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BLOCK THRESHOLDING AND
SHARP ADAPTIVE ESTIMATION IN
SEVERELY ILL-POSED INVERSE PROBLEMSY

PaccmarpuBaercss mpobilema  pereHus JIUHEHHBIX OMePATOPHBIX
YPaBHEHUH, IOJIyYEHHBIX U3 HAOIIONEHNN C IITYMOM, B IIPENIIOJIOXKEHNN,
9TO CHHTYIISIPHBIE 3HAUEHUS OIePaTOpa KCIOHEHINAILHO YOBIBAIOT U
4uT0 IpeobpazoBanHre Pypre COOTBETCTBYIOIIETO PEIIEHUS TAK¥XKe KC-
IIOHEHINAJILHO IIanko. MBI mpemaraeM OLEHKY PeIeHUs, OCHOBAH-
HYIO Ha CKOJIb3SIIleEM BapHaHTe OJIOKOBOTO IIOPOTa B IPOCTPAHCTBE KO-
spdurmerntoB Pypne. [lokazano, 9T0 5Ta OIEHKA MOKET OBITH OBICTPO
aJalTUPOBAHO K HEU3BECTHOM CTEIEHU TIJIANKOCTU PELICHMUS.

Kaouesvie cioa u fpasvl:  JTUHEHHOE ONEPATOPHOE ypPaBHEHUE,
HEKOPPEKTHO ITOCTABJIEHHBIE 330a49N, HAOIIOOEHNS C IITyMOM.

1. Introduction. The problem of solving linear operator equations
from noisy observations has been extensively studied in the literature.
Among the first to develop a statistical approach to this problem were Su-
dakov and Khalfin [17] and Bakushinskii [1]. For a survey of recent results
we refer to Mathé and Pereverzev [14], Goldenshluger and Pereverzev [7],
Cavalier and Tsybakov [3].

A wusual statistical framework in this context is as follows. Let
K: H— H be a known linear operator on a Hilbert space H with inner
product (+,-) and norm |- ||. The problem is to estimate an unknown func-
tion f € H from indirect observations

Y(g) = (Kf,g) +e€(9), g€H, (1)

where 0 < ¢ < 1 and &(g) is a zero-mean Gaussian random process indexed
by H on a probability space (€2, <7, P), such that E{£(¢)&(v)} = (g,v) for
any g,v € H, where E is the expectation w.r.t. P. Relation (1) defines a
Gaussian white noise model.
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Instead of dealing with all the observations {Y (g), g € H}, it is usually
sufficient to consider a sequence of values {Y (gx)}3>;, for some orthonor-
mal basis {gx}32,. The corresponding random errors £(gi) = & are i.i.d.
standard Gaussian random variables.

We assume that the basis {g; } is such that (K f, gr.) = bi0, where by, # 0
are real numbers and 6;, = (f, ¢y ) are the Fourier coefficients of f w.r.t. some
orthonormal basis {¢;} (not necessarily ¢, = gx). A typical example when
it occurs is that the operator K admits a singular value decomposition:

Koy, = bigy, K* g, = bypr, (2)

where K* is the adjoint of K, b, are singular values, {g;} is an orthonormal
basis in Range(K) and {¢y} is the corresponding orthonormal basis in H.

Under these assumptions, one gets a discrete sequence of observations
derived from (1):

yk:bk0k+€£k7 ]{3:1,2,..., (3)

where y, = Y (g) and &; are i.i.d. standard Gaussian random variables. The
problem of estimating f reduces to estimation the sequence {0;}32, from
observations (3). The model (3) also describes other problems such as the
estimation of a signal from direct observations with correlated data (see
Johnstone [11]).

Let O = (01,0s,...) be an estimator of § = (0,05, ...) based on the
data (3). Then f is estimated by fe = Yok 0.0r. The mean integrated
squared error of the estimator f is

oo

E|f - fIP=Es > (6, — 0:)* = R*(0,0), (4)

k=1

where Eg denotes the expectation w.r.t. the distribution of the data in the
model (3).

In this paper we consider the problem of estimation of 6 in the model (3)
using the mean-squared risk (4).

One can characterize linear inverse problems by the difficulty of the
operator, i.e., with our notations, by the behavior of b,’s. If by — 0, as
k — oo, the problem is ill-posed. An inverse problem will be called softly
ill-posed if the sequence b, tends to 0 at a polynomial rate in k£ and it will
be called severely ill-posed if

1
1;1{.10 — log — ™

=6

for some 0 < ¢ < oo. Thus, the problem is severely ill-posed if, in the main
term, b, tends to 0 exponentially in k.
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An important element of the model is the prior information about 6.
Successful estimation of a sequence 6 is possible only if its elements 8, tend
to zero sufficiently fast, as k — oo, which means that f is sufficiently smooth.
A standard assumption on the smoothness of f is to suppose that 8 belongs
to an ellipsoid

0= {9: Zai@i < L},
k=1

where a = {a;} is a positive sequence that tends to infinity, and L > 0.
Special cases of © are the Sobolev balls and the classes of analytic functions,
corresponding to a;’s increasing as a polynomial in k£ and as an exponential
in k, respectively.

Thus appears a natural classification of different cases in the study of
linear inverse problems. Regarding the difficulty of the operator described
in terms of b;’s and the smoothness assumptions described in terms of a;’s,
one obtains the following three typical cases.

1°. Softly ill-posed problems: by’s are polynomial and a;’s are general
(usually polynomial or exponential). These problems have been studied by
many authors, and they are essentially similar to estimation of derivatives
of smooth functions. Sharp adaptive estimators for a general framework are
given by Cavalier and Tsybakov [3], and by Cavalier, Golubev, Picard, and
Tsybakov [2].

