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1. Introduction

The main goal in this paper is to give an exposition of elementary methods used
in the theory of oracle inequalities related to projection estimators. To be more
precise, we consider a classical problem of polynomial fitting going back to Gauss
and Legendre. The mathematical model of this problem is widely used in practice
and admits a simple and transparent statistical interpretation. Suppose we are
given n design points X1,..., X, in R! and the noisy data

(1) Yi=f(Xy)+e, i=1,...,n,

where ¢; are i.i.d. random variables with Ee; = 0 and a finite variance Es? = o2.
The regression function f: R' — R! is unknown and our goal is to find, based
on the data at hand X,Y = (X1,Y1),...(X,,Ys), a polynomial px y(z), which
provides a good approximation of f(x). Since the fitting polynomial is a random
function, we measure the quality of approximation by the mean square error

" (f,pxy) = Epd"(f,pxy),
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2 Y. Cao and Y. Golubev

where Ef stands for the expectation with respect to the measure generated by Yj,
i=1,...,n,and

1 n
d"(f,pxy) = - Z;[f(Xi) —px,y (X))
1=
The traditional least squares technique, which is computationally efficient and
relies on numerical linear algebra, provides a natural approach to the minimization
of r™(f,px,y). From the mathematical viewpoint, this technique can be described

as follows. Let P? be the set of all polynomials of degree ¢,
q
Pt ={pla): p(e) = Y apa’, ap eR'},
k=0

Then we find a polynomial providing the best fit to the data Y within P?:

n

o1
Py (z) = argmin — > "[V; — p(X;)]*.
pePe T i

The question, when and why p% y-(z) can be viewed as a minimizer of r™(f, px,v),
is at the very core of the mathematical foundations of learning theory and we refer
the interested reader to Cucker and Smale (2001) for detail. Once the family of
fitting polynomials p%  (z), ¢ = 1,...,n, has been computed, the next natural
step is to determine “the best” polynomial within this family. This should be
done automatically by a data-driven method based on the available data. Before
discussing traditional approaches to this problem, let us make a standard linear
transformation of the data Y letting to simplify numerous technical details.
Denote by {mx(x), £k =0,1,...} the system of orthogonal polynomials associated

with the design points X;, i =1,... ,n:

e 7;(z) is a polynomial of degree k,

[ ]

1 n
- > (X m(Xs) = dun,
i=1

where d,; = 1 if k =1 and §; = 0 otherwise.

For simplicity, it is assumed that the design points are different, so one can construct
n orthogonal polynomials. Compute the following statistics:

1 n
Zszg Wk(Xi)Y;, k::O,...,n—l,
n
i=1

and notice that we can represent these new data as follows
(2) Zy=0k+¢e&, k=0,...,n—1,

where

. ;gmxnfm), b= = > mXe,
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and € = o/4/n. Notice also that & are zero mean and uncorrelated with E£, ¢ =
0. It is easy to see that the models (2) and (1) are equivalent, since

n—1

n—1 n—1
Y, = Z Zymi(Xi), f(Xi) = Z Ormr(Xi), € = GZ&Wk(Xi).
k=0 k=0 k=0

Thus the polynomial fitting problem is equivalent to estimating 0y, k = 0,... ,n—1,
based on the noisy data Zj. Notice also that the risk of the fitting is computed as

1

n—1
1 ~ ~
d"(f.pxy) = EEG E [0 — 0> = HEeHH -0,
k=0

where

. 1 &
O = - ;PX,Y(Xi)M(Xi).

Therefore from now on we deal with the statistical model (2). Moreover, in order
to simplify substantially some technical details, we will assume that the & are i.i.d.
N(0,1). Our statistical analysis of this model relies essentially on a special class of
estimators defined by

ék:: th%7 k ::07...,n-— L

where the sequence hy € [0,1] may depend on the observations. For brevity, we
will denote this estimator by § = hZ. In what follows, the sequence h is called a
filter. If h is a given filter which does not depend on the observations, then the

mean square risk of the estimator § = hZ is computed very easily,

n—1 n—1
R(0,h) E EgllhZ — 0> = > (1 — hi) 203 + 2> 3.
k=0 k=0

In the present paper, we concentrate on the so-called projection estimators with
hi = 1(k < q). Motivation of this class is related to the fact that the least squares
polynomial fitting p% y () is equivalent to the estimator 0, = 1(k < q)Zy. For the
parameter ¢ we use the term bandwidth. Denote for brevity by H™ the set of all
projection filters with the bandwidth less than m, i.e.,

Hm:{hk:hkzl(kéq), 0<q§m—1}.

