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Preface

Symmetries frequently occur in Constraint Satisfaction Problems (CSPs). When
undetected, search redundantly explores symmetric parts of the search space,
which causes thrashing. The idea of exploiting symmetry to prevent this misbe-
havior in search was discussed by Glaisher as far back as 1874. In recent years,
new techniques to detect and/or break symmetry have been proposed. However,
the characterization, automatic detection, and exploitation of symmetry and its
various forms (e.g., local, dynamic, and weak) still present many challenges.

The International Workshop on Symmetry in Constraint Satisfaction Prob-
lems (SymCon) has been organized since 2001 during the International Confer-
ence on Principles and Practice of Constraint Programming (CP). The workshop
provides an opportunity for researchers to present advances in the theory and
discuss applications and case studies that exhibit some form of symmetry. Fol-
lowing the success of the previous years, the Seventh SymCon is held during
CP 2007 on September 23, 2007 in Rhode Island, Providence (USA).

This year, the program includes twelve accepted papers, presented as tech-
nical talks. Six papers are invited for long presentations, the six others for short
presentations. SymCon 07 also features an invited talk by Dr. Stephan Szeider.
The invited talk focuses on symmetry reasoning in resolution systems. The ac-
cepted papers investigate a range of problems related to symmetry detection
in CSP models (and instances), and symmetry breaking in local and backtrack
search. Symmetry-breaking techniques are investigated in various contexts in-
cluding optimization, unsatisfiability, quantified Boolean formulas, and for the
sub-graph isomorphism problem. Value symmetry, minimal ordering constraints
for some families of variable symmetries, local symmetry and weak symmetry
are also studied. Finally, the usefulness of these techniques are demonstrated
for the Multiple Knapsack problem and in the Balanced Academic Curriculum
Problem.

As co-chairs of SymCon 07 and editors of this volume, we would like to take
the opportunity to thank the invited speaker, Stephan Szeider, the authors who
submitted a paper to this volume, and the members of the program committee
who carefully reviewed the papers and provided feedback to the co-chairs. Their
contributions and hard work are crucial for ensuring a high-quality technical pro-
gram. We are also grateful to the CP 2007 Workshop/Tutorial Program Chair,
Pedro Meseguer, as well as the CP 2007 Conference Chairs, Laurent Michel and
Meinloff Sellmann, for their help in the organization of SymCon 07. Finally, we
would like to express our gratitude to the two doctoral students, Lionel Paris
and Mohamed Réda Saidi, who built and maintained the website of SymCon 07.

We hope that the present volume is useful for anyone interested in the ad-
vances and new trends in Symmetry and Constraint Satisfaction Problems.

August 2007 B. Benhamou, B.Y. Choueiry, and B. Hnich
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Without Loss of Generality –
Symmetric Reasoning for Resolution Systems

(Extended Abstract for SymCon’07 Invited Talk)

Stefan Szeider
Department of Computer Science

Durham University
Durham, UK

stefan.szeider@durham.ac.uk

Abstract

Krishnamurthy [1985] introduced symmetry
rules that make the informal “without loss of
generality” reasoning available for resolution-
based systems. The homomorphism rules of
Szeider [2005] are more powerful variants of
Krishnamurthy’s rules and can save in certain
cases an exponential number of inference steps
over symmetry rules. In this talk we will review
the concepts of symmetry and homomorphism
rules for resolution-based systems and discuss
various questions and results that arise in that
context.

1 Resolution

Resolution is a reasoning method that is particularly
suited for automated reasoning as it rests on one sin-
gle rule of inference:

If from a set of clauses one can derive the
clauses C ∪ {x} and D ∪ {¬x} then the resolu-
tion rule (Res) allows to derive also the clause
C ∪D.

A clause is a set of literals and represents a disjunction;
a literal is a variable or a negated variable. The clauses
in the given set are considered as axioms and can be de-
rived immediately. It is well known that a set of clauses
is unsatisfiable if and only if one can derive the empty
clause from it using the resolution rule. A derivation of
the empty clause is called a refutation.

Resolution is fundamental for many automated rea-
soning systems. Some unsatisfiable sets of clauses are
“hard” for resolution: an exponential number of reso-
lution steps is required to derive the empty clause. A
famous hard example for resolution is the “pigeon hole
clause set” PHn which encodes (the negation of) the
fact that n + 1 pigeons do not fit into n holes if each
hole can hold at most one pigeon. Using variable xi,j
to represent the proposition “pigeon i sits in hole j”

we can define PHn as the set of the following clauses:
the clauses {xi,1, . . . , xi,n} for 1 ≤ i ≤ n + 1 (“pigeon
i sits in some hole”), and the clauses {¬xi,j ,¬xi′,j} for
1 ≤ i < i′ ≤ n + 1, 1 ≤ j ≤ n (“pigeons i and i′ cannot
sit in the same hole”). Haken [1985] has shown that it re-
quires 2Ω(n) resolution steps to obtain the empty clause
from PHn.

Such exponential lower bounds for resolution imply
that satisfiability solvers that are based on the Davis-
Putnam-Logmann-Loveland procedure (DPLL) [Davis et
al., 1962] need exponential time for these instances, in-
dependent of the branching heuristics used (cf. [Coock
and Mitchel, 1996]). As demonstrated by Mitchel [1998]
exponential resolution lower bounds are also significant
for the running time of constraint solvers.

2 Symmetries and Homomorphisms

If we take into account that PHn is highly symmetric,
we can make the following inductive argument: Assume
that PHn is satisfiable. Without loss of generality, as-
sume that pigeon n+1 sits in hole n; thus we set variable
xn+1,n to true. This leaves us with PHn−1. Repeating
this step several times we obtain PH1 which is evidently
unsatisfiable.

Krishnamurthy [1985] suggested certain symmetry
rules that formalize this type of reasoning for resolution-
based systems. He distinguished between two variants of
symmetry rules: a global symmetry rule that takes into
account symmetries of the given set of axioms as a whole,
and a more powerful local symmetry rule that takes into
account what axioms were actually used for deriving a
certain clause. We will describe the rules more detailed
below.

Krishnamurthy’s symmetry rules are special cases of
homomorphism rules; the latter were introduced by Szei-
der [2005] using the concept of CNF homomorphism
[Szeider, 2003].
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F ′ ϕ(F ′)

C ϕ(C)

−→ϕ
F

Figure 1: Illustration for the homomorphism rule. The
homomorphism rule allows to obtain ϕ(C) in one single
step; ϕ(C) could be derived from ϕ(F ′) but this deriva-
tion (indicated by dashed lines) can be omitted.

Let F and G be sets of clauses. A homomorphism
from F to G is a mapping ϕ from the literals of F to
the literals of G such that the following conditions hold
(ϕ(C) denotes the set {ϕ(x) : x ∈ C }).

1. ϕ(¬x) = ¬ϕ(x) for all variables x of F (“ϕ preserves
complements”);

2. ϕ(C) ∈ G for all clauses C ∈ F (“ϕ preserves
clauses”).

For example, let F = {{x}, {¬y}, {¬x, y}} and G =
{{z}, {¬z}}. The mapping ϕ with ϕ(¬x) = ϕ(y) = z,
and ϕ(x) = ϕ(¬y) = ¬z, is a homomorphism from F to
G. Note that ϕ({¬x, y}) = {z}, thus a homomorphism
can “shrink” clauses.

If ϕ is a homomorphism from F to G and F ′ ⊆ F ,
then we write ϕ(F ′) = {ϕ(C) : C ∈ F ′ }. A symmetry
ϕ is an injective homomorphisms; i.e., a homomorphism
where ϕ(x) 6= ϕ(y) whenever x 6= y. A homomorphism
is nontrivial if it differs from the identity mapping.

It is easy to see that if F is unsatisfiable and there
exists a homomorphism from F to G, then G is unsatis-
fiable as well [Szeider, 2003].

Now we can formulate the following rule (see Figure 1
for an illustration).

Give a set F of clauses. Assume that we can
derive a clause C from a subset F ′ ⊆ F . If ϕ is
a homomorphism from F ′ to F , then the local
homomorphism rule (LHR) allows to derive the
clause ϕ(C).

The soundness of this rule can be seen as follows: we
consider a sequence C1, . . . , Cn of clauses, with Cn = C,
that corresponds to a derivation of C from F ′. Applying
ϕ we obtain the sequence ϕ(C1), . . . , ϕ(Cn), ϕ(Cn) =
ϕ(C). It is not difficult to see that the latter sequence
contains a valid derivation of ϕ(C) from the clauses in
ϕ(F ′). However, ϕ(F ′) ⊆ F , hence there exits a deriva-
tion of ϕ(C) from F .

The argument outlined above suggests to consider
refutations that use the homomorphism rule as succinct
representations of resolution refutations.

Restricting the local homomorphism rule in various
ways leads to the following less general rules:

• The global homomorphism rule (GHR) arises from
the local one by requesting that ϕ is an endomor-
phism of F , that is, ϕ is a homomorphism from F
to F .

• Krishnamurty’s local symmetry rule (LSR) arises
from the local homomorphism rule by requesting
that ϕ is a monomorphism from F ′ to F , i.e.,
ϕ(x) 6= ϕ(y) whenever x 6= y.

• Krishnamurty’s global symmetry rule (GSR) arises
from the local homomorphism rule by requesting
that ϕ is an automorphism of F , i.e., ϕ is both
a monomorphism as well as an endomorphism of F .

Thus one can consider the following five resolution-
based systems: Res, Res+GSR, Res+LSR, Res+GHR,
and Res+LHR (e.g., the system Res+GSR uses the res-
olution rule together with the global symmetry rule).

3 Comparison of the systems

We say that an unsatisfiable set F of clauses is easy for
system A if one can derive the empty clause from F using
a polynomial number of inference steps of system A. If F
requires an exponential number of steps, we say that F is
hard for A. How are the above resolution-based systems
related to each other? Is system A strictly stronger than
system B in the sense that every instance that is easy
for B is also easy for A, but some instances are easy
for A and hard for B? Or are two systems A and B
incomparable in the sense that there are instances that
are easy for A and hard for B and instances where the
converse prevails?

For the five systems under consideration the following
is known (the first two statements have been established
in [Urquhart, 1999] and [Arai and Urquhart, 2000], re-
spectively; statements 3-6 have been established in [Szei-
der, 2005]).

1. Res+GSR is strictly stronger than Res.

2. Res+LSR is strictly stronger than Res+GSR.

3. Res+GHR is strictly stronger than Res+GSR.

4. Res+LHR is strictly stronger than Res+GHR.

5. Res+LHR is strictly stronger than Res+LSR.

6. Res+LSR and Res+GHR are incomparable.

The diagram in Figure 2 illustrates the relationships
between the systems.

In the following let us briefly review the proof ideas
used for establishing the above comparison results. Re-
call from above that the pigeon hole clause sets are hard
instances for Res. For Res+GSR however, PHn has as
a short refutation as the following inductive argument,
given by Urquhart [1999], shows.

Evidently PH1 has a short proof. Now consider PHn

for n > 1. Using the resolution rule we can derive from
{¬xn+1,n,¬x1,n} ∈ PHn and {x1,1, . . . , x1,n−1, x1,n} ∈
PHn the clause {x1,1, . . . , x1,n−1,¬xn+1,n}. Similarly we
can derive all the clauses {xi,1, . . . , xi,n−1,¬xn+1,n} for
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Res+LHR

Res+LSR Res+GHR

Res+GSR

Res

Figure 2: The relative strength of the considered reason-
ing systems.

i = 2, . . . , n. Thus we have the clauses of PHn−1 ex-
cept that some contain additionally the literal ¬xn+1,n.
By induction hypothesis there is a short Res+GSR-
derivation of the empty clause from PHn−1. This gives
rise to a short Res+GSR-derivation of the unit clause
{¬xn+1,n} from PHn. Evidently there is an automor-
phisms ϕ of PHn such that ϕ(xn+1,n) = xn+1,n−1.
Hence the global symmetry rule allows to derive the
clause ϕ({¬xn+1,n}) = {¬xn+1,n−1}. Similarly, we can
use the global symmetry rule to derive all the clauses
{¬xn+1,n−2}, . . . , {¬xn+1,1}. Resolving all these unit
clauses with the clause {xn+1,1, . . . , xn+1,n} ∈ PHn

yields the empty clause.

Thus PHn is hard for Res and easy for Res+GSR.

For the further comparison results one uses the fol-
lowing strategy. One “disguises” the clauses of PHn in a
certain way, making the symmetry/homomorphism rule
under consideration inapplicable. The disguise is formed
in such a way that the original clauses of PHn can be
obtained from the disguised clauses by means of a few
resolution steps. This property is used to show that the
disguised PHn remains hard for Res.

The simplest disguising technique is to replace a
clauses C by the clause C∪{x} and to add the unit clause
{¬x}; the original clauses C can be res-established by re-
solving C ∪{x} with {¬x}. Applying this technique one
can disguise PHn in such a way that every clause has a
unique size (except for unit clauses), making the global
symmetry rule inapplicable.

The disguise can be designed in such a way that var-
ious symmetry/homomorphism rules cannot be applied
any more. If a certain symmetry/homomorphism rule X
is not applicable for the disguised PHn, then we have an
instance that is hard for the system Res+X. If we can
design the disguise in such a way that rule X can still be
applied but another more restricted rule Y cannot, we
have shown that system Res+X is strictly stronger than
system Res+Y.

There exists a disguise that makes the local homomor-
phism rule, the strongest of the rules considered, inap-
plicable [Szeider, 2005]. Hence there are hard instances
for the system Res+LHR.

4 Algorithmic Aspects
In our above considerations we have asked for the ex-
istence of short refutations; we have not worried about
the question of how a short refutation can actually be
found. This “proof complexity” perspective has the ad-
vantage that hardness results apply to all possible algo-
rithms that search for refutations: Even if we had an
ideal heuristics that always tells us the best next move
in our derivation, the running time of such an algorithm
would still be exponential if the instance under consid-
eration has no short refutation.

An algorithm that searches for proofs of one of the four
systems considered in Section 2, one needs to find sym-
metries/homomorphisms in order to apply the respective
rule.

The following decision problems arise in the context
of applying the various symmetry/homomorphism rules.

P1 Has a given set F of clauses a nontrivial automor-
phism?

P2 Given a set F of clauses and a subset F ′ of F ; is
there a nontrivial monomorphism from F ′ to F?

P3 Has a given set F of clauses an endomorphism that
is not an automorphism ?

P4 Given a set F of clauses and a subset F ′ of F ; is
there a nontrivial homomorphism from F ′ to F?

Problems P1, P2, P3, and P4 are associated with ap-
plications of the rules GSR, LSR, GHR, and LHR, re-
spectively. All problems belong to NP as one can easily
verify whether a given homomorphism has the required
property. Except for problem P1, all other problems
are known to be NP-hard (NP-hardness of P2 is shown
in [Boy de la Tour and Demri, 1995]; NP-hardness of
problems P3 and P4 is shown in [Szeider, 2005]). As
observed by Boy de la Tour and Demri [1995], prob-
lem P1 is polynomial-time equivalent to the graph au-
tomorphism problem GA, which asks whether a given
graph has a nontrivial automorphism. GA is a natu-
ral problem in NP that appears to be not solvable in
polynomial time. However, it is believed that GA is not
NP-complete since otherwise the Polynomial Hierarchy
would collapse to its second level [Schöning, 1988]. Thus
the weakest of the rules, GSR, is apparently computa-
tionally less costly than the other rules. Moreover, one
can compute first the automorphism group at a prepro-
cessing stage (cf. the discussion in [Boy de la Tour and
Demri, 1995]). Some experimental results on the algo-
rithmic use of a restricted version of GSR have been
reported by Benhamou and Säıs [1994].

In summary, the worst-case complexities of the
problems associated with applications of the symme-
try/homomorphism rules, except for the weakest rule
GSR, are not very encouraging, and a direct use of the
rules in automated deduction seems difficult. However,
it is conceivable that in certain situations one has ad-
ditional information on the given instance that allows
an efficient computation of homomorphisms and symme-
tries. This aspect seems to be of particular relevance if
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F

F ′ ϕ(F ′)

C ϕ(C)

−→ϕ

Figure 3: Illustration for the dynamic homomorphism
rule.

the instance encodes a problem from a different domain,
such as constraint satisfaction.

5 Dynamic Rules
The homomorphisms/symmetries of the above rules
act on the clauses of the input set F , the ax-
ioms. However, one could apply first some inference
steps in order to derive some clauses, and then ap-
ply the homomorphism/symmetry rules using homo-
morphisms/symmetries that act on the derived clauses.
These considerations lead to the following definition (see
Figure 3 for an illustration).

Given a set F of clauses. Assume that we can
derive from F the sets F ′ and F ′′, and assume
that, in turn, we can derive from F ′ the clause
C. If ϕ is a homomorphism from F ′ to F ′′,
then the dynamic homomorphism rule (DHR)
allows to derive the clause ϕ(C).

The dynamic homomorphism rule is discussed in
[Pitassi, 2003] and [Szeider, 2005].

The soundness of this rule can be established simi-
larly as the soundness of the local homomorphism rule.
In this more general setting, the above approach for find-
ing hard instances does not work anymore: one can al-
ways derive the original PHn from its disguise; once PHn

is derived, one can obtain the empty clause via a poly-
nomial number of inference steps using resolution and
symmetry rules that act on the derived clauses.

Currently we do not know any hard instances for the
system Res+DHR.
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Abstract
Symmetry breaking can greatly speed up the search
for solutions and proofs of unsatisfiability, but has
been shown to have a bad effect on local search
for solutions. Recently a new form of local search
has been used to prove unsatisfiability of SAT prob-
lems, based on randomised resolution with greedy
heuristics. An interesting question is: does symme-
try breaking speed up this form of local search? We
present experimental evidence that it does, making
randomised refutation a promising new application
of symmetry breaking.

1 Introduction
Complete SAT algorithms may be based on resolution or
backtracking. Resolution provides a complete proof system
by refutation [Robinson, 1965]. The first resolution algo-
rithm was the Davis-Putnam (DP) procedure [Davis and Put-
nam, 1960] which was then modified to the Davis-Putnam-
Logemann-Loveland (DPLL) backtracking algorithm [Davis
et al., 1962]. Because of its high space complexity, res-
olution is often seen as impractical for real-world prob-
lems, but there are problems on which general resolution
proofs are exponentially smaller than DPLL proofs [Ben-
Sasson et al., 2004]. Incomplete SAT algorithms are usually
based on local search following early work by [Gu, 1992;
Selman et al., 1992]. On some large satisfiable problems, lo-
cal search finds a solution much more quickly than complete
algorithms. Genetic and other evolutionary algorithms have
also been applied to SAT but do not yet rival local search.
A new form of local search was recently described that is
able to prove unsatisfiability: the RANGER [Prestwich and
Lynce, 2006] and GUNSAT [Audemard and Simon, 2007]
algorithms apply resolution to SAT instances in a randomised
way, using greedy heuristics and other techniques to speed up
the search, in the hope of deriving the empty clause.

Symmetry-breaking has proved to be very effective when
combined with complete solvers, by reducing the size of
the search space. Probably the simplest and most popu-
lar approach is to add constraints to the problem formula-
tion, so that each equivalence class of solutions to the orig-
inal problem corresponds to a single solution in the new
problem. A formal framework for this approach is given

in [Puget, 1993]. In constraint programming, symmetry
breaking is usually applied manually by the modeller in an
instance-independent way, whereas in SAT it is usually ap-
plied in an automated, instance-dependent way via generic
tools that detect graph automorphisms [Aloul et al., 2003;
Crawford et al., 1996]. On some problems the instance-
dependent approach is best [Ramani et al., 2006] while on
others the opposite holds [Lynce and Marques-Silva, 2007].
Symmetry breaking can also be used to reduce the size of
a resolution proof, for example short inductionless proofs of
the pigeon-hole principle can be constructed using symmetry
[Krishnamurthy, 1985].

Symmetry breaking has also been used in genetic algo-
rithms (though not for SAT to the best of our knowledge).
A symmetric optimisation problem has multiple optimum so-
lutions that are symmetrically equivalent, and applying re-
combination to them may yield offspring with very poor
fitness. Symmetry breaking in this context involves de-
signing more complex genetic operators and problem mod-
els [Galinier and Hao, 1999], or using clustering tech-
niques [Pelikan and Goldberg, 2000]. However, the use of
symmetry-breaking constraints seems to have a bad effect on
local search (randomised, non-population-based) algorithms
[Prestwich, 2003]. This is true even if we ignore any run-
time overheads due to symmetry breaking constraints, and
measure only search steps. The reasons for this phenomenon
are not completely understood, but detailed experiments show
that symmetry breaking constraints transform symmetric so-
lutions into deep local minima, thus decreasing the solution
density and increasing the number of local minima, and also
reduce the relative sizes of basins of attraction of global min-
ima [Prestwich and Roli, 2005].

Given the above background, what effect should we ex-
pect symmetry breaking clauses to have on local search for
unsatisfiability as in RANGER and GUNSAT? On one hand,
symmetry breaking clauses usually have a bad effect on local
search; on the other hand, we might expect them to speed up
proof of unsatisfiability even if that proof is generated non-
systematically. This paper investigates this question: Section
2 provides background on this new class of local search algo-
rithms, Section 3 reports the results of our experiments, and
Section 4 concludes the paper.
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2 Local search for unsatisfiability
Local and backtrack search have complementary strengths
and weaknesses. Local search has superior scalability on
many large problems, but it cannot (in its usual form) prove
unsatisfiability. Backtrack search and resolution-based algo-
rithms are (usually) complete, and backtrack search’s use of
unit propagation, clause learning, dedicated data structures
and other methods enables it to outperform local search on
some highly-structured problems. This complementarity has
inspired research on hybrid approaches such as the use of unit
propagation in local search, and more flexible backtracking
strategies.

An interesting question is: can local search be applied
to unsatisfiable problems? Such a method might be able
to refute (prove unsatisfiable) SAT problems that defy com-
plete algorithms. The first such algorithm that we know of
is RANGER [Prestwich and Lynce, 2006], which explores
a space of multisets of resolvents using general resolution,
and aims to derive the empty clause non-systematically but
greedily. It will eventually refute any unsatisfiable instance
while using only bounded memory (by exploiting a recent
theoretical result of [Esteban and Torán, 2001]). It can refute
some problems more quickly than current DPLL and system-
atic resolution algorithms, though on most benchmarks it is
currently uncompetitive.

The RANGER architecture is shown in Figure 1. It has six
parameters: the formula φ, three probabilities pi, pt, pg, the
width w and the size k of the formula φi. RANGER begins
with any sub-multiset φ1 ⊆ φ (we interpret φ, φi as multisets
of clauses). It then performs iterations i, each either replac-
ing a φi clause by a φ clause (with probability pi) or resolving
two φi clauses and placing the result r into φi. In the latter
case, if r is tautologous or contains more than w literals then
it is discarded and φi+1 = φi. Otherwise a φi clause must be
removed to make room for r: either (with probability pg) the
removed clause is the longer of the two parents of r (breaking
ties randomly), or it is randomly chosen. In the former case, if
r is longer than the parent then r is discarded and φi+1 = φi.
At the end of the iteration, any satisfiability-preserving trans-
formation may (with probability pt) be applied to φ, φi+1

or both. If the empty clause has been derived then the algo-
rithm terminates with the message “unsatisfiable”. Otherwise
the algorithm might not terminate, but a time-out condition
(omitted here for brevity) may be added.

Local search algorithms usually use greedy local moves
that reduce the value of an objective function, and plateau
traversal moves that leave it unchanged. However, they must
also allow non-greedy moves in order to escape from local
minima. This is often controlled by a parameter known as
noise (or temperature in simulated annealing). RANGER’s
goal is to derive the empty clause, and a necessary condi-
tion for this to occur is that φi contains at least some small
clauses. We call a local move greedy if it does not increase
the number of literals in φi. This is guaranteed on line 10, so
increasing pg increases the greediness of the search, reducing
the proliferation of large resolvents.

RANGER has a useful convergence property: for any
unsatisfiable SAT problem with n variables and m clauses,

1 RANGER(φ, pi, pt, pg, w, k):
2 i← 1 and φ1 ← {any k clauses from φ}
3 while φi does not contain the empty clause
4 with probability pi

5 replace a random φi clause by a
random φ clause

6 otherwise
7 resolve random φi clauses c, c′ giving r
8 if r is non-tautologous and |r| ≤ w
9 with probability pg

10 if |r| ≤ max(|c|, |c′|) replace the
longer of c, c′ by r

11 otherwise
12 replace a random φi clause by r
13 with probability pt

14 apply any satisfiability-preserving
transformation to φ, φi

15 i← i + 1 and φi+1 ← {the new formula}
16 return UNSATISFIABLE

Figure 1: The RANGER architecture

RANGER finds a refutation if pi > 0, pi, pt, pg < 1, w = n
and k ≥ n + 1 (for a proof see [Prestwich and Lynce, 2006]).
The space complexity of RANGER is O(n + m + kw). To
guarantee convergence we require w = n and k ≥ n + 1 so
the complexity becomes at least O(m + n2). In practice we
may require k to be several times larger, but a smaller value
of w is often sufficient.

Lines 13–14 provide an opportunity to apply helpful
satisfiability-preserving transformations to φ or φi or both (if
we do not aim for a pure resolution refutation). We apply the
subsumption and pure literal rules in several ways. Using φi

clauses to transform φ, a feature we shall call feedback, pre-
serves useful improvements for the rest of the search. (We
believe that for these particular transformations we can set
pt = 1 without losing completeness, but we defer the proof
until a later paper.) Note that if φ is reduced then this will
soon be reflected in the φi via line 5 of the algorithm.

A related algorithm is GUNSAT [Audemard and Simon,
2007] which has a similar architecture but interesting differ-
ences. For example, whereas RANGER aims for a high rate
of rather unintelligent local moves, GUNSAT takes longer to
make more intelligent moves based on a more complex objec-
tive function. GUNSAT also uses extended resolution while
RANGER uses general resolution. The two algorithms have
not yet been compared empirically.

3 Experiments
We now evaluate the effects of symmetry breaking on
RANGER. The results are shown in Figure 2. All results
are medians over 10 runs with a cutoff time of 1000 sec-
onds. #Steps denotes the number of RANGER iterations,
#Time the CPU time taken, #V and #C the number of vari-
ables and clauses (respectively) in the SAT instances. Exper-
iments were performed on an Intel Xeon 3 GHz with 4GB
RAM running Linux. The RANGER implementation is as
described in [Prestwich and Lynce, 2006] with parameter set-
tings k=10V , w=V , pi=0.1, pt=0.9 and pg=0.95. The prob-
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lem sets are as follows:
• Chnl problems represent large unsatisfiable instances

that model the routing of X wires in the N channels of
field-programmable integrated circuits. Assuming that
each channel accepts up to one wire, since X > N the
instances are unsatisfiable [Aloul et al., 2003].

• Hole represent the famous pigeon hole instances, where
the goal is to place X pigeons in N holes.1 Again each
hole can hold up to one pigeon, and since X > N the
instances are unsatisfiable.

• Pipe represent difficult unsatisfiable instances that
model the functional correctness requirements of mod-
ern out-of-order microprocessor CPUs. The instances
were generated by Miroslav Velev [Velev and Bryant,
2001].