2°.  Severely ill-posed problems with log-rates: b,’s are exponential
and ay’s are polynomial. This case is highly degenerate in the sense that the
variance of the optimal estimators is asymptotically negligible as compared
to their bias. The optimal rates of convergence are very slow (logarith-
mic) and sharp adaptation can be attained on a simple projection estima-
tor (4], [8)).

3°. 2exp-severely ill-posed problems: by’s are exponential and a;’s are
exponential too (the abbreviation «2exp» stands for «two exponentialss).
These problems will be studied here. They are characterized by some unusual
phenomena. Golubev and Khasminskii [9] proved that 2 exp problems admit
fast optimal rates converging to 0 as a power law, despite the «severe» form
of the operator. They also showed that sharp minimax estimators for these
problems are nonlinear, unlike all other known cases where sharp minimaxity
is explored. Also the adaptation issue turns out to be nonstandard here. As
shown by Tsybakov [19], there is a logarithmic deterioration in the best rate
of convergence for adaptive estimation under the L,-risk. In other words,
here one has to pay a price for L,-adaptation, while this is not the case
for the inverse problems described in 1° and 2°: there the L,-adaptation is
possible without any loss, and even the exact constants are preserved.

Since the ellipsoid © with exponential a;’s corresponds to analytic func-
tions, the 2exp framework can be viewed as an analogue of convolution
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through a super-smooth filter (described by exponential b;’s), with an ana-
lytical function f to reconstruct.

There is an important reason why the 2 exp setup is of interest. In the
study of inverse problems, a standard assumption is to connect the smooth-
ness of the underlying function to the smoothness of the operator. Roughly,
if a function is observed through a very smooth filter, then the function itself
has to be very smooth. A formalization of this idea can be found, for exam-
ple, in the well-known Hilbert scale approach to inverse problems (see [7],
[13]-[15)).

Nonadaptive minimax estimation for some inverse problems different
from (3) but characterized by a similar «two exponentials» behavior has
been analyzed by Ermakov [6], Pensky and Vidakovic [16]), Efromovich and
Koltchinskii [5].

In this paper we study estimation for the 2 exp framework when the el-
lipsoid © is not known, but we know only that a;’s are exponential. We pro-
pose an adaptive estimator which attains optimal rates (up to an inevitable
logarithmic factor deterioration) simultaneously on all the ellipsoids with
exponential a;’s. Moreover, we show that the estimator is sharp adaptive,
i.e., it cannot be improved to within a constant. This generalizes the result
of Tsybakov [19] about the optimal rate of adaptation for 2exp problems.
The construction of our adaptive estimator is based on a block thresholding
(cf. [10] or [3] for the inverse problems setting). A difference from those pa-
pers is that, in order to get sharp optimality in our case, we need a «running»
block estimator rather than an estimator with fixed blocks.

Let us give some examples of severely ill-posed inverse problems related
to partial differential equations.

Example 1. Consider the Dirichlet problem for the Laplace equa-
tion on a circle of radius 1:

Au=0, u(l,p)=f(p), wel02r], 0<r<i, (5)
where A is the Laplace operator, u(r, ¢) is a function in polar coordinates
r > 0,0 € [0,27], and f is a 2m-periodic function in L,[0,27]. It is well-

known that the solution of (5) is

0o

up(r, o) = W + \/1% g 7#10), cos (kg) + 0_y sin (kp)], (6)

where 6;, are the Fourier coefficients of f. Assume that f is not known, but
one can observe the solution wu(r, ) on the circle of radius ry < 1 in a white
Gaussian noise:

dY (@) = us(ro, p)dp +edW(p), ¢ € [0, 2], (7)
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where W is a standard Wiener process on [0,27] and 0 < ¢ < 1. The
problem is to estimate the boundary condition f based on the observation
of a trajectory {Y(¢), ¢ € [0,27]}. Substituting (6) in (7), multiplying (7)
by the trigonometric basis functions and integrating over [0, 27| we get the
infinite sequence of observations y, = bp0y + €&k, k € Z, where b, = ry Ikl
and & are i.i.d. .47(0,1) random variables. By renumbering the indices from
k € Z to k € N we get a particular case of the model (3). This problem is

severely ill-posed since by — 0 exponentially fast as k — co.

Example 2. Consider the following Cauchy problem for the
Laplace equation:

Au=0, u(z,0)=0, (z, )‘ =g(z), (8)

y=0

u
Oy
>

where u(z,y) is defined for z € R, y
1-periodic function on R.

0, and the initial condition g is a

Suppose that we do not know g but we have in our disposal the noisy
observations {Y (z), z € [0,1]}, where Y is the random process defined by

dY (z) = g(x) dx + e dW (), z € [0,1]. (9)

Here W is the standard Wiener process on [0, 1]. The problem is to estimate

the solution f(z) & uy(z,y0) of (8) at a given yo, > 0, based on these

observations. Since g is 1-periodic, f is also l-periodic. Denoting 6; the
Fourier coefficients of f, one can find that, given (9), the following sequence
of observations is available: y, = bi0y + €&, where &, are ii.d. A47(0,1)
random variables and by ~ kexp(—fyok) as k — oo, for some 3 > 0 (see [8]
for more details).

2. Setting of the problem. From now on we assume that the obser-
vations have the form (3), where & are i.i.d. .#7(0,1) random variables and
the values b, are defined by

b, 2 = ry, exp(pk) (10)

with p > 0 and a positive sequence r; varying slower than an exponential
as k — oo. Such a definition of b, covers the examples considered above,
whereas considering the squared values of b, ’s reflects the fact that the results
will be insensitive to the signs.