Notice that the problem of the date-driven choice of the degree of a fitting poly-
nomial can be reformulated as the data-driven choice of a filter within H™. A
traditional approach to this problem is based on the principle of unbiased risk es-
timation (see Stein (1981)), which has a simple heuristic motivation. If 67 were
known, the best h* would be computed as h* = argminj ;. R(6,h). Therefore
the principal idea of the method is to minimize the unbiased estimate of R(6,h).
This approach, going back to Akaike (1973), Mallows (1973), and Shibata (1981),
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can be easily implemented, since 67 may be estimated by ZZ — &2, Thus, we arrive
at the famous Akaike’s criterion

n—1 n—1
(3) ht = argmin{Z[l — hi]2Z7 +2¢° Z hk}.

herr U k=0

The main goal in this paper is to provide a panorama of oracle inequalities related
to Akaike’s method and its natural extensions. We begin with non-asymptotic
concentration inequalities for ||h4Z — 0||? expressed in terms of the oracle risk

(4) R(9) = R(0.h") = inf R(0,h).

Some of these inequalities (Theorem 1) are not surprisingly new (see, for instance,
Kneip (1994)). However, we prove them by elementary technique based on the
Doob inequality. This technique, improving the second order terms in the oracle
inequalities, was originally proposed by Golubev (2004) and Golubev and Levit
(2004).

The second class of problem addressed here is related to the fact that the noise
variance is hardly known in practice. In order to make (3) feasible from the practical
viewpoint, one can estimate the unknown noise variance by

é2(h) =

SHES

n—1
S h*Z
k=0

and plug-in this estimator in (3). Thus we get the following adaptive filter:

n—1 n—1

h= argmin{Z(l — hy,)2 22 <1 + % Z:O hs) }

newr (=g

In the present paper, we will study two counterparts of h:

(5) hE = argmin{nz_:l(l — hy)? 7} (1 — i% hs> _1}

heHm/4 k=0 s=0
and
n—1 1 n—1 -2
(6) h¢ = argmin{ (1 — hy)*Z3 (1 - = hs) }

We would like to draw attention to the fact that here, by some technical reasons,
we use the class H_”/ 4. which is evidently embedded in H", and we will control the
risks of h2Z and h®Z in terms of

(7) R+(9): min R(6,h).
heHn/4
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From a heuristic viewpoint the methods h”, h” can be viewed as approximations
of h provided that ZZ;S hi < n. Indeed, in this case by the Taylor expansion

2nfl 2n71 -1 1n71

and we easily get (5) and (6).
Along with projection filters we will deal with their convex combinations. For-
mally, this class of filters is defined by

—2

M M
Chr = {h: hie =3 ALk <Ng), As >0, Y A =1, N, € [Lm—ll}-
s=1

s=1

The data-driven choice of a filter within this class relies on the same principle of the
unbiased risk estimation, and we will provide an oracle inequality for this approach.

This paper is organized as follows. Oracle inequalities are summarized in Sec-
tion 2 and their proofs are given in Section 3. In order to illustrate numerically
oracle inequalities, we provide in Section 4 some simulation results.

2. Oracle Inequalities

2.1. THE AKAIKE METHOD. We start our series of oracle inequalities with
the classical Akaike method defined by (3).

Theorem 1. Uniformly in 6 € R™ and v € (0,1)

- R(6) 22 1 1
8 Eo|h2Z — 0|? < + [+ }
®) B2 61 < T 4 T | e
where
log(1 — 2z
o) U@y =102 e 0y,

and the oracle risk R(0) is defined by (4).

The statistical meaning of this theorem is very transparent. Let us consider two
typical situations:

e parametric estimation R() < &2,

e nonparametric estimation R(#) > 2.