• X encodes verification problems of two exclusive-or
chains. The instances were generated by Lintao Zhang
and Sharad Malik.2

• Urq are unsatisfiable randomized instances based on ex-
pander graphs [Urquhart, 1987].

• The biological instances b2ar, ace, non-uniform
and hapmap come from the haplotype inference prob-
lem. Given a set of genotypes, described using a string
alphabet {0, 1, 2} the main goal is to identify the min-
imum number of haplotypes, which are described over
with a string over the alphabet {0, 1} such that each
genotype is explained by a pair of haplotypes. The CNF
encoding for this problem is described in [Lynce and
Marques-Silva, 2006] as well as the problem instances
we have used.

Symmetry was broken by the Shatter system [Aloul et al.,
2006; 2003]. Symmetry breaking took only a small fraction
of a second, which is not included in our results.

The FPGA and hole instances clearly show a huge im-
provement due to symmetry breaking. The others (of which
five are denoted (1). . . (5) for space reasons) were unrefuted
within the time limit, with or without symmetry breaking.
Thus we have no evidence that symmetry breaking harms
RANGER performance, but some evidence that it improves
performance. A possible explanation is that the symmetry
breaking clauses allow smaller refutations, which are easier
to discover than large refutations.

However, it is interesting to note that the instances that
RANGER could not refute contain few new variables when
adding symmetry breaking (they are not required to model
the phase shift symmetries of most of these instances), while
those it did refute contain many new variables. This might in-
dicate that the improvement was not completely due to sym-
metry breaking, but also to the use of additional variables,
which might have a similar effect to the auxiliary variables in-
troduced in extended resolution. (Extended resolution allows
the definition of new SAT variables via the extension rule

1DIMACS Challenge benchmarks, 1996
ftp://Dimacs.rutgers.EDU/pub/challenge/sat/benchmarks/cnf

2SAT 2002 Competition
http://www.satlive.org/SATCompetition/submittedbenchs.html

without symmetry breaking
instance #V #C #Lit #Steps #Time

chnl10 11 220 1122 2420 n/a >1000
chnl10 12 240 1344 2880 n/a >1000
chnl10 13 260 1586 3380 n/a >1000
chnl11 12 264 1476 3168 n/a >1000
chnl11 13 286 1742 3718 n/a >1000
chnl11 20 440 4220 8800 n/a >1000

hole7 56 204 448 n/a >1000
hole8 72 297 648 n/a >1000
hole9 90 415 900 n/a >1000

hole10 110 561 1210 n/a >1000
hole11 132 738 1584 n/a >1000
hole12 156 949 2028 n/a >1000
Urq3 5 46 470 2912 n/a >1000
x1.1 16 46 122 364 n/a >1000

2pipe 892 6695 18637 n/a >1000
(1) 776 3725 10045 n/a >1000
(2) 110 428 992 n/a >1000
(3) 187 643 1584 n/a >1000
(4) 156 522 1141 n/a >1000
(5) 223 880 2363 n/a >1000

with symmetry breaking
instance #V #C #Lit #Steps #Time

chnl10 11 728 3077 9103 2700218 11.605
chnl10 12 796 3487 10213 2999725 18.605
chnl10 13 864 3917 11363 3326896 27.67
chnl11 12 878 3847 11291 4417899 33.85
chnl11 13 953 4321 12561 5155214 50.905
chnl11 20 1478 8255 22683 948902 1.55

hole7 153 567 1663 241347 0.35
hole8 199 776 2261 352256 0.535
hole9 251 1026 2967 626528 1.015

hole10 309 1320 3787 948902 1.55
hole11 373 1661 4727 1153560 2.1
hole12 443 2052 5793 1784522 3.825
Urq3 5 46 500 2941 n/a >1000
x1.1 16 48 142 385 n/a >1000

2pipe 1246 8137 23571 n/a >1000
(1) 780 3746 10073 n/a >1000
(2) 120 449 1022 n/a >1000
(3) 205 694 1670 n/a >1000
(4) 160 531 1153 n/a >1000
(5) 223 913 2395 n/a >1000

Key:
(1) 1dlx c mc ex bp f
(2) bio-b2ar-simp-b2ar 5.01
(3) bio-ace-simp-ace 5.07
(4) non-uniform-simp-nonunif-10 50.06
(5) hapmap-simp-test chr21 HCB 30

Figure 2: Experiments on RANGER with and without sym-
metry breaking
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[Tseitin, 1983]. It can lead to exponentially smaller proofs,
but is used even less than general resolution because there are
no known heuristics for generating the new variables.)

We hope to resolve this issue by further experimentation
in future work, either by finding instances without auxil-
iary variables for which symmetry breaking helps randomised
refutation, or by testing the effects of new auxiliary variables
on the unrefuted instances. If the explanation turns out to be a
form of extended resolution then we may enhance RANGER
from general resolution to extended resolution, along the lines
of GUNSAT.

4 Conclusion
This work is only at a preliminary stage, but already shows
the promise of symmetry breaking in randomised refutation.
Local search for unsatisfiability appears to be an exception to
the rule that “symmetry breaking is bad for local search”.

In retrospect this is perhaps unsurprising: if symmetry
breaking allows smaller refutations then these may be eas-
ier to find by any resolution algorithm, whether systematic or
randomised. Moreover, we have not actually applied symme-
try breaking to the space explored by the local search algo-
rithm: to do this we would have to restrict the search so that
it excludes refutations that are symmetric in some sense to
other refutations. This might indeed harm local search per-
formance.

In fact the usual arguments based on solution density and
global basins of attraction do not hold when refuting an UN-
SAT problem. Adding symmetry breaking clauses to a SAT
problem increases the number of possible resolution refuta-
tions, so there are more search states from which greedily ap-
plying resolution leads directly to the empty clause. In other
words, in this context symmetry breaking increases the size
of the basin of attraction of each solution (defined here as a
search state containing the empty clause).
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Abstract

Many reasoning task and combinatorial prob-
lems exhibit symmetries. Exploiting such sym-
metries has been proved useful in reducing the
search space. In this paper, a formal approach
for symmetry breaking in quantified boolean
formula is proposed. It make use of a new
efficient technique for encoding the additional
symmetry predicates in prenex clausal form.
The new asymmetric formula is equivalent to
the original one with respect to the validity.
Experimental evaluation shows significant im-
provements over a wide range of QBF instances.

1 Introduction
Solving Quantified Boolean Formulae (QBF) has become
an attractive and important research area over the last
years. Such increasing interest might be related to differ-
ent factors, including the fact that many important arti-
ficial intelligence (AI) problems (planning, non mono-
tonic reasoning, formal verification, etc.) can be re-
duced to QBF which is considered as the canonical prob-
lem of the PSPACE complexity class. Another impor-
tant reason comes from the recent impressive progress
achieved in the practical resolution of the satisfiability
problem. Many solvers for QBFs have been proposed
recently (e.g. [Giunchiglia et al., 2001b; Letz, 2002;
Zhang and Malik, 2002; Biere, 2004; Benedetti, 2005a]),
most of them are obtained by extending satisfiability re-
sults. This is not surprising, since QBFs is a natural
extension of the satisfiability problem (deciding whether
a boolean formula in conjunctive normal form is sat-
isfiable or not), where the variables are universally or
existentially quantified.

It is well known that exploiting and removing symme-
tries is an important task to deal with the intractabil-
ity of many combinatorial problems such as constraint
satisfaction problems (CSP) [Cohen et al., 2005] and
satisfiability of boolean formula (SAT) [Benhamou and
Sais, 1994; Crawford, 1992; Aloul et al., 2002]. One of
the most popular approach for breaking symmetry con-
sists in adding new constraint, called Symmetry Break-
ing Predicates (SBP), to the original formula or to the

constraint network. This approach independently pro-
posed by Crawford [Crawford, 1992] and Puget [Puget,
1993] is solver independent and is performed in a pre-
processing step.

Extending this approach to QBFs is a very challeng-
ing task. The problem rise from the presence of univer-
sal quantifier, while in SAT or CSP all the variables can
be seen as existentially quantified. Adding the classi-
cal symmetry breaking predicates to the QBF formula
do not preserve the validiy of the original formula. Re-
cently, two promising approaches for breaking symme-
try in QBF have been proposed [Audemard et al., 2004;
2007]. In [Audemard et al., 2004], the symmetry break-
ing predicates are not added to the original formula
leading to a hybrid QBF-SAT formula. A QBF solver
handling such hybrid formula is then proposed. Conse-
quently, this first approach is clearly solver dependent.
More recently, another technique was proposed in [Au-
demard et al., 2007]. The authors proposed an original
preprocessing technique, called sbp4qbf, which extends
the symmetry breaking approach introduced by [Craw-
ford, 1992] and improved by [Aloul et al., 2002] for the
satisfiabiliy problem. It consists in rewriting the quan-
tifier prefix and adding new constraints in order to deal
with the universal quantifiers.

In this paper, we a new formal approach for QBF sym-
metry breaking is proposed. Furthermore, we introduce
a new and efficient way for encoding SBPs. Our ap-
proach allows us to propagate redundant existential lit-
erals and to removes universal symmetrical literals by
considering some interpretations as models of the origi-
nal formula.

The paper is organized as follows. After some prelimi-
nary definitions on quantified boolean formulae, symme-
try framework in QBFs is presented. In section 3, we
formalize symmetry breaking predicates for QBF and
propose an efficient encoding. In section 4, an experi-
mental evaluation of our approach is described. An ex-
perimental evaluation (section 4) and comparison (sec-
tion 5) with the approach proposed in [Audemard et al.,
2007] is presented before concluding.
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2 Technical Background

2.1 Quantified boolean formulae
Let P be a finite set of propositional variables. Then, LP
is the language of quantified Boolean formulae built over
P using ordinary boolean formulae (including proposi-
tional constants ⊤ and ⊥) plus the additional quantifi-
cation (∃ and ∀) over propositional variables.
In this paper, we consider quantified boolean formula Φ
in the prenex clausal form Φ = Q1X1, . . . , QmXmψ (in
short QXψ, QX is called the prefix and ψ the matrix)
where Qi ∈ {∃, ∀}, X1, . . . , Xm are disjoint sets of vari-
ables and ψ a boolean formula in conjunctive normal
form. Consecutive variables with the same quantifier
are grouped. Without loss of generality, we can consider
Qm as the existential quantifier. We define V ar(Φ) =⋃
i∈{1,...,k}Xi the set of variables of Φ. A literal is the oc-

currence of propositional variable in either positive (l) or
negative form (¬l). Lit(Φ) =

⋃
i∈{1,...,k} Lit(Xi) the set

of complete literals of Φ, where Lit(Xi) = {xi,¬xi|xi ∈
Xi}. Finally, we note ψX , the propositional formula ψ
simplified by the assignation of all literals of X .

The semantic of QBF is associated with the notion of
policy. A policy is a set of propositional models which
respect some conditions. For a QBF with n universal
variables, a policy contains 2n propositional models. For
more details, please refer to [Benedetti, 2005b] or [Coste-
Marquis et al., 2006].

2.2 Symmetries in Quantified Boolean
Formulae

Let Φ = Q1X1, . . . , QmXmψ be a QBF and σ a permu-
tation over the literals of Φ i.e. σ : Lit(Φ) 7→ Lit(Φ).
The permutation σ on Φ is then defined as follows:
σ(Φ) = Q1σ(X1), . . . , Qmσ(Xm)σ(ψ). For example, if
ψ is in clausal form then σ(ψ) = {σ(c)|c ∈ ψ} and
σ(c) = {σ(l)|l ∈ c}.
Definition 1 Let Φ = Q1X1, . . . , QmXmψ be a quanti-
fied boolean formula and σ a permutation over the literals
of Φ. σ is a symmetry of Φ iff

1. ∀x ∈ Lit(Φ), σ(¬x) = ¬σ(x)

2. σ(Φ) = Φ i.e σ(ψ) = ψ and ∀i ∈
{1, . . . ,m} σ(Xi) = Xi.

Let us note that each symmetry σ of a QBF Φ is also
a symmetry of the boolean formula ψ. The converse is
not true. So the set of symmetries of Φ is a subset of the
set of symmetries of ψ.

A symmetry σ can be seen as a list of cycles (c1 . . . cn)
where each cycle ci is a list of literals (li1 . . . lini

) st.
∀1 ≤ k < ni, σi(lik) = lik+1 and σi(lini

) = li1 .
It is well known that breaking all symmetries might

lead in the general case to an exponential number of
clauses [Crawford et al., 1996]. In this paper, for effi-
ciency and clarity reasons, we only consider symmetries
with binary cycles. Our approach can be extended to
symmetries with cycles of arbitrary size.

Detecting symmetries of a boolean formula is equiva-
lent to the graph isomorphism problem [Crawford, 1992;
Crawford et al., 1996] (i.e. problem of finding a one
to one mapping between two graphs G and H). This
problem is not yet proved to be NP-Complete, and no
polynomial algorithm is known. In our context, we deal
with graph automorphism problem (i.e. finding a one
to one mapping between G and G) which is a particular
case of graph isomorphism. Many programs have been
proposed to compute graph automorphism. Let us men-
tion Nauty [McKay, 1990], one of the most efficient in
practice.

Recently, Aloul et al. [Aloul et al., 2002] proposed an
interesting technique that transforms CNF formula ψ
into a graph Gψ where vertices are labeled with colors.
Such colored vertices are considered when searching for
automorphism on the graph (i.e. vertices with different
colors can not be mapped with each others).

In [Audemard et al., 2004], a simple extension to QBFs
formulae is given. Such extension is simply obtained
by introducing a different color for each set of vertices
whose literals belong to the same quantifier group. In
this way, literals from different quantifier groups can not
be mapped with each others (see the second condition
of the definition 1). Then, to detect such symmetries,
Nauty is applied on the graph representation of the
QBF.

3 Breaking symmetries in QBFs

Symmetry breaking has been extensively investigated
in the context of constraint satisfaction and satisfia-
bility problems. The different approaches proposed to
break symmetries can be conveniently classified as dy-
namic and static schemes. Dynamic breaking gener-
ally search and break symmetries using breaking predi-
cates or not [Benhamou and Sais, 1994; Gent and Smith,
2000]. Static breaking schemes refer to techniques that
detect and break symmetries in a preprocessing step.
For SAT, symmetries are generally broken by generating
additional constraints, called symmetry breaking predi-
cates (SBP) [Crawford, 1992; Aloul et al., 2002]. Such
SBP eliminates all models from each equivalence class
of symmetric models, except one. However, in the gen-
eral case, the set of symmetry predicates might be of
exponential size. In [Aloul et al., 2002], Aloul et al ex-
tend the approach of Crawford [Crawford, 1992] by using
group theory and the concept of non-redundant gener-
ators, leading to a considerable reduction in the SBP
size.

We briefly recall the symmetry breaking technique in-
troduced by Crawford in [Crawford et al., 1996]. Let ψ
be a CNF formula and σ = (x1, y1) . . . (xn, yn) a symme-
try of ψ. The sbpσ associated to σ is defined as follows:
x1 ≤ y1
(x1 = y1) → x2 ≤ y2
. . .
(x1 = y1) . . . (xn−1 = yn−1) → xn ≤ yn
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The sbpσ defined above expresses that, when for all
i ∈ {1, . . . , k−1} xi and yi are equivalent (take the same
truth value) and xk is true, then yk must be assigned
to true in order to avoid the exploration of isomorphic
interpretations. In the next section, an extension of this
approach to QBF is described.

3.1 Motivation
In the following example, we show the main difficulty be-
hind the extension of SAT symmetry breaking predicates
(SBP) to QBFs.

Example 1 Let Φ = ∀x1y1∃x2y2 ψ be a QBF where
ψ = (x1 ∨¬x2)∧ (y1 ∨¬y2)∧ (¬x1 ∨¬y1 ∨ x2 ∨ y2). The
permutation σ = {(x1, y1)(x2, y2)} is a symmetry of Φ.
Breaking the symmetry σ using the traditional approach,
induces the following sbpσ : (¬x1 ∨ y1) ∧ (¬x1 ∨ ¬x2 ∨
y2) ∧ (y1 ∨ ¬x2 ∨ y2). As all the literals of the clause
(¬x1 ∨ y1) are universally quantified, the new obtained
QBF by adding conjunctively the sbpσ to the original one
leads to an invalid QBF formula.

To overcome this main drawback, we will demonstrate
that for symmetries containing only universal cycles, we
can add disjunctively the symmetry breaking predicates.
The resulting formula is combined with the one obtained
for existential symmetries leading to a general QBF sym-
metry breaking approach.

In this paper, we propose two possible ways to han-
dle symmetry breaking predicates in quantified boolean
formulas. The first one, produces a non clausal matrix.
Whereas, the second one produce a formula in prenex
clausal form usually used by most of the available QBF
solvers.

3.2 Breaking Symmetries : Theoretical
approach

Let us now give a formal description of our approach for
breaking symmetries in QBF.

Definition 2 Let Φ = Q1X1 . . . QiXi . . . QmXm ψ be
a QBF and σ a symmetry of Φ. We define σ ↑ Xi

as the sub-sequence of the symmetry σ restricted to the
cycles involving variables from Xi. Then, the symme-
try σ can be rewriten following the prefix ordering as
{σ1 . . . σi . . . σm} such that σi = σ ↑ Xi. When σ follow
the prefix ordering, it is called p-ordered.

In the sequel, symmetries are considered to be p-ordered.

Example 2 Let Φ = ∃x2y2∀x1y1∃x3y3 (¬x1∨y1∨x3)∧
(x1 ∨ ¬x2 ∨ y3) ∧ (x1 ∨ x2 ∨ x3) ∧ (¬x3 ∨ ¬y3) ∧ (x1 ∨
x2) ∧ (x1 ∨ y2) ∧ (¬x1 ∨ ¬y1 ∨ ¬x2 ∨ ¬y2). Φ has a
symmetry σ = {(x1, y1)(x2, y2)(x3, y3)}. Reordering σ
with respect to the prefix leads to σ = {σ1, σ2, σ3} st.
σ1 = σ ↑ X1 = (x2, y2), σ2 = σ ↑ X2 = (x1, y1) and
σ3 = σ ↑ X3 = (x3, y3).

Definition 3 Let Φ be a QBF, σ a symmetry of Φ and
c = (x, y) is a cycle of σ. A cycle c is called universal
(resp. existential) if x and y are universally quantified
(resp. existentially quantified). A symmetry σ is called

universal (resp. totally universal) if it contains at least
one universal cycle (resp. all cycles are universals), oth-
erwise it is called existential.

For existential symmetries of a QBF, classical SBP
[Crawford et al., 1996] can be translated linearly to a
CNF formula thanks to new additional variables. The
obtained set of clauses can be added to the QBF matrix
while preserving its validity. This is formalized in prop-
erty 1. The main problem arises when breaking universal
symmetries (see example 1).

Property 1 Let Φ = QXψ be a quantified boolean for-
maula and σ an existential symmetry of ψ. Then Φ and
QX(ψ∧ sbpσ) are equivalent with respect to the validity.

In a first step, our reasoning concerns totally universal
symmetries. Let Φ be a QBF formula and σ = {(x1, y1)}
such that (x1, y1) is a universal cycle. The two interpre-
tations {x1,¬y1} and {¬x1, y1} are symmetric. As x1,
y1 are universally quantified, we can check one of them
and consider the other one as a model of ψ. When x1

is assigned to true, thanks to the sbpσ we can propa-
gate y1 = true. Instead of finding a logical formulation
implying y1 = true when x1 = true, we transform ψ in
such a way that when x1 is assigned to true and y1 to
false then ψ becomes true. As the sbpσ is false under
the interpretation {x1,¬y1} and true otherwise, the for-
mula QX(ψ ∨ ¬sbpσ) is asymmetric respect to σ and is
equivalent to Φ with respect to validity.

In the following property, we generalize this idea to a
totally universal symmetry of arbitrary size.

Property 2 Let Φ = QXψ be a QBF formula and σ a
totally universal symmetry of Φ. Then, Φ = QXψ and
Φ′ = QX(ψ ∨ ¬sbpσ) are equivalent with respect to the
validity.

Proof :
proof of → : It is obvious, since each model of ψ is also
a model of ψ∨¬sbpσ. Then a policy of Φ is also a policy
of QX(ψ ∨ ¬sbpσ).
proof of←: Given I a policy of QX(ψ∨¬sbpσ), we built
a policy I ′ of Φ. Let I ∈ I, two cases can occur :

• I |= ψ, then I ′ = I ′ ∪ I
• I 6|= ψ, then, I |= ¬sbpσ, ∃c = (xi, yi) ∈ σ where c is

universal and I is of the form (x1, . . . , xi,¬yi, . . .).
As I is a total policy of ψ∨¬sbpσ then ∃I ′ ∈ I of the
form (x1, . . . ,¬xi, yi, . . .) such that I ′ |= ψ ∨ ¬sbpσ
and I ′ 6|= ¬sbpσ. Consequently, I ′ |= ψ and σ(I ′) |=
ψ where σ(I ′) is of the form (x1, . . . , xi,¬yi, . . .).
Then I ′ = I ′ ∪ σ(I ′).

By construction, it is clear that I ′ is a policy of Φ.

Example 3 Let Φ = ∀x1∃x2y2 (x1 ∨ x2 ∨ ¬y2) ∧ (x1 ∨
¬x2 ∨ y2) ∧ (¬x1 ∨ ¬x2 ∨ y2) ∧ (¬x1 ∨ x2 ∨ ¬y2)
Φ has a symmetry σ = {(x1,¬x1)}. As {(x1,¬x1)} is a
universal cycle, and sbpσ = (¬x1), we have:
Φ′ = Φ∨¬sbpσ = Φ∨x1. Translating Φ′ to clausal form
we obtain : Φ′ = ∀x1∃x2y2 (x1∨x2∨¬y2)∧(x1∨¬x2∨y2)
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The problem arises from symmetry with existential and
universal cycles. the new formula Φ′ = QX(ψ ∨ ¬sbpσ)
described in property 2 is not equivalent to Φ wrt.
validity. Let us consider a counter example. Let
σ = {(x1, y1) . . . (xn, yn)} be a symmetry such that
σ ↑ X1 = (x1, y1) and Q1 = ∃. If we start by assigning
x1 to true and y1 to false, the sbpσ becomes false, and
(ψ ∨ ¬sbpσ) is valid. This conclusion is wrong because
it means that all formulae Φ which have a symmetry
σ = {(x1, y1) . . . (xn, yn)} such that σ ↑ X1 = (x1, y1)
and Q1 = ∃ are valid.

In conclusion, let σ a symmetry of Φ. If all cycles of
σ are existentially quantified then Φ and (Φ ∧ sbpσ) are
equivalent and if all cycles of σ are universally quantified
then Φ and (Φ ∨ ¬sbpσ) are equivalent. To deal with
symmetries containing both universally and existentially
cycles, one need to alternate sub parts of (Φ∧ sbpσ) and
(Φ ∧ sbpσ).
Definition 4 Let Φ = Q1X1 . . .QmXmψ be a QBF and
σ = {σ1 . . . σm} a symmetry of Φ. We define sbpσ ↑ Xi

the projection of sbpσ on the set Xi

Example 4 Let Φ = ∀x1y1x2y2∃x3y3ψ be a QBF for-
mula such that σ = {(x1, y1)(x2, y2)(x3, y3)} a symmetry
of Φ.

sbpσ ↑ X1 = x1 ≤ y1
(x1 = y1)→ x2 ≤ y2

sbpσ ↑ X2 = (x1 = y1) ∧ (x2 = y2)→ x3 ≤ y3
Using the previous definitions, we can now describe

the general formulation of symmetry breaking for quan-
tified boolean formulae as follows:

Property 3 Let Φ = Q1X1 . . .∃Xmψ be a QBF and
σ = {σ1 . . . σm} a symmetry of Φ.
Φ and Φ′ are equivalent with respect to validity where
Φ′ = Q1X1 . . .∃Xm(. . . (((ψ ∧ [sbpσ ↑ Xm]) ∨ ¬[sbpσ ↑
Xm−1]) ∧ [sbpσ ↑ Xm−2]) ∨ . . .)

Proof : Suppose that Q1 is universal.
We can restrict the symmetry breaking predicates to X1.
All cycles of σ ↑ X1 are universal. Then by property 2,
Φ and Q1X1 . . .QmXm(ψ∨¬[sbpσ ↑ X1]) are equivalent.
Let σ1 = (x1, y1) . . . ((xp, yp). and η1 = (x1 = y1)∧ . . .∧
(xp = yp). If η1 = true then {σ2 . . . σm} is a symmetry of
ψ and also a symmetry ofQX(ψ∨¬[sbpσ ↑ X1]). By con-
sidering only σ2, QXψ is equivalent to QX(ψ∨¬[sbpσ ↑
X1])∧(¬η1∨sbpσ2). From the definition 4, we can easily
conclude that sbpσ ↑ X2 = (¬η1 ∨ sbpσ2).
Finally we have QXψ is equivalent to (ψ ∧ [sbpσ ↑
X2]) ∨ (¬[sbpσ ↑ X1] ∧ [sbpσ ↑ X2])
As (¬[sbpσ ↑ X1]→ [sbpσ ↑ X2])
QXψ and QX(ψ∧[sbpσ ↑ X2)∨¬[sbpσ ↑ X1] are equiva-
lent wrt validity. The proof follow by iterating the above
process. Similarly the proof can be obtained when the
first quantifier Q1 is existential.

Let us note that in the case of existential symmetries
σe, Φ′ = QX(ψ∧spbσe) which is the formula of property
1. And in the case of totally universal symmetries σu

Φ′ = QX(ψ ∨ ¬sbpσu) which is the formula associated
to property 2. The following example illustrate how the
formula Φ′ is built.

Example 5 Let us consider the QBF Φ of the example
2. σ = {(x1, y1)(x2, y2)(3, y3)} is a symmetry of Φ. Φ is
rewritten as :
Φ′ = ∃x1y1∀x2y2∃x3y3
((ψ ∧ [sbpσ ↑ X3]) ∨ ¬[sbpσ ↑ X2]) ∧ [sbpσ ↑ X1]

where:
sbpσ ↑ X1 = x1 ≤ y1
sbpσ ↑ X2 = (x1 = y1)→ x2 ≤ y2
sbpσ ↑ X3 = (x1 = y1) ∧ (x2 = y2)→ x3 ≤ y3

This reasoning can easily be generalized to a set of sym-
metries S = {σ1, . . . , σk} by considering projections of
all symmetries of S on Xi.

Let us note that the formula Φ′ is not in prenex clausal
form. As most of the available QBF solvers take as input
a QBF formula in prenex clausal form, one need to trans-
late Φ′ to this most used standard format. For the other
few solvers using general representation ([Zhang, 2006;
Sabharwal et al., 2006]) this translation is not necessary.
Unfortunately, this transformation could be time and
space consuming. To overcome this problem, we pro-
pose in the next section an linear time transformation
approach.

