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Abstract. The aim of this paper is to describe some numerical aspects Inked to incompressible
three-phase ow simulations, thanks to Cahn-Hilliard type model. The numerical capture of transfer
phenomenon in the neighborhood of the interface require a mesh thickness which become crippling
in the case where it is applied to the whole computational dom ain. This suggests the use of a local
re nement method which allows to dynamically focus on probl ematic areas. The notion of re nement
pattern, introduced for Lagrange nite elements, allows to build a conceptual hierarchy of nested con-
formal approximation spaces which is then used to implement the so-called CHARMS local re nement
methods. Properties of these methods are proved ensuring inparticular the conformity of approxi-
mation spaces at every time of simulations. Furthermore, th e multilevel structure obtained by this
method, is used to construct multigrid preconditioners. Fi nally, after a validation on a model problem,
the performance of the whole method is illustrated on an example of a liquid lens spreading between
two strati ed uids.

Resune. L'objectif de l'article est de cecrire certains aspects nu neriques lesa la simulation decou-
lements incompressiblesa trois phases non miscibles, a laide de mocelesa interfaces di uses de type
Cahn-Hilliard. La capture nurrerique des ptenonenes de t ransfert au voisinage des interfaces requiert
une nesse de maillage qui devient edhibitoire si elle est appligieea I'ensemble du domaine de calcul.
Ceci suggere l'utilisation de nethodes de ra nement loca | adaptatif qui permettent de se focaliser dy-
namiquement sur les zones sensibles. La notion de motif de raenement, introduite pour deseéments
nis de Lagrange, permet de construire une herarchie conc eptuelle d'espaces d'approximation con-
formes emboes qui est alors utiliee pour mettre en oeu vre les techniques de ra nement local dites
CHARMS. Les proprees de la methode sont prouwees assu rant en particulier la conformie de I'espace
d'approximationa tout instant des simulations. En outre, la structure multiniveaux obtenue par cette
methode est exploiee pour construire des pecondition neurs multigrilles. En n, apes une validation
sur un probeme moctle, les performances de I'ensemble sant illustees sur un exemple détalement
d'une lentille pegee entre deux phases stratiees.
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Introduction

During a hypothetical major accident in a nuclear reactor, the degradation of the core may produce multiphase
ows where interfaces undergo extreme topological change®.g. break-up and coalescence. Because of their
ability to capture interfaces implicitly, phase eld model s are attractive for the numerical simulation of such
phenomena [5]. They replace sharp interfaces by thin but norero thickness transition regions where capillary
e ects and changes in uid properties are smoothed. The impled burden on the numerical method lies in the
required resolution of very thin moving internal layers. We present here a general adaptive local re nement
strategy and an associated multigrid solver in order to tacke such issues. We illustrate the method on the
ternary Cahn-Hilliard model taken from [5].

The challenge of local re nement can be expressed in that wayincrease the spatial resolution of some part of
the domain which are dynamically selected at each time stepOf course, the choice of these parts is not obvious,
nevertheless, for the description of the general method, wassume that a re nement criterion is available so
that we know the area to re ne. We will give, in Section 3.3.3, the precise criterion we used for the resolution
of the Cahn-Hilliard model.

To increase the spatial resolution in these selected areaa,solution is to use elements with smaller diameters,
i.e. to split some cells into smaller ones. The main diculty is to preserve, at the same time, the geometric
conformity of the mesh and then its \good" geometric quality. The geometric conformity prevents the so-called
hanging nodes which for di erent reasons are undesired in may applications. For instance, hanging nodes do
not represent degree of freedom and are somewhat di cult to fandle, because the local correlation pattern
of the sti ness matrix is disturbed. When they exist, their t aking into account may be carried out by many
ways, for instance, by direct elimination of these \false” unknowns, or by adding constraint and using penalty
methods or Lagrange multiplier methods. In these cases, nuerical methods and schemes are modi ed.

Another method consists in eliminating non-conformity of the mesh by splitting cells until there is no non-
conformal edge left. In two dimensions, for triangular mesles, we may for instance cite the red-green re nement
method [2]. This technique consists in rst using a \regular" splitting (called red re nement) of triangles in
four congruent ones by connecting the midpoints of its edgesThis re nement preserves geometric properties of
triangles but creates non-conformal edges when a re ned tengle and an unre ned one are adjacent. Therefore,
a second type of re nement (called green re nement) is rst used connecting one edge midpoint and the opposite
corner. This yields a simple bisection which is \irregular" but only used for solving conformity issues. Bey [4] and
Zhang [24] proposed a generalisation of this method to thredimensions. Other methods based only on bisection
have been introduced by Rivara [21, 22] or Mitchell [18] in two dimension and Bansch [3] or Maubach [17] in
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three dimensions. All these methods depend on the choice ohé element and on the dimension. Moreover,
their implementation tends to be quite complex, notably in three dimensions.

A possible alternative considered in this paper is to adopt he point of view of basis functions re nement
instead of cells re nement. In this approach [15], a stock ofbasis functions with increasing spatial resolution
is assumed to be given through a nested sequence of approxitimn spacesXg Xg; J > 1. Local
re nement is then performed by using multilevel approximation spaces containing few basis functions suitably
selected in each approximation spaceX;; j 2 J0;JK In this framework, Krysl, Grinspun and Schreder in [15]
(see also [10, 13, 16]) proposed procedures called CHARMS d@forming Hierarchical Adaptive Re nement
MethodS) which enable to (un)re ne multilevel approximati on spaces. We give here a precise construction of
the nested sequenceéX o X, for suitable Lagrange nite element (e.g. Px;Qk, k > 1) using a unique
re nement pattern and we study a slightly modi ed version of the quasi-hierarchical CHARMS adaptation
technique (the \one-level-di erence re nement rule" is used as a separate criterion, and is not involved in the
proof of the properties of the procedure). Finally, we incoporate multigrid preconditioners [1,8,12,23,24] in
the method. Attractive features follow from this methodology:

there is no modi cation of the discrete problem due to the me#$ adaptation,

the cells are divided into cells of the same type, uniformly @plying the same subdivision pattern,

the possible geometric non-conformity of the adapted mestseare implicitly handled,

there is no speci ¢ treatment due to particular Lagrange nite elements, e.g.Px; Qx, k > 1,

all the procedure is independent of the space dimension,

transfer operators between the di erent grids are not needd for time evolution problems provided that
a suitable de nition of elementary integration domains is used when assembling the system.

The detailed outline of the paper is the following. In Sectin 1, we introduce the notion of re nement pattern
for suitable Lagrange elements (e.gPx and Qx) and we show how a hierarchy of nested conforming meshes can
be built recursively by applying a unique re nement pattern to each cell of a given initial mesh. We investigate
in details the parent-child relationship between basis furctions of successive re nement levels. In particular, we
show that all the coe cients in this linear relationship can be simply computed by considering the re nement
pattern on the reference element. Consequently, the meshdserarchy is never explicitly created since every
necessary information is available on the reference elemen

In Section 2, we describe the local adaptation procedure inhe above framework and we establish its main
properties. In particular, we give precise su cient conditions ensuring that:

the selected basis functions on the various levels are alwaylinearly independent.

no information is lost when re ning a basis function: the re nement algorithm produces increasing
approximation spaces sequences.

the approximation space obtained by re ning (resp. unre ning) a set of basis functions is independent
of the order in which successive re nements (resp. unre nerants) are performed.

Some counterexamples illustrate the fact that these propeties are not satis ed in the general case.

In the second part of Section 2, we show that the multilevel stucture of the approximation spaces built
following the above methodology can be exploited to derive eient multigrid preconditioners. All the results
in this section are illustrated by numerical results on a mocel problem.

Section 3 is devoted to illustrations to more complicated patial di erential equations. We concentrate on
the simulation of three-phase systems thanks to a di use-iterface model of Cahn-Hilliard type. The model is
a non-linear parabolic problem describing the evolution ofthin interfaces. This is the reason why such a local
adaptive approach is particularly fruitful. Interestingl y enough, we focus on the fact that, even though the
approximation spaces may vary from a time step to another, itis not needed to make use of transfer operators
between the di erent grids when assembling the matrix of the system. In the conclusion of the paper, we give
even more complex simulation results we obtained by solvinghe complete three-phase ows model constituted
by a coupling between the Cahn-Hilliard system and the Navie-Stokes equations, which is the main motivation
of this study.



1. Multilevel Finite Element Spaces

1.1. Preliminary notation and de nitions

This subsection introduces some classical notation, de rtions and properties, following [9] and [20], about
meshes and Lagrange nite elements. These would be useful iBections 1.2 and 1.3.

De nition 1.1  (Lagrange Finite Element [20, x4.1]). A Lagrange nite element is a triple (K; ;P) where
K is a compact, connected, Lipschitz subset oR? (d=1; 2 or 3),

= fax 2K;16 k6 Ngis a setofN distinct points belonging to K, called the Lagrange nodes,
P is a vector space of functiong: K ! R such that is P-unisolvent [20, Def 4.1-1], i.e.

8( 1;::1; n)2RN:9p2P; 8k2JINK plak) = «:
The element (K; ;P) is called a polygonal Lagrange nite elementi K is a polygon.

De nition 1.2 (Mesh [9, Def 1.49]) Let ! RY (d=1; 2 or 3) be a domain [9, Def 1.46]. A mesii of ! is a
setfKe ;16 e6 Neg of compact, connected, Lipschitz subsets of with non-empty interior (called cells),
such that
= Ke and,
e=1

Ke\ Kt = ; for any pair of distinct cells (Kg; Ky).
De nition 1.3 (Finite element mesh generated by a reference element [81.3.2] ). Let T = fK¢;16 €6 Neg

be a mesh of a domain! . Let (Ib; b, Ib) be a polygonal Lagrange nite element, hereafter called réerence
element. We say that the meshT is generated using the reference elememq; b, Ib) i

For all e2 J1;N¢K there exists a C-di eomorphism T from 1 to K¢:

When the transformations Te; 16 €6 Ng, are a ne, the mesh is said to be a ne.
For all e2 J1;NcK we can de ne a Lagrange nite element K¢; ¢;Pe) by setting:
e = To(§ and
Pe=fp T.1;p2Mg.

Remark 1.4. We always assume that the reference element is polygonal. M@ver, depending on the mapping
Te, a cell Ke may be non polygonal [9, Figure 1.13].

The following de nitions are commonly used in order to build H*(! )-conformal nite element approximation
spacesX , i.e. such that X  HY(!), see Proposition 1.10.

