (¢) is an

ordered process. Indeed, in view of (22) we have for t; < t9
oo o0

E&(t) =Y [1-Hp(1/t1)]7607 <> [1—Hy(1/t1)] [1—Hy(1/t2)167 = B (t1)& (t2),
k=1 k=1

thus proving that & (¢) is an ordered process. For &;(¢) Lemma 2 sounds as follows.

Lemma 3. Let Hy(-) satisfies (22), then for all a > 0

@) e[Sl mas - a3 - mepe] <92,

) ) k=1

and

(24) E sup {2[1 — Hyy(w)]20un — > [1 — Hk(u)m%;} < ),
+

n20L 2 k=1
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In order to prove (24), it suffices to note that if Hy(-) satisfies (22), then the
function 2Hy(-) — HZ(-) also satisfies this condition.
The next useful ordered process is defined by

ZHk (& —1),

where the & are i.i.d. N(0,1) and Hy(t) satisfies (22). It is easy to check that

E& (1) < B&(ta)6a(t),  t1 <t

So, in order to apply Lemma 2, it remains to check (15). Denoting for brevity

1H (t2) = H(t1)|]* = D [Hi(t2) — Hi(t1)]7,
k=1
we have
)\ oo
(25) Bexp[e(ts, )] = exp [ A iG] 2oV~ ()]

1
15N Hy(ts) — Hi (1)
2 ;k’g(l V() H<t1>||>}'

Since obviously
max[Hy,(t2) — Hy(t1)] < [|H (t2) — H(t)]];

then using the Taylor expansion for log(1 — -) in the right-hand side of (25), we get
for A < 1/2
Eexp [)\Ag(tg,tl)} < exp(C’/\2)7

thus proving (15). Therefore using Lemma 2, we obtain the following fact.

Lemma 4. Let Hy(-) satisfies (22), then for all « > 0

(26) Emax{ZHk )& —1) 7asz } < 0055)7

and

&) Bnas [Z (- - a3 20| <2
k=1 +

The proof of (27) is quite similar to that of (26) and therefore omitted.
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2.4. PROOF OF THEOREM 1. It follows the main lines of the proof of
Theorem 1 in [2]. Let & be an arbitrary data-driven smoothing parameter. Then
we can decompose the risk |h(&)Z — 6]|? as follows:

NE

(28) [IM(@)Z =0l = ) _[hi(@)Zy — Zk + &)

ES
Il
—

(@) = 127 + 26> [hi(@) — 1) Zu& + 7> &

[
NE

k=1 k=1 k=1
{21—11,c Z,§+2ezzhk(d)}—6225,3
k=1 k=1 k=1
—|—26th —19k§k+2822hk )(&R—1).
k=

The principal idea is to show that the last two terms of this equation are small. To
implement this idea, notice that for any v € (0, 1) the estimation error ||h(a)Z — 6]
admits the following representation:

(29) [Ih(@)Z = 0> = Q=@ Z = 0]* + v|h(@)Z - 0]

= (L= NI(@Z = 01* + 7Y _[1 — hi(@)]67

k=1

+9e?> [ ak—mth )L = hie(@)]0xEs
k=1

k=1

= (1*V)Hh(d)Z*@HQ+V€22[hk(d) vy 11— hi(@)]%67
=1 k=1
+7€2 Y (@ — 1) — 29e Z hi(@)[1 — Ry (&))0k &k
k=1

Our next step is to use the definition of & (see (12)). We obviously have that for
any given «

{ih — hi(@)PZ¢ + 2€° i hk(d)} < {En:[l — ()2 Z2 + 262 En: hk<a)}

k=1 k=1 k=1 k=1

R(a,0) + & Z&% + 2 Z[l — hi ()08 + € Z[l — hi ()P (&7 = 1).
k= k=1

k=1

Therefore, combining this inequality with (28) and (29), we obtain

(30) (1 =E|[M&)Z —0|* < R(a,0) + Ero[h(a), 0] + Eri[h(a), 0] + Era[h(a)],
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where

rolh, 0] = 26 3 (1 — hy,) 2066k +€2 > (1 — hy) (€2 — 1),

k=1 k=1

ri[h, 0] = =2 > {1 — (L + )l — vh }0k&k — v > (1 — hi) 63,
k=1 k=1

ralh] = €3 {2y — AP HEE — 1) — e Y[l
k=1 k=1

To bound from above these remainder terms, we apply Lemmas 3 and 4. It is easy
to see that the sequence (1 +7)hy(a) — vhi(a) with o = 1/ satisfies (22) for any
v € [0,1]. Therefore with (23) we obtain

(31) Er[h(&),0] < Esup [—252[1 — (1 + y)hi(@) + vhj ()] Ok
k=1

a>0

- ’YZ [1— (14 7)h(e) + vh%(a)]zeﬁ}
k=1

+ Esul()) {VZ [1— (1 +7)he(a) + ’yhi(a)]zeﬁ
az0l 4

. 2 Ce?
—v> 1= h(a)] 913] < —.

k=1 + v
In order to control E ry(h(d&)), notice that 22 —yx? is a monotone function on [0, 1]
for any v € [0,1]. Hence the sequence [2hy(a) — vhi(a)]/(2 — ) with o = 1/
satisfies (22), and by Lemma 4 we obtain

k=1 2-7 k=1

IR 9l EL I R WS

k=1 2—7

n

<(2-7vE Sup{z 2hi() — Al -1

a>0 LI 2-y

_ 217 k:{%k(a);_vghk(a)}?r} C(2-9)?

thus proving that

To finish the proof, it remains to substitute this inequality and (31), (32) in (30)
and to notice that obviously Erg[h(«),0] =0. O
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2.5. PROOF OF THEOREM 2. The main idea of the proof is related to the
almost obvious fact that |h(ég)Z — Z||?/n always provides a good upper bound for
the unknown noise variance.