We assume that 7, is subexponential in the sense of the following defi-
nition.

Definition 1. A sequence {ry};>, is called subexponential if
rr > 0 for all k£ and there exist constants C, < oo and p € (0, 1] such that

Tk+1 C*

—1< =, k=1,2,.... 11
- (11)

Tk H
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The class of subexponential sequences is rather large, including polyno-
mial, logarithmic and other sequences. It is easy to see that a subexponential
sequence 1}, satisfies

it 0<p<l,
(12)
if p=1,

with some positive finite constants a,a’, ¢, and ¢'.
We will assume that 6 belongs to an ellipsoid

O(a, L) {9 quexp ak) 67 < L}, (13)

k=1

where ¢;, is a subexponential sequence and « > 0, L > 0 are finite constants.
In order to shed some light on the estimation of ¢ in this setup, consider a
simple projection estimator 6 = (6;,0,,...) with bandwidth W € N, i.e.,

’é:{blzlykn kém
b 0, k> W.

The maximal risk of this estimator over ©(«, L) is bounded from above as
follows

sup R°(6,0) = sup 2924—6221)2

0€O(a,L) 0€0(a,L) W

< L Z exp(—ak) g, ' +¢ Zexp pk)r (14)

k>W =

The minimum of the right-hand side of (14) with respect to W is attained
for some W depending on € such that W — oo as € — 0 (in fact, otherwise
the right-hand side of (14) does not tend to 0 as ¢ — 0). Using Lemma 2
(see below) to compute the last two sums in (14), we find that as W — oo,
the right hand-side of (14) is approximated by

W L2 (W) rw
1—e>r

The minimizer of J(W) gives an approximately optimal bandwidth. Since for
subexponential sequences 7, g, and large enough W we have ry_; &~ ryy =
Twal, qw-1 =~ qw = qwi1, the necessary conditions of a local minimum
at W, namely J(W) < J(W + 1) and J(W) < J(W — 1), can be written in
the form

Lexp(—yW) < €2 e’ rwaw, Lexp(—y(W —1)) > e®e’rw_1qw_1,
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where v = p + a. It can be shown that all the local minimizers of J(W)
provide essentially the same value of J, so that one can take, for example,
the smallest local minimizer

W(a, L) = min {k € N: Lexp(—nk) < 6errqu}. (15)

In other words, the minimum of the right-hand side of (14) is approximately
attained at W (a, L). This yields the following upper bound for the minimax
risk:

inf sup R°(6,0) < Cr.(a, L),

6 6€O(a,L)

with a constant C' < oo and the rate of convergence
re(a, L) = e*rw(a,r) exp [pW (o, L)]. (16)

Using the argument of [9] it is not difficult to show that the rate of con-
vergence 7.(a, L) cannot be improved in a minimax sense. Unfortunately,
the minimax approach has a serious drawback: the optimal (or nearly op-
timal) choice of the bandwidth depends strongly on the parameters of the
functional class O(a, L). In the next section we correct this drawback: we
propose an adaptive estimator of # independent of a and L and attaining the
rate which is only logarithmically worse than r.(c, L) on any class O(a, L).

3. Adaptive estimator and its optimality. Define the following es-
timator 0* = (67,65, ...) based on block thresholding with running blocks

0; = b, 'y I{|yll} = 2e%0'k}, k=1,2,..., (17)

where p’ > p and
lylz= > ¥ (18)
seN: |k—s|<N
with an integer N > 1. Here and later I{-} denotes the indicator function.
It will be clear from the proofs that §; = 0 with a probability close to 1,
whenever k£ does not belong to a «small» neighborhood of the integer W*
defined by

W* =W*(a, L) = min {k‘ € N: Lexp(—nk) < 252pkrqu}. (19)
We will call W* the adaptive bandwidth. Note that W*(a, L) is smaller than

the optimal bandwidth W (a, L) given in (15) for all £ small enough. For
instance if r, = g, = 1 we have as € — 0,

W(a,L) = ,1}, logé +0(1), (20)
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whereas ) I 1 I
W*(a, L) = 5 IOg;z_; loglog;—i—O( ) (21)

For general 7, q; the closed form expression for W* is not available, but
using (12) one can see that W* < log(1/¢) as ¢ — 0. Nevertheless, possible
terms of the order o(log(1/¢)) in the expression for W* are not negligible
since they can affect the rate of convergence (cf. (21)). Note also that the
value W* need not be known for the construction of our estimator.

In this section we establish the exact asymptotics of the minimax adap-
tive risk. It turns out that this asymptotics is expressed in terms of the value
A* of the following maximization problem:

o

A" =A"(o,L) = max Z exp(pk) 6%, (22)

0€0 (a,L) &

where

O (a, L) = {a € *(Z): i 62 <1, i exp(vk) 02 < E*(a, L)}, (23)

k=—o0 k=—o0

and

’ 2e2p W (o, L) Tw+(a,L) qW*(a,L)

Note that (22)-(23) is a problem of linear programming w.r.t. 67’s and it
has a solution belonging to the boundary of © . (c, L). The values A*(«, L)
and E*(a, L) depend on €, but the dependence is not strong: they oscillate
between two fixed constants as € varies. In fact, the definition of W* implies
that for any L and o there exist finite positive constants e, e such that
e; < E*(a, L) < e} for all e. This implies the existence of finite positive
constants a},aj (depending on L and «) such that a} < A*(«a, L) < aj for
all . In particular, since v > p, one can take a}y = €5.
Define

Ye(a, L) = 24" (e, L) e?p W* (e, L) exp[pW ™ (at, L) (o). (25)

The next theorem gives a bound for the maximal risk of the estimator 6*
over ©(a, L).

