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1. Introduction
The main goal in this paper is to give an exposition of elementary methods used

in the theory of oracle inequalities related to projection estimators. To be more
precise, we consider a classical problem of polynomial fitting going back to Gauss
and Legendre. The mathematical model of this problem is widely used in practice
and admits a simple and transparent statistical interpretation. Suppose we are
given n design points X1, . . . , Xn in R1 and the noisy data

(1) Yi = f(Xi) + εi, i = 1, . . . , n,

where εi are i.i.d. random variables with Eεi = 0 and a finite variance Eε2
i = σ2.

The regression function f : R1 → R1 is unknown and our goal is to find, based
on the data at hand X,Y = (X1, Y1), . . . (Xn, Yn), a polynomial pX,Y (x), which
provides a good approximation of f(x). Since the fitting polynomial is a random
function, we measure the quality of approximation by the mean square error

rn(f, pX,Y ) = Efdn(f, pX,Y ),
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where Ef stands for the expectation with respect to the measure generated by Yi,
i = 1, . . . , n, and

dn(f, pX,Y ) =
1
n

n∑

i=1

[f(Xi)− pX,Y (Xi)]2.

The traditional least squares technique, which is computationally efficient and
relies on numerical linear algebra, provides a natural approach to the minimization
of rn(f, pX,Y ). From the mathematical viewpoint, this technique can be described
as follows. Let Pq be the set of all polynomials of degree q,

Pq =
{

p(x) : p(x) =
q∑

k=0

akxk, ak ∈ R1
}

.

Then we find a polynomial providing the best fit to the data Y within Pq:

pq
X,Y (x) = arg min

p∈Pq

1
n

n∑

i=1

[Yi − p(Xi)]2.

The question, when and why pq
X,Y (x) can be viewed as a minimizer of rn(f, pX,Y ),

is at the very core of the mathematical foundations of learning theory and we refer
the interested reader to Cucker and Smale (2001) for detail. Once the family of
fitting polynomials pq

X,Y (x), q = 1, . . . , n, has been computed, the next natural
step is to determine “the best” polynomial within this family. This should be
done automatically by a data-driven method based on the available data. Before
discussing traditional approaches to this problem, let us make a standard linear
transformation of the data Y letting to simplify numerous technical details.

Denote by {πk(x), k = 0, 1, . . . } the system of orthogonal polynomials associated
with the design points Xi, i = 1, . . . , n:

• πk(x) is a polynomial of degree k,
•

1
n

n∑

i=1

πk(Xi)πl(Xi) = δlk,

where δkl = 1 if k = l and δkl = 0 otherwise.
For simplicity, it is assumed that the design points are different, so one can construct
n orthogonal polynomials. Compute the following statistics:

Zk =
1
n

n∑

i=1

πk(Xi)Yi, k = 0, . . . , n− 1,

and notice that we can represent these new data as follows

(2) Zk = θk + εξk, k = 0, . . . , n− 1,

where

θk =
1
n

n∑

i=1

πk(Xi)f(Xi), ξk =
1

σ
√

n

n∑

i=1

πk(Xi)εi,
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and ε = σ/
√

n. Notice also that ξk are zero mean and uncorrelated with Eξkξl =
δkl. It is easy to see that the models (2) and (1) are equivalent, since

Yi =
n−1∑

k=0

Zkπk(Xi), f(Xi) =
n−1∑

k=0

θkπk(Xi), εi = σ

n−1∑

k=0

ξkπk(Xi).

Thus the polynomial fitting problem is equivalent to estimating θk, k = 0, . . . , n−1,
based on the noisy data Zk. Notice also that the risk of the fitting is computed as

dn(f, pX,Y ) =
1
n
Eθ

n−1∑

k=0

[θk − θ̂k]2 =
1
n
Eθ‖θ − θ̂‖2,

where

θ̂k =
1
n

n∑

i=1

pX,Y (Xi)πk(Xi).

Therefore from now on we deal with the statistical model (2). Moreover, in order
to simplify substantially some technical details, we will assume that the ξk are i.i.d.
N (0, 1). Our statistical analysis of this model relies essentially on a special class of
estimators defined by

θ̂k = hkZk, k = 0, . . . , n− 1,

where the sequence hk ∈ [0, 1] may depend on the observations. For brevity, we
will denote this estimator by θ̂ = hZ. In what follows, the sequence h is called a
filter. If h is a given filter which does not depend on the observations, then the
mean square risk of the estimator θ̂ = hZ is computed very easily,

R(θ, h) def= Eθ‖hZ − θ‖2 =
n−1∑

k=0

(1− hk)2θ2
k + ε2

n−1∑

k=0

h2
k.

In the present paper, we concentrate on the so-called projection estimators with
hk = 1(k ≤ q). Motivation of this class is related to the fact that the least squares
polynomial fitting pq

X,Y (x) is equivalent to the estimator θ̂k = 1(k ≤ q)Zk. For the
parameter q we use the term bandwidth. Denote for brevity by Hm the set of all
projection filters with the bandwidth less than m, i.e.,

Hm =
{

hk : hk = 1(k ≤ q), 0 < q ≤ m− 1
}

.