3.3 Breaking Symmetries : clausal form
Let Φ = QXψ be a quantified boolean formula and
σ = {(x1, y1) . . . (xn, yn)} a symmetry of Φ. Suppose
(x1 = y1) and (x2 = y2) . . . (xi−1 = yi−1), our proposed
transformation distinguish the two following cases :

1. Qxi, Q = ∃ : if xi = true then yi has to be assigned
to true

2. Qxi, Q = ∀ : xi = true and yi = false, then we
must satisfy ψ under this interpretation.

By considering all the symmetry σ, there exists a set of
interpretations which we want to consider as models of
ψ. These expected models are collected in a set called
Iσ defined in the following definition.

Definition 5 Let Φ = QXψ be a quantified boolean for-
mula and σ = (x1, y1), . . . , (xn, yn) a symmetry of Φ.
We define Iσ as the set of following interpretations:
Iσ =

⋃
i=1..n{((x1 = y1), . . . , (xi−1 = yi−1), xi,¬yi)) |

such that xi is universal}
In order to break symmetries of Φ, we want to satisfy

the above two cases, i.e. propagate existential literals
thanks to sbpσ and consider all interpretations of Iσ as
models of ψ. To this end, we introduce a new existential
variable rσ added to the innermost quantifier group and
we rewrite ψ as follows: (ψ ∨ ¬rσ) ∧ fσ(rσ, sbpσ). The
function fσ, allows us to break the symmetry σ. It forces
rσ to be false for all interpretations belonging to Iσ and
true otherwise. Furthermore, it induces propagations for
existential cycles.

Definition 6 Let σ =
{(x1, y1) . . . (xlu, ylu) . . . (xn, yn)} be a symmetry of
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Φ such that ∀i > lu, (xi, yi) is an existential cycle (lu
the rank of the last universal cycle in σ). The function
fσ(r, sbpσ) is defined as follow:

1. if 0 < i < lu and (x1 = y1)∧ . . . (xi−1 = yi−1) then:

• if (xi, yi) is a universal cycle:
xi ∧ ¬yi → ¬r and ¬xi ∧ yi → r

• else
xi → yi and ¬xi ∧ yi → r

2. if i = lu and (x1 = y1) ∧ . . . (xi−1 = yi−1) then :
xlu ∧ ¬ylu → ¬r and ¬xlu → r and (xlu = ylu) →
r

3. if i > lu and (x1 = y1) ∧ . . . (xi−1 = yi−1) then :
xi → yi

Example 6 Let Φ = ∃x1, y1∀x2, y2∃x3, y3ψ be a QBF
formula and σ = {(x1, y1), (x2, y2)} a symmetry of
Φ. Using the formula fσ(rσ , sbpσ), the different values
taken by rσ according to the different interpretations of
x1, x2, y1, y2 are depicted in Figure 1.

x1

y1

¬x1

y1 ¬y1

x2

y2

¬r

r

¬x2x2

y2 ¬y2

¬r

¬y2

¬x2

r

r

rr
considered as models of ψ

Redundant Interpretations (Iσ)

y1 is existential,
it is propagated

redundant interpretation
(x1,¬y1) is removed

Figure 1: fσ(rσ, sbpσ) : a search tree

Finally, we have the following property.

Property 4 Let Φ = QXψ be a QBF and σ a symmetry
of Φ, then Φ and Φr = QX∃r (ψ ∨ ¬r) ∧ fσ(r, sbpσ) are
equivalent wrt. validity.

Example 7 Let us consider the QBF
Φ = ∀x1, y1, x2, y2∃x3, y3ψ and σ = {(x1, y1)(x2, y2)} a
symmetry of Φ.
Φr = ∀x1, y1, x2, y2∃x3, y3α1, α2, r
(ψ ∨ ¬r) ∧
(¬α1 ∨ x2 ∨ y2 ∨ α2) ∧ (x1 ∨ y1 ∨ α1) ∧
(¬α1 ∨ ¬x2 ∨ ¬y2 ∨ α2) ∧ (¬x1 ∨ ¬y1 ∨ α1)∧
(¬α1 ∨ ¬x1 ∨ ¬x2 ∨ y2 ∨ ¬r) ∧ (¬x1 ∨ y1 ∨ ¬r)∧
(¬α1 ∨ y1 ∨ ¬x2 ∨ y2 ∨ ¬r) ∧ (x1 ∨ ¬y1 ∨ r) ∧
(¬α1 ∨ x2 ∨ ¬r) ∧ (¬α1 ∨ ¬α2 ∨ r)

The variables α1 (resp. α2) is introduced to expresses
that (x1 = y1) (resp. (x1 = y1) ∧ (x2 = y2)). The last
10 clauses are those of fσ(r, sbpσ).

In the following, we show how to generalise the previ-
ous transformation to an arbitrary set of symmetries.
Let Φ a QBF and S = {σ1 . . . σn} the set of symmetries
of Φ. For each universal symmetry σi, we introduce an
additional variable riσ to break it. For the set S, the
equivalent formula is obtained by adding all the symme-
tries of Φ as described in the following definition.

Definition 7 Let Φ be a QBF and S a set of symme-
tries of Φ and U = {σ1 . . . σp} the subset of S containing
only universal symmetries. we define

Φr = QX∃r1σr2σ . . . rpσr(ψ ∨ ¬r) ∧ fU (r, SBPU ) ∧ SBP∃
where

• r = ∧(r1σ, r2σ . . . rpσ)
• fU (r, SBPU ) =

∧
σi∈U fσi(riσ , sbpσi)

• SBP∃ (resp. SBPU) is the SBP corresponding to
all existential (resp. universal) symmetries.

Property 5 Let Φ a QBF formula and S the set of all
its symmetries, then Φ and Φr are equivalent with respect
to validity.

In the sequel, we propose some useful simplification of
our proposed transformation that we use in our experi-
mental evaluation.

Let Φ = Q1X1 . . .QmXm be a QBF and
U = {σ1 . . . σp} be the set of universal symmetries
of Φ such that V ar(U) ∈ {Xi ∪ · · · ∪ Xn}. Let c be
a clause of ψ such that V ar(c) ∈ {X1 ∪ · · · ∪ Xi−1}.
then it is not necessary to add ¬r in c. Indeed, if
ΦX1...Xi−1 is the QBF obtained after the assignment of
all the variables in {X1 ∪ · · · ∪Xi−1}, then σ remains a
symmetry of ΦX1...Xi−1 .

Obviously, the new built formula allows us to avoid some
isomorphic interpretations. However, adding ¬r to all
clauses of ψ eliminates some useful propagation. For
example, if (x ∨ y) is a clause such that neither x and
y belong to the symmetries of Φ then (x ∨ y ∨ ¬r) is
the new clause of Φr. When x is assigned to false,
then y is propagated in ψ, which is not the case in Φr.
Furthermore, in the worst case, if y is assigned to false,
¬r is propagated and the solver will lose time in checking
fU (r, sbpU ) i.e. to prove the inconsistency induced by the
sbp.
Not surprisingly, in practice adding ¬r in all clauses of
ψ make generally Φr more difficult to be solved than Φ.
To avoid such a case, the goal is to add ¬r just in some
chosen clauses and leave the others unchanged.

For our experiments, as binary clauses might be
helpful during search, we add ¬r only in non binary
clauses, containing at least one literal appearing in a
universal symmetry.
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Let Φ = Q1X1 . . . QmXm be a QBF and σ =
{(x1, y1) . . . (xn, yn)} a symmetry of Φ. Suppose that ex-
ists a cycle (xp, yp) of σ such that xp and yp are pure liter-
als. In this case, if we generate the sbp of σ, then the lit-
erals xp and yp are not pure. As the pure literals play an
important role in QBF solving [Giunchiglia et al., 2004],
this might have a great impact on the efficiency of the
QBF solvers. To avoid this problem, we propose the two
following possibilities. The first one, consists in eliminat-
ing the cycle (xp, yp) from σ and propagating xp and yp
following theirs quantifiers. The second one consists in
reducing σ to the set of cycles {(x1, y1) . . . (xp−1, yp−1)}.
For our experiments, we choose this second option.

Finally, if σ is of the form (x,¬x) where x is a universal
literal, then x is requantified existentially and the clauses
c = (¬x) is added to the matrix.

Complexity
Adding new existentially quantified variables, the size
of the classical SBP is known to be linear in the size
of symmetry. According to the formula of fσ(rσ , sbpσ),
its size remain linear in the size of the symmetry σ.
In the worst case, for a totally universal symmetry
σ = {(x1, y1) . . . (xn, yn)}, we introduce one variable and
four clauses for each cycle. Consequently, the size of
fσ(rσ , sbpσ) is in O(5n).

4 Experiments

The experimental results reported in this section are
obtained on a Xeon 3.2 GHz (2 GB RAM) and per-
formed on a large panel of symmetric instances avail-
able from [Giunchiglia et al., 2001a]. This set of QBF
instances contains different families like toilet, k *,
FPGA, qshifter. As a comparison, we run the state-of-
the-art DPLL-like solver semprop [Letz, 2002] on QBF
instances with and without breaking symmetries. The
time limit is fixed to 900 seconds. Results are reported
in seconds. The symmetry computation time is not re-
ported (less than one second in most cases). U indicates
if the instances contain universal symmetries, NBS rep-
resents the number of symmetries, SAT indicates if the
instances is valid or not. Φ represents the time needed to
solve the instances without breaking symmetries and Φr
the time to solve the instances after breaking symmetries
with the following restrictions. First, in a case of exis-
tential symmetry, we keep only the first cycle. Second,
in a case of universal symmetry, we cut the symmetries
from the last universal cycle.

Table 1 gives results on a large variety of QBF in-
stances. Breaking symmetries with our method signifi-
cantly improves semprop performances on many QBF
instances leading to more solved instances. As an exam-
ple, for the biu * family, without breaking symmetries,
semprop solves one instance whereas adding symmetry
breaking predicates, we are able to solve 8 instances. For
C5135 * family we can solve one instance. On toilet c*
family the cpu time decreases in more than one order of
magnitude when using symmetry breaking predicates.

Furthermore, the existence of universal symmetries
seems to be an important factor for reducing the search
time, especially when these symmetries occurs in the out-
ermost quantifier. It is the case for example for the biu
family.

Not surprisingly, we have also noticed that symmetries
between literals occurring in the innermost quantifier
(recall that it is existential) group are useless. Indeed,
such symmetries does not lead to a great reduction in the
search tree, since their corresponding variables are as-
signed last i.e when the formula is considerably reduced
by the previous assignments. Finally, for QBF families
containing only existential symmetries, breaking them
does not lead to a great improvement in the search time
exept in some cases (see for example families (k grz),
toilet a).

5 Comparison between our encoding
and sbp4qbf algorithm

Let us now compare our method with sbp4qbf [Aude-
mard et al., 2007].
To break symmetries, the authors of sbp4qbf propose a
new order of the quantifier. For example, let Φ be a QBF
and {(x1, y1)} a symmetry of Φ such that, V ar(X1) =
{(x1, y1)}, and Q1 = ∀. The equivalent sbp is x1 ≤ y1.
So, if x1 is assigned to true, then we can directly assigny1
to true and if y1 is assigned with false, x1 can be as-
signed to false. From this algorithm, the new prefix is
rewritten as ∀x1∃α1∀y′1∃y1Q2X2 . . .QmXm ψ∧sbp∧qsbp
where qsbp, are the added predicates to preserve the
equivalence. This new prefix constrains x1 to be assigned
before y1. With our method no restriction is needed.
The only modification of the prefix concern the set of
existential variables added to the innermost quantifier.
In sbp4qbf, when there is two universal symmetries like
σ1 = {r1, (x1, y1) . . .} and σ2 = {r2, (z1,−y1) . . .} such
that y1 is a universal literal. To keep the equivalence,
σ2 is reduced to σ′2 = {r2} and a part of the symmetry
σ2 is removed. It is not the case here with our proposed
method.
Obviously, the main difference between sbp4qbf and our
method is in the way used to manage the universal lit-
erals. Indeed, considers a simple universal symmetry
{(x1, y1)}, if x1 is assigned to true, y1 is propagated
in sbp4qbf, where with our method, {x1,¬y1} is con-
sidered as a model which is an other alternative to the
algorithm proposed in [Audemard et al., 2007].
At the end, we compared experimentally our results with
the ones obtained in [Audemard et al., 2007]. Table 2
provides more detailed results on the different QBF fam-
ilies. The second column (NB) represents the number
of instances in each family. The third column (U) indi-
cates if the instances contain universal symmetries (Y ) or
not (N). For each family, S and TT represents the total
number of solved instances and the total run-time needed
for solving all the instances (900 seconds are added for
each unsolved one) respectively and finally ΦS represent
the broken formula using the algorithm described in [Au-
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Instances U NBS SAT Φr Φ
biu.mv.xl ao-p005-IPF02-c02 Y 15 F – 1.45
biu.mv.xl ao-p005-OPF03-c09 Y 15 T 17.83 –
biu.mv.xl ao-p010-IPF02-c07 Y 15 T 1.25 –
biu.mv.xl ao-p010-IPF02-c08 Y 15 T 0.83 –
biu.mv.xl ao-p010-IPF05-c05 Y 94 T 0.15 –
biu.mv.xl ao-p010-IPF05-c07 Y 28 T 16.72 –
biu.mv.xl ao-p010-IPF05-c10 Y 91 T 0.16 –
biu.mv.xl ao-p010-OPF02-c08 Y 91 T 1.36 –
biu.mv.xl ao-p010-OPF02-c10 Y 91 T 1.35 –
C5315.blif 0.10 1.00 0 1 out exact Y 37 T 788.41 –
k path p-10 Y 4 F 18.73 39.48
k path p-11 Y 4 F 20.35 71.39
k path p-12 Y 7 F 130.25 357.70
k path p-13 Y 8 F 203.14 643.14
k path p-14 Y 8 F – 39.64
k path p-14 Y 8 F – 39.64
k path n-19.qdimacs Y 11 T – 579.72
ncf 8 16 4 u.4 Y 1 F 168.39 176.67
ncf 8 16 4 u.9 Y 1 F 313.67 336.21
ncf 8 16 8 d.2 Y 1 F 121.71 129.42
ncf 8 16 8 d.4 Y 1 F 168.28 180.17
ncf 8 16 8 d.6 Y 1 F 157.22 169.51
ncf 4 16 4 d.6 Y 1 F 19.28 3.06
ncf 16 32 4 u.9 Y 1 T 70.45 61.36
ncf 4 16 2 u.8 Y 2 T 90.19 1.69
ncf 8 16 8 edau.3 Y 1 F 305.25 318.73
ncf 8 16 8 edau.6 Y 1 T 455.41 479.48
ncf 8 16 8 euad.7 Y 1 T 669.75 717.30
lut4 3 fAND Y 11 T 0.28 26.74
lut4 AND fXOR Y 11 F 423.40 –
lut4 2 fXOR Y 9 T 4.51 0.07
ken.flash08.C-f4 Y 1 F 438.24 8.26
term1.blif 0.10 0.20 0 0 inp exact Y 3 F 151.88 160.19
TOILET7.1.iv.13 Y 2 F 12.82 70.37
TOILET6.1.iv.11 Y 2 F 1.28 4.39
TOILET7.1.iv.14 Y 2 T 11.83 7.07
toilet c 10 01.15 Y 2 F 2.48 12.05
toilet c 10 01.16 Y 2 F 7.47 48.31
toilet c 10 01.17 Y 2 F 23.75 158.30
toilet c 10 01.18 Y 2 F 77.86 570.81
toilet c 10 01.19 Y 2 F 259.48 –
toilet c 10 01.20 Y 2 T 1.87 –
S-adeu-26 Y 46 F 8.49 14.69
S-adeu-37 Y 46 F 1.21 3.32
S-adeu-40 Y 46 F 7.51 12.53
S-edau-26 Y 46 F 4.17 6.23
S-edau-43 Y 46 F 1.66 2.71
S-adeu-23 Y 48 F 37.77 4.85
S-adeu-40 Y 46 F 7.51 12.53
T-adeu-14 Y 46 F 7.47 25.70
T-adeu-26 Y 46 F 2.04 4.08
T-adeu-40 Y 46 F 1.65 2.97
T-edau-14 Y 46 F 2.97 6.65
x40.11 N 2 T 687.46 728.11
k branch n-9 N 1 T 291.31 292.66
k branch p-10 N 1 F 170.64 182.57
k branch p-11 N 1 F 331.90 334.92
k branch p-12 N 1 F 192.48 206.89
k branch p-9 N 1 F 38.88 41.47
k poly p-20 N 2 F 314.37 334.85
k poly p-21 N 2 F 348.21 349.71
k poly p-9 N 2 F 21.59 22.92
k ph n-10 N 1 T 651.07 –
k grz n-10 N 6 T 148.00 161.22
k grz n-12 N 6 T 729.89 874.60
k grz n-13 N 6 T 360.63 425.38
k grz n-15 N 8 T 325.21 338.32
k grz n-16 N 8 T 298.36 326.51
k grz n-17 N 8 T 255.17 263.69
k grz p-10 N 4 F 153.96 164.11
k grz p-11 N 4 F 79.35 84.79
k grz p-12 N 4 F 191.12 205.59

Table 1: semprop with and without symmetries break-
ing

demard et al., 2007]. In general case, sbp4qbf seems to
be more efficient than our method but it exists instances,
where our method outperforms sbp4qbf.

Φ ΦS Φr

family NB U S TT S TT S TT
fpga 8 Y 6 1834 7 921 6 2231.71
biu 23 Y 1 19801 8 13668 8 13539
toilet c 53 Y 51 2656 53 49 53 374.61
C5315 4 Y 0 3600 0 3600 1 3488
k path 40 Y 28 12915 34 7999 24 15001.79
qshifter 6 Y 6 67 6 61 6 40
TOILET 7 Y 6 988 6 926 6 926
term1 6 Y 6 174 6 177 6 164.13
strategic 100 N 86 13482 86 13477 86 13477
k branch 42 N 21 20096 21 20069 21 20069
k lin 21 N 5 14553 5 14551 5 14551
k grz 37 N 23 15242 24 14997 24 14997
k poly 42 N 42 2031 42 2068 42 2068
toilet a 22 N 22 12 22 20 22 20

TOTAL 411 303 107420 320 92583 310 100945

Table 2: Results on different QBF families

6 Conclusion

In this paper, a new approach to break symmetries in
quantified boolean formulae is proposed. To preserve
the equivalence, this new formula allows to propagate
the existential literals from the sbp and remove universal
symmetrical literals by introducing an auxiliary variable
and considering some interpretations as models of the
original formula. Experiments show the interest behind
breaking these symmetries. Important improvement are
obtained on different QBF families. As future work,
we want to use our theoretical approach on non clausal
solvers.
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Abstract

Many research works on symmetry in CSPs ap-
peared recently. But, most of them deal only with
the global symmetry1 of the studied problem and
give no strategy that can be used to detect and elim-
inate local symmetry2. Eliminating global symme-
try is shown to be useful, but exploiting only these
symmetries could not be sufficient to solve some
hard locally symmetrical problems. That is, a prob-
lem can have few or no initial symmetries and be-
come very symmetrical at some nodes during the
search. In this paper we study a general principle of
semantic symmetry and define a syntactic symme-
try which is a sufficient condition for semantic sym-
metry. We define a weakened form of this syntactic
symmetry, and study three local symmetry detec-
tion and elimination strategies and compare them
to global symmetry elimination. Experiments con-
firm that local symmetry breaking is profitable for
CSP solving.

1 Introduction

As far as we know, the principle of symmetry is first intro-
duced by Krishnamurty[Krishnamurty, 1985] to improve res-
olution in propositional logic. Symmetries for Boolean con-
straints are studied in depth in[Benhamou and Sais, 1992;
1994; Benhamouet al., 1994], the authors showed how to de-
tect them and proved that their exploitation is a real improve-
ment for several automated deduction algorithms. The no-
tion of interchangeability in CSPs is introduced in[Freuder,
1991] and symmetry for CSPs are studied in[Puget, 1993;
Benhamou, 1994].

Since that, many research works on symmetry have ap-
peared. For instance, the static approach used by James
Crawford et al. in[Crawfordet al., 1996] for propositional
logic theories consists in adding constraints to break the
global symmetries of the problem. This technique has been

1The symmetry of the initial problem appearing at the root of the
search tree

2The symmetry of the resulting CSP at a node of the search tree
corresponding to a partial instantiation

improved in[Aloul et al., 2003] and extended to 0-1 Integer
Logic Programming in[Aloul et al., 2004].

Since a great number of constraints could be added,
some researchers proposed to add the constraints during the
search. In[Backofen and Will, 1999; Gent and Smith, 2000;
Gentet al., 2002], authors post some conditional constraints
which remove the symmetric of the partial interpretation
in case of backtracking. In[Focacci and Milano, 2001;
Fahleet al., 2001; Puget, 2002; Gentet al., 2003], authors
proposed to use each subtree as a no-good to avoid explo-
ration of some symmetric interpretations and the group equiv-
alence tree conceptual for value symmetry elimination is in-
troduced in[Roney-Dougalet al., 2004]. These techniques
are called respectively SBDS, SBDD and GE-Tree.

Recently, a method which breaks symmetries between the
variables of an Alldiff constraint is studied in[Puget, 2005c],
a nice method which eliminates all value symmetries in sur-
jection problems is given in[Puget, 2005b], and a work gath-
ering all the known different symmetry definitions tosolu-
tion symmetryor to constraint symmetryis done in[Cohen
et al., 2005]. More recently, in[Puget, 2006], Puget studied
a new lex constraints symmetry breaking method in the term
of dynamic lex leader solutions, and in[Walsh, 2006] Walsh
studied various new propagators to break various symmetries
among them the one acting simultaneously on both variables
and values.

One drawback of all these approaches is that only the sym-
metry of the initial problem is considered (the global sym-
metry) and no method that allows dynamic detection and ex-
ploitation of local symmetry is given. Recently, researchers
called this, conditional symmetry[Gentet al., 2005; Zampelli
et al., 2006].

In this paper we developed the general concept of seman-
tic symmetry for CSPs that Benhamou first initiated in[Ben-
hamou, 1994]. We also study and extend the principle of
syntactic symmetry that we prove to be a sufficient condi-
tion for semantic symmetry. We show how local symmetry
is detected and eliminated during search, and show how its
removal simplifies the search space of tree search algorithms.

This paper is organized as following: CSP background is
given in Section 2.Semantic symmetryis defined in Section
3. Section 4 discusses the notion ofsyntactical symmetry
which is a sufficient condition forsemantic symmetry.
Section 5 shows how symmetry is detected and eliminated
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locally during search and how a tree search method (here
Forward Checking) takes advantage of symmetrical values to
reduce its search space. In section 6 we evaluate the proposed
techniques by experimental results and Section 7 concludes
the work.

2 Background
A CSP is a quadrupleP = (V, D, C, R) where: V =
{v1, ..., vn} is a set ofn variables;D = {D1, . . . , Dn} is the
set of finite discrete domains associated to the CSP variables,
Di includes the set of possible values of the CSP variablevi,
di denotes the fact that the valued belongs to the domain
Di, C = {C1, ..., Cm} is a set ofm constraints each involv-
ing a subset of the CSP variables. A binary constraint is a
constraint which involves at most two variablesvi, vj , and is
denoted byCij ; R = {r1, ..., rm} is a set of relations corre-
sponding to the constraints ofC. ri represents the list of value
tuples permitted by the constraintCi ∈ C. A binary CSPP
(a CSP involving only binary constraints) can be represented
by a constraint graphG(V, E) where the set of verticesV
is the set of the CSP variables and each edge(vi, vj) ∈ E
connects the variablesvi and vj involved in the constraint
Cij ∈ C. The microstructure[Freuder, 1991; Jegou, 1993;
Cohenet al., 2005] of the CSPP is a graphMP(V ×
∪i∈[1,n]Di, É), where each edge of́E corresponds either to a
tuple allowed by a specific constraint or to an allowed tuple
because there is no constraint between the associated vari-
ables. An instantiationI = (〈v1, a1〉, 〈v2, a2〉, . . . , 〈vn, an〉)
is the variable assignment{v1 = a1, v2 = a2, . . . , vn = an}
where a valueai of the domainDi is assigned to the variable
vi . A constraintCi ∈ C is satisfied byI if the projection of
I on the variables involved inCi is a tuple ofri. The instan-
tiation I is consistent if it satisfies all the constraints ofC,
thusI is a solution of the CSP. An instantiation of a subset of
the CSP variablesV is called a partial instantiation, it defines
a nogood when it is inconsistent. Each partial instantiation
I defines a nodenI in the search tree which corresponds to
the local CSPPI resulting fromP by consideringI and its
induced propagations. An instantiation is total if it is defined
on all the CSP variables. Given a CSP, the main question is
to decide its consistency or to find its set of solutions. We as-
sume that the reader knows a minimal background on permu-
tations and groups. For the sake of simplicity we restricted
the study to binary CSPs, however, the notion of symmetry
remains valuable for non-binary CSPs as well.

3 Semantic symmetry
Because we are interested in two problems in CSPs: the prob-
lem of finding a solution and the problem of finding all the
solutions of the CSP, we define two levels of semantic sym-
metry.
Definition 3.1 (Semantic symmetry for consistency)Two
variable-value pairs〈vi, bi〉 ∈ V ×Di and〈vj , cj〉 ∈ V ×Dj

are symmetrical for consistency iff the following assertions
are equivalent:

1. There is a solution of the CSP which assigns the valuebi

to the variablevi;

2. There is a solution of the CSP which assigns the value
cj to the variablevj .

Variable-value pairs can be not only symmetrical for con-
sistency, but symmetrical for the set of all solutions as well.
Thus, if sol(P) denotes the set of solutions of the CSPP ,
then we define a second level of semantic symmetry as fol-
lows:

Definition 3.2 (Semantic symmetry for all solutions)Two
variable-value pairs〈vi, bi〉 ∈ V ×Di and〈vj , cj〉 ∈ V ×Dj

are symmetrical forsol(P) if and only if each solution of
the CSP assigning the valuebi to vi can be mapped into a
solution assigning the valuecj to vj and vice-versa.

This means that the set of solutions in which the assign-
mentvi = bi participates is isomorphic to the one in which
vj = cj participates. These are symmetrical solutions.

Remark 3.1 1. If the variablesvi andvj designate a same
variable, then both previous definitions concern symme-
try of values in a same domain.

2. Symmetry for all solutions implies symmetry for consis-
tency.

Identifying semantic symmetry is clearly time consuming,
since this requires solving the problem. We study in the
next section the syntactical symmetry notion which is more
tractable computationally and which is a sufficient condition
to handle semantic symmetry.

4 Syntactic symmetry

In [Benhamou, 1994], the author studied syntactical symme-
try of values of a same CSP domain variable, here syntactic
symmetry is extended to the possible variable-value pairs of
the CSP. This leads to a similar definition as the one of con-
straint symmetry given in[Cohenet al., 2005]

Definition 4.1 A syntactical symmetry of a CSPP =
(V, D, C, R) having the microstructureMP , is a mapping
σ : V × ∪i∈[1,n]Di −→ V × ∪i∈[1,n]Di, that preserves the
edges and the non-edges ofMP .

Remark 4.1 A syntactical symmetry of a CSPP is an au-
tomorphism of its microstructureMP . The set of syntactic
symmetries of a CSPP is identical to the set of its constraint
symmetries[Cohenet al., 2005] which is equivalent to the
automorphism groupAut(MP) of its microstructure. Syn-
tactical symmetries preserve the solutions of the CSP.