Theorem 1. Assume that by, satisfies (10) and that vy, and q; are subex-
ponential. Let 0* be the estimator defined by (17)—(18) with p' > p and
N € N. Then for any o > 0 and L > 0 we have

RE(6°,0) ¢

N
limsup sup <—+Cexp| — 5 min(a, p)|, (26)
p

e—0 0€B(a,L) %(Q,L)

where the constant C' < co does not depend on N and p'.
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Note that if the size 2N + 1 of the block is large and the parameter p’ is
close to p, then the right-hand side of (26) approaches 1. Alternatively, one
can take N = N, — oo and p' = p. — p as ¢ — 0, satisfying appropriate
restrictions, which leads to the next result. For z > 0 write [z] = min{n €
N:n >z}

Theorem 2. Assume that by satisfies (10) and that ry and g are
subezponential. Let 6* be the estimator defined by (17) — —(18) with
N = [{/log[log(1/e) V1]] and p' = p+ N~'. Then for any o > 0 and
L > 0 we have

limsup sup M
e—0  9€O(a,L) wa(a,L)
Remark 1. The estimator #* is defined as an infinite sequence. It
can be proved that, under our assumptions, the number of nonzero com-
ponents of this sequence is finite almost surely. However, to construct the
estimator (17) one has to check the inequality ||y||7 > 2¢%p'k for all k, which
is not realizable in practice. It is easy to propose a realizable version: put
0 = 0 for k > Np.x with some Ny = Nyax(€) — 00 as € — 0. Inspection
of the proofs shows that to keep Theorems 1 and 2 valid it suffices to take
rather small N, for example, Ny ~ log2(1 /€). Note also that the choice
of N, p suggested in Theorem 2 is not the only possible one: there exists
a variety of similar values (N, p) that allow to attain the result of the the-
orem. These values are described by some technical conditions that we do
not include in the theorem but that can be easily extracted from the proof.
We now show that the upper bound (27) is sharp optimal for adaptation.
Note first that for every fixed oy > 0, Ly > 0 there exists an estimator 0
such that

<1l (27)

R(0,0)

e—=0  #eB(ap,Lo) 1!15(040, LO)

limsup sup =0.
For example, one can take 0 as a projection estimator with the optimal
bandwidth corresponding to («y, Ly). Thus, 6 gains over 6* «at a point»
(o, Lo). On the other hand, there are points («, L), where 6* gains over 0.
The next theorem shows that if an estimator 6 gains over #* at one point
(v, Lo), there exists another point (o, L), where 6 looses much more than
it gains at («, Lo).

Theorem 3. Assume that by, satisfies (10) and r, = qx = 1 for all k.
Let an estimator 0 be such that, for some ag > 0, Ly > 0,

limsup sup M
e—=0  0€O6(ap,Lo) ¢£(a07 LO)

< 1. (28)
Then there exists o' > aqg such that for all @ > o' and all L > 0
R*(6,0) R*(6,0)

liminf sup ————F—~ sup ———= =o00. 29
e—=0 0€O(ao,Lo) T,ZJE(Oéo»Lo) 0cO(a,L) ws(a7L) ( )
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Theorems 2 and 3 imply in particular that 1. («, L) is the adaptive rate
of convergence for our problem. This follows from Definition 3 in [18]), with
SUPgco(a,r) 17 (6,0) being viewed as another rate of convergence S.(c, L). In
fact, Theorems 2 and 3 give even more than just the rate: they show that
an attempt to improve (-, -) at any point (ag, Lo) not only in the rate, but
also in the constant, leads to a catastrophic behavior in another point. This
property is interpreted as sharp adaptive optimality of the rate ¥.(-,-).

Another consequence of these theorems can be called sharp adaptive
optimality of the estimator #*. One can modify Theorem 3 by expressing
the result in terms of the ratio of maximal risks. For any two estimators 0,
and 92 define

I <é1) __ SUPyco(a,rL) Re(é% 0)
a, L\ ~ | — ~ .
0> SUPyeo(a,z) £ (01,0)

This value is interpreted as the gain of 0, over Aég at (a, L). The larger
is Go,1(601/62), the better is 6; as compared to 6. It is easy to see that
Theorem 3 and (27) imply the following corollary.

Corollary 1. Under assumptions of Theorem 3, let an estimator 0 be
such that, for some ag > 0, Ly > 0,

L 0
hrsn_)lonf Gao,Lo <0*) > 1, (30)

where 0* is the estimator defined by (17)—(18) and satisfying the assumptions
of Theorem 2. Then there exists a > ag such that for all L > 0 and all €

small enough
0" 0
o) > Guuna ()

Remark 2. It follows from (15) and (16) that for r, = ¢, = 1 the
nonadaptive rate of convergence r.(a, L) is of the order £2*/7, while (21)
and (25) imply that the adaptive rate satisfies 1. (a, L) < £2%/71log(1/¢)*/7.
Thus, one has to pay an extra log-factor for adaptation. This effect is similar
to the one established by Lepski [12] in the case of adaptation at a fixed point,
and it is due to a nondegenerate asymptotic behavior of the normalized loss
of the estimators as € — 0. Our problem provides the first example, where
such an effect occurs for the L,-loss and not for the loss at a fixed point.

with £, — oo as € — 0.