De nition 1.5  (C°-class element [20, Def 5.1-2])The polygonal Lagrange nite element (Ib; b, Ib) is a C%-class
element i

P Co) and

for any face® of Ib, b\ bis ij,b-unisolvent Wherelbj,b = f'bj,b; b2 Ibg.

De nition 1.6  (Compatibility requirements [20, Def 5.1-3]). The compatibility requirements for the Lagrange
reference element ; P; D) hold i for all faces B, and B, of R, for all a ne invertible function A such that
B, = R(B,), we have,

b\ B, = Ab\ B) and

fop:b2Bg=1fb Ry b2 b
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De nition 1.7  (Geometrically conformal mesh [9, Def 1.55]) A meshT = fK¢;16 e6 Neg of a domain! is
said to be geometrically conformal i for all cells K. and K¢ having a non-empty (d-1)-dimensional intersection,
say F = K¢\ K¢, Tg Y(F) and T, Y(F) are faces of @, and there exists a bijective a ne transformation
R:T,YF)! T, (F)suchthat R T,*=T, onF.
Remark 1.8. De nition 1.7 implies, in particular, that for any pair of di stinct cells (K¢; K¢ ), the intersection
Kel Ky is:

either empty or a common vertex in dimension 1,

either empty, or a common vertex, or a common face in dimensio 2,
either empty, or a common vertex, or a common edge, or a commoface in dimension 3.

An example of a geometrically non-conformal mesh is shown ifrigure 1.

Figure 1. Example of a geometrically non-conformal mesh.

Remark 1.9. In case that the mesh is geometrically conformal, De nition 1.6 implies, in particular, that the
Lagrange nodes on a common face belong to each element shayithe face. An example of incompatible node
positions is given in Figure 2.

® \ et HH]
) il e=fog
Ib Ke Kf
. 4 m ¢ =f0Og
° & e Al
T

Figure 2. Example of incompatible node positions.

Let T = fK¢; 16 €6 Neg be a mesh generated using a Lagrange reference nite eleme(t#; b; ). Owing
to De nition 1.3, we can associate to this mesh:
a set of geometric mappingd Te : R1 Kql16e6 Neg.
a set of Lagrange nite elementsf (K¢; ¢;Pe);16 €6 Neg.

a set of Lagrange nodes = e. Let us denote by Ngor = # the number of Lagrange nodes, so
e=1

that we can write = fa;;16 i 6 Ngo0Q.

a set of basis functionsf' {;16 i 6 Ngorg de ned as follows. First, for e 2 J1;NKand k 2 J1, N Kwhere

the k-th local Lagrange node in thee-th cell of T. That is

8e2 J1;NeK 8k 2 JLNK ) (ex) = Te(hi):



Furthermore, since Pis B-unisolvent, we have:
8k 2 J1; K 91, 2 ®; 8 2 J; K be(B)=
We can then associate to each noda;; 16 i 6 Ny, a basis function' ; de ned elementwise by

b, T, lif there exists k 2 J1; 'K such that | (e;k) = i
0 otherwise

ijKe =
Owing to this de nition, we denote by supp[' i] the following subset of! :

[
suppl i] = KeWhereE= €2 JI;NeK 9k 2 J1; NKi = I (e;k) :
e2E

a H(! )-conformal approximation space [9, Prop 1.74]
X = v2Co); 862 J1;NeK vix, 2 Pe

The advantage of this construction is not only to produce a H(! )-conformal approximation space but most
important to provide an explicit basis of this space. Indeed we have the following result:

Proposition 1.10.  Let (Ib; b, Ib) be aCP-class polygonal Lagrange reference element satisfyingecompatibility
requirements 1.6. LetT = fK¢;16 €6 Neg be a geometrically conformal mesh of generated using the
reference element(i; P:®). Then, we have' ((a-)= ; and

1,000 Ngs 1S @ basis ofX:

Proof. See [9, Prop 1.78]

1.2. Re nement pattern

Let us now de ne the notion of re nement pattern and the assodated compatibility requirements that will
be useful to generate geometric conformal uniformly re nedmeshes in Section 1.3.1.
De nition 1.11  (Re nement pattern) . Let

(Ib; b, Ib) be a C°-class polygonal Lagrange reference nite element satisfigg the compatibility require-
ments 1.6,

P=1M.16 e6 NMgbe a geometrically conformal a ne mesh of the interior of R generated using
the reference element R; b: B itself.

Then, we say that (R; b;®;P) is a re nement pattern.

Owing to the previous subsection let us denote by
fP:l1 wM 16 es Mg the set of geometric mappings,
f (R, bl b1 6 e6 Mg the set of Lagrange nite elements,
bl = talY;16 k 6 Mg the set of Lagrange nodes,
fbi';16 k 6 Mg the set of basis functions,
associated to the meshP.
De nition 1.12  (Compatibility requirements) . We say that a re nement pattern (®; b; ;) satis es the
compatility requirements i
for all e2 J1; 0K £ o' 2 bg B
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for all faces®;, B, of R, for all a ne invertible function A such that B, = A’(Ibl), for all faces Ibl[” B,
of an element®, R(BIM) b, is exactly a face of an other element®!!),
any node of bis also a node of P, thatis b b,

Remark 1.13. The De nition 1.12 is used to avoid re nement patterns which would lead in the sequel to
non-conformal meshes. An example is given with Figure 3.

(% NG

oLl N
e} folH

Figure 3. Example of an incompatible re nement pattern.

The compatibility requirements of re nement patterns 1.12 are also used to etablish the so-called re nement
equation on the reference element which is the cornerstond € HARMS method [15].

Proposition 1.14  (Re nement equation for the re nement pattern) . Let (R; b;®;P) be a re nement pattern
satisfying the compatibility requirements 1.12. We have ta following relationship

]

8k2 ;MK b= BepM where B = b(dY):
=1

Proof. Owing to Proposition 1.10, fbl;:: :;'bglﬂ g is a basis offv 2 CO(R); 8e 2 J1; Mk Vipp 2 btg.

[ e

we have8e 2 JL; ik i 2 ®Y . Hence, there exist coe cients B such that

R[ll
Ibk -

B Bl

=1
Finally, the coe cients b, can be obtained thanks to the relationship'b[”(b{l]) =

Notations of this section are illustrated by Figures 4 and 5 vhich show the complete re nement patterns and
all the re nement equations of .Q;-square andP;-triangle elements.

Since the geometrical con guration is more complicated forthe Q,-square element, we only give in Figure 6
the non-zero coe cients in the re nement equation associated to three coarse basis functions. More precisely,
on each picture, the coarse basis function represented by aldrk bullet is the linear combination of the ner
basis functions represented by circles with the coe cientsmentionned nearby. The other re nement equations
can be readily obtained by symmetry.
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Figure 4. Q-square re nement pattern and re nement equations.
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Figure 5. P;-triangle re nement pattern and re nement equations.
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Figure 6. Q2-square re nement coe cients.

1.3. Multilevel nite element approximation spaces

Let be a bounded domain of RY, d = 1;2 or 3. The purpose of this section is to give an automatic
way to construct H()-conformal multilevel nite element approximation spa ces from an initial geometrically
conformal meshTy and a given re nement pattern. Let J 2 N . First, we construct a hierarchy of nested

approximation space is obtained by selecting some basis fetions associated to each mesfij, 06 j 6 J in a
way that guarantees linear independence of the selected biasfunctions.



1.3.1. Hierarchy of nestedH?() -conformal approximation spaces. Parent-child relationip

Let (R; b;®;P) be are nementpatternand j 2 J0;J 1K In this subsection, we assume that a geometrically
conformal meshT; = fKU)1;16 e6 NUlgof is given, that this mesh T is generated using the reference
element (®; P;®), and then we explain how we can build the mesH; . .

In the sequel, all mathematical objects associated to the meh T; will be marked with the sign j as follows:

T is the geometric mapping used to generate(gl, ie. KU = Te[”(lb),
b1

f aj cical ][” g is the set of the Lagrange nodes of the mesl , called level-j] nodes,
. Ndof .
Bj = f' [l”; Y En]“] g is the set of basis functions of the mesf;, called level-j] basis functions,
dof ) .
Xj=fv2 co(); 8e 2 Ji, Né”K Vi i) 2 Pé‘]gis the H()-conformal approximation space associated

to Tj.
Owing to Proposition 1.10, the following result holds:

Bj is a basis of the H()-conformal approximation space Xj:

De nition 1.15. We de ne the set T;.; as follows:
n ' ' o]
Too = KUM= T0l(M):16 e6 NIl;16 f 6 0

Proposition 1.16.  The setT;., is a geometrically conformal mesh of generated by the reference elemen®.

Sketch of the proof. For the sake of simplicity, we only give here a sketch of the poof. It is straightforward to
see that Tj,; is a mesh of . Hence, we only have to prove that it is geometrially conformal. Let Kgf”] and
KEJ%] be two cells which have a non empty ¢ 1)-dimensional intersection, sayF = Kgf+l] \ Kgoﬁ] . The
proof is based on dierent arguments depending on whethere = €® or e 6 €% In the rst case, we use the
geometric conformity of P whereas in the second case the result is deduced from the geetrical conformity of
T; and compatibility requirements 1.12.