Definition 4.2 Two variable-value pairs〈vi, bi〉 ∈ V ×
Di and (vj , cj) ∈ V × Dj are syntactically symmetrical
iff there exists a syntactical symmetryσ of P , such that
σ(〈vi, bi〉)=〈vj , cj〉.
Theorem 4.1 If two variable-value pairs〈vi, bi〉 ∈ V × Di

and 〈vj , cj〉 ∈ V × Dj are syntactically symmetrical, then
they are semantically symmetrical for all solutions of the CSP.

Proof 1 It is based on the fact that syntactical symmetry pre-
serves solutions.
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4.1 The weakened syntactic symmetry conditions
A weakened symmetry condition has been defined in[Ben-
hamou and Saı̈di, 2006; 2005] for the restricted framework of
Not-equals CSPs and had been shown to be useful in prac-
tice. Here, we show how to extend this weakened condition
to General CSPs. Before doing that, we define the notion of
assignment trees and failure trees corresponding to the enu-
merative search method used to prove the consistency of a
considered CSP.

Definition 4.3 We call an assignment tree of a CSPP corre-
sponding to a given search method and a fixed variable or-
dering, a tree which gathers the history of all the variable
assignments made during search, where the nodes represent
the variables of the CSP and where the edges outgoing from a
nodevi are labeled by the different values used to instantiate
the corresponding CSP variablevi.

The root of the tree is the first variable in the ordering. In
this work, the considered search method is Forward Checking
[Haralik and Elliot, 1980].

In an assignment tree of a CSP, a path connecting the
root of the tree to a node defines a partial instantiationI of
the CSP. The variables of the partial instantiationI are the
nodes of the considered path. The last nodenI of the path
corresponds to the last affected variable in the instantiation
or to a variable having an empty domain.

We associate to each inconsistent partial instantiation, cor-
responding to a given path in the assignment tree, a failure
tree defined as follows:

Definition 4.4 Let T be an assignment tree of the CSPP ,
I = (〈v1, a1〉, 〈v2, a2〉, . . . , 〈vi, ai〉) an inconsistent partial
instantiation of the variablesv1,v2,...,vi corresponding to the
path{v1, v2, ..., vi} in T . We call a failure tree of the instan-
tiation I, the sub-tree ofT denoted byTI such that:

1. The root of the treeT and the root of the sub-treeTI are
joined by the path corresponding to the instantiationI;

2. All the CSP variables corresponding to the leaf nodes of
TI have empty domains.
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Figure 1: The constraint graph of a graph coloring instance,
its assignment tree and the failure tree ofI=(〈v1, b〉, 〈v2, a〉)

Example 4.1 Take the CSP on the left part of Figure 1 and
apply a Forward Checking process on it w.r.t the variable or-
dering {v1, v2, v3, v4, v5}. The right part of Figure 1 illus-
trates the assignment tree of the considered CSP. If we take

the partial instantiationI = (〈v1, b〉, 〈v2, a〉), then the fail-
ure treeTI of the instantiationI is the part of the assignment
tree shown in a box.

We can now give the weakened conditions of syntactic
symmetry. The main idea is to weaken the syntactic sym-
metry conditions when an inconsistent partial instantiation
is generated during the search. That is, for a local CSPPI
where the partial instantiationI is inconsistent, the condi-
tions of syntactic symmetry (Definition 4.1) are restrictedto
only the variables involved in the failure treeTI , rather than
to all the un-instantiated variables.

Theorem 4.2 Let P(V, C, D, R) be a CSP, I0 =
(〈v1, a1〉, . . . , 〈vi−1, ai−1〉) a partial instantiation of
i − 1 variables instantiated before the current variablevi

such that the extensionI = I0

⋃{〈vi, ai〉} is inconsistent,
TI is the failure tree ofI and V ar(TI) the set of the
variables corresponding to the nodes ofTI . If 〈vi, ai〉 is
syntactically symmetrical to〈vj , bj〉 in the CSPṔI0 derived
fromPI0 by restricting its set of variables toV ar(TI)∪{vi},
then the extensionJ = I0

⋃{〈vj , bj〉} is inconsistent.

Proof 2 The CSPṔI0 is PI0 where the set of variables is
restricted toV ar(TI) ∪ {vi}. By the hypothesis,TI is a
failure tree ofI in P . This implies that the assignment of
the valueai to vi leads to a failure inṔI0 . In other words,
〈vi, ai〉 does not participate in any solution of́PI0 . By the
hypothesis, the pair〈vi, ai〉 is symmetrical to〈vj , bj〉 in ṔI0 .
This implies that〈vj , bj〉 does not participate in any solu-
tion of ṔI0 . Thus〈vj , bj〉 does not participate in any solu-
tion ofPI0 as well. This implies that the partial instantiation
J = I0

⋃{〈vj , bj〉} is inconsistent inP . (QED)

Remark 4.2 In the case of a failure during search, the sym-
metry conditions are restricted to only the variables partici-
pating in the failure.

Theorem 4.2 gives an interesting weakening of the condi-
tions of syntactic symmetry that we can use when the current
partial instantiation leads to an inconsistency. By using the
new conditions, some symmetries not captured by the normal
conditions can result from these weakened conditions. Let us
consider for instance the CSP of Figure 1. If we take the par-
tial instantiationI0 = 〈v1, b〉 and the inconsistent extension
I=I0∪ {〈v2, a〉}, then the pairs〈v2, a〉 and〈v2, c〉 are sym-
metrical. That is, the two valuesa andc of the domain of the
current variablev2 are symmetricalw.r.t the weakened con-
ditions (Theorem 4.2) applied on the CSṔPI0 involving the
set of variablesV ar(TI) ∪ v2={v2, v3, v4}, whereas the nor-
mal symmetry conditions are not verified on the CSPPI0 in-
volving the set of all un-instantiated variables{v2, v3, v4, v5}.
The branch corresponding to the assignment ofc to v2 is not
explored during search thanks to Theorem 4.2. This defines
a more powerful symmetry cut that we use to shorten CSP
search trees.

Besides, this weakening property can be used in other
known symmetry breaking methods[Benhamou and Sais,
1992; 1994; Benhamouet al., 1994]. That is, symmetry con-
ditions have to be checked only on the variables involved in
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the failure when a partial instantiation is shown to be incon-
sistent.

Below we show how local symmetry is detected and elim-
inated, and how a tree search method (here, Forward Check-
ing) can take advantage of symmetry.

5 Local symmetry detection and exploitation
5.1 Symmetry detection and breaking
Local symmetries have to be detected dynamically at each
node of the search tree. Dynamic symmetry detection had
been studied in CSPs, a local syntactic domain symmetry
search method had been given in[Benhamou, 1994].

As an alternative to this symmetry search method, we
adapted Saucy[Aloul et al., 2003] to detect local syntactic
symmetries and show how to break such symmetries dur-
ing search. Saucy is a tool for computing the automorphism
group of a graph. Other tools like Nauty[McKay, 1981] or
the most recent methods AUTOM[Puget, 2005a] or the one
described in[Mearset al., 2006] can be adapted to search lo-
cal symmetry. It is shown in[Puget, 2005a] that AUTOM is
the best method. Because the source code of AUTOM is not
free, we chose Saucy. Since the syntactic symmetry group
of a CSPP is identical to the automorphism group of its mi-
crostructureMP , we can use Saucy onMP to detect the
syntactic symmetry group ofP . Saucy returns a set of gener-
atorsGen of the symmetry group from which we can deduce
each symmetry. Saucy offers the possibility to color the mi-
crostructure such that, a node is allowed to be permuted with
another node if they have the same color. This restricts the
permutations to the nodes having the same color. We use this
coloration possibility to guide the symmetry search and de-
tect local value symmetries. The source code of Saucy can be
found at (http://vlsicad.eecs.umich.edu/BK/SAUCY/).

Symmetry detection:
Consider a CSPP , and a partial instantiationI of P , defin-
ing a state in the search corresponding to the current nodenI .
The main idea is to maintain dynamically the microstructure
MPI of the CSPPI corresponding to the local sub-problem
defined at each current nodenI , then color the microstructure
MPI and compute its automorphism groupAut(MPI ). The
CSPPI can be viewed as a new problem corresponding to the
unsolved part. Because, computing all the automorphisms of
the dynamic microstructure at each node of the search tree
may be expensive, two limited symmetry detection strategies
are considered in[Benhamou and Saı̈di, 2007]. Indeed, two
coloration strategies of the microstructure are used: the multi-
color strategy and the two-color strategy. Bellow we summa-
rize both previous strategies and introduce theone-colorstrat-
egy that allows full local symmetry detection and compare it
to the two other strategies.

1. The multi-colors-strategy: We limited the permuta-
tions to only values of the same domains. To do that,
a color is associated to each variable. Every node of the
microstructure belonging to a variable is colored with
the same color. Then, by applying Saucy on this col-
ored microstructure we can get the generator setGen of
the symmetry sub-group existing between values of the
same domains of the CSP.

2. The two-colors-strategy: Here, we associated to the
current variablevi (under instantiation) one color and
all the other variables another color. That is, we colored
the dynamic microstructureMPI with two colors. All
the nodes of the microstructure belonging to the current
variablevi have the first color and all the other nodes the
second one. Finally, we applied Saucy to compute the
generators of the automorphism sub-group correspond-
ing to this coloration. This returns the generatorsGen
of the symmetry group allowing variable-value permu-
tations on the other variables different fromvi, but the
values ofvi are permuted together.

3. The one-color-strategy: The total local symmetry
group is reached when using only one color on the mi-
crostructureMPI . Here, all the nodes of the microstruc-
ture are assigned the same color, then when applying
Saucy a set of generatorsGen representing the full lo-
cal symmetry group is returned. This approach allows
to detect all the syntactical variable-value symmetries of
the CSP.

Symmetry elimination:
We use Theorem 4.2 to prune search spaces of tree search
methods. According to the different symmetry detection
strategies we described previously, we distinguish two elimi-
nation methods:

• Full symmetry elimination : this method is used when
applying the one-color symmetry detection strategy.
That is, if the assignment〈vi, bi〉 of the current variable
vi at a given nodenI of the search tree is shown to par-
ticipate in no solution of the CSPP , then all the pairs
〈vj , cj〉 which are symmetrical to〈vi, bi〉 in PI do not
(i.e. these pairs are the ones corresponding to the orbit of
the conflicted pair〈vi, bi〉 that can be computed by using
only the symmetry group generators). Then we remove
the valuecj from the domain of the un-instantiated vari-
ablevj , and prune the sub-space which corresponds to
its assignment tovj in the search tree.

• Limited symmetry elimination : this method is used
when applying one of the two other strategies. Here,
for both strategies, the variablevi andvj are the same,
and the previous reasoning handles symmetries between
values of the domainDi. The domainDi of the cur-
rent variablevi is partitioned into sub-sets of symmet-
rical valuesw.r.t the detected local symmetries at the
corresponding node of the search tree. To avoid generat-
ing local symmetrical solutions, we consider one value
from each sub-set of symmetrical values inDi.

If we need to check CSP consistency only, we stop the search
when a first solution is found.

5.2 Symmetry advantage in tree search algorithms
Now, we are in the position to show how these symmetri-
cal values can be used to increase the efficiency of CSP tree
search algorithms. We choose in our implementation the For-
ward Checking method to be the baseline method that we
want to improve by local symmetry elimination. The result-
ing procedure called FC-sym is given in Figure 2.
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If I is an inconsistent partial instantiation in which the as-
signment〈vi, di〉 of the current variablevi is shown to partici-
pate in no solutions of the CSPP , then according to Theorem
4.2, all the pairs〈vj , dj〉 which are symmetrical to〈vi, di〉 in
PI do not. Thus we removedj from the domain ofvj , and
prune the sub-space which corresponds to its assignment to
vj .

ProcedureFC-sym(D,I, k);{I = [〈v1, d1〉, 〈v2, d2〉, . . . , 〈vk, dk〉]}
begin

if k = n thenI is a solution, return(I)
else
begin

for eachvi ∈ V , such thatCik ∈ C, vi ∈future(vk) do
for each valuedi ∈ Di do

if (di, dk) /∈ rik then
deletedi from Di ;

if ∀vi ∈ future(vk), Di 6= ∅ then
begin

vk+1=next-variable(vk)
repeat

takedk+1 ∈ Dk+1
Dk+1 = Dk+1 − {dk+1}
I=I ∪ {〈vk+1, dk+1〉};
J =FC-sym(D,I, k + 1);
I=I-{〈vk+1, dk+1〉};
if J ∈ Sol(P) then Gen=Saucy(PI );
elseGen=Saucy(PV ar(TI )∪vk+1

);

SymClass(〈vk+1, dk+1〉)=orbit(〈vk+1, dk+1〉,Gen);
Dk+1=Dk+1-SymClass(〈vk+1, dk+1〉)

until Dk+1 = ∅
end

end
end;

Figure 2: Forward Checking method with symmetry

The functionorbit(〈vk+1, dk+1〉, Gen) is elementary, it
computes the orbit of the pair〈vk+1, dk+1〉 from the set of
generatorsGen returned by Saucy.

6 Experiments
Now, we shall investigate the performances of our search
techniques by experimental analysis. We choose for our study
some classical problems to show the local symmetry behavior
in CSP resolution. We expect that symmetry breaking will be
more profitable in real-life applications. Here, we tested and
compared five methods:

1. No-sym: search without symmetry breaking;

2. Global-sym: search with global symmetry breaking re-
stricted to values in a same domain. The same symme-
tries as the ones considered in the GE-tree method, with
a slight difference that we break only global symmetries
between values in a same domain;

3. Local-sym0: search with full local symmetry detection
and elimination. This method implements the one-color
strategy. one-color (see Section 5.1).

4. Local-sym1: search with local value symmetry break-
ing. This method implements the multi-colors strategy
(see Section 5.1).

5. Local-sym2: search with restricted local variable-value
symmetry breaking. This method implements the two-
colors strategy (see Section 5.1).

on different problems: random graph coloring problems, Di-
macs graph coloring instances andn-Queens problems. An

implementation of theLocal − sym1 strategy in GECODE
system is successfully used in[Zampelliet al., 2007] to break
local symmetry in the subgraph pattern matching problem.
The common baseline search method for the five previous
methods is Forward Checking. The complexity indicators are
the number of nodes of the search tree and the CPU time. The
time needed for computing symmetries is added to the total
CPU time. The source codes are written in C and compiled
on a Pentium 4, 2.8 GHZ and 1 Go of RAM.

6.1 Random graph coloring problems
Random graph coloring problems are generated with respect
to the following parameters: (1)n : the number of vertices
(variables), (2)Colors: the number of colors (domain values)
and (3)d: the density which is a number between 0 and 1
expressed by the ratio : the number of constraints (the number
of edges in the constraint graph) to the number of all possible
constraints. For each test corresponding to some fixed values
of the parametersn, Colors andd, a sample of 100 instances
are randomly generated and the measures (CPU time, nodes)
are taken on the average.
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Figure 3: Node and Time curves wheren = 15 andd = 0.9

Figure 3, shows the performances of the five methods in
number of nodes of the search tree, respectively, in CPU
time (in seconds) on random graph coloring problems, whose
number of variables is fixed ton = 15 and the density to
d = 0.9. We reported here experiments on instances hav-
ing hight density, because they are the hardest instances, and
symmetry presents a similar behavior for average and weak
density instances. The curves on the top are plotted in a log-
arithmic scale, they represent the performances in number of
nodesw.r.t the number of colors. The ones on the bottom
are plotted in the usual scale and express the performances
in CPU timew.r.t the number of colors. As expected, we
can see that all the methods exploiting symmetry outperform
dramatically the search without symmetry (No-sym) in both
the number of nodes and the CPU time. We can also see
on the node curves that local symmetry elimination (Local-
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sym0, Local-sym1 and Local-sym2) reduces more the search
tree than global symmetry elimination (Global-sym). That is,
local symmetries are more frequent during the search than the
global symmetries stabilizing the partial instantiation.The
tree methods exploiting local symmetries have the same be-
havior in number of nodes; their node curves are almost iden-
tical. We can distinguish on the CPU time curve of No-sym
a critical region where the instances are harder. All the meth-
ods using symmetry solved these instances in less than 0.1
seconds, then their CPU time curves are confused with x-axis
and do not appear.
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Figure 4: Node and Time curves of the three symmetry meth-
ods on random graph coloring wheren = 35 andd = 0.9

Since Figure 3 does not allow a CPU time comparison of
the methods exploiting symmetry, we reported in Figure 4 the
practical results of the methods: Global-sym, Local-sym0,
Local-sym1 and Local-sym2, on the random graph coloring
problem where the number of variables is increased ton = 35
and where we keep the same density (d = 0.9) as in Figure 3.

We can see on the node curves (the curves on the top plot-
ted in a logarithmic scale) that Local-sym0, Local-sym1 and
Local-sym2 detect and eliminate more symmetries than the
Global-sym method. Once again, the reason is that the lo-
cal symmetry detected at a node during the search by these
methods includes the global symmetry stabilizing the partial
instantiation at that node exploited by Global-sym. The node
curves of both Local-sym1 and Local-sym2 compare well,
and the one of Local-sym0 looks slightly better than both
them. From the CPU time curves (the curves on the bot-
tom), we can see that near the peak of difficulty, all of Local-
sym0, Local-sym1 and Local-sym2 are faster than Global-
sym. We can also see that Local-sym0 is slightly faster than
both Local-sym1 and Local-sym2. Therefore, Local symme-
try elimination is profitable for solving random graph color-
ing instances in the hard region and outperforms dramatically
global symmetry breaking on these problems.

No-sym Global-sym Local-sym0
Instance k Nodes Time Nodes Time Nodes Times
myciel4 5 30,976 0.16 2,764 0.03 992 0.0
myciel5 6 - - 8,040,259 59.84 1,516,699 16.87
anna 11 - - 3,403 0.59 151 0.03
david 11 - - 3,896 0.23 106 0.0
queen77 7 2,452 0.01 513 0.02 502 0.0
queen88 9 - - 10,629,131262.54 859,087 23.76
school1 14 - - - - 45,183 11.82
school1nsh 14 - - - - 892,372 174.76
2-Insertion3 4 832,150 1.02 277,408 0.73 19,646 0.07
2-FullIns 3 5 2,294,396 7.63 193,347 1.14 25,049 0.4
mugg881 4 - - - - 1,981,671 23.87
mugg8825 4 - - - - 440,676 5.62
mugg1001 4 - - - - 1,031,382 14.13
mugg10025 4 - - - - 1,651,598 17.2
zeroin.i.1 49 - - - - 268 36.8
zeroin.i.2 30 - - - - 262 7.22
zeroin.i.3 30 - - - - 262 7.23
mulsol.i.2 31 - - - - 237 11.24
mulsol.i.3 31 - - - - 237 11.1
le4505a 5 178,753 13.88 170,123 13.75 165,169 35.2
le4505b 5 1,349 0.11 1,110 0.09 967 0.22
le4505c 5 1,984 0.15 1,984 0.17 1,975 0.34
le4505d 5 5,795 0.54 4,563 0.34 3,433 0.69
DSJC125.1 5 55,358 0.85 43,773 1.34 40,542 1.46

Local-sym1 Local-sym2 Local-sym0
Instance k Nodes Time Nodes Time Nodes Times
myciel4 5 1,260 0.01 1,260 0.04 992 0.0
myciel5 6 2,413,55622.21 2,406,945 25.36 1,516,699 16.87
anna 11 168 0.05 168 0.08 151 0.03
david 11 124 0.03 124 0.03 106 0.0
queen77 7 502 0.01 502 0.0 502 0.0
queen88 9 1,399,436 29.7 1,396,774 30.16 859,087 23.76
school1 14 76,192 17.28 75,985 17.85 45,183 11.82
school1nsh 14 1,487,287257.571,486,523 270.4 892,372 174.76
2-Insertion3 4 135,953 0.48 115,737 0.52 19,646 0.07
2-FullIns 3 5 49,202 0.59 48,076 0.65 25,049 0.4
mugg881 4 2,882,28453.91 2,882,284 93.55 1,981,671 23.87
mugg8825 4 881,784 6.74 881,784 9.4 440,676 5.62
mugg1001 4 3,325,45324.85 3,325,453 40.15 1,031,382 14.13
mugg10025 4 2,727,178 17.3 2,727,178 30.92 1,651,598 17.2
zeroin.i.1 49 268 7.0 268 35.49 268 36.8
zeroin.i.2 30 262 0.75 262 3,675 262 7.22
zeroin.i.3 30 262 0.76 262 3,675 262 7.23
mulsol.i.2 31 237 0.85 237 10.14 237 11.24
mulsol.i.3 31 237 0.9 237 10.14 237 11.1
le4505a 5 167,787 32.0 167,703 32.23 165,169 35.2
le4505b 5 927 0.11 927 0.19 967 0.22
le4505c 5 1,983 0.31 1,975 0.34 1,975 0.34
le4505d 5 3,452 0.62 3,452 0.68 3,433 0.69
DSJC125.1 5 40,809 1.44 40,809 1.48 40,542 1.46

Table 1: Results on some Dimacs graph coloring benchmarks

6.2 Dimacs graph coloring benchmarks
Here, we tested and compared the five methods on some
graph coloring benchmarks taken from the Dimacs challenge
(http://mat.gsia.cmu.edu/COLOR04/).

Table 1 shows the results of the methods on some of the
benchmarks. It gives the instance, the chromatic number
found (k), the number of nodes of the search tree and the CPU
time for each method. We seek for each instance the minimal
numberk of colors needed to color the vertices of the cor-
responding graph (called the chromatic number). The search
of the chromatic number consists in proving the consistency
of the problem withk colors (the existence of ak-coloration
of the graph); and in proving its inconsistency when using
k − 1 colors (a (k-1)-coloration does not exist). The symbol
”-” means that the corresponding method does not solve the
instance in one hour.

Table 1 shows that both No-sym and Global-sym are not
able to solve several instances under the time limit, but
Global-sym is better than No-sym in both numbers of nodes
and CPU time on these problems. We can see that all the
methods exploiting local symmetry are in general better than
Global-sym in both the number of nodes and the CPU time.
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That is, local symmetry is more profitable than global sym-
metry on these problems. We can also see that Local-sym1
and Local-sym2 eliminates nearly the same symmetries, but
Local-sym0 eliminate more symmetries than both them, and
is still faster than all of them. This confirms that eliminating
local domain value symmetries by using the one-color strat-
egy implemented in Local-sym0 is a good alternative on these
problems.

6.3 Then-Queens Problems
Findingall solutions of then-queens problem is still a chal-
lenge. We compared the five methods on some instances of
this problem.

No-sym Global-sym Local-sym0
n Sols Nodes Time Sols Nodes Times Sols Nodes Times
8 92 1,360 0.0 46 680 0.01 45 660 0.01
9 352 5,399 0.0 179 2,800 0.0 168 2,614 0.05
10 724 19,744 0.03 362 9,872 0.03 353 9,592 0.12
11 2,680 85,939 0.1 1,382 43,958 0.07 1,305 41,972 0.6
12 14,200 416,828 0.28 7,100 208,414 0.25 6,839 203,120 2.67
13 73,712 2,154,845 2.69 37,3611,093,606 1.99 35,3101,050,401 12.88
14 365,59611,799,74646.95 51,7265,899,873 20.65 43,2455,750,997 78.85

Local-sym1 Local-sym2 Local-sym0
n Sols Nodes Time Sols Nodes Times Sols Nodes Times
8 45 664 0.01 45 662 0.01 45 660 0.01
9 172 2,645 0.02 168 2,625 0.05 168 2,614 0.05
10 355 9,656 0.07 353 9,640 0.08 353 9,592 0.12
11 1,309 42,154 0.25 1,305 42,078 0.31 1,305 41,972 0.6
12 6,883 204,901 2.05 6,839 203,611 2.19 6,839 203,120 2.67
13 35,525 1,055,366 11.44 35,3121,053,053 11.58 35,3101,050,401 12.88
14 44,334 5,777,244 69.6 43,2575,765,594 75.6 43,2455,750,997 78.85

Table 2: Results on the n-queens problem

Table 2 summarizes the results obtained. For each method
we give the number of computed solutions (Sols), the num-
ber of nodes, and the CPU time in seconds. Note that for the
methods exploiting symmetry, the number of solutions (Sols)
is the number of non-symmetrical solutions foundw.r.t the ap-
plied symmetry breaking strategy. The number of solutions of
No-sym is the total set of solutions of the problem. We can
see that all of local-sym0, Local-sym1 and Local-sym2 repre-
sent the set of solutions slightly in a more compact way than
Global-sym. This means that Local-sym0, Local-sym1 and
Local-sym2 compact some local symmetrical solutions in ad-
dition to the global symmetrical ones compacted by Global-
sym. Now, if we compare globally the methods in number
of solutions, in the number of nodes and in CPU time, the
Global-sym method seems to be the best on the average. In-
deed, global symmetry is sufficient to solve efficiently the n-
queens problems and local value symmetry does not abound
like in the graph coloring. We believe that local variable sym-
metry will be more profitable for n-queens.

7 Discussion and conclusions
Here, we extended symmetry detection and elimination to
local symmetry. That is, the symmetries of each sub-CSP
defined at a given node of the search tree and which is de-
rived from the initial CSP by considering the partial instanti-
ation corresponding to that node. We adapted Saucy to com-
pute this local symmetry by maintaining dynamically the mi-
crostructure of the sub-CSP defined at each node of the search
tree. Unlike the methods using GAP tools, here local sym-
metry detection is fully automated. Saucy is called with the

microstructure of the local sub-CSP as the input graph, and
then return the set of generators of the automorphism group
of the microstructure which is shown to be equivalent to the
local symmetry group of the considered sub-CSP. We pro-
posed three coloration strategies in order to guide local sym-
metry search: the multi-color strategy restricts local symme-
try search to permutations of values of the same domain, the
two color strategy allows some variable-value permutations
but limited, and the one-color consider all variable-valueper-
mutations. All the local symmetry strategies are implemented
and exploited in the tree search methodFC to prove either
CSP consistency or to compute the not-local symmetrical so-
lutions of the CSP. Experimental results confirmed that lo-
cal symmetry breaking is profitable for CSP solving and im-
proves global symmetry breaking in most of the considered
problems.

As a future work, we are interested to adapt our symmetry
results for other look-ahead CSP methods like MAC, and ex-
port local symmetry breaking to other research domains like
biology or operational research to tackle real life applications.

An other interesting point, is to extend our approach to
variable local symmetry breaking. One can try to detect lo-
cal variable symmetries and post dynamic constraints to break
them, it will be important to consider the possibilities of com-
bining local variable and local value symmetries.
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Abstract

While several powerful methods exist for auto-
matically detecting symmetries in instances of
constraint satisfaction problems (CSPs), meth-
ods for detecting symmetries in CSP models are
constrained to finding relatively simple sym-
metries, or operating on a narrow range of
problems. Herein, a new approach for detect-
ing symmetries in CSP models is presented.
The approach is based on first applying pow-
erful methods to a sequence of instances of the
model, and then reasoning on the resulting in-
stance symmetries to infer symmetries of the
model. Several case studies show that this ap-
proach deserves further exploration.