Notice that the problem of the date-driven choice of the degree of a fitting poly-
nomial can be reformulated as the data-driven choice of a filter within Hn. A
traditional approach to this problem is based on the principle of unbiased risk es-
timation (see Stein (1981)), which has a simple heuristic motivation. If θ2

k were
known, the best h∗ would be computed as h∗ = arg minh∈Hn R(θ, h). Therefore
the principal idea of the method is to minimize the unbiased estimate of R(θ, h).
This approach, going back to Akaike (1973), Mallows (1973), and Shibata (1981),
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can be easily implemented, since θ2
k may be estimated by Z2

k − ε2. Thus, we arrive
at the famous Akaike’s criterion

(3) h̄A = arg min
h∈Hn

{n−1∑

k=0

[1− hk]2Z2
k + 2ε2

n−1∑

k=0

hk

}
.

The main goal in this paper is to provide a panorama of oracle inequalities related
to Akaike’s method and its natural extensions. We begin with non-asymptotic
concentration inequalities for ‖h̄AZ − θ‖2 expressed in terms of the oracle risk

(4) R(θ) = R(θ, h∗) = inf
h∈Hn

R(θ, h).

Some of these inequalities (Theorem 1) are not surprisingly new (see, for instance,
Kneip (1994)). However, we prove them by elementary technique based on the
Doob inequality. This technique, improving the second order terms in the oracle
inequalities, was originally proposed by Golubev (2004) and Golubev and Levit
(2004).

The second class of problem addressed here is related to the fact that the noise
variance is hardly known in practice. In order to make (3) feasible from the practical
viewpoint, one can estimate the unknown noise variance by

ε̂2(h) =
1
n

n−1∑

k=0

[1− hk]2Z2
k

and plug-in this estimator in (3). Thus we get the following adaptive filter:

h̃ = arg min
h∈Hn

{n−1∑

k=0

(1− hk)2Z2
k

(
1 +

2
n

n−1∑
s=0

hs

)}
.

In the present paper, we will study two counterparts of h̃:

(5) h̄B = arg min
h∈Hn/4

{n−1∑

k=0

(1− hk)2Z2
k

(
1− 2

n

n−1∑
s=0

hs

)−1}

and

(6) h̄C = arg min
h∈Hn/4

{n−1∑

k=0

(1− hk)2Z2
k

(
1− 1

n

n−1∑
s=0

hs

)−2}
.

We would like to draw attention to the fact that here, by some technical reasons,
we use the class Hn/4, which is evidently embedded in Hn, and we will control the
risks of h̄BZ and h̄CZ in terms of

(7) R+(θ) = min
h∈Hn/4

R(θ, h).
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From a heuristic viewpoint the methods h̄B , h̄C can be viewed as approximations
of h̃ provided that

∑n−1
k=0 hk ¿ n. Indeed, in this case by the Taylor expansion

1 +
2
n

n−1∑

k=0

hk ≈
(

1− 2
n

n−1∑

k=0

hk

)−1

≈
(

1− 1
n

n−1∑

k=0

hk

)−2

and we easily get (5) and (6).
Along with projection filters we will deal with their convex combinations. For-

mally, this class of filters is defined by

Cm
M =

{
h : hk =

M∑
s=1

λs1(k ≤ Ns), λs ≥ 0,

M∑
s=1

λs = 1, Ns ∈ [1,m− 1]
}

.

The data-driven choice of a filter within this class relies on the same principle of the
unbiased risk estimation, and we will provide an oracle inequality for this approach.

This paper is organized as follows. Oracle inequalities are summarized in Sec-
tion 2 and their proofs are given in Section 3. In order to illustrate numerically
oracle inequalities, we provide in Section 4 some simulation results.

2. Oracle Inequalities
2.1. The Akaike method. We start our series of oracle inequalities with

the classical Akaike method defined by (3).

Theorem 1. Uniformly in θ ∈ Rn and γ ∈ (0, 1)

(8) Eθ‖h̄AZ − θ‖2 ≤ R(θ)
1− γ

+
2ε2

1− γ

[
1
γ

+
1

U−1(γ/2)

]
,

where

(9) U(x) = −1− log(1− 2x)
2x

, x ∈ (
0, 1

2

)
,

and the oracle risk R(θ) is defined by (4).

The statistical meaning of this theorem is very transparent. Let us consider two
typical situations:

• parametric estimation R(θ) ³ ε2,
• nonparametric estimation R(θ) À ε2.

In the first case, taking, for instance, γ = 1
2 , we get the following upper bound:

Eθ‖h̄AZ − θ‖2 ≤ CR(θ),

where C is a constant. It means that when f is a polynomial of a given small
degree, we cannot mimic well the oracle risk, but the losses are not very crucial.
On the other hand, in case of nonparametric estimation, (8) reveals that the Akaike
criterion works nice. Indeed, assuming that γ is small, we get from (8) and the
Taylor formula

Eθ‖h̄AZ − θ‖2 . R(θ) + γR(θ) + 6γ−1ε2,
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and minimizing the right-hand side of this inequality with respect to γ, we arrive
at

Eθ‖h̄AZ − θ‖2 . R(θ)
[
1 +

√
24ε2

R(θ)

]
.

This upper bound certifies that the Akaike method mimics well the oracle risk.
While Theorem 1 provides only an upper bound for Eθ‖h̄AZ − θ‖2, the next

theorem controls large deviations of ‖h̄AZ − θ‖2 from R(θ).

Theorem 2. Uniformly in θ ∈ Rn and γ ∈ (0, 1),

(10) Pθ

{
(1− γ)‖h̄AZ − θ‖2 > (1 + γ)R(θ) +

8ε2x

U−1(γ/2)

}
≤ 4e−x.