In the first case, taking, for instance, v = %, we get the following upper bound:
Eo||h*Z — 0| < CR(9),

where C is a constant. It means that when f is a polynomial of a given small
degree, we cannot mimic well the oracle risk, but the losses are not very crucial.
On the other hand, in case of nonparametric estimation, (8) reveals that the Akaike
criterion works nice. Indeed, assuming that 7 is small, we get from (8) and the
Taylor formula

Eql|h*Z — 0|2 S R(0) +vR(0) + 6772,
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and minimizing the right-hand side of this inequality with respect to ~, we arrive

at
_ [ 24¢2
Az 2 < e
Ey||h*Z — 0| NR(9)|:1+ R(9> ]

This upper bound certifies that the Akaike method mimics well the oracle risk.
While Theorem 1 provides only an upper bound for E¢|h*Z — 0))?, the next
theorem controls large deviations of |h4Z — 6||? from R(6).

Theorem 2. Uniformly in 6 € R™ and v € (0, 1),

(10) Pe{(l —IFAZ ~ 0P > (1+7)R(6) + (]8(7/2)} < ge.

2.2. MODEL SELECTION APPROACH. Theorem 1 can be viewed as a special
case of oracle inequalities related to model selection methods. We refer the inter-
ested reader to Barron, Birgé and Massart (1999) and Birgé and Massart (2001)
for a motivation and mathematical background of this approach. For the polyno-
mial fitting problem, the model selection approach provides us with the following
data-driven filter:

n—1 n—1
(11) nK :argmin{Z[l—hk]QZ,§+K€2th},
hernm o k=0
where K > 1 is a constant. Let
n—1 n—1
(12) RE(9) = ;232,{2[1 — hilff + (K = 1)e” ) hi}
k=0 k=0

The statistical properties of this approach are described by

Theorem 3. Uniformly in 6 € R"™ we have
(i) for K > 2 and for any o > 0

Eg [R5 Z —0])* < (1 +2a) | R¥(9) +
(ii) for 1 < K <2 and for any a € (0, K — 1)

Ey |Rh*Z - 0| <

14a [, x 2(1 + a)e? Ke?
—_ 0 .
K—l—a_R ()+2—K—|—20[ U—Ha)

It can be shown that these upper bounds cannot be substantially improved uni-
formly in 8 € R™ (see Golubev (2004)).
2.3. CONVEX LINEAR COMBINATIONS OF PROJECTION METHODS. Let

n—1 n—1
(13) M :argmin{Z(l — hy)?Z} —|—2€2th}

heCir Lr=o k=0
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be the data-driven filter within the family of all linear combinations of M > 2
projection filters.

Theorem 4. Uniformly in 8 € R™ and v € (0,1)

1 M M
Eg|hMZ —0)? < {mmR9h+%[ +]}

Notice that this upper bound is good only when the number of projection esti-
mators involved in the convex combination is small. For the case of large M we
refer the reader to Nemirovski (2000).

2.4. ADAPTIVE ESTIMATION WITH UNKNOWN NOISE VARIANCE. In this
section, we focus on the adaptive fitting with unknown noise variance. As was
mentioned above, we use in this case the data-driven filters defined by (5), (6) and
our goal is to control their risks in terms of the oracle risk given by (7).

Theorem 5. Uniformly in § € R™ and v € (0,1)
1 C1RT(0) 2¢? 2e2
Ey|hPZ —0)?* < @w[ + |+ =t =ty
1722 ) 01+ =52+ =+ T
where C1 is a constant.

Theorem 6. Uniformly in § € R™ and v € (0,1)
- 1 CoRT(0)]  2&2 2e2
Eo||h¢Z —0|? < —{RT(O) |1 + =2 —_—t 2
iz -0 < {1+ 250+ g ),

where Cy is a constant.

Typically RT(0) is very close to R(6) and the ratio R (6)/(ne?) is small. There-
fore both methods should work like the Akaike criterion in case of known noise
variance. Our simulations in Section 4 confirm this fact.

3. Proofs
The cornerstone idea of the proofs presented in this paper is based on two simple
probabilistic facts.
Lemma 1. Let W(t) be a Wiener process. Then for any o > 0
at

P {?21%) [W(t) - ?} > x} < exp(—ax).