4. Proofs. In this section we will denote by C finite positive constants
that may be different in different occasions.
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4.1. Proof of Theorems 1 and 2.
Lemma 1. Let wy, be a subexponential sequence. Then for any inte-
gers T\t such that t > T and any integer M < min(T,logT) we have

sup ‘wt% — 1| < nr, (31)
k€Z: |k|<M | Wt
where nr depends only on T and ny — 0 as T — oo.
Proof is straightforward.
Lemma 2. Let w; be a subexponential sequence. Then for any 7 > 0
as T — oo

exp(7T) wr
l—e"

)

Zexp(rk) wy = (14 0(1))

exp(—7T) wr
l—e 7™

i exp(—7k)w, = (1 4+ 0(1))

Proof Write
T T—1

ZeXp(Tk?) Wy = exp(TT) W Z eXp(—Tk:) Wr—

k=1 k=0 wr

Set M = [logT] — 1. If T is large, we have M < T — 1, and hence we can
write

Wr—
Zexp —1k) —Zexp —T — p— (34)

Using Lemma 1, we get

(1—nr7) Zexp(—q—k) < Z: exp(—7k) Wr_

where ny = o(1) as T' — oo. Thus

lim Zexp Tk)

T—o0 wr

The last sum in (34) satisfies

T-1 T

~1 O\
Z exp(—7 Z (1 + )
k=M1 k=M+ Mu

< Y, exp{—(r—CM ")k}.

k=M+1

This term tends to 0 as M — oco. Thus we obtain (32). Equation (33) is
proved similarly.
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Lemma 3. Let &; be i.i.d. A (0,1) random variables. Then, for any
ke N, NeN and x>0,

ze?

3+ 2N (35)

EI{|¢ll; > =} <<

Proof. Forany 0 <\< 3,

EGI{IE]l > 2} < exp(—Az) E& exp {A[I€]l;}

exp(—Az) E& exp {2} [ exp(AE])
i#k
exp(—Az)(1 —2X)"*2(1 —2x)"

3+ 2N

exp (—)\l‘ - log(1 — 2)\)> . (36)

The minimum with respect to A of the right-hand side of (36) is attained at

)\:1 (1_3—1-2]\7)‘
2 T

Substituting this A into (36) we get (35).

Proof of Theorem 1. Let M be a sufficiently large integer sat-
isfying N < M < min(W*/2,log W*/2). In this proof we denote by C' the
constants that do not depend on M, N, €, and 6.

We decompose the risk of the estimator 6* into three parts

sup R8<9*, 0) < Sl + SQ + Sg, (37)

0€O(a,L)

W*+M

W*—M
S, = sup Z Ey(0; — 0,)?, Sy = sup Z Ey(0; — 0,)?,

GEQ(Q,L) k=1 GEQ(Q,L) k=W*—M

Sg = sup Z EQ(QZ — Gk)2

QEG(Q,L) k=W=*4+M

Consider first the term S;. Using (32) for the subexponential sequences
wy, = 1, and wy, = kry, and Lemma 1 for w, = 7, we have

W*—M

Si= sup > expl(pk) By [y I{|lyll} < 2620k} — &)’
0€0(a,L) p—1

W*—M

<2¢e? Z exp(pk) T

k=1
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W*—M

+2 sup > exp(pk) rBoyp T{|yll} < 2¢°0'k}
0€0(a,L) 1

W*—M W*—M

<2 Y exp(pk)r +4> > exp(pk) rikp’

k=1 k=1

< Cpe? exp(pW™*) ry-W* exp(—pM) < C 1. (o, L) exp(—pM). (38)

Next, we bound from above the term S,. This is the main term in (37)
and we will analyze it using a renormalization argument. We begin with
some simple remarks. Denote

W*+M+N

Oy = {0 = (01,6s,...): Y. exp(vk) qub; < L}.

k=W*—-M-—-N

Clearly, ©(«, L) C Op;. Now we change the variables from 6, to v, by
setting, for k > 1 — W™,

Vp = Oriw- = Oprw- ( Aty )1/2
e\ 20W*riw- exp(p(k + W*)) " Ve(a, L) exp(pk) riyw- ’

and let v; be derived from 6; by the same transformation. If § € ©,,, the
sequence v = {v},} belongs to the set

M+N
—_ — Lexp(—yW*
v = {V SRS E exp(Vk) Trqw+ Qryw+Vi < M)}

2e2pW+

k=—M—N

where = denotes the set of all sequences of the form v = (v _y-, ..., vo,v1,...)J}
Now, in view of Lemma 1, applied to the subexponential sequences wy = ry,
and wy = rq, there exists n = 7. depending only on W*, such that n — 0,
as ¢ — 0, and
« < (1 . 39
max rw < (L+7)rw-, (39)

i . « = (1-— w Qe - 4
|k|I<nI\IJI}rN Tkt W= Qe+W ( ) Tw-qw (40)

Fix 0 < 0 < 1, and assume that ¢ is small enough to have si-
multaneously n <¢é and (1 —n)™* < 1+ 4. Then (40) implies that
min|k|<M+N Tkt W* QW+ 2 Tw*qW*/(l + 5), and therefore

M+N

EMCE‘;W:{VEE: Z exp(’ykz)ylng'*(l—k(S)}.
k=—M-N
Furthermore, (39) guarantees that max < 7erw+ < (1 + 6) rw+. These
remarks imply that, for € small enough,

W*+M

So < sup Y Ep(0; —6,)°

0€O s k=W*—M
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< Ye(a, L)

e Sup Z exp(pk) k:VW Ey(vy — )’

VG_‘M k=—M

< (1+0)e(a, L) sup Z exp(pk) Eg(v; — v3,)°. (41)

~
*
A VGHM k=—M

Using the inequality (z +y)* < (14+9) 2?4+ (1+6 ') y? for any z,y € R, we
get

* g *
Eg(l/k — I/k)2 =E l(Vk + I;;V[V/V*

xx{ b

I=k—N

< (1+49) V,%P{
1=

+(1+61)(2pW*) N (42)