1 Introduction
Constraint satisfaction problems (CSPs) can often be
separated into two parts. The model specifies the vari-
ables, their domains, and the set of constraints that oper-
ate on the variables, but is usually parametrised by the
particular number of variables, values and, thus, con-
straints. The data provides concrete values to these pa-
rameters. As a result, the model in itself represents a
class of CSPs, while the model plus the data specifies an
instance of that class (i.e., a particular CSP).

For example, a graph colouring model might be de-
fined in terms of a number of variables (i.e., nodes),
each coloured according to a given set of values (i.e.,
allowed colours), and a set of constraints indicating that
no edge can join nodes of the same colour. An instance of
the problem is specified by supplying a particular graph
(number of nodes and edges among them) and the set of
colours. Note that each instance might have a different
number of variables and/or constraints.

Solving a CSP can be made more efficient by exploit-
ing the symmetries of the problem. This is because,
during search, one can omit parts of the search space
that are symmetric to others already explored. If these
already explored parts led to a solution, one would have
avoided the time spent in searching for symmetric solu-
tions, since they can be generated by applying the sym-
metries to the already found solutions. If they led to

failure, one would have avoided the time spent in dis-
covering failure yet again.

Considerable progress has been made in the automatic
detection of symmetries of CSPs and their exploitation
in speeding up the search (e.g., [Mears et al., 2006;
Cohen et al., 2005; Puget, 2005; Walsh, 2006; Romani
and Markov, 2005; Sellmann and Hentenryck, 2005;
Mancini and Cadoli, 2005; Roney-Dougal et al., 2004;
Frisch et al., 2003; Gent et al., 2003; Puget, 2002;
Gent and Smith, 2000; Haselböck, 1993] . Unfortunately,
the most powerful methods [Puget, 2005; Cohen et al.,
2005] can only be applied to a given instance, rather
than to a model. Therefore, the symmetries detected
can only be used to accelerate the solving process for
that instance and, as a result, the cost of detecting them
cannot be amortised over all instances of the class.

Furthermore, the computation costs of these methods
grow with the size of the problem instance in such a way
as to render them impractical for real-size instances. For
example, the most powerful and generic technique for
symmetry detection [Cohen et al., 2005] requires a rep-
resentation of the “micro-structure” of the instance – a
graph with a node for every possible value of every vari-
able, and a hyper-edge between each set of compatible
(or incompatible) nodes. Clearly, the size of this struc-
ture can grow dramatically with the size of the problem
instance.

While some automatic symmetry detection meth-
ods are defined for models [Roy and Pachet, 1998;
van Hentenryck et al., 2005], to our knowledge, they can
only detect a relatively small set of “simple” symmetries
(i.e., piecewise value and piecewise variable interchange-
ability), and heavily depend on the precise form of the
problem model (i.e., use of global constraints). Instead,
we build on powerful symmetry detection techniques de-
signed for problem instances to discover symmetries for
models. This is achieved by (1) using symmetry detec-
tion methods on a series of small problem instances to
elicit candidate symmetries, (2) parametrising these can-
didate symmetries to be defined over the model rather
than over a particular instance, and (3) determining
whether these are indeed problem model symmetries.
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2 Background and Definitions

A CSP is a tuple (X, D, C, dom) where X represents a
set of variables, D a set of domains, C a set of con-
straints, and where dom is a function from X to D, so
that dom(x) ∈ D denotes the domain of variable x ∈ X .
By an abuse of notation, when all variables have the
same domain, D will simply denote this domain and the
dom-function is usually omitted.

Example 1 Consider the Latin square problem of size
3, which involves a 3 × 3 square where each of the 9
elements in the square must take a value from [1..3], in
such a way that each value occurs exactly once in each
row and exactly once in each column. The associated
CSP can be defined as
X = {x11, x12, x13, x21, x22, x23, x31, x32, x33}
D = {1, 2, 3}
C = {x11 6= x12, x11 6= x13, x12 6= x13, x21 6= x22,

x21 6= x23, x22 6= x23, x31 6= x32, x31 6= x33,
x32 6= x33, x11 6= x21, x11 6= x31, x21 6= x31,
x12 6= x22, x12 6= x32, x22 6= x32, x13 6= x23,
x13 6= x33, x23 6= x33}

where xij represents the element in row i, column j. 2

For a given CSP, a literal lit is of the form x = d where
x ∈ X and d ∈ dom(x). We will use var(lit) to denote
its variable x. We denote the set of all literals of a CSP
P by lit(P ). An assignment A is a set of literals. An
assignment over a set of variables V ⊆ X has exactly
one literal x = d for each variable x ∈ V . An assignment
over X is called a complete assignment.

A constraint c is defined over a set of variables, de-
noted by vars(c), and specifies a set of allowed assign-
ments over vars(c). An assignment over vars(c) that is
not allowed by c is disallowed by c. An assignment A
over V ⊆ X satisfies constraint c if vars(c) ⊆ V and
the projection of A over vars(c) (i.e., {lit ∈ A|var(lit) ∈
vars(c)}), is allowed by c. A solution is a complete as-
signment that satisfies every constraint in C.

A solution symmetry f for a CSP P is a permutation
of lit(P ) that preserves the set of solutions [Cohen et
al., 2005], i.e., a bijection from literals to literals that
maps solutions to solutions. A constraint symmetry is a
solution symmetry that preserves the set of constraints.
Two important kinds of solution symmetries are induced
by either permuting variables or values.

A permutation f of the set X of variables induces
a permutation pf of literals by defining pf (x = d) as
the literal f(x) = d. A variable symmetry is a permu-
tation of the variables whose induced literal permuta-
tion is a solution symmetry [Puget, 2002]. Since the
inverse of any such permutation is also a symmetry,
we will use 〈x1, x2, . . . , xn〉 ↔ 〈x1′ , x2′ , . . . , xn′〉, where
{x1, . . . , xn}, {x1′ , . . . , xn′} ⊂ X to denote the symmetry
which maps each xi to xi′ leaving the remaining variables
in X unchanged.

A set of domain permutations fdom(x), one for each
x ∈ X , induces a permutation pf of literals by defining

pf (x = v) as the literal x = fdom(x)(v). A value symme-
try is a set of domain permutations whose induced literal
permutation is a solution symmetry [Puget, 2002]. We
will use 〈di1, di2, . . . , din〉 ↔ 〈di1′ , di2′ , . . . , din′〉, where
{di1, di2, . . . , din} = dom(xi) = {di1′ , di2′ , . . . , din′}, to
denote a value symmetry for xi ∈ X . A variable-value
symmetry is any solution symmetry that is not a vari-
able or a value symmetry. Note that it is not necessarily
a composition of a variable and a value symmetry.
Example 2 The problem of Example 1 has:
• variable symmetries that swap any two columns:
〈x11, x21, x31〉 ↔ 〈x12, x22, x32〉, 〈x11, x21, x31〉 ↔
〈x13, x23, x33〉, and 〈x12, x22, x32〉 ↔ 〈x13, x23, x33〉.

• similar variable symmetries that swap any two rows.
• variable-value symmetries that transpose the rows,

column and value dimensions, and correspond to
flipping the 3 × 3 square using a diagonal.2

Several methods [Romani and Markov, 2005; Puget,
2005; Cohen et al., 2005] have been proposed to auto-
matically detect the symmetries of a CSP instance by
constructing a (hyper-)graph representation of the CSP
instance, and using graph automorphism techniques to
detect symmetries. Our approach uses the technique of
Mears et al. [Mears et al., 2006] since it is more powerful
than that of Puget [Puget, 2005] without being as com-
putationally demanding as that of Cohen et al.[Cohen
et al., 2005]. However, any such method can be used.
The idea is to (a) represent every literal as a node, (b)
represent every assignment disallowed by a constraint as
a hyper-edge, and (c) add an edge between every two
literals x = d1 and x = d2 where d1 6= d2.
Example 3 Consider the CSP provided in Example 1.
The associated graph (left hand side of Figure 1) has
9×3=27 nodes (labelled [i, j]

k
) representing the 27 liter-

als xi,j = k where i, j, k ∈ [1..3], and (18*3) + (9*3)
edges representing the 3 assignments disallowed by each
of the 18 constraints, and the 3 extra edges needed to
disallow each pair of values of the 9 variables.2

Given a hyper-graph 〈V, E〉, where V is a set of nodes,
and E a set of unweighted and undirected hyper-edges,
an automorphism f of graph 〈V, E〉 is a permutation
of the nodes (i.e., a bijection among nodes) such that
∀{ni, · · · , nj} ∈ E : {f(ni), · · · , f(nj)} ∈ E. For a CSP
problem P the graph has a node for each literal in lit(P ).
Since a graph automorphism is a permutation of the
nodes of the graph, it has a direct interpretation as a
permutation of the literals in lit(P ). In particular, each
graph automorphism corresponds to a symmetry of P .
Thus, in an abuse of terminology, we will sometimes use
symmetry of a graph as a shorthand for automorphism
of the graph associated to a CSP.

Standard tools, such as Saucy [Darga et al., 2004],
can compute the automorphisms of a graph instance,
and return the resulting symmetry group (i.e., all possi-
ble symmetries) by means of a set of generators (i.e., a
possibly minimal set of symmetries that can be used to
generate all other elements).
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Figure 1: Graphs and generators for LatinSquare[3] and
LatinSquare[4]

Example 4 For the graph of the Latin square problem
of size 3 given in Example 3 Saucy returns the following
(non-minimal) set of generators:

A 〈n121, n122, n123, n221, n222, n223, n321, n322, n323〉 ↔
〈n131, n132, n133, n231, n232, n233, n331, n332, n333〉

B 〈n211, n212, n213, n221, n222, n223, n231, n232, n233〉 ↔
〈n311, n312, n313, n321, n322, n323, n331, n332, n333〉

C 〈n121, n122, n123, n131, n132, n133, n231, n232, n233〉 ↔
〈n211, n212, n213, n311, n312, n313, n321, n322, n323〉

D 〈n111, n121, n131, n211, n221, n231, n311, n321, n331〉 ↔
〈n112, n122, n132, n212, n222, n232, n312, n322, n332〉

E 〈n112, n122, n132, n212, n222, n232, n312, n322, n333〉 ↔
〈n113, n123, n133, n213, n223, n233, n313, n323, n333〉

F 〈n112, n113, n123, n212, n213, n223, n312, n313, n323〉 ↔
〈n121, n131, n132, n221, n231, n232, n321, n331, n332〉

where, for reasons of space, node nijk represents literal
xi,j = k. The meaning of these generators, illustrated in
the left hand side of Figure 1, is as follows: A indicates
that column 2 can be swapped with column 3, B that
row 2 can be swapped with row 3, C that the square can
be reflected across the top-left/bottom-right diagonal, D
that value 1 can be swapped with value 2, E that value
2 can be swapped with value 3, and F that the second
dimension of the square can be swapped with the value
dimension.

The combination of these generators results in the
symmetries given in Example 2. For example, swapping
columns 1 and 2 (〈x11, x21, x31〉 ↔ 〈x12, x22, x32〉) can
be achieved by first applying F, then D, and then F.2

Note that, in order to be able to use these automor-
phism tools, we need to convert each hyper-edge into
a set of binary edges. This can easily be done [Puget,
2005] by (a) creating a new kind of node (a constraint
node) with an edge to every literal in the disallowed as-
signment, (b) assigning a different colour to each kind
of node (e.g., black to constraint nodes and white to the
rest), and (c) extending the concept of automorphism to
ensure that the colour of a node is preserved.

3 Parametrising the CSP and its
associated graph

There is no standard notation for distinguishing between
a CSP model and a CSP instance. Herein, we shall de-
note a CSP model as CSP[Data], where Data represents
the parameters to the model, and the instance as CSP[d],
where d represents their particular values.

For simplicity, herein we will use mathematical nota-
tion to represent CSP models. However, any high-level
modelling language, such as ESO [Mancini and Cadoli,
2005], OPL [Hentenryck, 1999], Essence [Frisch et al.,
2007], Esra [Flener et al., 2004], and Zinc [de la Banda
et al., 2006], can be used, as long as it explicitly sep-
arates the model from the data, has multi-dimensional
arrays of finite domain variables, and supports iteration
over these arrays.

Example 5 The Latin square problem of Example 1
can be parametrised on the size N of the board as
LatinSquare[N ], and can be modelled as:

X [N ] = {squareij |i, j ∈ [1..N ]}
D[N ] = [1..N ]
C[N ] = {squareij 6= squareik|i, j ∈ [1..N ], k ∈ [j + 1..N ]}∪

{squareji 6= squareki|i, j ∈ [1..N ], k ∈ [j + 1..N ]}
which defines N×N integer decision variables (squareij)
with values in [1..N ], and conjoins the inequality con-
straints for every row (i) and column (j). 2

While being able to obtain the graph associated to an
instance is useful, our aim is to determine the symme-
tries for the model. Thus, we are interested in obtain-
ing a graph that can capture all instances of the model,
i.e., a parametrised graph that, when instantiated for a
given value, yields the graph associated to the problem
instance. Note that, the parametrised graph is simply
a syntactic construct that represents a class of graphs,
much as the parametrised model represents a class of in-
stances. We denote by G[Data] the parametrised graph
obtained from model CSP [Data], and by G[d] the graph
of instance CSP [d]. Furthermore, we would like the
graph specification to capture some of the knowledge
about the structure of the parametrised problem.

Formally, the parametrised graph G[Data] obtained
for model CSP [Data] = (X [Data], D[Data], C[Data])
can be obtained as follows:

• G[Data] = 〈V, Ev ∪ Ec〉
• V = {xi = di|xi ∈ X [Data], di ∈ dom(xi)[Data]},

i.e., V contains a node for every literal in the model.
• Ev = {{x = di, x = dj}|x ∈ X [Data], di, dj ∈

dom(x)[Data], i 6= j}, i.e., an edge exists between
every two nodes that map a variable to different
values.

• Ec =
⋃

c∈C[Data]{A|var(A) = var(c), A is an as-
signment disallowed by c}, i.e., a hyper-edge ex-
ists for every disallowed assignment A of every con-
straint c, and connects the nodes associated to all
literals in A.
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Example 6 The parametrised graph G[N ] associated to
the LatinSquare[N ] model of Example 5 is computed as
follows. The set of literals that can be extracted from
the model is {squareij = v|i, j, v ∈ [1..N ]}. This yields
the associated set of nodes {nijv|i, j, v ∈ [1..N ]}, in
the parametrised graph. Note that the nodes in G[N ]
maintain some of the knowledge about the structure of
LatinSquare[N ] thanks to the reuse of the i and j iden-
tifiers. This is important not only to automate the con-
struction of the edges in G[N ], but as we will see later,
to parametrise symmetries belonging to graph instances.

Ev is defined as {{nijv1 , nijv2}|i, j, v1, v2 ∈
[1..N ], v1 6= v2}, while Ec is obtained by trans-
forming the two constraints in the model into the
set of assignments they disallow. If c ∈ C[N ] and
vars(c) = 〈squarei1j1 , squarei2j2〉, then there is
an edge {ni1j1v1 , ni2j2v2} for each v1, v2 such that
〈squarei1j1 = v1, squarei2j2 = v2〉 is disallowed by c.
Formally:
Ec ={{nijv, nikv}|i, j, v ∈ [1..N ], k ∈ [j + 1..N ]}∪

{{njiv, nkiv}|i, j, v ∈ [1..N ], k ∈ [j + 1..N ]}2
Given a parametrised graph, it is also possible to ex-

press a parametrised permutation of its nodes. For ex-
ample, the following is a parametrised permutation f
of G[N ] for LatinSquare[N ]: f(nijv) = njiv , ∀i, j, v ∈
[1..N ]. If a parametrised permutation is an automor-
phism of the parametrised graph for all possible parame-
ter values, then we call it a symmetry of the parametrised
graph. Thus, we can use SData to denote the group of
symmetries of the parametrised graph G[Data] associ-
ated to model CSP[Data]

4 Computing the candidate symmetries
for a model

The idea is to compute the symmetries of several
small instances of the model, and use them to elicit
parametrised permutations that are likely to be symme-
tries of the model itself. This poses two main challenges:
(a) to find automorphisms f [d1], f [d2] etc. of small
graphs G[d1], G[d2] etc. that are (likely to be) instances
of a single symmetry f [Data] of the parametrised graph
G[Data], and (b) to compute from several such permuta-
tions, a parametrised permutation of which they are all
instances. Both challenges are explored in this section.

4.1 Models ordered by the subgraph
relationship

When instantiated, a parametrised permutation of the
parametrised graph G[Data] becomes a permutation
f [d1] of graph G[d1] and f [d2] of graph G[d2]. This
and the following subsections explore the relationship
between f [d1] and f [d2].

We will only consider a limited, but important class of
ordered models where graphs of different instances can be
ordered by a subgraph relationship. Typically, ordered
models are parametrised by a sequence of integers, one
for each independent “dimension” of the model (natu-
rally, if more than one dimension exists, the ordering is

partial). For example, LatinSquare[N] is ordered since,
if n < m, G[n] is a subgraph of G[m].

Let G1 = 〈V1, E1〉 and G2 = 〈V2, E2〉 be two graphs
and let G1 ⊂ G2 indicate that G1 is a subgraph of G2.
Automorphism f of G2 can be restricted to G1 ⊂ G2,
denoted by f |G1 , if ∀n ∈ V1, f(n) ∈ V1, i.e., if it maps
G1 onto itself. Let G1 and G2 be two instances of
parametrised graph G[Data], and let S1 and S2 denote
the group of automorphisms on G1 and G2, respectively.
If G1 ⊂ G2, S2 can be partitioned into two sets: the set
Old12 of automorphisms that can be restricted to G1,
and the set New12 of automorphisms that cannot. Intu-
itively, Old12 contains the automorphisms in G1 that still
exist in G2 (since they map nodes of G1 to G1 and of G2

to G2), while New12 contains those that have emerged
for G2 (i.e., map some nodes of G1 to G2 and vice versa).

We found it useful to visually illustrate the elements
of S2 according to the adjoining Figure, where cases 1, 2
and 3 belong to Old12, while 4 belongs to New12. Case
1 corresponds to a non-trivial permutation of nodes in
G1, extended with the identity on the new nodes of G2.
Case 2 corresponds to the trivial identity permutation
of nodes in G1, extended with a non-trivial permutation
on the new nodes of G2. Case 3 corresponds to a non-
trivial permutation of nodes in G1, extended with a non-
trivial permutation on the new nodes of G2. And case 4
corresponds to a non-trivial permutation of nodes in G2

that is not an extension of one in G1.
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Case V1 V2\V1

Let D = V2 \ V1 be the set of new nodes in G2. Can-
didate symmetries belonging to cases 1, 2 and 3 above
are efficiently computed in our approach by using GAP
[GAP, 2006] to find the intersection between the group
S2 and the group {s1 × p|s1 ∈ S1, p ∈ Perm(D)}, where
Perm(D) denotes the set of all possible permutations
among the nodes in D. Candidate symmetries for case 4
are found using a different approach outlined in Section
4.3 below.
Example 7 Consider the graph G[4] associated to
LatinSquare[4], shown in the right hand side of Figure 1.
Saucy finds 9 generators for this graph. Six of them
are simple extensions of the generators found for Latin-
Square[3] in Example 4. For example, the extension of
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generator A is:
A 〈n121, n122, n123, n124, n221, n222, . . . , n321, . . . , n421, . . .〉 ↔

〈n131, n132, n133, n134, n231, n232, . . . , n331, . . . , n431, . . .〉
and similarly for B, C, D, E and F. The other three
generators found are:
A 〈n131, n132, n133, n134, n231, n232, . . . , n331, . . . , n431, . . .〉 ↔

〈n141, n142, n143, n144, n241, n242, . . . , n341, . . . , n441, . . .〉
B1〈n311, n312, n313, n314, n321, n322, . . . , n331, . . . , n341, . . .〉 ↔

〈n411, n412, n413, n414, n421, n422, . . . , n431, . . . , n441, . . .〉
E1〈n113, n123, n133, n143, n213, n223, . . . , n313, . . . , n413, . . .〉 ↔

〈n114, n124, n134, n144, n214, n224, . . . , n314, . . . , n414, . . .〉
The generators found by GAP to be in the Old34 par-

tition of the symmetry group in G[4] are A, B, C, D, E
and F. Note that all these generators correspond to case
3, while A1, B1 and E1 correspond to case 4.2

4.2 Eliciting Parametrised Permutations
In order for our implementation to be able to elicit a
parametrised permutation from a candidate permuta-
tion, every node in the graph must be identified by a
sequence i, j, k, . . . of indices which can take any value
between 1 and the dimension of the instance (such as
nodes nijk in the LatinSquare[n] instance graph). If so,
our implementation currently attempts to “lift” every
index by identifying one of two simple situations: (I) an
index which is always mapped to itself, and (II) an index
which is always mapped to another. While obviously in-
complete, these two heuristics alone suffice to handle all
case 3 type symmetries for LatinSquare. Note that our
method does not claim to elicit all possible symmetries.
This is not only due to the limits of our heuristics but
also due to the limits of the graph representation which
only captures constraint symmetries and, thus, might
miss some solution symmetries.

Example 8 The generators found by GAP to be in
Old34 for LatinSquare[3] and LatinSquare[4] in Exam-
ple 7 can be automatically parametrised as:

A {ni2v ↔ ni3v|i, v ∈ [1..N ]}
B {n2jv ↔ n3jv|j, v ∈ [1..N ]}
C {nijv ↔ njiv |i, j, v ∈ [1..N ]}
D {nij1 ↔ nij2|i, j ∈ [1..N ]}
E {nij2 ↔ nij3|i, j ∈ [1..N ]}
F {nijv ↔ nivj |i, j, v ∈ [1..N ]}
where A, B, D and E used (I) above, while C and
F used (I) and (II). For example, A is parametrised
as {ni21 ↔ ni31, ni22 ↔ ni32, ni23 ↔ ni33|i ∈ [1..3]}
first, then to {ni2v ↔ ni3v|i, v ∈ [1..3]}, and finally
to the parametrised form above by replacing [1..3] by a
range that is independent of the instance. Similarly, C
is parametrised to {nij1 ↔ nji1, nij2 ↔ nji2, nij3 ↔
nji3|i, j ∈ [1..3]}, then to {nijk ↔ njik|i, j, k ∈ [1..3]},
and finally to the one shown above.

Note that the parametrised version of these genera-
tors is identical to that obtained using the generators in
LatinSquare[4]. One could then argue that there is no
need to compute Old34 by calling GAP, since one could
simply parametrise the generators for the two instances

and then check which ones are identical, thus obtaining
parametrised generators known to be in S4. While this
works for LatinSquare[N], it is too weak in general be-
cause it depends crucially on the set of generators cho-
sen for representing the groups. Instead, GAP intersects
the groups specified by the generators and is thus inde-
pendent of the particular choice of generators. 2

As one can see in Example 8, some parametrised gen-
erators contain concrete numbers as node identifiers.
We take this as an indication of the possibility of fur-
ther parametrising the generators in Old34. However,
these further parametrisations often require us to con-
sider more than two instances of the graph.

Example 9 The generators found by Saucy for instance
LatinSquare[5] are the simple extensions of A, A1, B,
B1, C, D, E, E1 and F, plus three more, which we will
call A2, B2, and E2. Again, all generators in instance
LatinSquare[4] are found to be in Old45. They can be
automatically parametrised as:

A1{ni3v ↔ ni4v|i, v ∈ [1..N ]}
B1{n3jv ↔ n4jv|j, v ∈ [1..N ]}
E1{nij3 ↔ nij4|i, j ∈ [1..N ]}
This is a pattern that can be observed when intersecting
any two consecutive instances N and N + 1: all genera-
tors in N are found to be in OldN(N+1) while the number
of generators for N + 1 increases by exactly 3, one per
dimension. For example, those for LatinSquare[5] are:

A2{ni4v ↔ ni5v|i, v ∈ [1..N ]}
B2{n4jv ↔ n5jv|j, v ∈ [1..N ]}
E2{nij4 ↔ nij5|i, j ∈ [1..N ]} 2

When the number of generators in Old differs for two
different pairs of instances, one must consider which gen-
erators to mark as candidates. One possibility is to
choose the smaller set in the hope of minimising false
candidates. Another is to choose the bigger set in the
hope of maximising true candidates. A third is to look
for patterns among the generators of the different Olds.

Example 10 Each of the three generators obtained out-
side the Old of each instance belongs to a sequence:
sequence A:A1:A2, sequence B:B1:B2, and sequence
D:E:E1:E2, all starting with generators that belong to
the current Old (A, B and D for LatinSquare[5]), and
finishing with generators that do not (A2, B2 and E2,
respectively). Furthermore, each sequence can itself be
parametrised resulting in the following candidates:

A {{nijv ↔ nikv |i, v ∈ [1..N ]}|j ∈ [1..N − 1], k = j + 1}
B {{nijv ↔ nkjv |j, v ∈ [1..N ]}|i ∈ [1..N − 1], k = v + 1}
C {nijv ↔ njiv |i, j, v ∈ [1..N ]}
D {{nijv ↔ nijw |i, j ∈ [1..N ]}|v ∈ [1..N − 1], w = v + 1}
F {nijv ↔ nivj |i, j, v ∈ [1..N ]} 2

Note that none of these parametrised generators contain
concrete numbers. Also note that, as indicated later,
such sophisticated parametrisations are beyond the ca-
pabilities of our current implementation.
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4.3 Using New to determine other likely
candidates

Up to now we have only used Old to determine candi-
dates. However, it is possible for an automorphism in
New to be a likely candidate. To decide whether this is
the case, the last step in our search for likely candidates
is to parametrise every generator not in Old and mark as
likely candidates those parametrisations that represent
generators of different instances.
Example 11 The queens problem aims at positioning
N queens in an N × N chess board without one queen
attacking another. The following model of Queens[N ]
uses N integer variables (each representing the row in
which the queen is positioned) with domains in [1..N ].
X[N ] = {qi|i ∈ [1..N ]}
D[N ] = [1..N ]
C[N ] = {qi 6= qj |i ∈ [1..N ], j ∈ [i + 1..N ]}∪

{qi + i 6= qj + j|i ∈ [1..N ], j ∈ [j + 1..N ]}∪
{qi − i 6= qj − j|i ∈ [1..N ], j ∈ [j + 1..N ]}

Its parametrised graph G[N ] = (V, Ec ∪ Ev) is:
V = {qiv |i, v ∈ [1..N ]}
Ec ={{qiv , qjv}|i, v ∈ [1..N ], j ∈ [i + 1..N ])}∪

{{qivi , qjvj }|i, vi, vj ∈ [1..N ], j ∈ [i + 1..N ], vi + i = vj + j)}∪
{{qivi , qjvj }|i, vi, vj ∈ [1..N ], j ∈ [i + 1..N ], vi − i = vj − j)}

Ev ={{qivi , qjvj }|i, vi, vj ∈ [1..N ], vi 6= vj}
where node qiv represents literal qi = v. Figure 2 shows
the graph instances G[4] and G[5] together with the gen-
erators found by Saucy for G[4]:
A 〈q11, q12, q21, q22, q31, q32, q41, q42〉 ↔

〈q14, q13, q24, q23, q34, q33, q44, q43〉
!B 〈q12, q13, q14, q23, q24, q34〉 ↔

〈q21, q31, q41, q32, q42, q43〉
and for G[5]:
A1〈q11, q12, q21, q22, q31, q32, q41, q42, q51, q52〉 ↔

〈q15, q14, q25, q24, q35, q34, q45, q44, q55, q54〉
B 〈q12, q13, q14, q15, q23, q24, q25, q34, q35, q54〉 ↔

〈q21, q31, q41, q41, q32, q42, q52, q43, q53, q45〉
where B is an extension of the generator with the same
name found for G[4], and A1 is a new generator. As
represented visually in Figure 2, generators A and A1
indicate a reflection around a horizontal axis through
the centre of the board, while B indicates a reflection
around the top-left/bottom-right diagonal. As a group,
they provide all the symmetries of a square. The gener-
ators found for G[6] are, again, an extension of B and a
new generator A2 which also reflects the board through
its horizontal axis.