Proof. This well-known fact fowllows from the Doob inequality. It suffices to
note that the random process ((t) = exp[aW (t) — a*t/2] is a martingale. [J

Lemma 2. Let & be i.i.d. N(0,1). Then

(14) P{zgg[i@? —1)-U@)k+1)] >a} <™, ae(0,1/2),
=" s=0
(15) P{igg[zk:(l—fg)—a(k—i—l)} >m} <e ¥ a>0,
=Y s=0

where U(-) is defined by (9).
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Proof. Let Fj, = 0(&, ... ,&). For a given a € (0, 1), denote

k
Mk :exp{az 2 -1)—alU(a )(k—i—l)]
s=0
Since .
Eexp {QZ(gg - 1) —aU(a)(k+ 1)] -
s=0

7k is a martingale, then (14) follows from the Doob inequality.
In order to proof (15), we consider the martingale

k
n;;zexp[aZu—s) ol (a ><k+1>],

s=0
where )
U(a)=1-— ﬂlog(l + 2a).
It is easy to see by the Taylor formula that U*(«) < «. Therefore (15) is proved
by the Doob inequality. [

In the context of data-driven fitting, Lemmas 1 and 2 can be rephrased as follows.

Lemma 3. Let & be i.i.d. N(0,1). Then for any data-driven filter h € H"

n—1 n—1
r
(16) E{Z(l—hk)Gk&—aZ (1— hy) 02} < L)
k=0 k=0 + (20)7
and
—; 2 n71~2 : L'(p)
(17) E{ he(€—1)—a» h ] <
2wt 2.1, = T
where T'(+) is the Gamma function and o, p > 0.
Proof. In order to proof (16), consider the Gaussian process &(h) = Y _ é(l —

hi)0r&r indexed by h € H™. Tt is easy to see that this process coincides in dis-
tribution with W (22;3(1 - hk)292), where W () is a standard Wiener process.

Therefore by Lemma 1 we immediately get

n—1 n—1
E|:Z(1 — hk>9kf;€ — az (1- hk 92:|
+

k=0 k=0
n—1 n—1
2
§E$%§{Z(lhk)0kfkaz (1—hi)?0 }
k=0 k=0 +
n—1 n—1
= E max {W(Zu — hg) ek) —a Y (1= hy) 92}
hemn k=0 k=0 +

< Esup[W(t) — at]} < p/ 2P~ exp(—2ax) dz.
>0 0

The proof of (17) follows from similar arguments and Lemma 2. O
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~ 3.1. PROOF OF THEOREMS 1 AND 2. It is based on simple algebra formulas.
Let h be an arbitrary data-driven filter. Then we have

n—1

(18) 1hZ =0l = (hiZy — Zi + €&)*
k=0

n—1 n—1 n—1
=Y (e —1)°Z3+2 ) (e — D2+ > &

n—1 n—1 n—1
{Z(l — hp)?ZE + 2¢2 Z hk} —e? ka

k=0

+2€Z hy — 1 9k§k+2522hk (& —1).

= k=0

On the other hand, for any v € (0,1) we can decompose the estimation error as
follows:

(19)  [hZ = 0| = (L =)[lhZ - 6| +VIIBZ — 0| = (1 =)z -9
n—1

+VZ (1 — hy,) 9k+7522h & —2ve Y hi(1 — hy) Ok
k=0

n—1 n—1

=1 =PNhZ = 01>+~ > hF +~) (1 - hi)?6}
k=0 k=0
n—1

+e YRR 1) —2%2}% 1 — hy)0&s.
k=0

Recalling the definition of A4 (see (3)), we have that for any given h € H™

n—1 n—1 n—1 n—1
{Z(l — W7+ 267 h;;‘} < {2(1 — )’ Z} 267 hk}
k=0

k=0 k=0 k=0

n—1 n n—1
< R(#,h) + £ Z €2 4 2 Z(l — hy) 20, + € Z(hi — 2hi) (& — 1).

k=0 k=0 k=0

Therefore, combining this inequality with (18) and (19), we obtain

n—1 n—1

(20) (1 =)||h2Z —0||> < R(0, h) + 2¢ Z — D0kl —v Y (1= )63
= k=0
nfl
+ (2= ) hiHE - 1) stZhA
k=

n—1

—I—2€Z (1 —hg) ekfk—€ th
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Finally using Lemma 3 to control two remainder terms in the above inequality, we

get
_ TAz )2 2¢* (2-9)
(1= NEZ = 0" < RO) + ~——+ [

thus finishing the proof of Theorem 1. [
In order to prove (10), we rewrite (20) as follows:

(21) (L =NIr"Z ~ 0> < (1 +7)R %f§:xs,

where

X1*2€Z ekfk*’yZlth 9

n—1

X2—2€Z (1= hi)Oée — 7 D (1 — hx) 67,

k=0

I
-

n

X3 =(2-7) ) kM -1 752211
0

n—1 n—1

X4 =€ th (1-¢ WEQZhQ

E
I

It is easy to see that U~1(y/2) < /2. Then, by Lemma 1 we get for any y > 0

%y ey
P > -7 P —Z A <e Y
foz g} <p{u= e
%y e’y
P > P > 2L < e Y,
{o> i f < ple= S5 =
On the other hand, Lemma 2 yields
2e%y
P > ——27 VY <e Y
{X3— Ul(v/2>}—e ’
- } { 2 } { EQQ}
P >7 P P > 23 <e Y,
{oz g} < plez it < {2 <

Therefore (10) follows from (21) and the trivial inequality

IA
v

IN

P(i){i > Z) < iP(Xi > 2/4),

i=1

which holds true for any random variables y;. [
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3.2. PROOF OF THEOREM 3. Rewrite (18) in the following form:

n—1 n—1
(22) Eg||h%XZ —0|? = Eg{Z(l — R Z2 4 (K —1)e? Z Bg} — ne?

k=0
n—1 n—1

+26%Eg > By (6 — 1) = 2eBg Y (1= hf )i + (2 — K)*Eg Z hi.
k=0 k=0

According to the definition of A%,

n—1 n—1
Eg{Z(l — W Z2 4+ (K —1)&? Z th} < RE(0) + ne?.
k=0

k=0

Thus, combining this inequality with (19) and (22), we get

(23) (1 —7)Eg|[h"Z - 0]> < R(0) + 2¢Ey Z — 1)0xk
n—1 B B
—vEp Y (1 —h)%07 + (2 — 7)°Eq Z hi (& —1)
k=0 k=0
n—1
—(2-7)ac’Ep »_hF +[2-7(1+a) - 2EQZhK
k=0
If K > 2, we choose
2«
TTitra

It is clear that in this case (2 — ¥)(1 + a) — K < 0 and we obtain from (23) and
Lemma 3 the following upper bound:

1

—a - (1+ a)e? 2¢2
" E Ky _ 9112 <« pK
L o) — 01 < RS +

o« TUxaU(a)

thus proving the first part of the theorem. On the other hand, if K < 2, we take

_2+2a—K
o 1+«

and by the same arguments we arrive at

K—-1-«
1+«

2(1 + a)e? Ke?

Eo|h%Z — 0> < R¥ (9 )
ol P RO+ 5 5k (1+a)U-1(a)

O

3.3. PrOOF Oor THEOREM 4. We begin with a simple generalization of
Lemma 3 for the class of all convex combinations of M projection filters.
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Lemma 4. Let & be i.i.d. N(0,1) and p > 1. Then for any a,p > 0 and any
data-driven filter h € Cj; we have

n—1 n—1
(24) E[Z(l — )OS — > (1= hy) 92} < L(p)M?
k=0 k=0 + - Qap
and

n—1 n—1

T'(p)MP
2 -1) 21 < 7.
2) [Z Mulei-D-a) b ] S Ui
Proof. Since h = Zi\il Ashs, where hy € H", we have by (16)

n—1 n—1
E [Z(l — b0k — Y (1= I 291%]
+

k=0 k=0
n—1 M M
= [ZZA (1= ha, 9k§k—az<2/\é (1- 5k> ek]
k=0 s=1 s=1
n—1 n—1 p
<E[Z>\ (Z (1= o, )OkEr — ads > (1 —hy,) 92)}
s=1 k=0 k=0 +

M n—1 n—1
I'(p)MP
gMp—lEZM;{Z (1= o )OkEr — ads > (1= hy,) ek] < Dpf7
=1 k=0 +

k=0

Inequality (25) is proved by the same argument and the inequality
“Tax) > U (2),

which holds true for any A € (0,1). TIts proof follows directly from the Taylor
formula

> T k—1 o T k—1
Uhz) = Z% <AY 2 I)C = \U(x)
k=2 k=2

and from the fact that U~!(-) is a monotone function. [

Lemma 5. Let & be i.i.d. N(0,1). Then for any a > 0 and any data-driven
filter h € C}y

n—1 n—1
(26) E Z(l — hk)29k§k —aE Z(l — ﬁk)QH,% < 21()[,
k=0 k=0
n—1 n—1
(27) EY (n)(1-€) —aB Y (hw)? < .