Next, using the inequality (z+y)* > (1—8)z?+(1—6"1)y? for any z,y € R,
one obtains

v + *> —9) vi — §Z+W
I=k—N 2pW I=k—N 2PW 61 k—N
and, therefore,
{ iv awe \?
P <Vl + >
I=k—N 2pW
k+N

gP{(l—é) v —

k4N
< I{ v
I=k—N

By Markov’s inequality

1 %fg sL_2N+1
46,0W* e S A482pW

l=k—N

M k+N
A(N,M) = sup Z exp(pk) v} { Z RS }

VEEY, k=—M I=k—N
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Combining (42)—(44) one obtains

sup Z exp(pk) Eo(vy; — vi)? < (14 9)

VEEY k=—M
2N +1 l ,|  Cexp(pM)
dgpw S 2 Rk +

Mk=—M

< (140 AN, M)+ % (N + exp(pM)),

where for the last inequality we used that, since v > p,

+ | AN, M) +

M
sup Z exp(pk) vp < sup > exp(vk)vp < E*(1+96).

IIG-_M k=—M UEE‘}M k=—M

From (41) and (45) we get that for any 0 < § < 1 and for all € small enough

velo, 1) O+ xp(pM)|

S2 S A* W*

{(1 +8)2A(N, M) + (46)

Our next goal is to show that A(N, M) is close to A*. We will proceed in
steps. The first step is to remark that

A(N,M) < sup Z exp(pk) v

VEHM k=—M

In fact, to get (47), introduce the sequence v/ € = such that v, =
V(1 +9), observe that V' > 1 and use the embedding

{y € E: V i exp(vk)(v;,)? SE*}

—M-N

M+N
C {1/ €z Z exp(vk)(v},)? < E*}

k=—M—-N

Our next step is to find an upper bound for the expression in square brackets
n (47). We can write assuming without loss of generality that N is even,

M+N k+N

sup Z exp(pk) v { Z Vi< }<A1+A2+A3 (48)

VEEL - _M-N I=k—N
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M+N

= sup Z exp(pk) l/k
VEEL L N/241

aN)
2 Y

N/2

<sup Y exp(pk) vy,

VEE T N/2

N/2
2 < B, Z y,fgl}.

k=—N/2

Substitution of the inequalities for A;, A, and Aj into (48) yields

M+N

k+N
sup Z exp(pk) v { Z v} \1}

VEEs b—_M-N I=k—N
N/2

N
< sup Z exp(pk) vi + C exp ( Y min(a, p)) (49)

VEE' k" N/2

Next, introducing the set ©Y/?(a, L) = {v € O, (a, L): v, = 0, for |k| >
N/2}, we note that

N/2 N/2
sup Z exp(pk)vi =  sup Z exp(pk) v;,
VEE T N/2 vee/?(a,L) k=—N/2
N/2

< sup Z exp(pk) v < A*. (50)

VEO (a,L) k=—N/2

In fact, the equality in (50) follows from the fact that taking v, # 0 for
|k| > N/2 does not increase the sum Zk " nj2€xp(pk) v, and thus the
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supremum of this sum over Z’ is attained on the sequences v with v, = 0 for
|k| > N/2.

From (47), (49)—(50) we get A(N, M) < V[A*+C exp(—N min(c, p)/2)].
This together with (46) and fact that A* is bounded from below uniformly
in € entail

S < ¥.(a, L) [V(l +6)° + Cexp < - g min(a,p)>

+ ¢ (N—i—exp(pM))} (51)

W
Finally we bound from above the term Ss. Using (3) and (10) we find

o0
S3 <2 sup Z 9,%
0€O(a,L) k=W*+M

o0

122 sup Y exp(ph) nEE (Yl > 2%k}, (52)

0€9(enL) p—w=4m
The first term in the right-hand side satisfies

o0

oo
sup Z 07 = sup Z exp(—ak) q; ' q:0; exp(ak)
0€0(a,L) =4+ 0€0(o,L) p_yy=4 M

oo

< sup Y exp(—ak) gt ) grexp(ak) 6

96@(0{,[/) k=W=*+M k=1
< Cexp[— a(W* + M) g ar

< Cexp[*aM] ¢5(avL)’ (53)

where to get the last two inequalities we applied Lemma 2 and then Lemma 1
for the subexponential sequence wy, = q; .
Consider the sequence §' = (0,05, ...) with 0, = bi0,. For k > W*+ M
k+N

sup ||€||z = sup Z 077 " exp(—pl)
96@(047[1) QEG(Q,L) l=k—N

k+N k+N

sup > qexp(ed) 6] D 1 'q " exp(—l)

9€0(a,L) | —N I=k—N
k+N
<L Y rtetexp(—l) < Orilygily exp(—y(k — N)),

I=k—N
where we used Lemma 2 for the subexponential sequence w; = r; 'q; *. Ap-
plying to the last expression of the previous display successively Lemma 1
and then the fact that Lexp(—yW*) < 2&2pW*ryqw-, we get

sup [0z < Cryygy. exp(—y(k — N))
0€6(a,L)

< Ce®W*exp(—y(M — N)) < Ce’kexp(—y(M — N)). (54)
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Now we bound the last term in (52). By Lemma 3, for any k > W*+ M

we have
!