The last point of the compatibility requirements 1.12 obviously ensures that a level{] node is also a level-
[} +1] node. That is
gk 2 J;NJJ

of

o R NV () N A
K9 23Nk alll =gl 1)
We can now prove that our construction leads to embedded apmximation spaces:

Proposition 1.17. It holds that X;  Xj+1:

Proof. Letv2 X;,e2f1;:::; NEJfg andf 2f1;:::;008g. By de nition, Vi1 2 PJ1. This is equivalent to

v T8 2 . Using the compatibility requirements 1.12, we havev Téj]“bfm 2 |bf[1]_ Hence, we getv TJ! b2,

which exactly means thatv, . 2 ngl] , and the claim is proved.
ef

For the following result, we have to introduce relevant indexation of level-[j ] and level-[ +1] nodes. Note that
level-[j ] and level-| + 1] nodes belonging tok U1 are, by de nition, image of nodes of Pand bl respectively
under the mapping TI1. Hence, we denote by:

1 1(e; k) the index of the level-[j ] node which is the image ofa, under the mapping T8!. That is

8(e;k) 2 J;NJIK J1; 0K a{j[}](e;k) = TU1(ay):
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| :11(e; ") the index of the level-[ + 1] node which is the image ofd™ under the mapping TY!. That is

8(e;)) 2 JLNIIK J1; MK gl )= Ti(@M):

| [ 1] (e
Proposition 1.18 (Re nement equation). The following relationship holds:

[ +1]
N f

gi2 ;NK D)= A (RE)
t=1

where the coe cients i[t” are given by: 8(i;t) 2 J1, N(EjolfK J1; N(Ejo‘f“l] K

M- B if9(eik;) 2 IGNIIK LMK a1 RMKst i = 101(e;k) and t = 10 1(e;);
it 0 otherwise

Remark 1.19. Note that the coe cients B only depend on the re nement pattern. Hence, these coe cierts
can be computed beforehand. They are in small number and thefore, requiring a low memory cost, they can
be stored. Thus, the above re nement equations can be dedudewithout computation of any coe cient. In

practice, coe cients i[t” are obtained thanks to a loop on levelq] cells included in supp[ i[”] by setting: for all

e2 JI;NYKsuch that K81 suppp U, for all (k;*) 2 J1; 0K J1; 1K

lil —b..
101(ek)I 0 U(e;) — q< ’

and other coe cients are zero. Remark that, such a loop may lad to consider several times the same pair of
indices (1 U1(e; K); 1 U: 1(e; ")) for distinct e;k; . Proposition 1.18 ensures that corresponding coe cientsB are
the same.
Proof of Proposition 1.18. Let i 2 J1; Nc[,jO]fK The basis function' i[” belongs toX;. SinceX;  Xj+1 and Bj+
is a basis ofXj .1, the existence of the coe cients i[t” is straightforward.

Let (i;t) 2 I;NUIK 31 NI K We have:

Ny
O — 1 O+1].
= A (2
t=1

Case 1 : there exists ¢;k;") 2 J1; NIIK a1, 0K 31 W Ksuch that i = 10](e;k) and t = 10:3(e;).
The restriction of (2) to KQ] yields:

[1]
1 . .
| j — li] [+ .
bk T«y] - il (el 10U (el)
1=1

Owing to Proposition 1.14, we have:

&[1] 1 R[ll 1
(1] i - l] (1] j .
bkl bl T(y] - il 01 (e;l) bl T(y] .

1=1 1=1

Evaluating this equality at T91(a™), it follows that U1, . = B Thisis exactly = B
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Case 2:8(e;k;)) 2 I;NIK ;0K J1; 00K 6 10(e;k) or t 8 10:1(e;).
Let e 2 JI;N¥Kand * 2 J1; @WK such that t = 10:1(e;"). We necessarily have, by assumption,
8k 2 J1;0K i 6 1l](e;K). Hence, we get:

Whe [
S} i
_ j 1 _ j 1] i 1.
0= 2 [J+ 1 Kl i 9 (o) b[ (Té”) :
s=1 v=1

li]

-0 This i 1 —
i 5 u(ery = 0: Thisis exactly, i =0.

Evaluating this equality at TUl(a%) yields

The re nement equation (RE) introduces a relationship between a level{] basis function and some levelj[+1]
basis functions which are called its children.
De nition 1.20  (Parent-child relationship for basis functions). In the case where i[t” 6 0, we say that:

the level-[j ] basis function ilis a parent of the level-| + 1] basis function ' P L

the level-[] + 1] basis functloln ' “ "1 is a child of the level-| ] basis function' i[”.
For this reason, the re nement equation (RE) is also called he parent-child relationship. Along the same
lines, we can de ne a parent-child relationship for cells.
De nition 1.21  (Parent-child relationship for cells). Let e2 Ji; NIk
Forall f 2f1;:::;8"g, we say that the level-| + 1] cell K™ is a child cell of the level-[] cell K 1.

Conversely, we say that the levelq] cell Ké” is the parent cell of each levelq[ + 1] cell Kgf”] , for

Remark 1.22. A cell has at most one parent cell whereas a basis function malave several parents. Never-
theless, let us identify some basis functions which have oplone parent.

Proposition 1.23  (Private Child) . Let (k;") 2 J;NU K 31; N Ksuch thatall = al Y Then,

' E] is the unique parent of' i1

Proof. For 16 i 6 Ngo]f, the parent-child relationship yields:

)
Yof
! [J](a[J])_ [l] [J+1 (a [l+1]):

This is exactly:
o= 0L
ik — -
Thus, the basis function' !** has a unique parent which is' “]
Summary 1.24. Let (K; P;D;P) be a re nement pattern. Let To be a geometrically conformal mesh of
generated using the reference elemenlkl; b, Ib). By applying uniformly the re nement pattern as described in
this section, we are able to construct:

a hierarchy of nested meshesJy; Ty; :::; T; (Figures 7, 8, 9),
a hierarchy of nested H()-conformal nite element approximation spaces Xo X1 X3,
basis function sets B; By; :::; B, spanning the above approximation spaces such that two corgutive

sets are linked by re nement equations,



12

Mesh Basis Function Set Approximation Space
Level 0| To BO:f'LO];kzl;:::;Nggfg Xo = span Bp
Level 1| T, |[By=f Mk=1;::5;NMg [ X, = span By
Level J T, BJ:f'E];kzl;:::;Néf)f]g X; = span B;

Table 1. Conceptual hierarchy of nested conformal FE spaces.

level O level 1 level 2 level 3

Figure 7. SquareQ:. Nested meshed;.

level O level 1 level 2 level 3

Figure 8. Tri/Quadr-angle- P1/ Q1. Nested meshed;.

Table 1 gives a summary of notations used in the sequel.

Note that the hierarchy of nested meshes is never explicitlcreated. This conceptual structure is introduced
in order to explain the re nement method but in practice, the re nement pattern can be applied only locally
where basis functions have to be e ectively re ned.

1.3.2. Multilevel basis and multilevel approximation spaces
We assume that a structure as presented in Summary 1.24 is gin and we use the same notation (Table 1).
J
The aim of this subsection is to explain how we can select somigasis functions in  B; in order to ensure the
i=0
linear independence of the selected family.
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S
Proposition 1.25. Let B be a subset of fzo Bj. In the case where two nodes associated to distinct basis
functions of B do not have the same location, i.e.

0 : . : : 1
8(1;j 9 2 30;3K; 8(k;k9 2 ILNIIK ;N IKsuch thatalll = all));
Q@ A (Pu)

) 0 ) )
(IE]ZB;IEO]ZB)_) (J_Jo;k—k);
then B is Iinearly independent.

Remark 1.26. Note that (al! = aEOD] andj =9 =) k=Ko
Proof. The property (P, ) implies that
0 , , 1
@801 02 0,3K; 8k K) 2 ILNGGK L, NI TKsuch that j > j; A -
(P28 k'2B)=) " Llalh=0;

. i 0
because, owing to (1),a“] is also a level{9 node and, by (P,), this node is certainly di erent from an]

k
(otherwise j°= j ). Consider a linear combination of basis functions belonging to B such that
X
=0, (4)
' 2B

and assume thateE= f' 2B; - 6 0gis not empty. We can then de ne
jm =minfj 2 J0;JK9k 2 J;;NlKsuch that* ! 2 Eg;

and select aky 2 J1;NUnlKsuch that - En:”] 2 E. Letj 2 J0;JKand k 2 J;;NJ]Ksuch that * ! 2 E and
lim]

(i;k) 8 (jm;km). Owing to (3), we have' E](aEn:”]) = 0. Hence, evaluating the linear combination (4) at a; "
yields . .1 =0. This is a contradiction and the claim is proved.
Km

Owing to Proposition 1.25, we give the following de nition of a multilevel basis.

De nition 1.27  (Multilevel basis and multilevel approximation space). We call a multilevel level basis a subset
[J

B of  B;j satisfying the property (P, ). By Proposition 1.25, this set is actually independent. A pace spanned
j=0

by a multilevel basis is called multilevel approximation space.



14

Remark 1.28. Let V = span B be a multilevel approximation space andu 2 V. The coordinates of the
expansion ofu in the multilevel basis B are not necessarily the values ol at the nodes associated to the
corresponding basis function, since two basis functions di erent levels may have overlapping supports.

2. Adaptation procedure and multigrid preconditioners

The adaptation consists in adding or removing some basis furtions of a given multilevel basisB” in order
to produce a new multilevel basisB whose spatial resolution will be better suited to the problen. The main
points are to ensure that the Un/Re nement algorithm will ac tually produce a linearly independent family of
basis functions, and that no information is loss during the e nement process. Section 2.1 is devoted to the
proofs of such properties. Then, in Section 2.2, we show howotalso use the multilevel structure obtained by
the adaptation algorithm in order to build a multigrid preco nditioning algorithm which let us solve a multilevel
linear system with a moderate computational cost.

2.1. Adaptation

2.1.1. Re nement/Unre nement procedures
Given a multilevel basis B, let us rst introduce the notion of B-re ned basis functions.

De nition 2.1 (B-re ned basis functions). Let B a multilevel basis. Letj 2 J0;JKand k 2 J1; Ngo]fK The
basis function’ “] is said to beB-re ned i:

902 Jj +1;JK 9k°2 JL;NI Tk such that* I;) 2B and al! = all,):

Moreover, if the above condition holds forj°= j + 1 then we say that the basis function' “]

once.

is B-re ned only

Remark 2.2. Owing to Property (P, ), notice that:

the indicesj ° and k° are necessarily unique.
a B-re ned basis function does not belong toB.

il 0] -[1]
k

Remark also that, by Proposition 1.23, if is only onceB-re ned then ' * is the unique parent of

Let us give the following lemma which will be useful in the folowing proofs.

o 05 10 0g i NP A P aA
Lemma 2.3. Letj 2 00;JKandj°2 J0;J 1Ksuch thatj®6 j. Let (k;;"9 2 J;NBIKk ;N Kk g1 N D Tk

i +1] -[1] o [+

=al!and then the nodea“] is necessarily at the same position that the nodes

[1 +1]

If at
[J

is a parent of
and a:

Proof. Sincej®6 j, owing to (1) and a straightforward recurrence, there exiss t 2 Ji; Ngostuch that a'

al™ We can apply Proposition 1.23 which proves that' {” is the unique parent of' U+ Hence,' “] = { 2
and then, k = t.

We can now describe the re nement and unre nement procedure

Algorithm 2.4  (Quasi-Hierarchical Un/Re nement) . Let B? be a multilevel basis.