Generator B is the only generator found by GAP to
be in Old45 and also the only one in Old56. Its auto-
matic parametrisation results in {qij ↔ qji|i, j ∈ [1..N ]}.
Since (a) the number of generators in Old for G[4] and
G[5], and for G[5] and G[6] is the same, and (b) its
parametrised version contains no concrete numbers, B
can be marked as a likely candidate.

To decide whether A, A1 and A2 are likely candidates
or not, we parametrise them and check whether their
parametrised version is identical. Our current imple-
mentation parametrises A to {〈qi1, qi2〉 ↔ 〈qi4, qi3〉|i ∈
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Figure 2: Graph instances for Queens[4] and Queens[5]

[1..N ]}, A1 to {〈qi1, qi2〉 ↔ 〈qi5, qi4〉|i ∈ [1..N ]}, and
A2 to {〈qi1, qi2, qi3〉 ↔ 〈qi6, qi5, qi4〉|i ∈ [1..N ]}. Though
A, A1 and A2 do not form a sequence such as that in
Example 10, a more sophisticated parametrisation would
capture the common pattern {qij ↔ qi(N−j+1)|i, j ∈
[1..N ]} and, thus, that their parametrised version should
be marked as likely candidate.2

5 Summary of the approach
In summary, given a parametrised CSP model
CSP [Data], our approach:

1. obtains the associated parametrised graph G[Data],
2. instantiates G[Data] with at least three consecutive

values G[d1], G[d2] and G[d3], for each possible di-
mension of Data,

3. computes Old12 for G[d1] and G[d2], and Old23 for
G[d2] and G[d3]

4. independently parametrises each generator in Old12

and Old23,
(a) If the number of generators in Old12 and Old23

is the same, it checks whether they result in the
same set. If so, it marks each parametrised gen-
erator in either Old12 or Old23 as likely candi-
dates. If not (often because of the occurrence of
concrete values), it attempts to discover more
complex patterns that eliminate these concrete
values to yield common parametrisations. If it
succeeds, it marks them as likely candidates.

(b) If the number of generators is not the same, it
attempts to discover sequences that eliminate
concrete values to yield common parametrisa-
tions. Again, it marks them as likely candi-
dates.

5. computes Newi, i ∈ [1..3] as the set of generators
in G[di] and not in Old12 ∪ Old23. It parametrises
these three sets of generators and determines likely
candidates in the same way as before.

6. determines, for every likely candidate, whether it is
a model symmetry.

The last step can be achieved by representing both the
CSP model and the candidate in the logic formalism de-
scribed in [Mancini and Cadoli, 2005], and then mak-
ing use of theorem proving techniques. Of course, such
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technique is in general undecidable. Another approach,
which we are currently exploring, is to use graph tech-
niques to prove that a likely candidate is an automor-
phism of the parametrised graph G[Data].

This approach has not completely been implemented
yet. Currently, our implementation takes several user-
specified ECLiPSe instances (rather than a model as in
step 2 above), obtains their associated graphs, and com-
putes their symmetry groups. Then, for each two groups
of symmetries, we automatically compute Old (step 3
above) by calling GAP, as explained in Section 4.1. Each
of the generators in the computed Old is then automati-
cally parametrised (step 4) by the simple “pattern recog-
nition” program introduced in Section 4.2. The same
process is followed for each generator in each Newi (step
5), as explained in Section 4.3. We are currently explor-
ing an automatic way of increasing the number of pat-
terns recognised in steps 4 and 5 by using data-mining.

Let us now further illustrate our approach by means
of two detailed examples.

Golomb ruler: a set of N integers (marks on the ruler)
0 = a1 < a2 < ... < aN such that the N(N−1)

2 differences
aj−ai, 1 ≤ i < j ≤ N are distinct. The problem involves
finding a valid set of N marks. The following model for
Golomb[N] uses N integer variables (the marks) with
domains in [0..N2], plus N(N−1)

2 integer variables (the
differences) with domains [0..N2].
X[N ] = {marki|i ∈ [0..N ]} ∪ {diffij |i ∈ [1..N ], j ∈ [i + 1..N ]}
D[N ] = [1..N ∗ N ]
C[N ] = {marki −markj =diffij |i ∈ [1..N ], j ∈ [i + 1..N ]}∪

{diffij 6=diffik|i, j ∈ [1..N ], k ∈ [j + 1..N ]}
The parametrised graph associated to Golomb[N ] is:
V = {miv|i ∈ [1..N ], v ∈ [1..N2]}∪

{djiv |i ∈ [1..N ], j ∈ [(i + 1)..N ], v ∈ [1..N2]}
Ec = {{miv1 , mjv2 , dijv3}|i ∈ [1..N ], j ∈ [(i + 1)..N ],

v1, v2, v3 ∈ [1..N2 ], v1 − v2 6= v3}∪
{{dijv , dijv}|i ∈ [1..N ], j ∈ [(i + 1)..N ], v ∈ [1..N2 ]}

Ev = {(miv1 , miv2)|i ∈ [1..N ], v1, v2 ∈ [1..N2], v1 6= v2}∪
{(dijv1 , dijv2)|i ∈ [1..N ], j ∈ [(i + 1)..N ], v1, v2 ∈ [1..N2 ],

v1 6= v2}
where node miv represents literal marki = k and node
dijv literal diffsij = v. The generator for G[3] is:
A 〈d121, d122, d123, d124, d125, d126, d127, d128, d129〉 ↔

〈d231, d232, d233, d234, d235, d236, d237, d238, d239〉 plus
〈m10, m11, m12, m13, m14, m15, m16, m17, . . . , m24〉 ↔
〈m39, m38, m37, m36, m35, m34, m33, m32, . . . , m25〉

which swaps the lengths of the spaces between the
marks, i.e., turns the ruler back-to-front. The gen-
erators A1 for G[4] and A2 for G[5] follow a simi-
lar pattern. While both Old34 and Old45 are empty,
New1 = {A}, New2 = {A1} and New3 = {A2}. Their
independent parametrisation results in three sets with
the same number of elements but different parametri-
sations due to the existence of concrete values. For
example, A is parametrised to {d12v ↔ d23v|v ∈
[1..N2]} ∪ {〈m1v1 , m2v2〉 ↔ 〈m3v′

1
, m2v′

2
〉|v1, v2, v

′
1, v

′
2 ∈

[1..N2], v1 = N2 − v′1 + 1, v2 = N2 − v′2 + 1}. All this

has been achieved by our implementation. A more so-
phisticated parametrisation would further realise that
the number of elements in the three sets is the same,
and therefore find the pattern: {dijv ↔ dklv |i, j, k, l ∈
[1..N ], i = N − k, j = N − l + 2, v ∈ [1..N2]} ∪ {miv1 ↔
mjv′

1
|i, j ∈ [1..N ], i = N − j + 1, v1, v

′
1 ∈ [1..N2], v1 =

N2 − v′1 + 1}, and mark it as likely candidate.

Social Golfers: aims at constructing a schedule for
a band of golfers that, each week, is partitioned into
evenly-sized groups. Each pair of golfers may play in
the same group at most once. The problem asks for a
schedule of W weeks, with G groups per week and P
players per group.
X[N ] ={playerswg|w ∈ [1..W ], g ∈ [1..G]}
D[N ] =℘({1..P ∗G})
C[N ] = {|playerswg| = P |w ∈ [1..W ], g ∈ [1..G]}∪

{|playerswg1 ∩ playerswg2 | = 0|w ∈ [1..W ],
g1, g2 ∈ [1..G], g1 < g2}∪

{|playersw1g1 ∩ playersw2g2 | ≤ 1|w1, w2 ∈ [1..W ],
w1 < w2, g1, g2 ∈ [1..G], g1 < g2}

where ℘ is the powerset. The parametrised graph asso-
ciated to Golf[W ,G,P ] is:
V = {nwgp|w ∈ 1..W, g ∈ 1..G, p ∈ ℘([1..P ∗ G])}
Ec = {nwgp|w ∈ [1..W ], g ∈ [1..G], |p| 6= P}∪

{〈nwg1p1 , nwg2p2〉|w ∈ 1..W, g1, g2 ∈ G, g1 < g2,
p1, p2 ∈ ℘([1..P ∗ G]), |p1 ∩ p2| 6= 0)}∪

{〈nw1g1p1 , nw2g2p2〉|w1, w2 ∈ 1..W, w1 < w2, g1, g2 ∈ G,
g1 < g2, p1, p2 ∈ ℘([1..P ∗ G]), |p1 ∩ p2| > 1}

Ev = {〈nwgp,p, nwgp2 〉|w ∈ 1..W, g ∈ 1..G,
p1, p2 ∈ ℘([1..P ∗ G]), p1 6= p2}

where node nwgp represents literal playerswg = p. To
save space we will not show the concrete form of the
generators found for G[2, 2, 2], but their parametrisation:
A {nija ↔ nijb|i ∈ [1..W ], j ∈ [1..G], a, b ∈ ℘([1..P ∗G]),

1 ∈ a; b = (a \ {1}) ∪ {2}}
B {nija ↔ nijb|i ∈ [1..W ], j ∈ [1..G], a, b ∈ ℘([1..P ∗G]),

2 ∈ a; b = (a \ {2}) ∪ {3}}
C {nija ↔ nijb|i ∈ [1..W ], j ∈ [1..G], a, b ∈ ℘([1..P ∗G]),

3 ∈ a; b = (a \ {3}) ∪ {4}}
D {n11v ↔ n12v |v ∈ ℘([1..P ∗ G])}
E {n21v ↔ n22v |v ∈ ℘([1..P ∗ G])}
F {n1jv ↔ n2jv |j ∈ [1..G], v ∈ ℘([1..P ∗ G])}
which corresponds to the following symmetries: golfers
1 and 2 can be swapped (A), so can golfers 2 and 3 (B),
golfers 3 and 4 C, groups 1 and 2 in week 1 (D), groups
1 and 2 in week 2 (E), and weeks 1 and 2 (F). The
generators for G[3, 2, 2] are simple extensions of those in
G[2, 2, 2], plus two more to cover the additional week:
the two groups in week 3 can be swapped (E1), and
weeks 2 and 3 can be swapped F1. Similarly, the gen-
erators for G[4, 2, 2] are simple extensions of those in
G[3, 2, 2] plus, again, two more E2 and F2 to cover the
additional week. The generators marked as candidates
are those in Old{3,2,2},{4,2,2} are A,B,C,D,E,F,E1,F1
and E2, which leaves F2 for New{3,2,2},{4,2,2}.

The generators for G[2, 3, 2] include the simple exten-
sion of those in G[2, 2, 2], plus those needed to include the
extra groups and golfers: golfers 4 and 5 can be swapped
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(C1), so can golfers 5 and 6 (C2), groups 2 and 3 in week
1 (D1), and groups 2 and 3 in week 2 (E’1). Similarly,
the generators for G[2, 4, 2] (once canonicalised by GAP)
are simple extensions of those in G[2, 3, 2] plus, again,
another four corresponding to the swapping of golfers 6
and 7 (C3), 7 and 8 (C4), and groups 3 and 4 in week
1 (D2), and 3 and 4 in week 2 (E’2). The generators in
Old{2,3,2},{2,4,2} are A,B,C,D,E,F,C1,C2,C4,D1 and
E’1 are marked as candidates, which leaves C3, D2 and
E’2 for New{2,3,2},{2,4,2}.

The generators for G[2, 2, 3] include the simple exten-
sion of those in G[2, 2, 2], plus those needed to include
the extra golfers: golfers 4 and 5 can be swapped (C1),
and so can golfers 5 and 6 (C2). The generators for
G[2, 2, 4] are again, those needed to include the extra
golfers: golfers 6 and 7 can be swapped (C3), and so
can golfers 7 and 8 (C4), and the simple extension of
those in G[2, 2, 3] with one surprising exception: C is re-
placed by a different and more complex one. This is the
case even after canonicalisation by GAP. C is,of course,
still a symmetry of the group, it is just not returned by
Saucy as a generator.

All this has been achieved by our implementations. A
more sophisticated parametrisation would also be able to
detect the sequences D:E:E1:E2, F:F1:F2, D:D:D2,
E:E’1:E’2, and A:B:C:C1:C2:C3:C4.

6 Conclusions

Exploiting solution symmetries is often essential in find-
ing solutions to CSPs. Currently, the detection of such
symmetries is either restricted to problem instances, or
incomplete since the existing methods only detect a small
class of symmetries and depend on the syntax of the con-
straints. Our new approach to symmetry detection for
CSPs lifts these restrictions: it can detect symmetries in
CSP models and it has the power to capture most - if
not all - symmetries. Our approach leverages on exist-
ing (and future) symmetry detection methods for CSP
instances, by generalising their results to models.

Our approach has been implemented and tested on a
small set of models, including those discussed in this pa-
per, although some parts require manual intervention.
These case studies show that it can detect model sym-
metries that could previously only be detected for in-
stances. We are currently investigating how to broaden
the tool to discover more complex patterns in symme-
tries of problem instances, to elicit additional candidate
model symmetries. We now plan to integrate techniques
to validate or reject candidates, such as theorem proving
techniques or graph techniques.
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Abstract

The multiple knapsack problem (MKP) is a clas-
sical combinatorial optimization problem. A re-
cent algorithm for some classes of the MKP is bin-
completion, a bin-oriented, branch-and-bound al-
gorithm. We investigate mechanisms for detect-
ing and breaking symmetry in the bin-completion
search space. We propose path-symmetry and path-
dominance, two new symmetry relations which
are more powerful generalization of previous MKP
symmetry breaking techniques. Experiments show
that path-symmetry and path-dominance signifi-
cantly reduce the number of nodes searched by
bin-completion. In particular, a variant of path-
symmetry is shown to significantly improve upon
the previous state of the art for the MKP with re-
spect to both runtime and nodes searched.

1 Introduction

Considerm containers (bins) with capacitiesc1, ..., cm, and a
set ofn items, where each item has a weightw1, ..., wn and
profit p1, ..., pn. Packing the items in the containers to maxi-
mize the total profit of the items, such that the sum of the item
weights in each container does not exceed the container’s ca-
pacity, and each item is assigned to at most one container
is the0-1 Multiple Knapsack Problem, or MKP. For exam-
ple, suppose there are two bins with capacity 10 and 7, and
4 items (9,3),(7,3),(6,7),(1,5), where the first element ofeach
pair is the weight of the item and the second element is the
profit of that item. The optimal solution to this MKP instance
is to assign (9,3) and (1,5) to the bin with capacity 10, and the
item (6,7) to the bin with capacity 7 (total profit = 15). The
MKP is a natural generalization of the 0-1 Knapsack Problem
where there arem containers of capacitiesc1, c2, ...cm.

Let the binary decision variablexij be 1 if itemj is placed
in containeri, and 0 otherwise. Then the 0-1 MKP can be
formulated as the integer program below, where constraint 2
encodes the capacity constraint for each container, and con-
straint 3 ensures that each item is assigned to at most one
container.

maximize
m∑

i=1

n∑
j=1

pjxij (1)

subject to:
n∑

j=1

wjxij ≤ ci, i = 1, ..., m (2)

m∑
i=1

xij ≤ 1, j = 1, ..., n (3)

xij ∈ {0, 1} ∀i, j. (4)

The MKP has numerous applications, including task al-
location among autonomous agents continuous double-call
auctions[Kalagnanamet al., 2001], multiprocessor schedul-
ing [Labbéet al., 2003], vehicle/container loading[Eilon and
Christofides, 1971], and the assignment of files to storage de-
vices in order to maximize the number of files stored in the
fastest storage devices[Labbéet al., 2003]. A special case
of the MKP where the profits of the items are equal to their
weights, i.e.,pj = wj for all j is theMultiple Subset-Sum
Problem(MSSP).

The MKP (including the special case of the MSSP) is
strongly NP-complete.1 Thus, state-of-the-art algorithms for
finding optimal solutions are based on branch-and-bound.
Previous work has shown that for problems where the ratio
of items to bins is relatively small (i.e.,n/m < 4), the state-
of-the-art algorithm is bin-completion, a bin-oriented branch-
and-bound algorithm[Fukunaga and Korf, 2007].

The search space explored by bin-completion has many
symmetric states. Previous work introduced some techniques
for exploiting the symmetry and demonstrated their util-
ity. In this paper, we further investigate methods for ex-
ploiting symmetries in the MKP bin-completion algorithm.
We propose new techniques that result in significant im-
provements over the previous state of the art. These tech-
niques are instances of the general symmetry breaking via
dominance detection (SBDD) approach[Fahleet al., 2001;
Focacci and Milano, 2001].

The paper is organized as follows. We start by reviewing
the bin completion algorithm (Section 2. Section 3 defines the

1In contrast, the single-container 0-1 Knapsack problem is
weakly NP-complete, and can be solved in pseudopolynomial time
using dynamic programming.
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basic framework we use for symmetry detection and break-
ing, and reviews previous algorithms for exploiting symme-
try in the MKP. We then introduce new, generalized symme-
try detection techniques (Sections 4-5) which are more pow-
erful than the previous techniques, and we discuss methods
for combining various symmetry mechanisms (Section 6). In
Section 7, we experimentally evaluate various combinations
of symmetry mechanisms. We compare our work with re-
lated work on symmetry detection and breaking and in the
constraint programming literature in Section 8, and conclude
with a discussion of results and directions for future work.

2 Bin-Completion Algorithm for the MKP
Bin-completion is a branch-and-bound algorithm for finding
optimal solutions to multi-container assignment problemsin-
cluding the MKP and bin packing problems[Fukunaga and
Korf, 2007]. We briefly describe this algorithm. For simplic-
ity, we describe the algorithm in terms of the Multiple Subset-
Sum Problem (MSSP), where each item’s profit equals its
weight. Thus, whenever possible in the description below,
we simply refer to an item by its weight. Generalization of
the algorithm to MKP instances where the profits are not the
same as the weights is straightforward.

A bin assignmentBj = (item1, ..., itemk) is a set of all
of the items that are assigned to a given binj, 1 ≤ j ≤ m.
Thus, a valid solution to a MKP instance consists of a set of
bin assignments, where each item appears in exactly one bin
assignment. A bin assignment isfeasiblewith respect to a
given binj if the sum of its weights does not exceed the ca-
pacity of the bin,cj . Otherwise, the bin assignment isinfea-
sible. We say that a bin assignmentS is maximalwith respect
to binj if S is feasible, and adding any other remaining items
would make it infeasible.

The bin-completion algorithm searches a tree where each
node at depthd, 1 ≤ d ≤ m, represents a maximal, feasible
bin assignment. The bin-completion algorithm for the MKP
is shown in Figure 2, where each call tosearch MKP cor-
responds to a node in the branch-and-bound search tree (e.g.,
Figure 1).

Nodes are pruned according to an upper bound which
is based on a relaxation of the problem by Martello and
Toth [1990] (Line 16). Pisinger’s R2 reduction procedure
[Pisinger, 1999] is applied at each node (Line 11) in order to
try to reduce the problem by eliminating some items for con-
sideration. Thechoose bin function (Line 18) selects the
bin with least remaining capacity, and the undominated bin
assignments are sorted (Line 20) in order of non-decreasing
cardinality, and ties are broken in order of non-increasing
profit. Thesymmetric function (Line 21) applies one of
the symmetry detection strategies described in this paper.

Figure 1 shows part of an example bin-completion search
tree. In addition to the pruning mechanisms mentioned above,
a dominance criterionis applied (Fig 2, Line 19) to limit the
nodes considered. Given two feasible bin assignmentsF1

andF2, F1 dominatesF2 if the value of the optimal solution
which can be obtained by assigningF1 to a bin is no worse
than the value of the optimal solution that can be obtained by
assigningF2 to the same bin. Bin-completion prunes feasible

2

(83,12,5)

(42,41)

(40,11)

(42,40) (42,11)

(83,11,5) ...

Figure 1: Part of the bin-completion search space for a bin pack-
ing instance with capacity 100 and items{83,42,41,40,12,11,5}.
Each node represents a maximal, feasible bin assignment fora given
bin. Bin assignments shown with astrikethrough, e.g., (83,11,5),
are pruned because they are dominated according to the criterion in
Proposition 1.

assignments which are dominated according to the follow-
ing MKP dominance criterion[Fukunaga and Korf, 2007],
which is based on the Martello-Toth dominance criterion for
bin packing[Martello and Toth, 1990].

Proposition 1 (MKP Dominance Criterion) Let A and B
be two assignments that are feasible with respect to capac-
ity c. A dominatesB if B can be partitioned intoi subsets
B1, ..., Bi such that each subsetBk is mapped one-to-one to
(but not necessarily onto)ak, an element ofA, and for all
k ≤ i, (1) the weight ofak is greater than or equal the sum
of the item weights of the items inBk, and (2) the profit of
item ak is greater than or equal to the sum of the profits of
the items inBk.

For example, given a bin with capacity 10 and items
9,8,7,3,2, the undominated, feasible bin assignments are
(9),(8,2), and (7,3).

3 Exploiting Symmetry
To describe our symmetry breaking mechanisms, which are
instances of the general SBDD approach[Fahleet al., 2001;
Focacci and Milano, 2001], we first introduce some notation
and define the notion of anogood, which is central to all of
our symmetry exploitation methods.

LetBd denote a bin assignment which assigns the elements
of setB to a bin at depthd. Thus,(10, 8, 2)1 and(10, 7, 3)1
denote two possible bin assignments for a bin at depth 1.

Definition 1 (Nogood) Let Xd be some node in the bin-
completion search tree at depthd. Let E1, ..., Ed−1 be an-
cestors ofXd at depths1, ..., d − 1, respectively. For each
such ancestorEi, we say that every sibling ofEi to the left of
Ei in the depth-first bin-completion search tree is anogood
with respect toXd.

For example, in Figure 3,(8, 2)1 is a nogood with respect
to the descendants of(7, 3)1 and (9)1; (7, 3)1 is a nogood
with respect to the descendants of(9)1

Since bin-completion is a depth-first branch-and-bound al-
gorithm, a nogood denotes a bin assignment (node) whose
descendants have been exhaustively searched in the current
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1 MKP bin completion(bins,items)
2 bestProfit = −∞
3 search MKP(bins,items,0)

4 search MKP(bins, items,sumProfit)
5 if bins==∅ or items == ∅
6 /*we have a candidate solution*/
7 if sumProfit > bestProfit
8 bestProfit = sumProfit
9 return
10 /* Attempt to reduce problem by eliminating some items from consideration*/
11 ri = reduce(bins,items)
12 if ri 6= ∅
13 search MKP(bins, items \ ri, sumProfit)
14 return
15 /* Attempt to prune based on Martello-Toth SMKP upper bound */
16 if (sumProfit + compute upper bound(items,bins)) ≤ bestProfit
17 return

18 bin = choosebin(bins)
19 undominatedAssignments = generateundominated(items,capacity(bin))
20 foreach A ∈ sort assignments(undominatedAssignments)
21 if not(symmetric(A))
22 assign A to bin
23 search MKP(bins \ bin, items \ A,sumProfit+

P
i∈Aprofit(i))

Figure 2: Outline of bin-completion for the multiple knapsack problem.

search tree. The union of all current nogoods is a concise
description of the entire portion of the search tree which has
been searched so far. This is similar to the use of the term
“nogood” in [Focacci and Shaw, 2002]. The number of pos-
sible nogoods at a particular search depthd in the worst case
is the number of undominated bin assignments considered at
depths1, ..., d− 1.

3.1 2-Swap-Symmetry
The 2-swap-symmetrymethod was proposed by Korf in a
bin-completion algorithm for the bin packing problem[Korf,
2003].2 Suppose we have a MSSP instance with the items
{9,8,7,3,2...}where all bins have a capacity of 10. A portion
of the bin-completion search tree is shown in Figure 3. Af-
ter exhausting the subproblem below the assignment(8, 2)1,
and while exploring the subproblem below the assignment
(7, 3)1, assume we find a solution that assigns(8, 2)2. We
can swap the pair of items (8,2) from the assignment(8, 2)2
with the pair of items (7,3) from the assignment(7, 3)1, re-
sulting in a solution with(8, 2)1 and (7, 3)2 and the same
total profit. However, we have already exhausted the sub-
tree below(8, 2)1 and we would have found a solution with
the same total profit as the best solution in the subtree below
(7, 3)2. Therefore, we can prune the branch below(8, 2)2,
because it is redundant (in other words, we have detected that
the current partial solution is symmetric to a partial statethat
has already been exhaustively searched).

Similarly, in Figure 3, the bin assignment(7, 3)2 under the

22-swap-symmetry was previously called “nogood pruning”, but
we change the terminology in order to avoid confusion.

2

(8, 2)1

...

(7, 3)1

(8,2)2 (9)2

(9)1

(7,3)2 (8,2)2

Figure 3: Both of the(8, 2)2 bin assignment under the(7, 3)1
and the(9)1, as well as the assignment(7, 3)2 can all be
pruned according to 2-swap-symmetry (c1 = 10, c2 = 10).

(9)1, as well as the(8, 2)2 under the bin(9)1 can both be
pruned using 2-swap-symmetry.

More generally, given a bin assignmentBd for the bin at
depthd, we can pruneBd if there is a nogoodNg with re-
spect toBd such that (1)Bd includes all the items inNg, and
(2) if we swap the items inNg from Bd with the items that
are currently assigned to the bin at depthg, both resulting bin
assignments are feasible. The correctness follows straight-
forwardly from the definition of nogoods and the assumption
that the nogood represents a node which has been exhaus-
tively searched.

3.2 2-Swap-Dominance
The following 2-swap-dominance symmetrytechnique3
[Fukunaga and Korf, 2007] allows even more pruning: Con-
sider the partial search tree in Figure 4. Assume that all bins

32-swap-dominance symmetry was previously called “nogood
dominance pruning”.
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2

(8, 2)1

...

(7, 4)1

(6,1,2)2

Figure 4: The bin assignment(6, 1, 2)2 can be pruned by 2-
swap-dominance (c1 = 11, c2 = 11).

have capacity 11. Suppose that after exhausting the subprob-
lem below the assignment(8, 2)1, and while exploring the
subproblem below the assignment(7, 4)1, we consider the as-
signment(6, 2, 1)2. We can swap the items (6,2,1) from bin 2
with the pair of items (7,4) from bin 1 and end up with a so-
lution with (6, 2, 1)1 and(7, 4)2. However, according to the
MKP dominance criterion, the set of items (6,2,1) is dom-
inated by (8,2), and we have already exhausted the search
below the node(8, 2)1, so we can prune the search under
(6, 1, 2)2 because it is not possible to improve upon the best
solution under(8, 2)1.