2.2. Model selection approach. Theorem 1 can be viewed as a special
case of oracle inequalities related to model selection methods. We refer the inter-
ested reader to Barron, Birgé and Massart (1999) and Birgé and Massart (2001)
for a motivation and mathematical background of this approach. For the polyno-
mial fitting problem, the model selection approach provides us with the following
data-driven filter:

(11) h̄K = arg min
h∈Hn

{n−1∑

k=0

[1− hk]2Z2
k + Kε2

n−1∑

k=0

hk

}
,

where K > 1 is a constant. Let

(12) RK(θ) = min
h∈Hn

{n−1∑

k=0

[1− hk]θ2
k + (K − 1)ε2

n−1∑

k=0

h2
k

}
.

The statistical properties of this approach are described by

Theorem 3. Uniformly in θ ∈ Rn we have
(i) for K ≥ 2 and for any α > 0

Eθ ‖h̄KZ − θ‖2 ≤ (1 + 2α)
[
RK(θ) +

(1 + α)ε2

α
+

2ε2

U−1(α)

]
;

(ii) for 1 < K < 2 and for any α ∈ (0, K − 1)

Eθ ‖h̄KZ − θ‖2 ≤ 1 + α

K − 1− α

[
RK(θ) +

2(1 + α)ε2

2−K + 2α
+

Kε2

U−1(α)

]
.

It can be shown that these upper bounds cannot be substantially improved uni-
formly in θ ∈ Rn (see Golubev (2004)).

2.3. Convex linear combinations of projection methods. Let

(13) h̄M = arg min
h∈Cn

M

{n−1∑

k=0

(1− hk)2Z2
k + 2ε2

n−1∑

k=0

hk

}
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be the data-driven filter within the family of all linear combinations of M ≥ 2
projection filters.

Theorem 4. Uniformly in θ ∈ Rn and γ ∈ (0, 1)

Eθ‖h̄MZ − θ‖2 ≤ 1
1− γ

{
min

h∈Cn
M

R(θ, h) + 2ε2

[
M

γ
+

M

U−1(γ/2)

]}
.

Notice that this upper bound is good only when the number of projection esti-
mators involved in the convex combination is small. For the case of large M we
refer the reader to Nemirovski (2000).

2.4. Adaptive estimation with unknown noise variance. In this
section, we focus on the adaptive fitting with unknown noise variance. As was
mentioned above, we use in this case the data-driven filters defined by (5), (6) and
our goal is to control their risks in terms of the oracle risk given by (7).

Theorem 5. Uniformly in θ ∈ Rn and γ ∈ (0, 1)

Eθ‖h̄BZ − θ‖2 ≤ 1
1− γ

{
R+(θ)

[
1 +

C1R
+(θ)

nε2

]
+

2ε2

γ
+

2ε2

U−1(γ/2)
+ ε2

}
,

where C1 is a constant.

Theorem 6. Uniformly in θ ∈ Rn and γ ∈ (0, 1)

Eθ‖h̄CZ − θ‖2 ≤ 1
1− γ

{
R+(θ)

[
1 +

C2R
+(θ)

nε2

]
+

2ε2

γ
+

2ε2

U−1(γ/2)
+ ε2

}
,

where C2 is a constant.

Typically R+(θ) is very close to R(θ) and the ratio R+(θ)/(nε2) is small. There-
fore both methods should work like the Akaike criterion in case of known noise
variance. Our simulations in Section 4 confirm this fact.

3. Proofs
The cornerstone idea of the proofs presented in this paper is based on two simple

probabilistic facts.

Lemma 1. Let W (t) be a Wiener process. Then for any α ≥ 0

P
{

sup
t≥0

[
W (t)− αt

2

]
> x

}
≤ exp(−αx).

Proof. This well-known fact fowllows from the Doob inequality. It suffices to
note that the random process ζ(t) = exp

[
αW (t)− α2t/2

]
is a martingale. ¤

Lemma 2. Let ξs be i.i.d. N (0, 1). Then

P
{

sup
k≥0

[ k∑
s=0

(ξ2
s − 1)− U(α)(k + 1)

]
> x

}
≤ e−αx, α ∈ (0, 1/2),(14)

P
{

sup
k≥0

[ k∑
s=0

(1− ξ2
s )− α(k + 1)

]
> x

}
≤ e−αx, α > 0,(15)

where U(·) is defined by (9).
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Proof. Let Fk = σ(ξ0, . . . , ξk). For a given α ∈ (0, 1
2 ), denote

ηk = exp
[
α

k∑
s=0

(ξ2
s − 1)− αU(α)(k + 1)

]
.

Since

E exp
[
α

k∑
s=0

(ξ2
s − 1)− αU(α)(k + 1)

]
= 1,

ηk is a martingale, then (14) follows from the Doob inequality.
In order to proof (15), we consider the martingale

η∗k = exp
[
α

k∑
s=0

(1− ξ2
s )− αU∗(α)(k + 1)

]
,

where
U∗(α) = 1− 1

2α
log(1 + 2α).

It is easy to see by the Taylor formula that U∗(α) ≤ α. Therefore (15) is proved
by the Doob inequality. ¤

In the context of data-driven fitting, Lemmas 1 and 2 can be rephrased as follows.