k=0 k=0
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Proof. For a sequence xj denote by Azy the differences between subsequent
elements of z, i.e., Axy = zx41 — x. Notice that for h € C}; we have ho = 1 and
hi > hpt1. Therefore using the Abel formula (discrete integration by parts), we
obtain

n—1 n—1
(1= )20k — > (1 — )63
k=0 k=0
n—1 n—1
=S -k AZ@ Eo—ad (1—hy)2}
k=0 s=k k=0
n—1ln—1 n—1
=33 0.6 A0 hu1)? — @Y (1 - hy)%6
k=1 s=k k=0
n—1rn—1
:Z[ —aZGz} 1_ilk71)2

n—1

Zegé—az:e?]

The rest of the proof of (26) follows from Lemma 1 (see also the proof of Lemma 3).
Inequality (27) can be proved by the same argument based on the Abel formula
and (15). O

Proof of Theorem 4. It follows the main lines of that of Theorem 1. By definition
of hM we have

n—1

n—1
sup{zesfs—aZQQ]A(l—hk 1 _5up[
1 p s=p

<
k s=p

n—1 n—1

EQ{ZQ — W27+ 267y w}

k=0 k=0

n—1 n—1
< hmén Eg{Z(l —hi)? 2} _~_2522h;€} = hlnf R(6,h) + &n.
€Chr k=0 k=0

Therefore, combining this inequality with (18) and (19), we get
(1 —7)Eg|[hMZ —0|> < inf R(6,h)
hecr,

n—1 n—1

+2e7Eq Z(l — h")?0k&k — v Eo Z(l — h')?63
k=0 k=0

n—1 n—1

1— €EQZ _19k§k_ (1— Eng—hM)Gk
k=0

n—1 n—1

+26%Eg Y h( 1) —v(1 = 7)eEg Y[R
k=0 k=0
n—1

+9e%Ep Y [ 1P(1 - &) - QE@Z [AM)2.

k=0



14 Y. Cao and Y. Golubev

Finally, we use Lemmas 4 and 5 to control the remainder terms in the right-hand
side of the above inequality. So, using that M > 2 and v € (0,1), we get

2M (1 — ~y)e?
Y
2Me? 9 9

TURa -y T

(1—7)Eg||hMZ —0||?> < inf R(,h)+ 2%+
hecy,

thus finishing the proof. O

3.4. PROOF OF THEOREM 5. In the rest of the paper, C' will denote a
generic constant, which may change even within the same equation. Denote for
brevity

n—1

Rll =" s
k=0

The proofs of Theorems 5 and 6 rely on two simple ideas. The first one is related
to the fact that a good adaptive filter h cannot have a very large bandwidth. It
means, for instance, that the norm ||Al|; can be controlled by ||h*||1, where h* =
argminy, cy4n/s R(6, ). The second idea is that the variance estimate ||hZ — Z||?/n
always provides a good upper bound for the unknown noise variance.

Lemma 6. For some constant C

(28) Eo[|n7|} < C[R(0,h") /).

Proof. 1t is clear from the definition of AZ that

\nPz — 2| _ |In*Z - z]?
1=2[rB/n = 1 =2[h*]1/n’

This yields immediately

* n—1
(20) [|hBZ — 2 + 2|hB2Z — Z)P [P, — 22@ WWZ=21" o5~
n —1- 2||h*|| /n p

It is easy to check by a simple algebra that

50 0z — 7 zzgk] - SIRO,)P

LT =2nfl/n @ — 2| [ /)2

Therefore it remains to bound from below the left-side of (29). We have

B 9 _ B n—1
31 RBZ — Z|2 + Z||hBZ — Z||?||h ]|, — &2 2
CIDI [ +n|| I5[[A7 ] — € Zﬁk