More generally, given a bin assignmentBd for depthd,
we can pruneBd if there is a nogoodNg with respect toBd

such that (1)Ng dominatesB according to the MKP domi-
nance criterion (Proposition 1), and (2) The items inBd can
be swapped with the current items in bing, such that the re-
sulting bin assignments are both feasible. The correctnessfol-
lows from the Proposition 1 and the assumption that the no-
good represents a node which has been exhaustively searched.

To check whether a candidate assignmentB is dominated
by some nogoodN , our current implementation uses a brute-
force algorithm, which in the worst case takes time exponen-
tial in the cardinality of the bin assignment for each nogood.

4 Path-Symmetry
The techniques in the previous section only consider symme-
tries involving three bin assignments: a nogood at depthg, the
current node at depthd > g, and the ancestor of the current
node at depthg. We now generalize the symmetry techniques
to detect and break symmetries involving more than these as-
signments.

Consider the search tree shown in Figure 5. Assume that
the capacities for bins 1-4 are 11,11,12, and 12, respec-
tively. Assume that we have already exhaustively searched
the subtree under(8, 2)1, and we have generated the node
(7, 4)1, (8, 3)2, (12)3, (6, 2, 2)4. By rearranging the items
in bins 1-3, we can obtain a new set of bin assignments:
(8, 2)1, (7, 3)2, (12)3, (6, 4, 2)4. This is a symmetric rear-
rangement, as the optimal solution under the first set of bin
assignments is the same as the optimal solution under the
latter set of assignments. Thus, we can prune the node at
(6, 2, 2)4. Note that 2-swap-dominance would not allow us to
prune this node, since we can not swap the(7, 4) from bin 1
into bin 4 without exceeding bin 4’s capacity. We define this
symmetry more generally as follows.

Given a bin-completion search tree where we are consider-
ing a bin assignment for depthd, we define thecurrent path
from depthg to depthd as the union of binsg,g + 1,...,d. The
current path itemsare the union of all items in the current

2

(8, 2)1

...

(7, 4)1

(8, 3)2

(12)3

(6,2,2)4

Figure 5: The bin assignment(6, 2, 2)4 can be pruned by
Path-Symmetry. (c1 = 11c2 = 11, c3 = 12, c4 = 12).

path. For example, in Figure 5, is we are at node(6, 2, 2)4,
the current path from depth 1 to 4 is the set of bins 1, 2, 3,
and 4, and the current path items are7, 4, 8, 3, 12, 6, 2, 2.

Definition 2 (Path-Symmetry) Let Bd be a candidate bin
assignment. LetNg be a nogood with respect toBd, and
let P be the current path items from depthg to d. we say that
there is apath-symmetrywith respect to nogoodNg if two
conditions hold: (1) every item inNg is a member ofP , and
(2) it is possible to (a) assign the items from the current path
items corresponding to the items ofNg (Items(Ng) ⊂ P ) to
bin g , and (b) assign the remaining items (P \ Items(Ng))
to binsg + 1, ..., d such that all binsg, ..., d are feasible.

If there is a path-symmetry betweenBd and some nogood
Ng as defined above,Bd can be pruned. As with 2-swap sym-
metry, this follows directly from the definition of nogoods.

Checking the first condition of Definition 2 is straightfor-
ward. However, checking the second condition efficiently
is not as straightforward, because it is essentially the deci-
sion version of a bin packing problem,4 where we attempt to
pack the items inP \ Items(Ng) into bins with capacities
cg+1, ..., cd. We describe several approaches:

In the first approach, we try to directly solve this bin pack-
ing problem using a simple backtracking algorithm (BT). The
bin packing problem, like the MKP, is strongly NP-complete,
and in the worst case, BT will take time which isO(nm),
wheren is the number of items andm is the number of bins.
It is possible to avoid backtracking and use a standard bin
packing heuristic such as first-fit decreasing (FFD), which
has a polynomial complexity. Thus our second approach uses
FFD to pack the itemsP \ Items(Ng) into binsg + 1, ..., d.
The drawback of heuristics such as FFD is that it is not guar-
anteed to find a packing of the items into the bins even if
one exists. However the symmetry check is still admissible –
path-symmetry using a FFD check to test condition (2) may
sometimes fail to prune a node that a BT check would have
pruned, but will never prune a node that a BT check will not
prune.

Another way to approximate the full check for condition
(2) for path-symmetry is to limit the set of items that can be
swapped among the bins. That is, instead of packing all of the

4In the decision version of bin packing, we are givenm bins and
n items, and the problem is to determine whether alln items can be
packed intom bins such that the capacity constraints on all of the
bins are not violated.
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2

(8, 2)1

...

(7, 4)1

(5, 6)2

(9,2)3

Figure 6: The bin assignment(9, 2)2 can be pruned by Path-
Dominance (c1 = 11, c2 = 12, c3 = 13)

itemsP \ Items(Ng) into binsg + 1, ..., d, we can “lock”
some of the items into their current bins and only consider
packing the unlocked items.

We consider alimited packing problem where we (a) as-
sign the items from the current path items corresponding to
the items ofNg(Items(Ng) ⊂ P ) to bin g, and (b) pack
the itemsP \ Items(Ng) into binsg + 4, ..., d, but in con-
trast to the full packing problem, we lock all of the items in
P \ Items(Ng) except for the items in bing. In Figure 5,
the unlocked items for this approximation would be the 7 and
4 from bin 1. Thus, this limited packing problem involves
packing the 7 and 4 into three bins: bin #2 with remaining ca-
pacity 8 (the 8 is moved to bin #1, the original capacity is 11,
and there is a 3 which is locked, so the remaining capacity is
11-3=8), bin #3 with capacity 0 (no free space because there
is a locked 12 occupying the bin), and bin #4 with remaining
capacity 4. We can apply either BT or FFD to this limited
packing problem. It is easy to see that the original 2-swap-
symmetry check is a more restricted case of this approximate
approach to path-symmetry.

Thus, we have four implementations path-symmetry, de-
pending on the choice of methods for checking condition 2
in the path symmetry definition: (a) full packing with BT, (b)
full packing with FFD, (c) limited packing with BT, and (d)
limited packing with FFD.

5 Path-Dominance
Path-Dominance is the generalization of both 2-swap-
dominance and path-symmetry. Consider the search tree
shown in Figure 6 for an instance where the bin capaci-
ties for bins 1-3 are 11, 12, and 13, respectively. Assume
that we have already exhaustively searched the subtree un-
der (8, 2)1, and we have generated the current path in the
search tree,(7, 4)1, (5, 6)2, (9, 2)3. By rearranging the items
in bins 1-3, we can obtain a new set of bin assignments:
(7, 2)1, (5, 6)2, (9, 4)3. This is a symmetric rearrangement,
since the optimal solution under the first sequence of bin as-
signments must be the same as the optimal solution the lat-
ter sequence of assignments. Thus, we can prune the node
(9, 2)3. More generally:

Definition 3 (Path-Dominance) Let Bd be a candidate bin
assignment. LetNg be a nogood with respect toBd, and let
P be the current path items from depthg to d. We say that
there is apath-dominance symmetrywith respect to nogood
Ng established at depthg if there exists somes ⊂ P such two
conditions hold: (1)s is dominated byNg according to the
MKP dominance criterion and (2) it is possible to (a) assign

s to bin g, and (b) assign the remaining items (P \ s) to bins
g + 1, ..., d such that all binsg, ..., d are feasible.

If there is a path-dominance symmetry betweenBd and
some nogoodNg as defined above,Bd can be pruned. As
with 2-swap dominance, this follows from the definition no-
goods and Proposition 1.

Our current implementation of path-dominance works as
follows. We systematically enumerate every subsets of the
current path items such thats is dominated byNg and is max-
imal, i.e., there is no other item which can be packed into the
Ng For each suchs, we test whether condition (2) of the path-
dominance symmetry definition (Definition 3 is satisfied. If
so, then a path-dominance has been detected, so the current
node can be pruned. The test for condition (2) is the same as
the corresponding test for path-symmetry in the previous sec-
tion. Thus, the same four implementations of the check are
considered: (a) full packing with BT, (b) full packing with
FFD, (c) limited packing with BT, and (d) limited packing
with FFD. In the worst case, this check is executed for each
subsets that satisfies condition (1) of Definition 3, so check-
ing for path-dominance can be quite expensive.

6 Combining Symmetry Breaking Strategies

Of the four symmetries defined above, 2-swap-symmetry
is the weakest symmetry, and is subsumed by 2-swap-
dominance, i.e., every node which would be pruned by 2-
swap-symmetry would also be pruned by 2-swap-dominance
Similarly, 2-swap-symmetry is also subsumed by path-
symmetry. In turn, 2-swap-dominance and path-symmetry
are both subsumed by path-dominance.

However, there is a trade-off between the amount of prun-
ing enabled by a symmetry relation and the amount of over-
head incurred at each node in order to detect the symmetry.

To alleviate this trade-off, we combine the strategies by
chainingsome subset of them in a sequence so that the cheap-
est, least powerful symmetry is applied first. If this prunesthe
node, then the cost of applying the more powerful symmetries
is not incurred. However, if the node is not pruned, then we
apply another, more powerful symmetry, and so on.

We compared 11 configurations of the MKP solver, each
using a different combination of symmetry mechanisms.
These configurations are shown in Table 1. The four symme-
try techniques are shown left to right. A “Y” indicates that the
symmetry is applied. For the new path symmetries, we also
specify whether the limited or full configuration (Section 4)
is used, and also whether BT or FFD is used.

The PureBC configuration does not apply any symmetry
detection in line 21 of Figure 2. The 2-Sym configuration ap-
plies only 2-swap-symmetry. The 2-Dom configuration ap-
plies 2-swap-symmetry first; if the node is not pruned, then it
applies 2-swap-dominance (this is the configuration labeled
“BC+NDP” in [Fukunaga and Korf, 2007]. As a final exam-
ple, PathDom-Full-BT first tests for Nogood symmetry. If the
test fails, then Nogood Dominance symmetry is applied. If
that fails, then a full Path Dominance test using backtracking
is applied.
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Name 2-Swap-Symmetry 2-Swap-Dominance Path-Symmetry Limited/Full BT/FFD Path-Dominance Limited/Full BT/FFD
PureBC N N N n/a n/a N n/a n/a
2-Sym Y N N n/a n/a N n/a n/a
2-Dom Y Y N n/a n/a N n/a n/a

PathSym-Full-BT Y Y Y Full BT N n/a n/a
PathSym-Full-FFD Y Y Y Full FFD N n/a n/a
PathSym-Lim-BT Y Y Y Limited BT N n/a n/a

PathSym-Lim-FFD Y Y Y Limited FFD N n/a n/a
PathDom-Full-BT Y Y N n/a n/a Y Full BT

PathDom-Full-FFD Y Y N n/a n/a Y Full FFD
PathDom-Lim-BT Y Y N n/a n/a Y Limited BT

PathDom-Lim-FFD Y Y N n/a n/a Y Limited FFD

Table 1: MKP solver configurations - each row corresponds to acombination of symmetry detection mechanisms

7 Experimental Results
We experimentally evaluated the 11 solver configurations
described in the previous section, using the following four
classes of problems (originally from[Pisinger, 1999]):

• uncorrelated instances, where the profitspj and weights
wj are uniformly distributed in[min, max].

• weakly correlated instances, where thewj are uniformly
distributed in [min,max] and thepj are randomly dis-
tributed in [wj − (max − min)/10, wj + (max −
min)/10] such thatpj ≥ 1,

• strongly correlated instances, where thewj are uni-
formly distributed in [min,max] andpj = wj +(max−
min)/10, and

• multiple subset-sum instances, where thewj are uni-
formly distributed in[min, max] andpj = wj .

The bin capacities were set as follows: The first
m − 1 capacities ci were uniformly distributed in
[0.4

∑n
j=1 wj/m, 0.6

∑n
j=1 wj/m] for i = 1, ..., m− 1. The

last capacitycm is chosen ascm = 0.5
∑n

j=1 wj −
∑m−1

i=1 ci

to ensure that the sum of the capacities is half of the to-
tal weight sum. Degenerate instances were discarded as in
Pisinger’s experiments[1999]. That is, we only used in-
stances where: (a) each of the items fits into at least one of
the containers, (b) the smallest container is large enough to
hold at least the smallest item, and (c) the sum of the item
weights is at least as great as the size of the largest container.
In our experiments, we used items with weights in the range
[1,1000].

We used instances where the ratio of items to bins is be-
tween 2 and 3, because it has been shown that for these
instances, bin-completion is clearly the state of the art ap-
proach[Fukunaga and Korf, 2007]. We only report compar-
isons among bin-completion variants due to space; we also
ran Pisinger’s Mulknap solver[1999] on the same instances,
but Mulknap’s was not competitive with any of the bin-
completion variants shown here. See[Fukunaga and Korf,
2007] for a full comparison of bin-completion with Mulknap
and MTM, an older solver by Martello and Toth[1990].

The results are shown in Table 2. All experiments were
run on a 2.4 GHz Intel Core2 Duo. Each experiment was run
on 20 instances (all configurations were run on the same in-
stances). Thefail column indicates the number of instances
(out of 20) that were not solved within the time limit (300

seconds/instance). Thetime and nodesshow average time
spent and nodes searched on the successful runs, excluding
the failed runs (thus, in the experiments where there were
timeouts, the fail column is the most significant result).

First, note that the PathDom-Full-BT and PathSym-full-BT
configurations, which implement the full versions of the path
dominance and path symmetry relations, respectively, signifi-
cantly reduce the size of the branch-and-bound tree compared
to 2-Dom, which was the previous state of the art[Fukunaga
and Korf, 2007]. However, the runtimes are not significantly
better – in fact, for many instances, they run much slower than
2-Dom due to the overhead of symmetry detection.

Fortunately, configurations that use a more limited version
of path-symmetry and path-dominance fare better: at a cost of
some increase in the number of nodes searched, the overhead
per node is drastically reduced. In particular, the PathSym-
Limited-FFD configuration significantly outperforms the pre-
vious state of the art 2-Dom with respect to both runtime and
nodes searched. The number of nodes searched by PathSym-
Limited-FFD is about an order of magnitude smaller than
that of 2-Dom for uncorrelated instances, and about a fac-
tor of 2 smaller for subset sum instances, (based on node
counts from problems where both configurations solved all
of the instances). The runtimes for PathSym-Limited-FFD
are a factor of 2-3 faster than 2-Dom, which shows that the
increased complexity per search node is more than offset by
the search efficiency gained. Thus, bin-completion using
PathSym-Limited-FFD is the new state of the art algorithm
for optimally solving MKP instances for the class of prob-
lems considered here.

Furthermore, the number of nodes searched by PathSym-
Limited-FFD is within a factor of 2 of the number searched by
PathDom-Full-BT (the most “powerful” configuration tested
with respect to the number of nodes searched), despite the fact
that PathSym-Limited-FFD uses both a less powerful symme-
try relation (path-symmetry as opposed to path-dominance)
and uses a limited, approximate mechanism for detecting the
symmetry (Limited-FFD) as opposed to Full-BT.

While full path-dominance with backtracking (PathDom-
Full-BT) was the most efficient configuration with respect to
nodes searched, the overhead of applying full path dominance
at each node significantly increases runtime and does not
appear worthwhile. We are currently investigating methods
which apply path-dominance more selectively (or in combi-
nation with path symmetry), but have not yet found a combi-
nation of techniques which outperformed the PathSym-Lim-
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FFD configuration.
Overall, these results show that exploiting symmetry is a

very effective technique for the MKP. Even the simplest con-
figuration which exploits symmetry, 2-Sym, consistently out-
performs PureBC (bin-completion without any symmetry de-
tection), by at least a 1-2 orders of magnitude difference inthe
number of nodes searched, and a consistent runtime speedup
of 1-2 orders of magnitude. The new PathSym-Lim-FFD con-
figuration searches 1-4 orders of magnitude fewer nodes, and
also run up to 3 orders of magnitude faster than PureBC.

8 Related Work
Our MKP symmetry breaking mechanisms are domain-
specific instances of the symmetry breaking via dominance
detection (SBDD) approach[Fahleet al., 2001; Focacci and
Milano, 2001]. A significant difference is that in addition
to detecting equivalences to previously explored subtrees(2-
swap-symmetry and path-symmetry), our 2-swap-dominance
and path-dominance algorithms also detect partial solutions
which are dominated by previously explored subtrees (ac-
cording to Proposition 1).

Our work is also similar to the pruning technique pro-
posed by Focacci and Shaw[2002] for constraint program-
ming, which was applied to the TSP with time windows. Both
methods attempt to prune the search by proving that the cur-
rent node at depthj, which represents a partialj-variable
(bin5) solutionx, is dominated by some previously explored
i-variable (bin) partial solution (nogood bin assignment)q,
wherei < j.

The main difference between our method and Focacci and
Shaw’s method is the approach used to test for dominance.
Focacci and Shaw’s method extendsq to aj-variable partial
solution q′ which dominatesx. They apply a local search
procedure to find the extensionq′. In contrast, our methods
start with a partial,j-bin solutionx and try to transform it to a
partial solutionx′ such that̄x′i, the subset ofx′ including the
first i bins, is dominated by thei-bin partial solutionq. We
do this by transforming (via item swaps) the contents of bins
i, i + 1, ..., j in x to derive a feasible partial solutionx′ such
thatx̄′i is dominated byq.

9 Conclusions

This paper investigated techniques for exploiting symme-
try in a branch-and-bound algorithm for the multiple knap-
sack problem. Specifically, we focused on techniques for
breaking symmetries in the search space explored by the
bin-completion branch-and-bound algorithm. We proposed
two new, symmetry breaking mechanisms (path symmetry
and path dominance) which are generalizations of previously
studied strategies (2-swap symmetry and 2-swap dominance).
We showed that the new symmetries are significantly more
powerful than their predecessors, reducing the branch-and-
bound trees by up to an order of magnitude compared to
the previous state of the art, 2-swap dominance. However,

5Our analogues of CP variables and values are bins and bin as-
signments, respectively

we also found that these new symmetry breaking mech-
anisms added a significant amount of overhead per node,
which resulted in slower runtimes compared to the simpler
2-swap dominance symmetry. We showed that approximate
(but admissible) implementations of path symmetry and path
dominance combined with previous mechanisms (e.g., the
PathSym-Lim-FFD configuration) are able to achieve a fa-
vorable tradeoff between pruning and per-node complexity,
significantly outperforming the previous state of the art on
the classes of MKP instances we considered.

There are several directions for future work. Although we
have investigated approximate symmetry detection, our fo-
cus so far has been on identifying powerful symmetry re-
lations such as path-symmetry and path-dominance. There
are opportunities to develop more efficient implementations
of path symmetry and path dominance. Although PathSym-
Lim-FFD searched an order of magnitude less nodes than 2-
Dom on some instances, the runtime speedup is only a fac-
tor of 2-3. More efficient implementation strategies may en-
able path-symmetry to achieve close to an order of magnitude
speedup relative to the 2-Dom configuration.

Although path-dominance is our most powerful symmetry
relation, the current implementation is not competitive with
path symmetry due to the large overhead incurred to check
for path-dominance at each node. We are currently investi-
gating improved implementations and approximate detection
strategies which make path-dominance more viable as part of
a combined (chained) strategy.
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Uncorrelated Instances
15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items

fail time nodes fail time nodes fail time nodes fail time nodes fail time nodes
PureBC 0 0.951 206419 7 49.436 7545714 1 90.290 8875301 0 9.130 1662504 12 123.233 16112720
2-Sym 0 0.011 1324 0 0.924 84266 2 39.127 2940614 0 0.597 63708 10 56.951 3941467
2-Dom 0 0.010 1059 0 0.600 43875 1 29.319 1735503 0 0.572 47193 10 62.507 3392116

PathDom-Full-BT 0 0.013 188 0 1.513 1924 3 36.779 13483 0 0.786 5031 20 - -
PathDom-Full-FFD 0 0.006 199 0 0.236 2783 1 15.346 41349 0 0.975 8109 16 89.955 373482
PathDom-Lim-BT 0 0.005 199 0 0.262 2547 0 19.380 40216 0 0.778 7252 14 121.330 317797

PathDom-Lim-FFD 0 0.005 199 0 0.259 2547 0 19.398 40238 0 0.780 7258 14 121.665 318298
PathSym-Full-BT 0 0.005 236 0 0.155 2498 0 29.416 30607 0 0.431 6761 16 170.84 337027

PathSym-Full-FFD 0 0.003 245 0 0.108 3341 0 5.510 70684 0 0.322 10093 9 77.686 978742
PathSym-Lim-BT 0 0.003 239 0 0.099 3141 0 4.230 57896 0 0.284 9422 8 56.068 756632

PathSym-Lim-FFD 0 0.003 239 0 0.097 3142 0 4.208 57962 0 0.284 9432 8 55.568 758425
Weakly Correlated Instances

15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items
fail time nodes fail time nodes fail time nodes fail time nodes fail time nodes

PureBC 0 0.717 69033 2 32.962 2328058 15 176.854 12712681 0 4.269 413635 14 125.483 5452363
2-Sym 0 0.026 1418 0 0.608 32680 0 14.699 551669 0 0.762 46564 10 69.61 2197822
2-Dom 0 0.016 787 0 0.302 12273 0 6.532 168474 0 0.703 36682 10 68.902 2024937

PathDom-Full-BT 0 0.015 214 0 0.370 881 1 39.83 4668 0 7.399 5056 18 117.355 109057
PathDom-Full-FFD 0 0.011 236 0 0.295 1251 0 4.969 10967 0 2.134 8894 14 97.217 305538
PathDom-Lim-BT 0 0.010 238 0 0.214 1218 0 3.014 8664 0 1.472 7609 14 78.441 276743

PathDom-Lim-FFD 0 0.009 238 0 0.213 1218 0 3.004 8668 0 1.454 7609 14 77.115 276776
PathSym-Full-BT 0 0.015 254 0 0.096 1248 0 4.904 8417 0 4.643 7061 13 116.37 321874

PathSym-Full-FFD 0 0.007 273 0 0.075 1647 0 1.117 16347 0 0.422 11730 8 94.2817 1250029
PathSym-Lim-BT 0 0.008 273 0 0.070 1623 0 0.825 13094 0 0.348 10562 7 88.891 1172600

PathSym-Lim-FFD 0 0.008 273 0 0.071 1623 0 0.822 13133 0 0.346 10564 7 89.148 1174057
Strongly Correlated Instances

15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items
fail time nodes fail time nodes fail time nodes fail time nodes fail time nodes

PureBC 0 0.141 3197 2 28.443 209643 16 202.955 792114 0 0.650 13489 17 192.077 2008851
2-Sym 0 0.021 285 0 1.707 6179 3 39.125 79392 0 0.349 6623 13 145.069 1422360
2-Dom 0 0.013 175 0 1.203 3174 2 33.937 50439 0 0.339 6373 13 136.639 1311413

PathDom-Full-BT 0 0.007 70 0 1.113 653 2 65.039 6341 0 1.177 3674 20 - -
PathDom-Full-FFD 0 0.008 72 0 0.661 804 0 40.147 13374 0 0.835 4412 19 257.260 126024
PathDom-Lim-BT 0 0.008 72 0 0.675 833 1 24.341 11578 0 0.773 4328 19 180.463 107563

PathDom-Lim-FFD 0 0.008 72 0 0.673 833 1 24.309 11579 0 0.773 4329 19 180.150 107564
PathSym-Full-BT 0 0.006 74 0 0.619 781 1 40.185 8977 0 0.396 4108 20 - -

PathSym-Full-FFD 0 0.008 75 0 0.646 931 1 25.359 16569 0 0.276 4814 12 130.194 901912
PathSym-Lim-BT 0 0.007 76 0 0.675 979 1 25.779 16267 0 0.273 4810 12 103.099 743737

PathSym-Lim-FFD 0 0.009 76 0 0.670 979 1 26.271 16275 0 0.271 4811 12 103.094 745103
Subset-Sum Instances

15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items
fail time nodes fail time nodes fail time nodes fail time nodes fail time nodes

PureBC 0 0.049 1488 0 4.964 1246450 6 46.046 1386179 0 0.121 3630 4 49.785 1282436
2-Sym 0 0.005 132 0 0.073 1893 0 1.1612 23909 0 0.080 2137 2 30.118 722638
2-Dom 0 0.001 88 0 0.037 941 0 0.545 11534 0 0.078 2096 2 30.067 690547

PathDom-Full-BT 0 0.004 50 0 0.209 325 1 55.56 2178 0 0.709 1456 20 - -
PathDom-Full-FFD 0 0.002 51 0 0.048 382 0 1.937 3721 0 0.239 1677 10 100.001 99212
PathDom-Lim-BT 0 0.002 51 0 0.042 393 0 1.176 3475 0 0.202 1629 10 73.015 86786

PathDom-Lim-FFD 0 0.003 51 0 0.043 393 0 1.167 3475 0 0.202 1629 10 73.240 86789
PathSym-Full-BT 0 0.002 51 0 0.047 371 0 9.975 3177 0 0.153 1637 18 200.315 45671

PathSym-Full-FFD 0 0.001 52 0 0.023 425 0 0.251 4679 0 0.078 1836 2 38.967 522329
PathSym-Lim-BT 0 0.003 53 0 0.019 451 0 0.254 4903 0 0.077 1838 2 29.725 450926

PathSym-Lim-FFD 0 0.001 53 0 0.020 451 0 0.250 4907 0 0.080 1839 2 29.632 452028

Table 2: Multiple knapsack problem results: Comparison of Bin-Completion with various combinations of 2-Swap-Symmetry,
2-Swap-Dominance Symmetry, Path-Symmetry, and Path-Dominance on random MKP instances. Thefail column indicates
the number of instances (out of 20) that were not solved within the time limit (300 seconds/instance). Thetime (seconds on
2.4GHz Intel Core2 Duo) andnodesshow average time spent and nodes searched on the successfulruns, excluding the failed
runs.
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Abstract

Existing methods of breaking all variable sym-
metries in a constraint satisfaction problem
over n variables, by adding lexicographic or-
dering constraints, can require n! new con-
straints. This adds an unacceptable overhead
to the solving process. In certain cases, for ex-
ample when the variables are constrained to
take distinct values, a reduction to an O(n)
set of constraints is possible. This paper stud-
ies some commonly-occurring families of groups
and shows how the set of ordering constraints
can be reduced in each case.

1 Introduction
Constraint programming supports the solution of a com-
binatorial problem in two stages. First, the problem
is characterised or modelled as a constraint satisfaction
problem (CSP): a finite set of decision variables, each
with a finite set of potential values, and a set of con-
straints on the allowed assignments of values to the vari-
ables. Second, a constraint solver is used to search for
solutions: assignments to the decision variables that sat-
isfy all the constraints. Constraint models often contain
symmetries that partition the set of assignments into
equivalence classes. Symmetries can be exploited by re-
stricting the search for a solution to one member of each
equivalence class (symmetry breaking), dramatically re-
ducing search.