Lemma 3. Let ξk be i.i.d. N (0, 1). Then for any data-driven filter h̃ ∈ Hn

(16) E
[n−1∑

k=0

(1− h̃k)θkξk − α

n−1∑

k=0

(1− h̃k)2θ2
k

]p

+

≤ Γ(p)
(2α)p

and

(17) E
[n−1∑

k=0

h̃k(ξ2
k − 1)− α

n−1∑

k=0

h̃2
k

]p

+

≤ Γ(p)
[U−1(α)]p

,

where Γ(·) is the Gamma function and α, p > 0.

Proof. In order to proof (16), consider the Gaussian process ξ(h) =
∑n−1

k=0(1 −
hk)θkξk indexed by h ∈ Hn. It is easy to see that this process coincides in dis-
tribution with W

(∑n−1
k=0(1− hk)2θ2

k

)
, where W (·) is a standard Wiener process.

Therefore by Lemma 1 we immediately get

E
[n−1∑

k=0

(1− h̃k)θkξk − α

n−1∑

k=0

(1− h̃k)2θ2
k

]p

+

≤ E max
h∈Hn

[n−1∑

k=0

(1− hk)θkξk − α

n−1∑

k=0

(1− hk)2θ2
k

]p

+

= E max
h∈Hn

[
W

(n−1∑

k=0

(1− hk)2θ2
k

)
− α

n−1∑

k=0

(1− hk)2θ2
k

]p

+

≤ E sup
t≥0

[W (t)− αt]p+ ≤ p

∫ ∞

0

xp−1 exp(−2αx) dx.

The proof of (17) follows from similar arguments and Lemma 2. ¤
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3.1. Proof of Theorems 1 and 2. It is based on simple algebra formulas.
Let h̃ be an arbitrary data-driven filter. Then we have

‖h̃Z − θ‖2 =
n−1∑

k=0

(h̃kZk − Zk + εξk)2(18)

=
n−1∑

k=0

(h̃k − 1)2Z2
k + 2ε

n−1∑

k=0

(h̃k − 1)Zkξk + ε2
n−1∑

k=0

ξ2
k

=
{n−1∑

k=0

(1− h̃k)2Z2
k + 2ε2

n−1∑

k=0

h̃k

}
− ε2

n−1∑

k=0

ξ2
k

+ 2ε

n−1∑

k=0

(h̃k − 1)θkξk + 2ε2
n−1∑

k=0

h̃k(ξ2
k − 1).

On the other hand, for any γ ∈ (0, 1) we can decompose the estimation error as
follows:

‖h̃Z − θ‖2 = (1− γ)‖h̃Z − θ‖2 + γ‖h̃Z − θ‖2 = (1− γ)‖h̃Z − θ‖2(19)

+ γ

n−1∑

k=0

(1− h̃k)2θ2
k + γε2

n−1∑

k=0

h̃2
kξ2

k − 2γε

n−1∑

k=0

h̃k(1− h̃k)θkξk

= (1− γ)‖h̃Z − θ‖2 + γε2
n−1∑

k=0

h̃2
k + γ

n−1∑

k=0

(1− h̃k)2θ2
k

+ γε2
n−1∑

k=0

h̃2
k(ξ2

k − 1)− 2γε

n−1∑

k=0

h̃k(1− h̃k)θkξk.

Recalling the definition of h̄A (see (3)), we have that for any given h ∈ Hn

{n−1∑

k=0

(1− h̄A
k )2Z2

k + 2ε2
n−1∑

k=0

h̄A
k

}
≤

{n−1∑

k=0

(1− hk)2Z2
k + 2ε2

n−1∑

k=0

hk

}

≤ R(θ, h) + ε2
n−1∑

k=0

ξ2
k + 2ε

n∑

k=0

(1− hk)2θkξk + ε2
n−1∑

k=0

(h2
k − 2hk)(ξ2

k − 1).

Therefore, combining this inequality with (18) and (19), we obtain

(1− γ)‖h̄AZ − θ‖2 ≤ R(θ, h) + 2ε

n−1∑

k=0

(h̄A
k − 1)θkξk − γ

n−1∑

k=0

(1− h̄A
k )2θ2

k(20)

+ (2− γ)ε2
n−1∑

k=0

h̄A
k (ξ2

k − 1)− γε2
n−1∑

k=0

h̄A
k

+ 2ε

n∑

k=0

(1− hk)θkξk − ε2
n−1∑

k=0

hk(ξ2
k − 1).
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Finally using Lemma 3 to control two remainder terms in the above inequality, we
get

(1− γ)Eθ‖h̄AZ − θ‖2 ≤ R(θ) +
2ε2

γ
+

(2− γ)ε2

U−1[γ/(2− γ)]
,

thus finishing the proof of Theorem 1. ¤
In order to prove (10), we rewrite (20) as follows:

(21) (1− γ)‖h̄AZ − θ‖2 ≤ (1 + γ)R(θ) +
4∑

s=1

χs,

where

χ1 = 2ε

n−1∑

k=0

(h̄A
k − 1)θkξk − γ

n−1∑

k=0

(1− h̄A
k )2θ2

k,

χ2 = 2ε

n∑

k=0

(1− hk)θkξk − γ

n−1∑

k=0

(1− hk)2θ2
k,

χ3 = (2− γ)ε2
n−1∑

k=0

h̄A
k (ξ2

k − 1)− γε2
n−1∑

k=0

h̄A
k ,

χ4 = ε2
n−1∑

k=0

hk(1− ξ2
k)− γε2

n−1∑

k=0

h2
k.