Lemma 5. Let & be an arbitrary data-driven smoothing parameter. Then

(33) El2 = ”II(&)Z_Z”T cf Ezhk e’
+

n

Proof. We start with the following decomposition:

ay o MOZZAR_ e

n
k=1

+ % [—2& zn:[l — hy,(@)]*0kk — En:[l - hk(d)]%%}
k=1

k=1
+ =[S0 - 2hu(@]1 - ) - Yolhi@) - 2@
k=1 k=1
The first term in the right-hand side can be easily bounded since
(35) E[l (e - 1>]2 _2
n 1 n

To control the last two remainder terms, we apply Lemmas 3 and 4. By (24) we
immediately get

n

(36) | O {—25271:[1 — hi(@)? 0k, — > [1— hk(a)Pez} < Ce.
k=1 +

k=1

Our final step is to control the last term, which can be rewritten as

B [Z[hz@ oh(@)(1 - &)~ S [h@) - m(a)}}
k=1 k=1
:E[Z[hi(@)—%k( (1-&) - iz &) — 2hy ()] }
k=1 k=1
[ 0@ - 2@ - 3@ - 2 (@]
k=1 k=1

Since 2hy(a) — h3 (o) with a = 1/u satisfies (22), we get with the help of Lemma 4

n

Z ) — 2h( )]2} <C
+

k=1 =1

NH

E sup {Z[hi(a) —2hi(a)](1 - &) —

a>0



Oracle Inequalities Related to Smoothing Splines 15

and therefore

E[Z[hz( ) = 2h(@)](1 — &) = > _[hi(a) — 2hy, d)}]

k=1 k=1 +
SE[i[hi(d)Qhk( (=€) *%i @) = 2hi(@)] }
k=1 k=1 N
+E {; (hk(d) - hi;d ) +é 2k (6 )]} N

< Bsup| Yolh(e) - 2n(@)(1 - ) - izmm -2l

a0l k=1

+2Eth <C+2Eth

k=1

Finally, combining this with (34)—(36), we finish the proof. O

Proof of Theorem 3. We prove this theorem with the help of two basic inequali-
ties. The first one follows immediately from Lemma 5. Namely,
h(ag)Z — Z||? Ce?
n - n’
which holds true since Y ;_; hi(Gg) < /n.
The second inequality is quite banal

|hac)Z = Z|*  _ |Ih(eg)Z - 2]

(38) - < . ;
[ = lIr@e)lla/nl* = [1 = Ih(ag)ll1/n]?
where
ag, = argmin  R(a,0).
a: [[h(a)[1<v/n

To combine these inequalities, we bound from below the left-hand side of (38).
Using that (1 — )72 > 1+ 2z, z € [0, 1], we immediately get

. 204 . -
I(66)Z = Z|* + ~|Ih(é6) Z = Z|* |h(ae)ll —* Y &
k=1

Iha)Z 22,
= T = [h(ag) T/ 25’“

and therefore

B[ [h(66)Z — 21 + 2 |h(66)Z - 2P |hae)] — < Zsz]

R(ag,,0) — ||h(0z)]/n R(a%;,0)
ST A e/ S = The) P
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Next we rewrite this inequality in the following equivalent form:

(39)  E|h(ac)Z - Z|* - B & + 2*E|h(6e) |1
k=1

R(ag;, 0) +2Eh(dc)||1[

= W= h(ag)1/nP?

Using simple algebra together with (31) and (32), one can bound from below the
left-hand side of the above display as follows:

o Ihag)Z - 2]
221,

(40)  E|h(6c)Z - Z|* —*E Y & +22°E[|h(a6)|h
k=1
— E||h(6e)Z — 0

+ 2B (1 - hi(66))0ké + 26”E Y hi(6a)(1— &)
k=1 k=1

= (1 =E[h(ac)Z — 0> +vE Y _[1 — hi(66)]*6;
k=1

+ 2B 1= (14 7)hi(da) + 703 (6a))0kén
k=1

+ 2B > [2m() — vhE(ae))(1 — &) + 1B Y [hi(Ge))?
k=1 k=1

) Ce?
> (1—-7)E|h(ac)Z —0|* — —.

The right-hand side of (39) can be easily controlled since |h(ag)|l1 < /n and it
follows immediately from (37) that

A o2 N o2
EHh(&G)Hl 2 — ”h(O‘G)f Z” :| < \/EE |:€2 _ ”h(aG)f ZH :| < O&2.
+

Combining this inequality with (39) and (40) we get

* 2
Bliac)Z - 0|} < (1 | @0, C2,

-vla-1/vm)?

thus completing the proof of the theorem. [
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