Re nement: Let ' E] be a basis function belonging td”.
Re ning the given basis function' E] 2 B” consists in producing a new multilevel basi8 by
{ removing this basis function' E], and

adding all its children ' V"Y' which are not B?-re ned.
g
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This can be written in a compact way as follows:
B = B’nf' Jlg[f children of ' }! not B?-re ned g:

Unre nement: Let ' E] be an only onceB’-re ned basis function without B?-re ned children.
Unre ning the given basis function ' E] 62 B consists in producing a new multilevel basi8 by
{ adding this basis function’ “] , and

{ removing those children of' E] which have no otherB?-re ned parent .
This can be written in a compact way as follows:

B = B’nfchildren of ' “] without other B”-re ned parentg [f ' “]

Proof. As claimed in the above algorithm, we have to prove that re nement and unre nement procedures
produce actually a multilevel basis. That is to say that B satis es the property (Pu) Indeed, let' “], ' “ ) two
basis functions belonging toB such that a“] = a“ 7. We have to show thatj = j©
Re nement: Assume that B is obtained from B? by the re nement of a basis function belonging to B?,
say' J°' 2B?, so that we have

B = B’nf’ E0°]g [f children of ' E(f] not B’-re nedg:

{ If’ E] and’ “ ) belong both to B? then, sinceB? satis es the property (P, ), we readily nd j = j°
{ Otherwise, assume for instance that “] does not belong toB?. By de nition of B, ' E] is then a
child of * [“’] which is not B?-re ned, say' “°+1] Jie.k="0,j = jo+1.
If “ ) 2 B then, since’ “00 Yis not B -re ned, we havejo+1 > j% Assume thatjo+1 >j °
Lemma 2.3 yleldsa“O] = al ). sinceB? satis es the property (P, ), we obtain jo = j%and
ko = k° but “01 62 Band ' [, 7 2 B. This is a contradiction and we getj = jo+1=jC
Otherowise,' Eo] is a child of' “O] , say' UO"O”] ,ie. k9= "o%andj = jo +1. Hence, we have
Unre nemefnt ,JAs.sume that B is obtained from B? by the unre nement of a only once B?-re ned basis
function, say ' | “0 , so that we have

T U]
kQD g'

B = B?nfchildren of ' EO"] without other B’-re ned parentg [ f

{ If’ E] and' “ belong to B? then, since B? satis es the property (P, ), we getj = j°
{ Otherwise, assume for instance that' E] does not belong toB?. By de nition of B, we have
' [” ="' EO"], i.e. k= Ko, j = jo. Arguing by contradiction, we assume thatj®6 j. We have
106 jo and so,’ “ ;) 2 B?. However,' “"] is an only onceB’-re ned basis function, so there exists
02 01 NC[,'O‘}]Ksuch that* U 287 and alo*t = al°l. owing to Proposition 1.23,a**"! = a[!
implies that ' “0 is the unlque parent of' ['00 Y Therefore, since' | “0 s a child of* “0 without
other B”-re ned parent, we get' * lo*1 62 B However, sinceB” satis es the property (P, ) and since
alo = an], we havej®= jo + 1 and k%= . Finally, we get ' U 7 62 B This is a contradiction

0

and we obtainj = jC
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Remark 2.5. This algorithm is consistent with De nition 2.1. Indeed, ow ing to Proposition 1.23,
if B is obtained from B? by the re nement of the basis function ' E], then ' E] is a B-re ned basis
function in sense of De nition 2.1 ; ’ _
if B is obtained from B? by the unre nement of the only once B?-re ned basis function * E], then ' E]

is no longer aB-re ned basis function in the sense of De nition 2.1.

[ o Level-[0]
6
Y = ~ P Yo P
e nement 4 g 6 O Level[1]
' gl] , [101 . [11] ' [21] . gl]
a Jan) iy
. [0] Q [0] G J. [0]
1 B’) 2 B 2
[0 0 [1] 1 [1] 1 [1] 1 [1]
2= 3t53 2 +t5 6 t7 5

Figure 10. Re nement do not preserve the linear independence of multgvel set not satifying (P ).

Remark 2.6. Re nement and unre nement procedure described in Algorithm 2.4 do not preserve in general
J

the linear independence of multilevel basis function set 8 (with B  Bj) which do not satisfy the property
i=0

(PL). An example is given in Figure 10. The family B? represented on the left hand-side is linearly independent

(but do no satisfy (P,)) whereas the family B, on the right hand-side, obtained from B” by re nement of * E)],

is not a linear independent family.

2.1.2. Conservation of information

A desirable property of a re nement procedure is that it does not involve a loss of information. It means
that, if B is obtained from B? by re nement of a basis function, then spanB” spanB, i.e. the re ned basis
B allows for any function in the original basis B? to be reproduced exactly. However, the re nement procedure
described in Algorithm 2.4 is not lossless. An example is gen in Figure 11. Nevertheless, we can prove the
following results.

Proposition 2.7. Let B be a multilevel basis satisfying the following property:
A child of a B-re ned basis function either belongs toB or is itself B-re ned: (PLo)

Then, all B-re ned basis functions belong tospan B.
Proof. By a recurrence on the level of basis functions, we prove the following statement ;) for all j 2 J0;JK

All level-[j] B-re ned basis functions belong to spanB: (Hj)

A level-[J] basis function cannot beB-re ned. Hence, the statement (H;) is straightforward.

Letj 2 J0;J 1K Assume that the statement (H;+1 ) holds and let" E] be a level-[] B-re ned basis function.

Owing to Proposition 1.18, we have X
i

(1 [i+1]
k ko

NN [j 1 is

achidof U
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® Level-[0]
> ® © O Level[1
Re nement | 511] . [51] vel-[1]
of
. [0] © Level-[2]
1
© ® o
1 [O] 1 [2] ' [1] . [2]
1 3 3

) PO 1 T R R 4
[1]6$panf []’ 51]’ []’ g]g

Figure 11. Re nement of multilevel basis is not lossless.
Moreover, property (PLo ) implies that all basis functions ' I **

B-re ned. In the last case, the recurrence assumption Kl .1 ) yields
the recurrence is established.

involving in the above sum are either inB or
+ 01 2 spanB. Hence,' !! 2 spanB and

Theorem 2.8. Let B be a multilevel basis satisfying property(P o) and obtained from the multilevel basisB”
by the re nement procedure (Algorithm 2.4), then

spanB? spanB:

Proof. Assume that B is obtained from B? by the re nement of the basis function ' E;] 2B?. Let' )1 2B”.
if* 076 U9 then Ul 28,
else' 0= “01 wh|ch is B-re ned. Proposition 2.7 ensure that ' !! 2 spanB.

Then spanB? span B.

Moreover, the re nement and unre nement procedures preseve the property (PLo). Let us begin with the
following lemma.

Lemma 2.9. Let B? and B be two multilevel basis. Let' “ I be aB’-re ned basis function and “] be a

B-re ned basis function.
1) If B is obtained from B? by the re nement of a basis function' EO] 2 B” then
O E is also B-re ned,
(i) E] is either B?-re ned or equal to ' “01

2) If B is obtained from B? by the unre nement of an only onceB?-re ned basis function ' ED] then
O E?] is either B-re ned or is equal to ' “01

(i) E] is also B”-re ned.

(iii) Moreover, if we assume that [j??] is only onceB”-re ned then ' E:] is either also only onceB-re ned

or is equal to' “01

Proof. Since' I, is B?-re ned, there existsj 7> j ? andk?°2 J1; NI TKsuch that* ;) 2 B andal,? = all)).

Along the same lines, since I' is B-re ned, there exists j°> j and k®2 J1;NJK such that * “ ) 2 B and

all = gl
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1) Re nement of ' “[f]
@ 1f 0728 then ' U7 is B-re ned; else’ U, = - bol and since’ ! is B-re ned, a fortiori ' .1 is
B-re ned.
(i) 1f Uy ) 2B? then * 01'is B?-re ned and the claim is proved. Otherwise," U ) is a child of “01 , say
' “O°+1] ie.j%=jo+1, k°= . We haveal! = a“°+l] andjo+1>j, then owing to Lemma 2.3,
all=al ifjo=j then' 1= 1 elsejo >, since’ |1 2B7, "} is B?-re ned.
2) Unre nement of ' E(f]
i) If * U128 then' U, is B-re ned and the claim is proved. Otherwise, " i, is a child of “01 , say
kK K’ K
' [’0°+1] ie. 7%= jo+1, k0= "o, We havea[J e a[JO Yandjo+1>j7 then owing to Lemma
2.3,al, = aEO] If jo=j” then' [, - [“’] ; elsejo >j 7, since’ “01 2B, “ I'is B-re ned.
iy 1f U i 2 B? then ' Ul is B?-re ned; else’ “ e vo) and since’ [“’] is B?-re ned a fortiori ' [l is
B7—re ned.

(iii) Here, we assume thatj?°= j?+1. If ' Ew] 2 B then' E;] is only onceB-re ned and the claim

i 20 -
is proved. Otherwise,’ b’V is a child of' E(f] However,owing to Remark 2.2, E?] is the unique

K20
£ 20 i? j
parent of ' E?o]. Hence, we get E?] = E[?]

Proposition 2.10. The re nement and unre nement procedures of multilevel bass (in the sense of Algorithm
2.4) preserves the property(Po).

Proof. Assume that the multilevel basis B” satis es the property (P.o). Let ' E] be aB-re ned basis function
and' U pe a child of' !!. We have to show that* U™ either belong to B or is B-re ned.
Re nement: Assume that the multilevel basis B is obtained from B? by the re nement of a basis function
' EO"] 2 B?. By Lemma 2.9 property 1) (i), ' E] is either B?-re ned or equal to Ef] Consider the two

cases:
{ If" E] is B”-re ned. Since B? satis es the property (P o ), only the two following cases are possible:

+ U+ is B?-re ned. Owing to Lemma 2.9 property 1)(i), this implies tha t ' U+l is B-re ned.
U 287 And then, ' U 2B or U = Bl which is B-re ned.
{1t E] ' “"] , all its children are either in B or are B?-re ned. Owing to Lemma 2.9 property 1)(i),

they are elther in B or B-re ned.
Unre nement: Assume that B is obtained from B? by the unre nement of an only once re ned basis

function ' U°! of B?. By Lemma 2.9 property 2) (i), ' U} is B?-re ned. Since B? satis es the property
ko k
(PLo), only the two following cases are possible:
{" 0+ is B-re ned. Owing to Lemma 2.9 property 2)(i), this implies tha t
' [j"'l] . [JO 2B.
{ U 2 B% And then, we have' V" 2B or* U*" is a child of * [°! with no other B?-re ned
parent. The last case is impossible. Indeed,; E] is B?-re ned and then, by unicity, we would
have ' “] =" E[f] However, ' E[f] is not a B-re ned function. This is a contradiction and we get

e 2B.