It is easy to see that U−1(γ/2) ≤ γ/2. Then, by Lemma 1 we get for any y ≥ 0

P
{

χ1 ≥ ε2y

U−1(γ/2)

}
≤ P

{
χ1 ≥ ε2y

γ/2

}
≤ e−y,

P
{

χ2 ≥ ε2y

U−1(γ/2)

}
≤ P

{
χ2 ≥ ε2y

γ/2

}
≤ e−y.

On the other hand, Lemma 2 yields

P
{

χ3 ≥ 2ε2y

U−1(γ/2)

}
≤ e−y,

P
{

χ4 ≥ ε2y

U−1(γ/2)

}
≤ P

{
χ4 ≥ ε2y

2U−1(γ/2)

}
≤ P

{
χ4 ≥ ε2y

γ

}
≤ e−y.

Therefore (10) follows from (21) and the trivial inequality

P
( 4∑

i=1

χi ≥ z
)
≤

4∑

i=1

P
(
χi > z/4

)
,

which holds true for any random variables χi. ¤
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3.2. Proof of Theorem 3. Rewrite (18) in the following form:

(22) Eθ‖h̄KZ − θ‖2 = Eθ

{n−1∑

k=0

(1− h̄K
k )2Z2

k + (K − 1)ε2
n−1∑

k=0

h̄K
k

}
− nε2

+ 2ε2Eθ

n−1∑

k=0

h̄K
k (ξ2

k − 1)− 2εEθ

n−1∑

k=0

(1− h̄K
k )θkξk + (2−K)ε2Eθ

n−1∑

k=0

h̄K
k .

According to the definition of h̄K ,

Eθ

{n−1∑

k=0

(1− h̄K
k )2Z2

k + (K − 1)ε2
n−1∑

k=0

h̄K
k

}
≤ RK(θ) + nε2.

Thus, combining this inequality with (19) and (22), we get

(1− γ)Eθ‖h̄KZ − θ‖2 ≤ RK(θ) + 2εEθ

n−1∑

k=0

(h̄K
k − 1)θkξk(23)

− γEθ

n−1∑

k=0

(1− h̄K
k )2θ2

k + (2− γ)ε2Eθ

n−1∑

k=0

h̄K
k (ξ2

k − 1)

− (2− γ)αε2Eθ

n−1∑

k=0

h̄K
k + [(2− γ)(1 + α)−K]ε2Eθ

n−1∑

k=0

h̄K
k .

If K ≥ 2, we choose

γ =
2α

1 + α
.

It is clear that in this case (2 − γ)(1 + α) −K ≤ 0 and we obtain from (23) and
Lemma 3 the following upper bound:

1− α

1 + α
Eθ‖θ̂(h̄K)− θ‖2 ≤ RK(θ) +

(1 + α)ε2

α
+

2ε2

(1 + α)U−1(α)
,

thus proving the first part of the theorem. On the other hand, if K < 2, we take

γ =
2 + 2α−K

1 + α

and by the same arguments we arrive at

K − 1− α

1 + α
Eθ‖h̄KZ − θ‖2 ≤ RK(θ) +

2(1 + α)ε2

2 + 2α−K
+

Kε2

(1 + α)U−1(α)
. ¤

3.3. Proof of Theorem 4. We begin with a simple generalization of
Lemma 3 for the class of all convex combinations of M projection filters.
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Lemma 4. Let ξk be i.i.d. N (0, 1) and p ≥ 1. Then for any α, p > 0 and any
data-driven filter ĥ ∈ Cn

M we have

(24) E
[n−1∑

k=0

(1− ĥk)θkξk − α

n−1∑

k=0

(1− ĥk)2θ2
k

]p

+

≤ Γ(p)Mp

(2α)p

and

(25) E
[n−1∑

k=0

ĥk(ξ2
k − 1)− α

n−1∑

k=0

ĥ2
k

]p

+

≤ Γ(p)Mp

[U−1(α)]p
.

Proof. Since ĥ =
∑M

s=1 λsh̃s, where h̃s ∈ Hn, we have by (16)

E
[n−1∑

k=0

(1− ĥk)θkξk − α

n−1∑

k=0

(1− ĥk)2θ2
k

]p

+

= E
[n−1∑

k=0

M∑
s=1

λs(1− h̃sk
)θkξk − α

n−1∑

k=0

( M∑
s=1

λs(1− ĥsk
)
)2

θ2
k

]p

+

≤ E
[ M∑

s=1

λs

(n−1∑

k=0

(1− h̃sk
)θkξk − αλs

n−1∑

k=0

(1− h̃sk
)2θ2

k

)]p

+

≤ Mp−1E
M∑

s=1

λp
s

[n−1∑

k=0

(1− h̃sk
)θkξk − αλs

n−1∑

k=0

(1− h̃sk
)2θ2

k

]p

+

≤ Γ(p)Mp

(2α)p
.