Oracle Inequalities 15

> o g (1 ) - 22@]
B <1 2hB||1){ i (1 — hB)erby, — 2(15,’3)2(9%}

k=0 +

hB - n—li
A ) B ],
=0

By Lemma 3 we obtain

2”713“1 2 n—1 B n—1 B 2
B (14 ) e S0 - iy - Yo -agee| <cet
(32) n k=0 k=0 +

E(,(l 2||hBl> |:ZhB£k _ZhB] <C

Denote
n—1 7
{507"'7571 1 ka ZZ }

Since ||hB||; < n/4, we obviously get

1(A)E(1+2”hB”1> 2254 =0

0| =

and
L7 2R8I\ 2= L)° (7 2R 8|1 \1° ,
ey L _z < Y| = LA L < ).
1@1ﬂ6<1+ - n}:@, <A |51+ < 41(A°)
k=0 +
Therefore with (29)—(32) we obtain
_ 5[R(0, h*)/e2]?
Eo|hB|? < 2=
e (= TRV

To finish the proof, it suffices to note that in view of the Markov inequality

+C +n?P(A°).

P(A°) P{ Z 1-&2) > f} <exp(—Cn). O
Vn £
Lemma 7. Let h € H" be an arbitrary data-driven projection filter. Then

(33) + 7Ee||h||1

n

E, [52 B |hZ — Z||2] < o Cet  Cet
+
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Proof. We have

hZ - 7|2 2 9262 1 1 -
e (I NI T R D (I
k=0 k=0 k=0
n—1 n—1 n—1
2e 2 = 9 g2 =9
= D (=) O+ — > k(&R —1) = — > hi
k=0 k=0 k=0
Since
n—1 2
1 2
35 E|- 2o =23,
(35) EICRIIEE

it remains to control the last two lines in the right-hand side of (34). By Lemma 3
we get

n—1 n—1 2
E@ [—28 Z(l — Bk)QQkfk — Z(l — Bk)29i1| S 084,

k=0 k=0 +
n—l~ n—l~ 2

Bo| Y it - 1)~ 7] <c.
k=0 k=0 +

Finally combining these inequalities with (34), (35), we arrive at (33). O

Proof of Theorem 5. We can easily complete it with Lemmas 6 and 7. The idea
is to bound from below the right-hand side of (29). First of all note that from (29)
we get

_ 2 _ _
(36) EthBZ—ZHQ+EE9||hBZ—Z||2||hB||1 — ne?
=Eg||hPZ — Z||* — e%n + 2e*Eg||R° |1

158z - z)]2 } _ R
n

2Ey||h? —_
+ 2Bl | = T2l

The first three terms in the left-hand side can be controlled by a simple algebra
and Lemma 3. Using (19), we get

Eo||hPZ — Z||* — €%n + 2%Eq||RP |1

n—1 n—1
=Eo||hPZ — 0> +2eEp Y (1 — hi)0ks +26”Eg Y AP (1-&7)
k=0 k=0
_ n—1 B n—1 B
= (1= 7)Eo[|h®Z — 0||* + 2cEg Y (1 — hf )0kl +7Eg Y (1 — hf)%67
k=0 k=0

n—1 n—1
+ (2 —7)e’Ey Z hB(1— €2) + e’y Z hB.
k=0 k=0
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Next in view of Lemma 3, we obtain

2¢2 2e

U2y

The last term in the left-hand side of (36) can be bounded by the Cauchy—Schwarz
inequality and Lemmas 6 and 7,

(37) Eg||hPZ—Z|]? —*n+2"Ey||hP ||y > (1—7)Eo||h” Z—6]*—

1hPZ — Z||?
n

_ WPz — 7|2
E hB H
ollR7 |2 | ==

—é}z—EﬂMw{8
+

. _CI;B/J%(@) - C[R;ffﬂz . _CUZS)F 2

This inequality and (36), (37) complete the proof of the theorem. O

3.5. PROOF OF THEOREM 6. It is quite similar to that of Theorem 5. The
only difference is related to inequality (29), which is now replaced by

% n—1
BCZ_ZQ EBCZ_Z2BC 2 ‘h’Z ZH2 2
(38) (A2~ 2|+ 2| 2 — 22| - Z@_leWn >

This inequality follows immediately from the definition of h¢ and the elementary
inequality

1
- > € [0,2).
(e =ttm 202

It is not hard to check that

z-zpr S[R(0, h*)]?
(39) E4< YT SE §:§}< Sy TS

z-zpp R(0.1%)
40) E[u—wﬂ/n XRJ— T e

Therefore we get from (38) and (39) (see the proof of Lemma 6)
Eq|[h|} < C[R(0,h") /).