!/ / 9
BEL {16+ <]} > 270k} < B 1{ el > varh - |7 }
k
20 ke? N+3/2 1 oy 2
<<pe> o _[”2’)% ‘s]
k

3+ 2N 2

3+2N

In the rest of the proof we set

M =2 {\/log[log(al) Y 1]} . (56)

For € small enough this choice of M satisfies the assumptions on M imposed
above, since W* < log(1/¢). Since M — oo as € — 0, for any small constant
¢ > 0 there exists ¢ such that for ¢ < £y we have exp[—y(M —N)] < ¢(p'—p)>.
Then for ¢ < gy, in view of (54) we have —(p' — p)k + 20'k||0' /e|lr <
—(p' — p)k/2 and, therefore,

20 ke? N+3/2 0’
<< pre ) exp{—p/k—l—\/Qp’k‘E } (55)

oo

sup Z exp(pk) r,E& T {HG' + |3 > 252p’k}

0€0(a,L) p_yy4 01

0 20’ ke? N+3/2 o'
S sup > ( ) rkeXP{—(Pl—P)k‘f‘v?P'k‘E }
k

3+2N

om0 0t]

0€O(a,L) k=W*+M
00 /! lan2
< Z ( 2p'ke )
i \3+2N
20’ (W* + M)e? _ W+
( ) ) (= p) 1exp{—(p’—p) }

3+ 2N 2

where the last inequality follows from (33) of Lemma 2 with the subexpo-
nential sequence w, = kN t3/2
inequality and (52), (53) yield

Ss < Clexp(—aM) (e, L) + (o' — p) " 'e*rw-]
< CY.(a, L) [exp(—aM) + ((p" = p) W*)_l} .
Combining this result with (37), (38), and (51) we find
“u Re(0*,0)
QEG(BL) %(04, L)

N+3/2

N+3/2

< OTW* (

7, and from Lemma 1 with w, = r,. This

< V(1 +96)?

+ C[exp(—aM) + exp(—pM) + exp ( - g min(a,p))

L N +exp(pM) + (¢ ~ p)‘l]
W '
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It remains to take limits as € — 0, and then as § — 0, using the definition
of M in (56) and the definition of V. This completes the proof of (26).

Proof of Theorem 2. We follow the lines of the proof of The-
orem 1 with M = 2N (cf. (56)). The argument preceding (56) is true for
any fixed N and p’ > p, and it remains intact. Inspection of the proof of
Theorem 1 after (56) shows that the choice of N and p’ defined in Theorem 2
is sufficient to get (27).

4.2. Proof of Theorem 3.

For an integer M, consider the set

0 (a,L) = {6 € O, (a, L): 6, =0, for |k| > M}

and define

M

Ay(a,L) = sup Z exp(pk) 07.

0cOM(a,L) .__pp

Lemma 4. For any o >0, L > 0,

]Vl[im Ay(a, L) = A*(a, L). (57)

Proof Fix a >0, L > 0, and omit for brevity the indication of «
and L in brackets for Ay, A*, 0,0 E*. Obviously, Ay < A*, and we
have to show only that

liminf Ay, > A™. (58)

M — o0

We first prove that

M
Ay > Q sup Z exp(pk) 07, (59)

0€0w 10y

where Q = E*/(E* + exp(—yM)). To do this, it suffices to show that for
any 0 € O, there exists 8’ € ©Y such that

> exp(pk)(0;)* > Q D exp(pk)6;. (60)

k=—M k=—M

If 6 € ©M this inequality is obvious (one takes 8’ = 6). If § € O, \ OM  we
have S = 35 0 > 0. Also, S < 1 since § € O,,. Define ¢’ by

0, = Q'?0,, -M < k<M,

0, = QY*\/02,+S, 6,=0, |k| > M.
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Clearly, 8’ € ©Y since Yot 4 (0:)? < Sal 4,07 <1 and

> exp(vk)(0;) = Q| D exp(vk) 65 + Sexp(—yM )]

k=—M L k=—M

<Q exp( yM) Z 02—1— Z exp 7k)02]

k<—-M —M+1

<Q exp( M) + Z exp 'yk)02] E*.

k=—o0

On the other hand,

> exp(pk)(6;)? = Ql > exp(pk) 9Z+Sexp(—pM)1

M

> Q Y exp(pk)6;.
k=—M
This proves (60) and therefore (59). To finish the proof of (58) it remains to
combine (59) with the following inequality:

sup Z exp(pk) 07 > A* — sup ( Z exp(pk) 07 + Z exp(pk) 9,3)

0€00 ="M 0€0 \ M k>M

> A" — E" exp(—aM) — exp(—pM).

Lemma 5. Under the assumptions of Theorem 3, for any 0 < oy <
o <aand any Ly > 0, L > 0 we have

lim inf inf max{ R(0,0) m

sup
e—o00 @

0€O(ao,Lo) %(Oéo, Lo) 0€O(a,L) 1/15(04'7 L)

} 1—?, (61)

where inf; denotes the infimum over all estimators and vy = o + p, ¥ =
o'+ p.

Proof We will write for brevity Wy, = W*(ao, Lo), W' = W*(«/, L).
Let M be an integer satisfying 1 < M < Wy, and let § € (0,1) be such that
1—W'(1+9)/Wy > 0. Such a choice of ¢ is possible for all £ small enough
since under the assumption ¢; = 1 we have, in view of (21),

. W Yo
lim — = — < 1. 62
WO ’}// ( )
For L = L[l — W'(1 4 8)/W,] set

Wo+M

Oro = {9 = (01,6,,...): Z exp(aok) 02 < Land 6, = 0, |k—Wo| > M}I

k=Wo—M
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Clearly, ©,r0 C O(ag, Ly), and, therefore

e € infmax su Re(é 9) su M
6 HEG(a?Lo) 7,[)5(0107 LO) GEQ(BL) 1/15(0/, L)
(0,6
sup 1nfmax{ 7°(0,6)