Inequality (25) is proved by the same argument and the inequality

U−1(λx) ≥ λU−1(x),

which holds true for any λ ∈ (0, 1). Its proof follows directly from the Taylor
formula

U(λx) =
∞∑

k=2

(2λx)k−1

k
≤ λ

∞∑

k=2

(2x)k−1

k
= λU(x)

and from the fact that U−1(·) is a monotone function. ¤
Lemma 5. Let ξk be i.i.d. N (0, 1). Then for any α > 0 and any data-driven

filter ĥ ∈ Cn
M

E
n−1∑

k=0

(1− ĥk)2θkξk − αE
n−1∑

k=0

(1− ĥk)2θ2
k ≤

1
2α

,(26)

E
n−1∑

k=0

(ĥk)2(1− ξ2
k)− αE

n−1∑

k=0

(ĥk)2 ≤ 1
α

.(27)
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Proof. For a sequence xk denote by ∆xk the differences between subsequent
elements of x, i.e., ∆xk = xk+1 − xk. Notice that for ĥ ∈ Cn

M we have ĥ0 = 1 and
ĥk ≥ ĥk+1. Therefore using the Abel formula (discrete integration by parts), we
obtain

n−1∑

k=0

(1− ĥk)2θkξk − α

n−1∑

k=0

(1− ĥk)2θ2
k

= −
n−1∑

k=0

(1− ĥk)2∆
n−1∑

s=k

θsξs − α

n−1∑

k=0

(1− ĥk)2θ2
k

=
n−1∑

k=1

n−1∑

s=k

θsξs∆(1− ĥk−1)2 − α

n−1∑

k=0

(1− ĥk)2θ2
k

=
n−1∑

k=1

[n−1∑

s=k

θsξs − α

n−1∑

s=k

θ2
s

]
∆(1− ĥk−1)2

≤
n−1∑

k=1

sup
p

[n−1∑
s=p

θsξs − α

n−1∑
s=p

θ2
s

]
∆(1− ĥk−1)2 = sup

k

[n−1∑

s=k

θsξs − α

n−1∑

s=k

θ2
s

]
.

The rest of the proof of (26) follows from Lemma 1 (see also the proof of Lemma 3).
Inequality (27) can be proved by the same argument based on the Abel formula
and (15). ¤

Proof of Theorem 4. It follows the main lines of that of Theorem 1. By definition
of h̄M we have

Eθ

{n−1∑

k=0

(1− h̄M
k )2Z2

k + 2ε2
n−1∑

k=0

h̄M
k

}

≤ min
h∈Cn

M

Eθ

{n−1∑

k=0

(1− hk)2Z2
k + 2ε2

n−1∑

k=0

hk

}
= inf

h∈Cn
M

R(θ, h) + ε2n.

Therefore, combining this inequality with (18) and (19), we get

(1− γ)Eθ‖h̄MZ − θ‖2 ≤ inf
h∈Cn

M

R(θ, h)

+ 2εγEθ

n−1∑

k=0

(1− h̄M
k )2θkξk − γ2Eθ

n−1∑

k=0

(1− h̄M
k )2θ2

k

+ 2(1− γ)εEθ

n−1∑

k=0

(h̄M
k − 1)θkξk − γ(1− γ)Eθ

n−1∑

k=0

(1− h̄M
k )2θ2

k

+ 2ε2Eθ

n−1∑

k=0

h̄M
k (ξ2

k − 1)− γ(1− γ)ε2Eθ

n−1∑

k=0

[h̄M
k ]2

+ γε2Eθ

n−1∑

k=0

[h̄M
k ]2(1− ξ2

k)− γ2ε2Eθ

n−1∑

k=0

[h̄M
k ]2.
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Finally, we use Lemmas 4 and 5 to control the remainder terms in the right-hand
side of the above inequality. So, using that M ≥ 2 and γ ∈ (0, 1), we get

(1− γ)Eθ‖h̄MZ − θ‖2 ≤ inf
h∈Cn

M

R(θ, h) + 2ε2 +
2M(1− γ)ε2

γ

+
2Mε2

U−1[γ(1− γ)/2]
+ γ2ε2,

thus finishing the proof. ¤
3.4. Proof of Theorem 5. In the rest of the paper, C will denote a

generic constant, which may change even within the same equation. Denote for
brevity

‖h‖1 =
n−1∑

k=0

hk.

The proofs of Theorems 5 and 6 rely on two simple ideas. The first one is related
to the fact that a good adaptive filter ĥ cannot have a very large bandwidth. It
means, for instance, that the norm ‖ĥ‖1 can be controlled by ‖h∗‖1, where h∗ =
arg minh∈Hn/4 R(θ, h). The second idea is that the variance estimate ‖ĥZ −Z‖2/n
always provides a good upper bound for the unknown noise variance.

Lemma 6. For some constant C

(28) Eθ‖h̄B‖21 ≤ C[R(θ, h∗)/ε2]2.

Proof. It is clear from the definition of h̄B that

‖h̄BZ − Z‖2
1− 2‖h̄B‖1/n

≤ ‖h∗Z − Z‖2
1− 2‖h∗‖1/n

.

This yields immediately

(29) ‖h̄BZ − Z‖2 +
2
n
‖h̄BZ − Z‖2‖h̄B‖1 − ε2

n−1∑

k=0

ξ2
k ≤

‖h∗Z − Z‖2
1− 2‖h∗‖1/n

− ε2
n−1∑

k=0

ξ2
k.

It is easy to check by a simple algebra that

(30) Eθ

[ ‖h∗Z − Z‖2
1− 2‖h∗‖1/n

− ε2
n−1∑

k=0

ξ2
k

]2

≤ 5[R(θ, h∗)]2

(1− 2‖h∗‖1/n)2
.