U+ s B-re ned or

Remark 2.11. Note that the properties (P) or (PLo) are not so restrictive since they are preserved by
Un/Re nement procedures and since it is straightforward to see that they are satis ed by the coarse basis B

which is used, in practice, for starting the adaptation algaithm.



19

2.1.3. Adaptation procedure
Proposition 2.12.  Let B? be a multilevel basis.

1) Let E? B “. It is possible to re ne successively all basis functions benging to E?, hence producing a

multilevel basisB which is independent of the order in which the basis functichwere re ned.
We say thatB is obtained from B? by the re nement of the set of basis functionsE?.

2) Let F? be a set of only onceB’-re ned basis functions which have noB’-re ned child. It is possible to
unre ne successively all basis functions belonging t& ?, hence producing a multilevel basi$8 which is
independent of the order in which the basis functions were we ned.

We say thatB is obtained from B” by the unre nement of the set of basis functions ?.

Proof. In the two cases, we rst have to prove that successive (un)renements are possible and then that the
obtained multilevel basis B is independent of the order in which the basis functions are n)re ned.

1) { Let' 2 E?. The setE’nf' gis included in the multilevel basis produced by the re nemert of
since, in this procedure, only' is removed fromB?. Hence, all basis functions inE’nf' g can be
then re ned.

{ Itis sucient to prove that B is independent of the order in which the basis functions are & ned
in the case where #E? = 2, say E? = f'; g. Denote by B the multilevel basis obtained by the
re nement of ' in B? and then by B the multilevel basis obtained by the re nement of in B. By
de nition, we have

B = B’nf' g[f children of ' not B”-re nedg (5)

and
B = Bnf g[f children of not B-re nedg (6)

Applying Lemma 2.9 property 1) (i) and (ii), we get
f B-re ned basis functionsg = fB ?-re ned basis functionsg [f ' g 7

Hence, combining (6) and (7), we obtain

B = Bnf g[f children of not B’-re ned and di erent from ' g (8)

Combining (5) and (8), we get
B = B?[f childrenof' and which are not B’-renedg nf; ¢:

This expression shows thatB do not depend of the order in which the basis functions and were
re ned.
2) { Let' 2F?. Denote byB the multilevel basis obtained by the unre nement of ' in B?. We have
to prove that all basis functions of F ?nf' g can be unre ned in B,i.e. that any basis function of
F?nf' gis only onceB-re ned and has no B-re ned children. Let 2 F ?nf' g. Owing to Lemma
2.9 property 2) (iii), since is only onceB?-re ned basis function di erent from ', is only once
B-re ned. Furthermore, if  has aB-re ned child then applying Lemma 2.9 property 2) (i), this
child is also B?-re ned. This a contradiction and the claim is proved.
{ Itis sucientto prove that B is independent of the order in which the basis functions are ore ned
in the case where #F” =2, say F? = f'; g. Denote by B the multilevel basis obtained from B?
by the unre nement of ' and then by B the multilevel basis obtained from B by the unre nement

of . By de nition, we have

B = B”nfchildren of ' which have no otherB’-re ned parentg [f ' g 9)
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and
B = Bnfchildren of  which have no otherB-re ned parentg [f g (10)

Applying Lemma 2.9 property 2) (i) and (ii), we get
fB ”-re ned basis functionsg = f B-re ned basis functionsg [f ' g (1)
Hence, combining (10) and (11), we obtain
B = Bnfchildren of which have noB?-re ned parent except possibly' g[f g (12)
Combining (9) and (12), we get
B = B?nfchildren of' and which have noB’-re ned parents except possibly' and g[f " g

This expression shows thatB do not depend of the order in which the basis functions and were
re ned.

With this de nition at hand, we can give the re nement algori thm.

Algorithm 2.13  (Adaptation procedure). Let B” a multilevel basis. Assume that, thanks to a re nement
criterion, we are given the setE’ B 7 of basis functions to re ne and the setF ? of only once B?-re ned basis
functions (without B”-re ned children) to unre ne. The adaptation procedure consists in the two following steps:

1) Re ne the set E?, thus producing a new multilevel basis.
2) Unre ne the set of basis functions of F? which are still only once B-re ned basis functions without
B-re ned children.
2.1.4. One-level-di erence rule
In practice, the following criterion is used to ensure the conmon rule of \one-level-di erence re nement” [15].

Criterion 2.14  (One-level-di erence re nement rule). Let B? a multilevel basis. A basis function ofB? may
be re ned only if all its parents are B?-re ned.

Typically, this criterion is used to avoid an important di e rence of re nement level between \neighboring"
basis functions. An example of re nement sequence forbidde by this criterion is given in Figure 12.

)

D) e Level[0]
D)
D) (©) Level[2]

SZANZANZAN
NVENZNZNZ

G

NZANZANZAN
@D JGENVGNVaN ﬂ)

L
e
ZASZASTZASZAS

SO

Figure 12. Re nement sequence forbidden by the One-level-di erence ule.

This criterion can be taken into account by adding a recursiwe step in the re nement procedure: to re ne a
basis function, we rst re ne all its parents which are not B?-re ned and then we re ne the basis function itself.
This is illustrated, for instance, by the spreading of the level-[1] re ned area between the rst two pictures in
Figure 17.
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2.2. Multigrid preconditioner

In this section, we assume that we have the following genuingariational problem to solve: Find u 2 V}, such
that
8v 2 Vy; a(u;v) = I(v);
where V;, = span B is a multilevel approximation space,a : H() HY() ! R is a bilinear continuous and
coercive form andb: HY() ! R is a linear continuous form. We denote byA; the sti ness matrix associated
to this problem, that is
Ay =[a(; Iy 28:

The multilevel spaceV;, is built to achieve a given level of accuracy without increagg too much the number
of degrees of freedom in the discrete problem. In fact, we argoing to describe how to naturally take advantage
of the multilevel structure of the approximation space in order to build a sequence of nested multilevel grids
nally leading to a multigrid preconditioner.

2.2.1. Coarsening

From a given \ ne" multilevel basis Bg, the following algorithm is used to construct a \coarser" multilevel
basisBc.

Algorithm 2.15  (Coarsening). Let B a multilevel basis. Letjy = maxfj 2 J0;JKBr\ B; 6 ;g be the
highest re nement level in B . A \coarser" multilevel basis B¢, denoted byBc = coarsen(Bg ), is obtained from
Br by unre nement (Algorithm 2.4) of the set of B -re ned basis functions of level[jy 1]

The following proposition gives an equivalent formulation of the above algorithm.

Proposition 2.16. Assume thatBg is a multilevel basis satisfying the following property:

Any leveldj] basis function,j > 1, which either belongs toB or is B-re ned, has at least one (Pur)
B-re ned parent : Hl

Let jm =max fj 2 J0;JKBr \ Bj 6 ;g. The multilevel basisBc = coarsen(Br) de ned in Algorithm 2.15 can
be obtained by the following equivalent algorithm:

remove all levelfjy ] basis functions of Bg,

add all Bg -re ned basis functions of level[jy 1]

Proof. Note rst that any step in Algorithm 2.15 consists in an unre nement of a level-[ 1] basis function,
this implies that added basis functions are certainly on leel-j,y 1] and that removed basis functions are
certainly on level-[j ]. Hence, the set of added and removed basis functions are ¢bgt. In Algorithm 2.15,
a basis function which is removed (or added) by an unre nemehprocedure can not be added (or respectively
removed) by an other unre nement procedure. Furthermore, remark that by de nition of |y , there is no Bg -
re ned function on level-[ju ]. Hence, since they have ndg -re ned children, all Bg -re ned basis functions can
actually be unre ned. Unre nement of a basis functions involved that it is added and then the set of added
basis functions in Algorithm 2.15 is exactly the set of Bg -re ned basis functions. It remains to show that all
level-[j » ] basis functions of B are removed. Arguing by contradiction, assume that a levelf v ] basis function
belongs to coarserBg ). Since unre nement preserves the property Py ) (Proposition 2.17), this basis function
has at least one coarsergr )-re ned parent. Owing to Lemma 2.9 property 2) (ii), this is also aBg- re ned
basis function (of level-j,y  1]). This is a contradiction and the claim is proved.

The property (P ) ensures the desirable fact that all level{y ] basis functions of B are removed. This
additional property is not so restrictive since it is presewed by the re nement and unre nement procedures.

Proposition 2.17. The re nement and unre nement procedures described in Algeithm 2.4 preserve the prop-
erty (Phi).

Proof. Assume that B? is a multilevel basis satisfying the property (Py;) and let j 2 J1;JK
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Consider rst a basis function ' “] which belongs toB.
{ Re nement: Assume that the multilevel basis B is obtained from B? by the re nement of a basis

function * 1 2 B”.
Case 1:' U1 2 B?. Since B? satis es the property (Py ), ' Ul has at least oneB?-re ned
parent. Owing Lemma 2.9 property 1), this parent is B-re ned.
Case 2:' Ul is a child of* “O] and' “OD] is B-re ned.
{ Unre nement: Assume that B |s obtalned from B? by the unre nement of an only once re ned
basis function' EOO] of B?.
Case 1:' U1 2 B?nfchildren of ' U1 without other B?-re ned parentg.
SinceB? satis es the property (Py;), ' E] has at least oneB?-re ned parent. Owing Lemma

2.9 property 2), either this parent is B-re ned or this is ' EOO]

In the rst case, the proof is nished, in the second case “]
to B”nfchildren of ' “] without other B”-re ned parentg. Therefore ' “] has an other B?-
re ned parent. This parent is then B-re ned because it is not' “01.

Case 2:' E] =" EO], ' EOO] is B?-re ned. Since B? satis es the property (Py;), ' E(f] has at

0

least oneB” re ned parent. Owing Lemma 2.9 property 2), this parent is B-re ned because
it can not be ' “01

! [Jo]

is a child of which belongs

Consider now a basis functron‘ “ which is B-re ned.

{ Renement: Assume that the multilevel basis B is obtained from B? by the re nement of a basis
function ' E;] 2 B?. By Lemma 2.9 property 1) (ii), [” is either B”-re ned or equal to ' “0 2B7?
Since B? satis es the property (Py;), in the two cases,' E has at least oneB’-re ned parent.
Owing to Lemma 2.9 property 1)(i), this parent is also B-re ned.

{ Unre nement: Assume that B is obtained from B” by the unre nement of an only once re ned basis
function ' EO of B? without B”-re ned children. By Lemma 2.9 property 2) (i), ' “ is B?-re ned.