R¢(6,0)
6€Onr,0\{0} 0 wa(Oéo,Lo)’ ¢a(a/7L)

Z

from @, to v, by setting, for k

; (63)
where 0 denotes the sequence 6 with all the elements equal to 0. To handle
the last expression, we use again a renormalization. Change the variables

>1-— W(),
— bk‘+W[)0k7+W0

€/ 2pWo

0k+W0
e/ 2pWo exp(p(k + Wo))

and let D), be obtained from 6, by the same transformation, thus defining a

sequence U € Z. We will also write P, E, instead of Py and Ey, respectively.
Clearly, 6 € O,y if and only if v = {v,} belongs to the set

M
Emo = {V €= Z exp(yok) vp <
k

=—M

E and v, =0, |k|>M}

where E = E*(ap, Lo)[1 — W'(1 4 6)/Wy]. With this notation
Re(6,0)

1 M
Y(ao, Ly) A L

A (O[O, Lo)

1 M

st
|k|>M
2 m Z exp(pk)

(U — Vk)2
M
which entails, together with (63), that

€ > S (1 —%)” ﬁ/[: exp(pk)
re > up xp(pk) v
vE€En,0\{0} A aOvLO F

)i
where 0 < dg < 1

Z exp(pk) E, (D), — v1)* + Z exp(pk) E, Uy
——M

L
D; = inf max {B,&2(7,). NBod2(7,0)}, A = el
and d, (v

Ye(a/,L)
), for a fixed v € =\ {0}, denotes the distance between two
sequences vV € = and v® € E defined by

2D, D) = (1 = 5)? Sl exp(pk) () — vP)?

Sal_arexp(pk) v?
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In particular, d,(v,0) = 1 — &y, which allows us to apply Theorem 6 of [18]
resulting in

DE >

£ 52 _ 2
TAZ62(1 — 26,) V(dPO N T) (65)

(1 —2080)% + 7AH3 ap, ~
for any 7 > 0. Now, P, is the Gaussian measure corresponding to the
observations Yy, = v + &raw, /v 2pWo (here Y} is the value obtained from y;
by the same transformation as vy is obtained from 6y,). Thus,

dP
In(dPO>7)::P{am@yémwwv\—pwuww>>r}

where ||v]| = (X pl_,, v2)Y? and € is the standard Gaussian random variable.
Set 7 = exp(p(W' — Wy) + 6pW'/2). Then, for |v||? < [1 — W/(1+6)/W]
we get

P, 1
PV(>T> > P{ > (logr 4 W, y2}

opW’
> ples 0L )
RN AT

spW’ W’ e
> Pl - |1— (140
e gt
def

= p.=14+0(1) as € —0, (66)

in view of (62) and since W’ — oo as € — 0. Hence, introducing the set

= = w’
:M,OZ {VG:.M,()Z H]j”2 < |:1—W/0(1+6):|}
and using (64)-(66) we get

PTA0S (1 — 280)%(1 — p) 2 ) M )

£ > A* ’L k )
' (1 —280)2 + 7202 (A (o, L)) VGE?\;[R{O} k;M exp(pk) v

(67)

Next, note that

M
sup exp(pk) v}
02 ’
W’ a
= {1 - — 1+ 5)] sup Z exp(pk) v}

W, ve®M (a0, Lo)\{0} .= _ps

_ [1 R 5)] Ax (00, Lo). (68)

0

In fact, the first equality in (68) is easy to get using the change of variables
v, = [1—=W'(1+6)/Wo]~ %1, whereas the second one is due to the fact that
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the supremum of the sum over ©Y («ay, Ly) \ {0} is equal to the supremum
over O (ay, Ly).

Finally, for € small enough, due to the definiton of ¥.(-,-) and (62) we
have \* > Cexp(p(Wo — W’)), and thus

T)\E>Cexp(5p;/v>—>oo as € — 0. (69)

To finish the proof of the lemma it remains to substitute (68) into (67) and to
take the limits of the resulting inequality first as M — oo (using Lemma 4),
then as € — 0 (using (66) and (69)), and finally as 6 — 0 and Jp — 0.

Proof of Theorem 3. The assumption of the theorem guaran-
tees that there exists 6 € (0,1) such that

R=(0,0)
su ———<1-6
06@(aEL0) ¢E<a07 LO)

for all € small enough. Substituting this into (61) and choosing in (61) the
value o = 4v0/0 — p > ap we get for o > o’ and for sufficiently small e

. R=(6,0) } ) §
infmax<1—4, sup ——=,>1—-+40(1)>1——.
o { 969(01:4),L) %(a’,L) 4 ( ) 2

Thus, for € small enough,

R<(0,0) AN ACEEY)
06?91(1<£),L) T,ZJE(@,L) g <1 2) ¢€(Q,L) ‘ (70)

On the other hand, it follows from [9] that the minimax risk for ©O(ay, Lo)
satisfies R
inf sup R°(0,0) > Crc(ao, Lo), (71)

6 6€6(aog,Lo)

and, in view of (20) and (21), for 7, = g = 1 we have

7“5(0[0, LO) < 1>—040/’Y0
————= > C| log - .
Ve (o, Lo) & €
Using the last inequality and (70), (71), we get
Re ) el 1 —ao/70 "I
su _F6,6) su 7(6,6) > C’(log ) Ve, 1)
0€O(ag,Lo) d)s(aO,LO) 0€O(a,L) ws(OZ,L) ws(OZ?L)

> 0(og 1) T WD) o (o e, ) - W, 1)

1 —ao/vo+p(1/7' =1/7) ,
> C(log ) e P/ =1/7) 5o
€

as ¢ — 0.
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