Therefore it remains to bound from below the left-side of (29). We have

‖h̄BZ − Z‖2 +
2
n
‖h̄BZ − Z‖2‖h̄B‖1 − ε2

n−1∑

k=0

ξ2
k(31)
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≥ −ε2‖h̄B‖1
[
7
6

(
1 +

2‖h̄B‖1
n

)
− 2

n

n−1∑

k=0

ξ2
k

]

+

−
(

1 +
2‖h̄B‖1

n

)[
−2ε

n−1∑

k=0

(1− h̄B
k )ξkθk −

n−1∑

k=0

(1− h̄B
k )2θ2

k

]

+

− ε2

(
1 +

2‖h̄B‖1
n

)[n−1∑

k=0

h̄B
k (ξ2

k − 1)− 1
6

n−1∑

k=0

h̄B
k

]

+

By Lemma 3 we obtain

(32)

Eθ

(
1 +

2‖h̄B‖1
n

)2[
−2ε

n−1∑

k=0

(1− h̄B
k )ξkθk −

n−1∑

k=0

(1− h̄B
k )2θ2

k

]2

+

≤ Cε4,

Eθ

(
1 +

2‖h̄B‖1
n

)2[n−1∑

k=0

h̄B
k (ξ2

k − 1)− 1
6

n−1∑

k=0

h̄B
k

]2

+

≤ C.

Denote

A =
{

ξ0, . . . , ξn−1 :
2
n

n−1∑

k=0

ξ2
k −

7
4
≥ 1

8

}
.

Since ‖h̄B‖1 ≤ n/4, we obviously get

1(A)
[
7
6

(
1 +

2‖h̄B‖1
n

)
− 2

n

n−1∑

k=0

ξ2
k

]2

+

= 0

and

1(Ac)
[
7
6

(
1 +

2‖h̄B‖1
n

)
− 2

n

n−1∑

k=0

ξ2
k

]2

+

≤ 1(Ac)
[
7
6

(
1 +

2‖h̄B‖1
n

)]2

≤ 41(Ac).

Therefore with (29)–(32) we obtain

Eθ‖h̄B‖21 ≤
5[R(θ, h∗)/ε2]2

(1− 2‖h∗‖1/n)2
+ C + n2P(Ac).

To finish the proof, it suffices to note that in view of the Markov inequality

P(Ac) = P
{

1√
n

n−1∑

k=0

(1− ξ2
k) ≥

√
n

16

}
≤ exp(−Cn). ¤

Lemma 7. Let h̃ ∈ Hn be an arbitrary data-driven projection filter. Then

(33) Eθ

[
ε2 − ‖h̃Z − Z‖2

n

]2

+

≤ Cε4

n
+

Cε4

n2
Eθ‖h̃‖21.
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Proof. We have

(34) ε2 − ‖h̃Z − Z‖2
n

=
ε2

n

n−1∑

k=0

(1− ξ2
k) +

2ε2

n

n−1∑

k=0

h̃2
k −

1
n

n−1∑

k=0

(1− h̃k)2θ2
k

− 2ε

n

n−1∑

k=0

(1− h̃k)2θkξk +
ε2

n

n−1∑

k=0

h̃k(ξ2
k − 1)− ε2

n

n−1∑

k=0

h̃2
k.

Since

(35) E
[

1
n

n−1∑

k=0

(ξ2
k − 1)

]2

=
2
n

,

it remains to control the last two lines in the right-hand side of (34). By Lemma 3
we get

Eθ

[
−2ε

n−1∑

k=0

(1− h̃k)2θkξk −
n−1∑

k=0

(1− h̃k)2θ2
k

]2

+

≤ Cε4,

Eθ

[n−1∑

k=0

h̃k(ξ2
k − 1)−

n−1∑

k=0

h̃2
k

]2

+

≤ C.

Finally combining these inequalities with (34), (35), we arrive at (33). ¤
Proof of Theorem 5. We can easily complete it with Lemmas 6 and 7. The idea

is to bound from below the right-hand side of (29). First of all note that from (29)
we get

Eθ‖h̄BZ − Z‖2 +
2
n
Eθ‖h̄BZ − Z‖2‖h̄B‖1 − nε2(36)

= Eθ‖h̄BZ − Z‖2 − ε2n + 2ε2Eθ‖h̄B‖1

+ 2Eθ‖h̄B‖1
[‖h̄BZ − Z‖2

n
− ε2

]
≤ R(θ, h∗)

1− 2‖h∗‖1/n
.

The first three terms in the left-hand side can be controlled by a simple algebra
and Lemma 3. Using (19), we get

Eθ‖h̄BZ − Z‖2 − ε2n + 2ε2Eθ‖h̄B‖1

= Eθ‖h̄BZ − θ‖2 + 2εEθ

n−1∑

k=0

(1− h̄B
k )θkξk + 2ε2Eθ

n−1∑

k=0

h̄B
k (1− ξ2

k)

= (1− γ)Eθ‖h̄BZ − θ‖2 + 2εEθ

n−1∑

k=0

(1− h̄B
k )θkξk + γEθ

n−1∑

k=0

(1− h̄B
k )2θ2

k

+ (2− γ)ε2Eθ

n−1∑

k=0

h̄B
k (1− ξ2

k) + γε2Eθ

n−1∑

k=0

h̄B
k .
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Next in view of Lemma 3, we obtain

(37) Eθ‖h̄BZ−Z‖2−ε2n+2ε2Eθ‖h̄B‖1 ≥ (1−γ)Eθ‖h̄BZ−θ‖2− 2ε2

γ
− 2ε

U−1(γ/2)
.