Since B? satis es the property (Py;), ' “ has at least oneB?-re ned parent. Owrng to Lemma
2.9 property 2) (i), either this parent is B re ned or is equal to ' “"] The last case is impossible
because “"] has noB?-re ned children.

The last main property of the coarsening procedure, is that i produced nested vector spaces.

Proposition 2.18. Let BE be a multilevel basis satisfying the property(P o) and B¢ = coarsen(Bg). The
following embedding holds:
spanBc  spanBg:

Proof. Let' 2 B¢c. If ' 62 B then' has been unre ned and so this is aBg -re ned basis function of level
[im 1]. Owing Proposition 2.7," 2 spanBg.

Remark 2.19. Let us notice that, thanks to the re nement equation, it is st raightforward to build the matrix
representation in the corresponding basis of the natural efnedding from spanB¢ to spanBg . Indeed, if' 2 B¢,
we have

either' 2 Bg

or all the children of * belong to B and then, the re nement equation yields an expression of as a

linear combination of elements inBg .

Remark 2.20. Note that properties (PLo) and (P ) used in this section are not so restrictive since they are
preserved by Un/Re nement procedures and since it is straifgptforward to see that they are satis ed by the
coarse basis B which is used, in practice, to start the adaptation algorithm. (see also Remark 2.11)
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2.2.2. Multigrid framework

We recursively de ne a sequencd Vp; :::;V;g of nested spaces built uponvy, as follows:
we rsttake B; = B and V; =span B; = V,,
then, for k = J;:::; 1, we de ne a coarser multilevel basisBx 1 from By by:

Bk 1 = coarsen(By);
and the corresponding multilevel approximation space:
Vk 1 =span By 1:

Owing to Proposition 2.18, we have:
Vo \A V.
Note that the auxiliary sequenceVy V; introduced here usually do not re ect the dynamic re nement

process, although a such sequence can always be a posterideduced from any multilevel approximation space
Vj. An example with four re nement level is given in Figure 13.

V3 \Z Vi Vo
@ )
& D
O Level-[0] basis functions ® | evel-[2] basis functions
® | evel-[1] basis functions ® | evel-[3] basis functions

Figure 13. Example of coarsening : fromVz to V.

We do not need to know explicitly any information about the spacesVy, except the intergrids operators.
Owing to Remark 2.19, it is staightforward to construct the matrix representation, denoted by II'(‘ 1, of the
natural embedding from Vi 1 to Vi in the basis By 1 and Bx. Then, intergrids operators are de ned in the
following way, for all k 2 JO; JK

=13 413 5 1T
We can also de ne approximate operators on each spac¥, for all k 2 JO; JKby:

A = 1L Ak

At last, in the sequel, we used Jacobi and Gauss-Seidel smdwrs de ned for all k 2 JO; JKas follows:

Jacobi: Sy = Dk where Dy is the diagonal part of Ay.
Gauss-Seidel:Sy = Ty where Ty is the superior triangular part of Ay.

2.2.3. Multigrid Algorithm
We used the two following multigrid preconditioners:
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Additive version [8]:
X
Pa = I Sklg
k=0
where Sy, k 2 JO; JK is the Jacobi smoother.

Multiplicative version [12]: This correspond to the classcal V-cycle. In this section Sy is the Gauss-
Seidel smoother. We de ne recursively, for allk 2 J0;JK the linear operator MGy : R Bx I R# B,
We rstset MG = A,* and for all k 2 J1;JK we de ne MG(fx), fx 2 R* B« by the following steps:

O w O Initialisation

Q) vk v+ Sc(fk  Axw); Pre-smoothing step
(2) w vk + Ik 1MGy 1(I,t< 1(Fe Axw)); Coarse Grid Correction
(3) v vk + Sk(fk  Axw); Post-smoothing step

SetMGk(fk) = V.
The multiplicative preconditioner is then

2.3. Validation on a stationnary model problem

We rst validate the local re nement method and the multigri d preconditioner on the following stationnary
model problem.

The practical implementation has been performed using the sftware object-oriented component library
PELICANS [19], developed at the \Institut de Radioprotecti on et de Sarete Nuckaire (IRSN)" and distributed
under the CeCILL-C license agreement (an adaptation of LGPLto the French law).

2.3.1. Continuous model problem

Let =[0 ;1]°. Consider the Laplace problem with homogeneous Dirichlet bundary conditions:

1
—
5

u

u (13)

I
o
o
=

&)

The source termf is chosen so that the exact solutionu is:
8 2 R% u(x)= H- R j x Xcj;

whereR 2 R, " 2 R, , Xc 2 RY are parameters andH- : R! R is de ned by

8 .

%O ifx< "
8x 2 R: H--(x):§ % 1+ X+ 3sin X ke

1 if x>"

The function H- is represented in Figure 14 and the interpretation of paraméers R, ", X¢ is explained in
Figure 15 which represents the exact solutioru whend = 1.
For numerical simulations given in the sequel, we have set:

=[0 ;1% xc =(0:5:0:5); R=0:3 and "=0:1
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1.0 f

0.5 A

0.0 -

Figure 14. Function H-.
Figure 15. Exact solution of Problem 13,d = 1.

Square Tri/Quadr-angle

Figure 16. Initial meshes.

2.3.2. Initial meshes and re nement criterion

In order to show the capability of the local re nement method, we used several types of meshes: square,
triangle, general quadrangle, in two dimension and cube infiree dimension. Figure 16 shows the initial meshes,
i.e. before re nement steps, which have been used for the viaation in two dimension. In particular, note that
the method allows to combine several kind of geometric elenmts (triangle P; and squareQ; in the example
here) provided that the corresponding reference elementsand re nement patterns are compatible. In three
dimension, the initial mesh is a cubic regular mesh obtainedy dividing all sides in 15 segments. In this section,
the shape of the exact solution is known. This is the reason wha geometric re nement criterion is used. It
consists in choosing a priori a number of re nement steps andhe location of the nodes associated to the basis
functions to re ne. Here the following criterion is used:

Criterion 2.21  (Geometric criterion). ' E] will be re ned i

R "< all xc <R+

2.3.3. Local re nement and multigrid preconditioner

For each type of initial mesh, we performed six computationsincreasing the number of re nement steps from
one to six and following the geometric re nement criterion 221. In Figures 17, 18, 19 and 20, for smaller number
of re nement steps (one, two and three steps), we representhte re ned meshes and the plot of the function
un(l up) where uy is the computed approximate solution. Hence, the colored zwe in the gures represents
the computed \interface", that is the areas where local re nement takes place. Note that meshes in our method
are obtained as support of basis functions involved in the fomulation of the problem (see Section 3.3.2). In
particular, we remark the e ect of the \one-level-di erenc e" re nement rule. Indeed, for each type of mesh, the
\one level re nement" areas spreads during the second re nenent step. This is due to the fact that during this
re nement step, few parents of level-[1] basis functions a re ned to enable the re nement of their childs.
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Figure 17. SquareQ:. Re ned meshes.
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Figure 18. Tri/Quadr-angle- P;=Q;. Re ned meshes.
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Figure 19. QuadrangleQ;. Re ned meshes.

Table 2 shows the convergence rates in the -norm, computed with respect to the mesh size of the nest
re nement level used in the computation. We obtain a convergence rate in the L?-norm equal to 2 for rst order
nite element ( P, and Q;) and equal to 3 for second order nite element P, and Q,) as expected.
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Figure 20. Re ned mesh in 3D. One re nement step.

[ Dimension | Mesh-Finite Element | Convergence rate]

SquareQ1 1.99
2D Quadrangle-Q1 1.99
Tri/Quadr-angle- P1=Q; 1.99

I Cube-Q: | 1.99 I
SquareQ> 2.99
2D QuadrangleQ; 2.90
Tri/Quadr-angle- P,=Q, 2.97

Table 2. Convergence rates in thel 2-norm, computed with respect to the mesh size of the
nest re nement level used in the computation.

In order to illustrate the capability of multigrid precondi tioners, we represent in Tables 3, 4 and 5 the number
of necessary iterations of the conjugate gradient solver aa function of the number of unknowns. In Table 3, we
show the results for two dimensional rst order elements, inTable 4, for two dimensional second order elements
and in Table 5 for three dimensional rst order elements. Various preconditioners are compared : the classical
Incomplete LU factorization (ILUO) and the additive (P ) and multiplicative (P ) versions of the multigrid
algorithm. Note that in all those computations we say that convergence in the conjugate gradient method is
achieved as soon as the relative 1 -norm of the residual is less than 10%°. We limit the total number of
iterations to 600, and we denote by \{" in Tables 3, 4 and 5 the case where the convergence of the conjugate
gradient method is not achieved before 600 iterations.

Without preconditionning, the number of iterations rapidl y exceeds the limit when increasing the number of
unknowns. The use of preconditioners enable to reduce the mober of iterations and we observe in particular
that the number of necessary iterations using (R,) and (P,) is almost independent of the size of the problem
and is signi cantly smaller than using, for example, (ILUO) preconditioner.
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[ Re nement level 1] 2] 3 ] 4] 5 | 6 |
Number of unknowns || 893 | 3053| 11021| 41757| 161233| 633629
No preconditioner 53 | 99 197 372 { {
SquareQ; ILUO 31| 61 114 221 457 {
Pa 18 | 23 27 29 33 34
Pm 8 8 9 9 10 10
Number of unknowns || 935| 3217| 11609| 43593| 168347| 660710
No preconditioner 176| 357 { { { {
Quadrangle-Q; ILUO 45 | 84 183 388 { {
Pa 46 | 67 83 97 111 120
Pm 15| 16 20 21 23 24
Number of unknowns || 869 | 2821| 9893 | 37577| 144969| 569757
No preconditioner 68 | 131 | 279 579 { {
Tri/Quadr-angle- P;=Q1 ILUO 36 | 67 131 272 543 {
Pa 21| 29 35 40 43 47
Pm 9 10 10 11 12 12

Table 3. Two dimensional test cases. Number of iterations in the conjgate gradient solver
as a function of the number of unknowns.

[ Re nement level Il 1] 2 | 3 1 4 1]
Number of unknowns || 3653 | 12405| 44485| 166253
No preconditioner 202 | 404 { {
SquareQ; ILUO 79 135 259 508
Pa 36 56 69 77
Pm 16 18 20 20
Number of unknowns || 3827 | 13129| 46881| 175126
No preconditioner 595 { { {
Quadrangle-Q2 ILUO 112 | 195 389 {
Pa 83 127 158 178
Pm 27 31 33 34
Number of unknowns || 3569 | 11441| 40293| 151013
No preconditioner 180 | 361 { {
Tri/Quadr-angle- P,=Q ILUO 80 152 309 {
Pa 38 54 73 82
Pm 17 18 20 21

Table 4. Two dimensional test cases. Number of iterations in the conjgate gradient solver
as a function of the number of unknowns.