Using the above inequality and (38) and (40), we complete the proof of the theorem
(see the proof of Theorem 5 for more detail). O

4. Simulations

In this section, we illustrate numerically Theorems 1, 5, and 6. Our basic idea
is to measure the statistical performance of a data-driven filter h by its oracle
efficiency defined by

o Eo|hZ — 6|2
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Random function

Feset seed Fourier coefficients Regression function
1
Ma=. amplitude 12
Step in amplitude 025 05 12
Smoothness 5 I 1
0 l T+ >

Bandwidth 5 | 08
Number of fizls 40000 05

0.6
Run -1

0 5 10 15 20 0 0.2 0.4 0.6 0.8 1
Order of polynomial X

FIGURE 1. Model parameters for A, hZ, and h¢

Efficiency
o
(o]

o
o1
T

o
~
T

method h*
0.3y ‘ : — — —method h®|
—— method h®

0.2 i i i i i
0 2 4 6 8 10 12

Amplitude

FIGURE 2. Oracle efficiencies of h*, h®, and h¢

Obviously, we cannot compute this efficiency for all 8’s. Therefore we choose a
sufficiently simple, but representative family of vectors . In what follows we will
use the following linear family:

ALK

) = T

where a is called amplitude, W bandwidth, and m smoothness, and the u; are
i.i.d. random variables taking values —1, 41 with equal probabilities. We vary a in
a large range and plot eo,(6(a), h) as a function of a. The parameters m = 6 and
W = 6 are fixed. In other examples of (W, m) the authors looked at, simulations
showed that the oracle efficiency exhibited a similar behavior. Notice that for
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Random function

[]Resetseed Fourier coefficients Regression function
1
Ma=. amplitude 100 14
Step in amplitude 2 05 13
1.2
Smoothness o “ ” 11
0 ”l l"“‘ll.l‘v‘nv” s 1
Bandwidth P o
0.9
Number of tials 2000 05 08
’ 0.7
IR 0 10 20 30 40 0 02 04 06 08 1
Order of polynomial X

FIGURE 3. Model parameters for the convex combinations approach

1.2 T
The Akaike method
11} — — — Convex comination, M=2 [+
1k e s = S T T DT T T i

Efficiency

0.2 i i i i
0 20 40 60 80 100

Amplitude

FIGURE 4. Oracle efficiency of the convex combination of two projection

estimates
all data-driven filters considered in the paper, ey (6(a), ﬁ) does not depend on ¢.
In our simulations, this function was computed by the Monte-Carlo method with
40000 replications. The parameters of the numerical experiment (the coefficients
0r(a) and the corresponding regression function) are shown in Figure 1. Figure 2
represents graphically the oracle efficiencies for three methods: the classical Akaike
method with known variance (solid line), the method (5) (dashed line), and (6)
(dash-dot line). Even a quick look at this plot shows that all these methods work
well: the minimal oracle efficiency is about 0.3 and for moderately large a > 3 it
is greater than 0.7. We see also that the unknown noise variance does affect the
oracle efficiency. Moreover, at the first glance, what we see here looks surprising;:
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the method (5) outperforms the Akaike criterion. In fact, this phenomenon is not
very surprising, since it illustrates the fact that the principle of unbiased estimation
is not optimal. There exist more efficient algorithms based on the idea of risk hull
minimization (see Cavalier and Golubev (2006) for detail).

We finish this section with very short comments on numerical properties of the
convex combination of projection methods. From the asymptotic viewpoint (see
Theorems 4 and 1), this method should work better than the simple projection
technique since

min R(0,h) < min R(0,h).

hecy, hEH™
On the other hand, the remainder term in Theorem 4 is greater than the one in
Theorem 1. So, for small data sets, the real advantages of the method based on
convex combinations are not clear. Moreover, in majority of numerical simulations
we looked at, the performances of both methods were similar. However, the convex
combination exhibits better performance for slowly decreasing 0,3. We illustrate
this effect in the next numerical experiment with parameters shown in Figure 3.
Here m = 2, W = 6; the number of Monte-Carlo replications is 2000. The oracle
efficiencies of the simple projection Akaike filter (solid line) and the convex com-
bination of two projection estimates (dashed line) are shown in Figure 4. We see
that the convex combination works only slightly better than the standard method.
On the other hand, we would like to point out that the numerical complexity of the
convex combination approach is rather high.
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