The last term in the left-hand side of (36) can be bounded by the Cauchy–Schwarz
inequality and Lemmas 6 and 7,

Eθ‖h̄B‖1
[‖h̄BZ − Z‖2

n
− ε2

]
≥ −Eθ‖h̄B‖1

[
ε2 − ‖h̄BZ − Z‖2

n

]

+

≥ −CR+(θ)√
n

− C[R+(θ)]2

ε2n
≥ −C[R+(θ)]2

ε2n
− ε2.

This inequality and (36), (37) complete the proof of the theorem. ¤
3.5. Proof of Theorem 6. It is quite similar to that of Theorem 5. The

only difference is related to inequality (29), which is now replaced by

(38) ‖h̄CZ−Z‖2 +
2
n
‖h̄CZ−Z‖2‖h̄C‖1− ε2

n−1∑

k=0

ξ2
k ≤

‖h∗Z − Z‖2
(1− ‖h∗‖1/n)2

− ε2
n−1∑

k=0

ξ2
k.

This inequality follows immediately from the definition of h̄C and the elementary
inequality

1
(1− x/2)2

≥ 1 + x, x ∈ [0, 2).

It is not hard to check that

Eθ

[ ‖h∗Z − Z‖2
(1− ‖h∗‖1/n)2

− ε2
n−1∑

k=0

ξ2
k

]2

≤ 5[R(θ, h∗)]2

(1− ‖h∗‖1/n)4
,(39)

Eθ

[ ‖h∗Z − Z‖2
(1− ‖h∗‖1/n)2

− ε2
n−1∑

k=0

ξ2
k

]
≤ R(θ, h∗)

(1− ‖h∗‖1/n)2
.(40)

Therefore we get from (38) and (39) (see the proof of Lemma 6)

Eθ‖h̄C‖21 ≤ C[R(θ, h∗)/ε2]2.

Using the above inequality and (38) and (40), we complete the proof of the theorem
(see the proof of Theorem 5 for more detail). ¤

4. Simulations
In this section, we illustrate numerically Theorems 1, 5, and 6. Our basic idea

is to measure the statistical performance of a data-driven filter h̃ by its oracle
efficiency defined by

eor(θ, h̃) =
infh∈Hn Eθ‖hZ − θ‖2

Eθ‖h̃Z − θ‖2 .
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Figure 1. Model parameters for h̄A, h̄B , and h̄C
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Figure 2. Oracle efficiencies of h̄A, h̄B , and h̄C

Obviously, we cannot compute this efficiency for all θ’s. Therefore we choose a
sufficiently simple, but representative family of vectors θ. In what follows we will
use the following linear family:

θk(a) =
aεµk

1 + (k/W )m
,

where a is called amplitude, W bandwidth, and m smoothness, and the µk are
i.i.d. random variables taking values −1,+1 with equal probabilities. We vary a in
a large range and plot eor(θ(a), h̃) as a function of a. The parameters m = 6 and
W = 6 are fixed. In other examples of (W,m) the authors looked at, simulations
showed that the oracle efficiency exhibited a similar behavior. Notice that for
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Figure 3. Model parameters for the convex combinations approach
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Figure 4. Oracle efficiency of the convex combination of two projection
estimates

all data-driven filters considered in the paper, eor(θ(a), h̃) does not depend on ε.
In our simulations, this function was computed by the Monte-Carlo method with
40000 replications. The parameters of the numerical experiment (the coefficients
θk(a) and the corresponding regression function) are shown in Figure 1. Figure 2
represents graphically the oracle efficiencies for three methods: the classical Akaike
method with known variance (solid line), the method (5) (dashed line), and (6)
(dash-dot line). Even a quick look at this plot shows that all these methods work
well: the minimal oracle efficiency is about 0.3 and for moderately large a > 3 it
is greater than 0.7. We see also that the unknown noise variance does affect the
oracle efficiency. Moreover, at the first glance, what we see here looks surprising:
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the method (5) outperforms the Akaike criterion. In fact, this phenomenon is not
very surprising, since it illustrates the fact that the principle of unbiased estimation
is not optimal. There exist more efficient algorithms based on the idea of risk hull
minimization (see Cavalier and Golubev (2006) for detail).

We finish this section with very short comments on numerical properties of the
convex combination of projection methods. From the asymptotic viewpoint (see
Theorems 4 and 1), this method should work better than the simple projection
technique since

min
h∈Cn

M

R(θ, h) ≤ min
h∈Hn

R(θ, h).

On the other hand, the remainder term in Theorem 4 is greater than the one in
Theorem 1. So, for small data sets, the real advantages of the method based on
convex combinations are not clear. Moreover, in majority of numerical simulations
we looked at, the performances of both methods were similar. However, the convex
combination exhibits better performance for slowly decreasing θ2

k. We illustrate
this effect in the next numerical experiment with parameters shown in Figure 3.
Here m = 2, W = 6; the number of Monte-Carlo replications is 2000. The oracle
efficiencies of the simple projection Akaike filter (solid line) and the convex com-
bination of two projection estimates (dashed line) are shown in Figure 4. We see
that the convex combination works only slightly better than the standard method.
On the other hand, we would like to point out that the numerical complexity of the
convex combination approach is rather high.
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[2] A. Barron, L. Birgé, and P. Massart (1999), Risk bounds for model selection via penal-
ization, Probab. Theory Rel. Fields, 113, 301–413.
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