3. Application to a ternary Cahn-Hilliard system

We are interested in the numerical computation of the soluton of a three-phase Cahn-Hilliard model proposed
in [5]. After a brief introduction of this model, we describe the time and space discretization of the problem that
we are using. Then, a numerical example is given using localdaptive re nement and multigrid preconditioner.

3.1. Introduction

The Cahn-Hilliard approach consists in assuming that the irterfaces between phases in the system have a
small but positive thickness". Each phasei is represented by a smooth functionc, called the order parameter
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I Re nement level [ 1] 2 | 3 ]

Number of unknowns || 9942 | 63329| 459063
No preconditioner 45 224 {

Cube-Q1 ILUO 28 55 109
Pa 21 31 35
Pm 10 13 14

Table 5. Three dimensional test case. Number of iterations in the cojugate gradient solver
as a function of the number of unknowns.

(which is taken to be the volumic fraction of the component in the mixture). Since the mixture is supposed to
be perfect, the three unknownsc;, ¢, and ¢z are linked though the relationship

CiL+ G+ c3=1: (14)

The model we consider has been fully derived and studied in [5as a generalization of the two-phase Cahn-
Hilliard model. In the diphasic case, the free energy of the nxture depends on two parameters: the interface
width " and the surface tension . It can be written as follows:

z
FOP' (9= 1271 o+ g" jr g% dx:

Therefore, in [5], the authors have postulated that the three-phase free energy can be written as follows:

y
: 12 3, . 2.3
F™ (ciicaica) = F(cuicaica) + g ar i’ + 5

o, 3
ojr cof% + g ar caj” dx: (15)

The triple of constant parameters = ( 1; 2; 3) and the bulk energy F have been determined so that the
model ts with the prescribed surface tension 12, 13 and ,3 and is \consistent" with the two-component
situation (see below).

The evolution of the system is then driven by the gradient of the total free energyFt”f’.h and the time
evolution of ¢ = (¢;; ¢;; ¢3) is governed by the following system of equations:

8
Egczr mr P fori=1;2;3
, ot | (16)
T =10 2 G fori=1;2;3

where M is a constant (it could also depend onc) and

X
f(c)= 4—T i(@F(C) @F (c)) with 1 dened by s_1,1, i:
i6i J T 1 2 3

This choice off F, obtained by the use of a Lagrange multipliers technique, eforces the condition (14) all along
the time. Thus, one of the unknowns can be arbitrarily eliminated from the system (16) which is then equivalent
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to: 8 M
%@i:r Mo, . fori=1;2
i
c3=1 Ci C
3 . 17
% i=1f(c) z2 G fori=1;2 (7
3= —31+—32
1 2

For simplicity, we will later omit to write the equations giv ing ¢z and 3 as functions ofc;;c, and 1; 2
respectively. The consistency (or algebrical consistengyof the model de ned by (15) and (16) with the diphasic
systems corresponding to the given surface tensions,, 13, 23 respectively means that the following properties
hold:

When the componenti is not present, thatisc 0, the total free energyFt”;‘?.h (c1; ¢2; c3) of the system
diph i i i

has to be exactly equal to the total free energyr j'kp . (¢ ) of the diphasic system corresponding to the

two other phases.

When the componenti is not present in the mixture at the initial time, the component i must not

appear during the time evolution of the system.

Finally, it is shown in [5] that the model de ned by (15) and (1 6) is algebraically consistentwith the diphasic
systems of surface tensionsi,, 13, 23 respectively if and only if we have

81211230, i= i+ Kk  jk (18)
and there exists a smooth functionG such that
8c2 R®suchthatc + o+ c3=1; F(C)= 120G+ 13C2C3+ 23053 + C1CC3( 101+ 2C2+  3C3)

+ c7c5¢5 G(c):

In the physical literature, the coe cient S = i de ned by (18) is well known and called the spreading
coe cient of the phasei at the interface between phase$ and k. If S; is positive (thatis ; < 0), the spreading
is said to betotal and if S; is negative, it is said to bepartial.

Notice that, in the following study, the coe cients ; are not assumed to be positive, so that the model
presented above lets us cope with some total spreading sittians. However, in order to have a well-posed
system, we assume that the following condition holds:

1 2% 13+ 23>0 (19)
In this paper we will consider Cahn-Hilliard potentials wit h the following form

F(c) = |1zC§f€+ 13C3C5 + 23f§°§fyclczc‘°‘( G 2%t 3C39+?—§2%‘%2—(§

Fo(c) P (c)

Under these assumptions, there exists a unique weak soluticfor the problem (16) (in 2D and with a slightly
modi ed potential in 3D).

3.2. Discretization procedure

In this section, we present the time and space discretizatios of problem (17) that we used. We also state two
results ensuring existence of the discrete solution and caergence of this solution towards the weak solution of
the continuous problem.
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3.2.1. Time discretization

Let N 2 N . The temporal interval [0;t;] is uniformly discretized with a xed time step t = NL For

n2 JO;NK we denet, = n t. We use a semi-implicit discretization in time with a specid care for nonlinear
terms. The scheme is written as follows,

8
n+1
. . M .
N tc'n:r =% M fori=1;2,
i

3 3 :
- Nl = pf(c"*t;c") 2 ara ) gt fori=1;2
1 F n+1.n_4Tx 1 F (~N+1 . AN F AN+l . N
where 06 < EandDi (c"; )= —— — di(c"" ;") di(c"ich)
i6i J

The functions df represent a semi-implicit discretization of @ F. SinceF = Fo+ P, we choose a discretization
of the form dF = df° + df whered™ and df represent the discretization of @ Fo and @ P respectively.
We choose a fully implicit discretization of @ Fo. It corresponds to the following de nition of dFe: for
i 2f1;2;3q,
dfo (") = @Fo(c"*): (20)
For @ P, we choose a semi-implicit discretization: fori 2 f 1; 2; 3g,

dF (e =2 G (@A) S@TAG  SAGTH(TAGT (@D

We add the following Neumann boundary conditions for each othe unknown which ensures, in particular,
that the volume of each phase is conserved along the time eution:

rd n=Moyr ™ n=0; on@:

I
Other boundary conditions of interest will be presented in [7].
3.2.2. Space discretization of problem(17)

We rst give the variational formulation of the semi-discre te problem.

Problem 3.1 (Variational formulation) . Given (c{;c}) 2 (HY()) 2, nd (¢ ; ™, 1 5™y 2 (HY()) 4
so that 8 2 H(), we have, for i =1 and 2,

82 .. z
3 4G9 tc? dx = M—_Or Loy dx
4 Z ! Z
3 Modx = DF(ec"™ticeM) dx + % i"ord+@ yrdtt or odx

wherec" =(c];c3;1 ¢ ).
For the Galerkin approximation in space we introduceVy,, a nite element (possibly multilevel) approximation
subspace of H().

Problem 3.2 (Galerkin formulation) . Given (c},,;S3) 2 (Va)?, nd (it 00 5) 2 (Vh)* such that
8 h 2 Vh, we have, fori =1;2,

8 Z n+1 V4
(o] cll M
3 mit'hhdx: —9r Bl dx;
Z Z ' Z
3
2 Al pdx= Df(cp*ticeh) ndx+ il ray+@ Oyt or opdx
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n — . . n n
wherecy = (cjp;con;1 ¢l Cp).
n+l. n+l. n+l

Remark 3.3. Note that we use the same approximation spacé&/, for each of the unknownsc;, = ;¢ 1p

and 5. Moreover, remark that in the formulation of Problem 3.2 and in Theorems 3.4 and 3.5, we assume

that the approximation space V;, does not depend ofn. Because of adaptivity, this is not the case in practice
(see Section 3.3.1).

3.2.3. Existence - Convergence

Theorem 3 4. Let (c},;c5) 2 (Vh)?. We assume that, for alli 2 f1;2;3g; ; > 0. There exists a solution
(At ety Nty 5y 2 (Vh)* for Problem 3.2.

We de ne 8
t t t ot
St )= e (O — ) for t 2 [tn;tnss ]
h(t )= n+l() for t 2 [tn;tnss I:
The following convergence result holds.

Theorem 3.5. Let (c1;¢2; 1; 2) be the weak solution of the continuous problenil7). We assume that, for all
i2f1;,2;3g; > 0and that the nite element approximation spaces are such thia

. | 1
h|51\f/ j hip() N OO, forany 2 H() .

There exists a constantC such that8 2 HY() ; » ) 6 Cj juiy Where " is the L2() -
projection on V.

Then, for i =1 and 2,
el I ¢ in CO([0; T];L3()) strong;
el *ciin L ([0;T];HY()) weak-;
Noxin L2 ([0; T HY()) weak
when( t;h)! (0;0).

These two theorems are not proved here; complete proofs wilbe presented in [7]. The conerstone of these
proofs is a suitable discrete energy estimate. In the case wvehe all ; are not assumed to be positive, this
estimate is not satis ed for the implicit time discretizati on (20) of Fo. Thus, other semi-implicit discretizations
of this term (of the same kind that the given discretization (21) of P) are introduced in [7] to ensure the validity
of a such estimate and then to prove the convergence theoremmithe case where we only assume that the
condition (19) is ful lled.

3.3. Practical issues

3.3.1. Newton linearization method

In practice, for the numerical resolution of the problem we toose forV, a multilevel approximation space
as described in Section 1.3.2. Because of adaptivity, the kkmowns are discretized in two di erent multilevel
spaces at time stepn and at time step n + 1, say V{ = span B" and V,?"l = span B"*!. Hence, the problem
we have to solve is in fact:

Given (c;SBn) 2 (VD)2 nd (cptscrts Ity 5ty 2 (V)% such that 8 1 2 V™!, we have, fori = 1;2,

8 z n+1 Z
C cl M
g h_h - ndx= =2 Morpdx;
Z Z : Z
B n+l dx = n+l . .n 3 n +1 .
: Btondx= Df(ch™;ch) ndx+ 2! rcy +(1 )r ch, ropdx
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This problem is solved by the Newton-Raphson linearizationmethod. The algorithm is initialized by a
L2-projection of (c],;¢3y; Th: 5) on V™! and at each time step we have to solve the following linear syem:

Jclcl JCl 1 J01C2

h
161 11 (k+1) (k) 1
chcl ) cac c § k+1 th§ = %R c § ; (22)
3 0 gum ge ST R ©

0 0 J 262 g2 (k+l) (k) R 2

1
k+1 k 0 1
(+) (k) R

where {¥; ¢ (9: () is the k-th iterate in the Newton iterative method and the ma trix blocks are de ned

as follows: 8(1;J) 2 J1; Ng;fl K;
Z 3
[aee], = 7 @ r g (c(k) ch) 5 dx;
z
- @b
[99], = @—(C(k) ch) g 1 dx;
z j
[JC' I]IJ = J |dX;
z
Ci — 1 .
[J° |]|J = _t 31 dx; (23)
z
[‘]"]u: M__Or g ropax;
z ' z Z . n
[R%], = () dx Di(ct;cly | dx 70 roh o+ )r c,‘hk) roydx
O z
R '] = 'hitc'h|dX+ Mo, G rdx
i

This linear system (22) is solved by the preconditionned GMRES iterative method. We use a diagonal bloc
preconditioner:

P°1°1 0 0 o1
%o pi: 0 o§
0 pec 0
0 0 P22

where Pf1¢1; P 1 1;P%C gnd P 2 2 are preconditioners built as explain in Section 2.2 (eitheradditive or mul-
tiplicative version) associated respectively to the matricesA; = J®¢;J 1 1;J%% gnd J 2 2,

3.3.2. Assembly avoiding eld tranfers

Among the integrals in (23), some involve discrete unknownswhich belong to two distinct approximation
spaces; for example the integral 7

C:?1 | dx

from [R '], involvesc, 2V and | 2 Vr’:"l . Such an integral can be exactly computed avoiding eld trarfers
thanks to the following notions. Note that until the end of th is section, the time stepn + 1 is xed.

De nition 3.6  (Active DOF) . We say that k 2f 1;:::; Nc[,'olfg is an active degree of freedom of level], if and
only if ' “] 2B"[B "*1. We denote byAgof the set of active degrees of freedom of levejq
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De nition 3.7.  Let j 2 J0;JK We say that a level-[ ] cell K U] satis es the (A ;) property i

T T

;0 i ;0
8192 J +1;JK 8k 2 Al ] KU\ suppl )= :: (Axn)

Remark 3.8. This de nition ensures that on an active cell, all basis fundions involved in the discretization of
the problem, has a \unique" expression (opposed to an eleméwise de nition). Thus, in the case of polynomial
nite elements (e.g. Px; Qxk), suitable quadrature rules can be used in order to exactly ompute all the integrals.
De nition 3.9  (Active cells). A level-[j] cell KU! of T; is called active i :
K U1 satis es the property (A1), and
in the case ofj > 0, its parent cell P(K Ul) (of level [j  1]) does not satisfy the property A  1y-
With this de nition at hand, we can introduce the notion of a m ultilevel mesh.

J
Proposition 3.10  (Multilevel mesh). Let § be the set of active cells offj. The setT = F is a mesh of

j=0
called multilevel mesh.

Proof. Let K{! and KEOO] be two distinct active cells and let us show thatK J 1\ KEO I= ;.
Case 1:j = j% Necessarily, we havee 6 €°.

In this case, K J! and KEDO] are two distinct cells of the meshT;. Then, kI KEDO]: ;e
Case2:j>jC

—_ /\O . - 0
Arguing by contradiction, assume that KQ] \ Kgole .. Sincej >j % we haveKé” KEO]. But,

T

the cell K{! is active and : Ap i1y Yields that there exits jo > j and ko 2 A[jgﬁ such that P (K ¥’
>
\ supp[ EO"]]ﬁ P
— TN

5 )
Moreover, we havejo > j %and Ao yields KEO] \' supp[ EO"]]: ;. However, we have
&0

(>j andk il kDhy=) Pkl kLT
0 1 0 1

T T T —_—— T T

Hence,; & @P (K1) \ suppl EOD]]A @KEOO]\ suppl[ EO"]]A = ;. This is a contradiction.

Hence, the interiors of two di erent active cells are disjoint.

Let x 2 . Since T; is a mesh of , there exists a level-p] cell Kéﬂ] which contains x. Then, for all
j 2 J0;J n 1K we de ne Kg] = P(ngflll ). Henc%, for allj 2 JO;JK x belongs to the ceIIKgJ]. Consider the
setE = | 2J0,JK 8 > j; K& satises (Acr)) - We haveJ 2 E, sOE 6 ;. Let jn = r]nzlrE1 j, then, by

de nition, Kg:] is active and containsx.

Remark 3.11. Multilevel meshes are not geometrically conformal, but mutilevel nite element spaces are
H*()-conformal by construction since span B X;  H(). The non-conformity of multilevel meshes is not
a problem since they are only used as elementary integratiodomains.
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SinceT is a partition of , the integral can be decomposed into a sum over all cells of the multilevel mesh
T on which a quadrature rule is then applied leading to exact canputations (see Remark 3.8).

3.3.3. Re nement criterion

For the Cahn-Hilliard model, we want to re ne in the interfac e zone (that is to say where the order parameters
have important variations). For this reason, we need to introduce an indicator measuring whether or not a given
cell (resp. basis function) lies in the interface at a given ime step.

De nition 3.12  (Per-cell indicator). At a given time step n, for any active cell K, we de ne the following
indicator:
K = max izc'f;izc‘g;izc‘g
Kl « Kl « Kl «
Remark 3.13. This per-cell indicator can be interpreted as follows:
k =1 means that the cell K is completely lled with one of the bulk phases.
k < 1 means that the cellK contains an interface.

We can deduce a criterion for deciding whether or not a given &sis function may be (un-)re ned.

De nition 3.14  (Basis function indicator). At a given time step n, for a basis function' , we de ne the
following indicator:
1 X

ST suppl T

K\ suppl " 16 ;

IKj «

Criterion 3.15 ((Un)Re nement criterion) . Given an anticipated cell sizehinerrace for the interface neighbor-
hood, the two following criterion let us decide if a basis fuction ' has to be re ned or unre ned.

Re nement criterion:
- <090 and diam(K) > hiyerface  for at least one cell K supd' ]:

Unre nement criterion:
- > 0:95:

3.4. Numerical experiments

Finally, we give an application of the local re nement procedure and the multigrid methods to the resolution
of the above ternary Cahn-Hilliard model in the case of a liqud lens spreading between two strati ed uids.
Figure 21 shows the initial position of the interface and the numbering of phases used to de ned the surface
tensions j between the phases and j.

Phase 1

@

Phase 2

Figure 21. Initial position of interface. Numbering of phases.
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" 2] 13| 23| Mo t te
[0;0:1] [0;0:1]|2810°%] 1 [06]|06[10 4|10 4]210°
Table 6. Parameters.

I
.—’MLli } s } }
S — :
- i )
i
iteration O iteration 10 iteration 20
t=0 t=1:10 8 t=2:10 8

Figure 22. SquareQ;. Time marching. hinterface =

Table 6 gives the parameters we used for numerical simulatits. The re nement criterion is given in Section

3.3.3; hinterface 1S speci ed for each mesh.
Figures 22, 23, 24 shows three steps of the time marching. Iraeh case, the value of the parametehinterface

is voluntarily chosen large enough for the ease of visualisian.
As in Section 2.3.3, we represent in these gure the re ned msh and the function (1 c1)(1 ¢)(c + C).

This let us show the position of the interfaces.

iteration O iteration 10 iteration 20
t=0 t=1:10 8 t=2:10 8

Figure 23. Quadrangle-Q;. Time marching. hinterface = 0:8"

Table 7 illustrates that the multigrid process can be used todevelop convergent iterative algorithms for the
solution of the Cahn-Hilliard equations on local re ned meshes. The simulations have been done during twenty
time steps. For each time step, we calculate an average of theumber of iterations required to solve the linear
system by the GMRES method, over all iterations of the Newton algorithm. In Table 7, the numbers which
face the preconditioner name are the minimum, the maximum ad the average of this numbers over all the
twenty time steps. For these simulations, we usetineriace = 0:2". Note that in these simulations, we say that
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iteration O iteration 10 iteration 20
t=0 t=1:10 8 t=2:10 3

Figure 24. Tri/Quadr-angle- P;=Q;. Time marching. hiyerface = 0:4"

convergence in the GMRES method is achieved as soon as the atie L?-norm of the residual (and not the
preconditionned residual) is less than 10°. In particular, this criterion is independent of the preconditioners.

We observe that the number of necessary iterations is the almst the same from a time step to another
and that the number of necessary iterations using (R,) and (Pj) is signi cantly smaller than using (ILUO)
preconditioner.

[ | Min | Max | Average|]

Number of unknowns || 29020| 30844| 30032
Number ILUO 188 232 213
SquareQ; of P2 68 77 72
iterations Pm 18 19 18

Number of unknowns || 45000| 47900| 46428
Number ILUO 291 346 308
QuadrangleQ; of Pa 72 80 74
iterations Pm 18 26 18

Number of unknowns || 28780| 31204| 30266
Number ILUO 265 289 278
Tri/Quadr-angle- P;=Q; of Pa 57 71 63
iterations P 16 20 17

Table 7. Number of iterations in the GMRES solver. hipterface = 0:2"

4. Conclusion

This paper is devoted to the description and the resolution & some numerical issues linked to local adaptive
re nement methods. We show how a hierarchy of nested conforing meshes can be built recursively applying a
same re nement pattern to each cell of an initial mesh possily unstructured. This hierarchy is then used in a
slightly modi ed version of the CHARMS method [15] in order to perform local re nement. Furthermore, the
multilevel structure of the approximation spaces built wit h this method is exploited to derive suitable multigrid
preconditioners for solving the corresponding linear sysgsm. We illustrate possibilities of the whole method with
simultations of a lens spreading between two strati ed liquid phases thanks to a ternary Cahn-Hilliard model.
We particularly point out the practical way to implement the method for a time dependent problem. More
complex situation have been considered [6] with simulatios of three phases ows by solving the coupling of
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the Cahn-Hilliard system and the Navier-Stokes system. As a example, we give in Figure 25 the simulation
of the rise of a gaz bubble across a light/heavy liquids inteface. In future works, we will incorporate multigrid
preconditioners in nite element penalty projection method for solving Navier-Stokes system [11,14] in order to
build e cient solver for the complete model.

0s 013s 021s 029s Q39s 052s (Q65s zoom on the adapted mesh
near the interfaces

Figure 25. Entrainment of an heavy liquid during a bubble rising.
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