There exist many symmetry breaking techniques.
Some methods are static in that they break symmetry of
the CSP model before search. The most popular static
approach is to add symmetry breaking constraints to the
model [Crawford et al., 1996]. We can also use reformu-
lation [Smith, 2001], where the model is changed into a
new model where the symmetries no longer exist. Other
methods are dynamic and utilise methods to break sym-
metry during search. Two popular examples of dynamic
symmetry breaking are SBDS [Gent et al., 2000] and
SBDD [Fahle et al., 2001]. In this paper we examine a
successful static symmetry breaking technique and ex-
amine ways in which it can be improved upon in specific
cases.

Crawford et al [Crawford et al., 1996] describes a static
symmetry-breaking method that involves adding con-
straints to the model. This method is called lex-leader:
one member of each equivalence class is designated as
lexicographically least, and a set of lexicographic order-
ing constraints are added to preclude all other members
of that class. The disadvantage of this method is that,
for a CSP with n variables, it can produce n! lexico-
graphic ordering constraints. The overhead of adding
this number of constraints to the CSP usually outweighs
the benefit of breaking the symmetry.

In many cases, this large set of constraints can be
reduced to a much smaller set that still breaks all the
symmetry [Frisch et al., 2003; Öhrman, 2005]. How-
ever, these general reduction methods are themselves
prohibitively costly. Puget [Puget, 2005] has identified
a special case, where each variable must be assigned a
distinct value, in which the set of ordering constraints
collapses to just n − 1 binary inequalities. This paper
follows somewhat in this vein. It considers the math-
ematical group that describes certain symmetries, the
associated set of lexicographic ordering constraints nec-
essary to break those symmetries, and how that set can
be reduced to a fix-point that we define as minimal.

Further to this the paper discusses combinations of
commonly occurring groups. These combinations are
known to be much larger than the groups they are con-
structed from; they therefore pose a similar problem in
relation to the number of constraints required to break
the symmetries in a CSP with that symmetry group.
We examine methods of breaking these symmetries by
utilising the minimal sets of constraints defined for the
constituent groups.

2 Background
A finite-domain constraint satisfaction problem com-
prises: a finite set of variables X ; for each variable x ∈ X ,
a finite set of values (its domain); and a finite set C of
constraints on the variables. Each constraint c ∈ C is
defined over a sequence, X ′, of variables drawn from X .
A subset of the Cartesian product of the domains of the
members of X ′ gives the set of allowed combinations of
values. A complete assignment maps every variable in a
given CSP to a member of its domain.
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A variable symmetry of a CSP is a bijection f : X → X
such that {〈xi, ai〉 : 1 ≤ i ≤ n} is a solution if and only
if {〈f(xi), ai〉 : 1 ≤ i ≤ n} is a solution.

Any group can be represented by a set G of bijections
from a set X to itself (or permutations of X ), such that
G is closed under composition of functions and inversion.
We are interested in sets of variable symmetries of the
CSP. The symmetric group, Sn, is the group whose ele-
ments are the set of bijections from {1, . . . , n} into itself.
A group of permutations is transitive if any variable can
be mapped to any other.

Having identified a symmetry within a model we iden-
tify a set of symmetry-breaking constraints sufficient to
break it using the lex-leader method. We first define an
ordering on the decision variables, then add constraints
that order the assignments to these variables. To il-
lustrate, we consider the symmetric group S3 acting on
variables, x1, x2, and x3. Here the permutation (x1x2)
means x3 maps to itself, and x1 and x2 map to each
other, and (x1x2x3) means x1 maps to x2, x2 maps to
x3, and x3 maps to x1:

(), (x1x2), (x1x3), (x2x3), (x1x2x3), (x1x3x2)

The permutation denoted () is called the identity, and
represents the mapping of each variable to itself. We
choose x1 to be the most significant variable in the or-
dering, x2 the next most significant, and x3 the least
significant. The next step is to add symmetry-breaking
constraints to allow only one member of each equivalence
class of assignments induced by the symmetry:

x1x2x3 ≤lex x1x2x3, x1x2x3 ≤lex x2x1x3,

x1x2x3 ≤lex x3x2x1, x1x2x3 ≤lex x1x3x2,

x1x2x3 ≤lex x2x3x1, x1x2x3 ≤lex x3x1x2

Notice that there is one constraint per permutation of
S3. In general, there are n! permutations for the group
Sn and so (n!) n-ary constraints are produced by the
lex-leader method to break all symmetries.

3 Reducing the Ordering Constraints

Frisch and Harvey [Frisch et al., 2003] describe two rules
to reduce the number and arity of constraints whilst
maintaining complete symmetry breaking.

1. If c is a constraint of the form αXβ ≤lex γY δ, and
α = γ logically implies X = Y then we may replace
it with αβ ≤lex γδ.

2. If C is a set of constraints of the form C ′∪{αβ ≤lex

γδ}, and C ′ ∪ {α = γ} logically implies β ≤lex δ,
then we may replace C with C ′ ∪ {α ≤lex γ}.

For example, consider the constraint x1x2 ≤lex x2x1.
From the definition of lexicographic ordering, to ensure
that the constraint is satisfied we need only compare a
pair of variables if each pair of more significant variables
are equal. Here, if x1 = x2 then trivially the second pair
must be equal. Therefore, by Rule 1 we need only con-
sider the first pair of variables, reducing this constraint

to x1 ≤ x2 without modifying the set of solutions. In the
S3 example given in the previous section, Rule 1 reduces
the set of lexicographic ordering constraints to: x1 ≤
x2, x2 ≤ x3, x1 ≤ x3, x1x2 ≤lex x2x3, x1x2 ≤lex x3x1.
Application of Rule 2 simplifies the constraints further
to: x1 ≤ x2, x2 ≤ x3.

Öhrman [Öhrman, 2005] defines a further Rule 3 which
states that if we have a set of constraints C of the form
C ′∪{αXβ ≤lex γY δ}, and C ′∪{α = γ} logically implies
X = Y (or X < Y where |β| = 0 and |δ| = 0), then we
may replace C with C ′ ∪ {αβ ≤lex γδ}. Rule 3 extends
the stated Rules 1 and 2 in that it allows both the consid-
eration of all pairs of variables in any one lex constraint,
provided by Rule 1, and the implications derived from
considering the entire set of lex constraints, provided by
Rule 2. Notice that the support required for removal
of the least significant pair, the parenthetical part of the
rule which is a restatement of Rule 2, remains essentially
different from all other pairs. For this reason we find it
useful to separate the action of Öhrman’s Rule 3 into
Rule 2 and a new Rule 3′.

3′ If we have a set of constraints C of the form C ′ ∪
{αXβ ≤lex γY δ}, and C ′∪{α = γ} logically implies
X = Y , then we may replace C with C ′ ∪ {αβ ≤lex

γδ}.
Definition 1 A set of lexicographic ordering constraints
is said to be minimal if the set is unchanged under ap-
plication of Rules 2 and 3′.

Achieving minimality from a factorial number of con-
straints by mechanical application of Rules 2 and 3′ is
expensive. In practice, it has proved infeasible as much
of the time saved by breaking the symmetries is re-
introduced in this pre-processing stage [Öhrman, 2005].
We can derive a lower bound on the number of binary
inequality constraints produced by this process.
Theorem 1 Let P be a CSP with decision variables
X = {x1, x2, ..., xn}. Assume that P has a transitive
group of variable symmetries and that the domains of
xi, 1 ≤ i ≤ n, contain more than one value. Then, not
considering other constraints in the CSP,

the minimum number of binary ≤ constraints required
to remove all but one member of each equivalence class
of assignments is n− 1.
Proof 1 Any constraint graph with n − 2 binary con-
straints is disconnected. Let x1 be the most significant
variable. Let xi be a decision variable that is not
connected to x1, and such that xi is most significant
in its component of the constraint graph. Consider
the full assignment that assigns xi = a, where a is
minimal in the domain of xi, and xj = b for j 6= i,
where b > a. Since there is a symmetry mapping xi to
x1 there is a symmetry mapping this full assignment
to a full assignment with x1 = a. Thus there will
remain more than one solution from an equivalence
class after addition of the n − 2 binary constraints,
and therefore n−2 binary constraints will not suffice. 2
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a. b.

Figure 1: An inequality graph and the transitive closure
of that graph.

4 Reduction Rules and Inequality
Graphs

We begin by introducing the inequality graph as a device
to visualise the operation of Rules 1,2 and 3′.

Definition 2 Given a CSP with set of variables X and
set of constraints C, the corresponding inequality graph
G is a directed graph with one node per element of X .
The graph G contains directed edges as follows. If, for
some xi, xj ∈ X , C contains:

1. xi ≤ xj then G contains an edge from xi to xj.

2. xi = xj then G contains an edge from xi to xj, and
an edge from xj to xi.

3. xi . . . ≤lex xj . . . then G contains an edge from xi to
xj.

Given a set of lexicographic constraints C on variables
X , we consider the process of applying Rule 2 to remove
the least significant pair of variables in some c ∈ C. Fol-
lowing the rule, we begin by adding equality constraints
between all more significant pairs of variables xi, xj ∈ c.
To illustrate, Figure 1 shows the inequality graph for a
CSP C ≤ D from constraint ABC ≤lex BCD is under
consideration for removal by Rule 2. The assumed equal-
ities, A = B andB = C, are represented by dual directed
edges between the respective nodes and the inequality
A ≤ C implied by ABC ≤lex CDA is represented by a
directed edge from A to C.

The antecedent of Rule 2 requires the identification
of implied inequality constraints. The identification of
such equalities can be characterised partially in terms of
taking the transitive closure of the inequality graph.

Definition 3 Consider a directed graph G = (X , E),
where X is the set of nodes and E is the set of edges.
The transitive closure of G is a graph G′ = (X , E′) such
that for all xi,xj ∈ X there is an edge (xi, xj) in E′ if
and only if there is a path from xi to xj in G [Nuutila,
1995].

Returning to our example, since there is a path from C
to A via B, taking the transitive closure of the inequality
graph in Figure 1. adds a directed edge from C to A.
Since there is now both a directed edge from A to C, and
from C to A, it is implied that A = C. This allows us to

simplify the constraint ABC ≤lex CDA to BC ≤lex DA.
Consequently, it is now clear that B ≤ D. Hence, the
inequality graph of this new, simpler problem contains
a directed edge from B to D. The transitive closure of
this graph is shown in Figure 1b. Notice that there is a
directed edge from C to D, hence the pair C and D can
be removed from ABC ≤lex BCD via Rule 2.

Generally, as pointed out by Öhrman [Öhrman, 2005],
the operation of establishing the antecedent of Rule 2
can be described as follows:

1. Let P be the initial CSP, combined with the equality
constraints assumed by Rule 2.

2. Generate the inequality graph G for P and take its
transitive closure, G′.

3. If G′ contains edges corresponding to equalities not
represented explicitly in P , add these equalities to
P and go to 2.

4. Otherwise, the antecedent of Rule 2 is satisfied if
the corresponding edge is present in G′.

5 Minimal sets of lexicographic
ordering constraints for some families
of groups

We now consider some specific families of groups. In
each case we produce a number of lex constraints that is
linear in the number of variables. We have shown that all
sets of constraints in this section are minimal but have
omitted all minimality proofs for reasons of space.

5.1 Cyclic Groups
If all elements of a group G can be written as powers of
some fixed g ∈ G then G is cyclic. In this subsection we
produce a set of minimal lex constraints for breaking the
cyclic group. We will assume throughout that the ele-
ments of the cyclic group are powers of the permutation
(x1, x2, . . . , xn).

Theorem 2 Let P be a CSP with n decision variables,
{x1, x2, . . . , xn}. If the symmetry group of P is the cyclic
group of variable symmetries then a complete minimal
set A of symmetry breaking constraints is:

x1 ≤ x2

x1x2 ≤lex x3x4

x1x2x3 ≤lex x4x5x6

...
x1x2 . . . xn/2+1 ≤lex xn/2+2 . . . xnx1x2 n even
x1x2 . . . x(n+1)/2 ≤lex x(n+3)/2 . . . xnx1 n odd

...
x1x2 . . . xn−1 ≤lex xnx1 . . . xn−2

Proof 2 We show that A is equivalent to the lex-leader
constraints for Cn, namely

x1 . . . xn ≤lex xk+1 . . . xnx1 . . . xk (1)

for 1 ≤ k < n.
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We will refer to the ith constraint in A as ai. To see
that the lex-leader constraints imply A, note that each
constraint in A is an initial subsequence of one of the
lex-leader constraints, and so is certainly implied.

We now prove the converse, we wish to show that
A implies (1) for 1 ≤ k < n. The constraint ak is
x1 . . . xk ≤lex xk+1 . . . xm, where m = 2k if k ≤ n/2
and m = 2k− n otherwise. So the initial subsequence of
length k of (1) holds, and we may assume without loss
of generality that x1 = xk+1, x2 = xk+2, . . . , xk = xm.

We need to prove that under these assumptions

xk+1 . . . xn ≤lex x2k+1 . . . xnx1 . . . xk. (2)

We have x1 . . . xk = xk+1 . . . xm, so we can rewrite
the left-hand side of (2) as x1 . . . xkxm+1 . . . xn. The
constraint a2k is x1 . . . x2k ≤lex x2k+1 . . . xp where p =
(4k−1 mod n)+1. Thus the initial subsequence of length
k of (2) holds, and we may assume without loss of gen-
erality that k < n/2, and that x1 = xk+1 = x2k+1,
x2 = xk+2 = x2k+2, . . ., xk = x2k = x3k.

If n is divisible by k then by induction (1) holds.
Assume that n is not divisible by k, let b = bn/kc and

c = n mod k so that n = bk + c. We must show that

xbk+1 . . . xn ≤lex x(b+1)k−n+1 . . . xk. (3)

Note that (3) has length c < k, and that (b+1)k−n+1 =
bk + c− n+ k − c+ 1 = k − c+ 1.

Consider the constraint ak−c, namely

x1 . . . xk−c ≤lex xk−c+1 . . . x2k−2c,

and recall that by assumption x1 . . . xc = xbk+1 . . . xbk+c,
with bk + c = n. If k − c ≥ c then the first c pairs of
variables in ak−c are precisely what we need to prove.

Therefore, we assume that k − c < c, and show that
under the additional assumption xbk+1 . . . x(b+1)k−c =
xk−c+1 . . . x2k−2c that

x(b+1)k−c+1 . . . xc ≤lex x2k−2c+1 . . . xk.

However our initial assumption that xi = xk+i for
1 ≤ i ≤ k implies that x(b+1)k−n+i = xi for 2k−2c+1 ≤
i ≤ k, hence constraint (1) is implied for 1 ≤ k < n.

Minimality: Omitted. 2

The general personnel scheduling problem is to assign
tasks to staff members while satisfying a variety of differ-
ent constraints. The following simple example exhibits
cyclic symmetry.

Given n personnel and δ days, for each day, assign each
person to one of the shifts {AM, PM, Night, Holiday}.

Such that:

• Coverage: All non-holiday shifts are covered by at
least one person.

• Shift Pattern: A night shift for a particular person
is preceded by either an AM shift or a Holiday.

• Shift Pattern: A night shift for a particular person
is followed by a Holiday or a PM shift.

The schedule is to be repeated, so day δ can be viewed
as preceding day 1.

Given 4 people and three days, a set of cyclic symmet-
ric solutions shown in Figure 2.

Clearly, we can cycle the days but not freely inter-
change them nor flip the schedule.

We can constrain the per 1 row using lex constraints
generated by the general formula for cyclic group sym-
metry breaking constraints, namely: d1 ≤lex d2 and
d1d2 ≤lex d3d1. 1

5.2 Dihedral Groups
The dihedral group Dn is the symmetries of a regular
n-sided shape, for example D4 is the symmetry group of
the square. The reader may note some similarities be-
tween the dihedral minimal ordering constraints and the
cyclic minimal ordering constraints. This relationship is
explained later in the proof of Theorem 3. Let

a = (1, 2, . . . , n)

and

b = (1, n)(2, n− 1) . . . (bn/2c, d(n+ 3)/2e).
All elements of Dn have a unique decomposition as a
product of the form aibj for 0 ≤ i ≤ n−1 and 0 ≤ j ≤ 1.
The set of elements for which j = 0 is the cyclic group of
order n, whereas the elements aib all satisfy (aib)2 = ().

We define a set of 2n − 5 symmetry breaking con-
straints as follows. First, the constraints ai from the
cyclic group for 2 ≤ i ≤ n− 3:

x1x2 ≤lex x3x4

x1x2x3 ≤lex x4x5x6

...
x1x2 . . . xn/2+1 ≤lex xn/2+2 . . . xnx1x2 n even
x1x2 . . . x(n+1)/2 ≤lex x(n+3)/2 . . . xnx1 n odd

...
x1x2 . . . xn−3 ≤lex xn−2x1 . . . xn−6

Then a further n−1 constraints γi and δj . If n = 2k+1
is odd we define s = 2, t = 1 and u = 0, otherwise n = 2k
is even, and we let s = 1, t = 0 and u = 1. Then define
γi for 1 ≤ i ≤ k − u to be

x1 . . . xix2i+1 . . . xk+i ≤lex x2i . . . xi+1xn . . . xk+i+s,

and δj for 0 ≤ j ≤ k − 1 to be

x1 . . . xjx2j+2 . . . xk+j+t ≤lex x2j+1 . . . xj+2xn . . . xk+j+2.

Note that the substrings of variables on the left hand
side of γi and δj occur in increasing order, whilst those
on the right hand side occur in decreasing order: if the
subscripts at each end of the substring are decreasing on
the left hand side, or increasing on the right hand side,
then the substring is empty.

1Although in this example the people in AM are all dif-
ferent and we could use Puget’s all-dif constraints, we can
imagine a much larger schedule where a person would be re-
quire to work more than one AM shift
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Day 1 Day 2 Day 3 Day 2 Day 3 Day 1 Day 3 Day 1 Day 2
per1 AM N H AM N H AM N H
per2 PM H N OR PM H N OR PM H N
per3 N PM AM N PM AM N PM AM
per4 H AM PM H AM PM H AM PM

Figure 2: Three symmetric schedules for the personnel scheduling problem instance days = 3, people = 4, shifts
= {AM,PM,H,N}.

Theorem 3 Let P be a CSP with n decision variables,
{x1, x2, . . . , xn}. If the symmetry group of P is the di-
hedral group Dn on variables then the set {ai, γj , δl :
2 ≤ i ≤ n − 3, 1 ≤ j ≤ k − u, 0 ≤ l ≤ k − 1} of
symmetry-breaking constraints is complete and minimal.

Proof 3 The constraints can be divided into two sets.
Those derived from the cyclic group symmetry over the
same decision variables, namely the ais, and those de-
rived from the remainder of the dihedral group permuta-
tions, namely the γis and δjs.
The constraints ai for 2 ≤ i ≤ n− 3.
We have three fewer constraints than for Cn. These three
constraints break the symmetry represented by the per-
mutations a, an−2 and an−1, and would correspond to
constraints a1, an−2 and an−1. We show that these miss-
ing constraints are implied by the remaining constraints.

The constraint corresponding to the permutation a is
x1 ≤ x2, which is implied by γ1.

The constraint corresponding to an−1 is

x1 . . . xn−1 ≤lex xnx1 . . . xn−2.

We show that an−1 is implied by the other constraints.
Consider the first pair of variables, x1 ≤ xn. Constraint
δ0 has most significant pair x2 ≤ xn, and the implied
constraint a1 states that x1 ≤ x2, which together imply
that x1 ≤ xn.

Assuming equality in the first z pairs of variables of
an−1 forces

x1 = xn = x2 = . . . = xz where 2 ≤ z ≤ n− 2.

The next pair under consideration is xz+1 ≤ xz.
First assume that z = 2i ≤ n − 2 is even, then con-

straint γi is

x1 . . . xix2i+1 . . . xk+i ≤lex x2ix2i−1 . . . xi+1xn . . . xk+i+s,

where s = 2 or 1 according as n is odd or even. The first
i pairs of variables in this constraint have been assumed
to be equal, so we deduce that x2i+1 = xz+1 ≤ xn = xz,
as required.

Next assume that z = 2i + 1 ≤ n − 2 is odd, then
constraint δi is

x1 . . . xix2i+2 . . . xk+i+t ≤lex x2i+1 . . . xi+2xn . . . xk+i+2,

where t is 0 or 1 according as n is even or odd. Since
the first z pairs of variables in this constraint have been
assumed to be equal, we deduce that xz+1 = x2i+2 ≤
xn = xz, as required. Hence an−1 is implied.

Finally we consider the constraint corresponding to
an−2, namely an−2 which is

x1x2 . . . xn−2 ≤lex xn−1xnx1 . . . xn−4.

The inequality x1 ≤ xn−1 is the most significant pair
in δk−1 (even values of n) or γk (odd values of n). Also,
x2 ≤ xn is the most significant pair in δ0. If we assume
that x1 = xn−1 and x2 = xn, then δ0 gives x3 ≤ xn−1 =
x1, as required.

Let us now consider the general case xz+1 ≤ xz−1 for
3 ≤ z ≤ n − 2, so that we assume that x1 = xn = x3 =
x5 = · · · and x2 = xn−1 = x4 = · · ·, with the highest
subscript (other than n or n− 1) in an equality class of
size greater than 1 being xz. If z = 2i+1 is odd then the
constraint δi has the first n pairs of variables equal, so we
deduce that x2i+1 = xz+1 ≤ xn = xz−1. If z = 2i is even
then the constraint δi−1 has first i− 1 pairs of variables
equal. We then find x2i = xz = xn, so continuing to the
next variable we deduce x2i+1 = xz+1 ≤ xn−1 = xz−1,
as required.

Since the missing constraints from the cyclic set, which
themselves are known to be complete from Theorem 2,
are implied by the additional constraints to break the di-
hedral symmetry, the reduced set of cyclic constraints are
complete with respect to the cyclic symmetry in the di-
hedral group.

The remaining constraints
Next we show that the reduced set of lex-constraints imply
all constraints corresponding to the remaining elements
of the dihedral group, namely those of the form aib. Re-
call that the elements of the form aib have order 2, and
so are a product of disjoint 2-cycles. The second vari-
able of each 2-cycle will be deleted from each constraint
by Rule 1. Also, when n is even, half of the permutations
aib fix two variables, which will also be deleted by Rule
1: these correspond to δi for 0 ≤ i ≤ k − 1.

The full set of lex constraints has n symmetry breaking
constraints for the remaining dihedral permutations, but
that the reduced set only has n−1. The constraint which
breaks the symmetry

b = (1, n)(2, n− 1) . . . (bn/2c, d(n+ 2)/2e)
has been completely removed. We now show that this
constraint is implied by the reduced set of constraints.
The unreduced form of this missing constraint c is

x1 . . . xn ≤lex xn . . . x1.

We consider the implied constraint an : x1 . . . xn ≤lex

xnx1 . . . xn−2,which has most significant pair x1 ≤ xn.
These are the first pair of variables in c.
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Figure 3: Symmetric solutions to the length 7, 3-tick
Circular Golomb Ruler problem.

Consider now an arbitrary pair xz ≤ xn−z+1 for 2 ≤
z ≤ n/2. When considering this pair for removal we
assume that x1 = xn, x2 = xn−2, . . ., xz−1 = zn−z.
Therefore from an and a1 we deduce x2 = x1 = xn =
xn−2. We then deduce from an and ai that xi = x1 for
i ∈ {1, . . . , n}. Hence the rest of c is implied and can be
removed.

We have shown that the reduced set of lex ordering
constraints for the dihedral group implies the complete
set. Since the converse is clear we conclude that the
reduced set of dihedral lex constraints is sound and com-
plete.

Minimality: Omitted. 2

We define the Circular Golomb Ruler Problem as:
given a circle with circumference n, place m ticks at
integer points around the circle such that all inter-tick
distances along the circumference are distinct, n > 0
and m > 0. Two solutions to the instance of this prob-
lem where n is 7 and m is 3 are shown in Figure 3.
Clearly, these solutions are symmetric: one can be ob-
tained from the other via rotation. We may also flip the
ruler to achieve twice as many symmetries. The symme-
try group in the above problem, n = 7 m = 3, is D3. The
symmetry breaking constraints required to order the set
of ticks, T = {t1, t2, t3} are t1 ≤ t2, and t1t2 ≤lex t3t1.

5.3 Symmetric Groups
The symmetric group, Sn, is the group whose elements
are the set of bijections from {1, . . . , n} into itself; we can
freely interchange all variables. Symmetric groups arise
frequently as symmetries of CSPs, in particular when-
ever a set is modelled as a list we introduce the symmet-
ric group on variables. Since the set is unordered but a
list is ordered we can freely interchange any variables of
the list and get a new list representing the same set.

Theorem 4 Given a CSP with n decision variables
{x1, x2, . . . , xn} whose symmetry group is Sn on vari-
ables, a complete minimal set of symmetry breaking con-
straints is:

xi ≤ xi+1 for 1 ≤ i ≤ n− 1

Proof 4 We first show that the complete set of lex-
leader constraints imply our constraints, then show that

the reduced set of constraints implies the lex-leader con-
straints. Since the lex-leader constraints are complete,
the reduced set of constraints are complete.

Lex-leader constraints imply the reduced set of con-
straints as the reduced set is a subset of the lex-leader
constraints.

The reduced set of constraints implies the complete set
of lex-leader constraints since the lex-leader constraints
break every permutation of Sn, which is every possible
permutation of n variables. The reduced set implies that
x1 . . . xn is sorted, which breaks every possible permuta-
tion of n variables.

Minimality: Omitted. 2

5.4 Alternating Groups
Any permutation can be written as a product of cycles
of length 2, called transpositions. There is usually more
than one way of writing any given permutation as a prod-
uct of transpositions, but the parity of the number of
transpositions occurring in all such products is fixed.
The alternating group An on n points is the subgroup
of the symmetric group Sn that contains all of the per-
mutations that can be written as a product of an even
number of transpositions. It contains exactly half of the
permutations of the symmetric group, and hence could
be expected to have a similarly small set of minimal lex
constraints.

Theorem 5 Let P be a CSP with n decision variables,
{x1, x2, ..., xn}. If the symmetry group of P is An on
variables then a complete minimal set C of symmetry
breaking constraints is:

xn−2 ≤ xn−1 (c1)
xn−2xn−1 ≤lex xnxn−2 (c2)
xixn−1 ≤lex xi+1xn (c3,i), 1 ≤ i ≤ n− 3

Proof 5 We first show that C is implied by lex-leader
constraints. The permutation (n − 2, n − 1, n) ∈ An

implies c1 and the permutation (n − 2, n, n − 1) im-
plies c2. Finally, we have (xi, xi+1)(xn−1, xn) ∈ An for
1 ≤ i ≤ n− 3, yielding c3,i.

We now consider the converse and show that C implies
the full set of lex-leader constraints, of size (n!/2) − 1.
Consider c1 and the first pair of variables in c3,i, we see
that the first n − 1 variables are sorted. The first pair
of variables in c2, namely xn−2 ≤ xn implies that the
variables x1, x2, . . . , xn−2, xn are also sorted. So the only
possibly unbroken symmetries move xn−1 and xn. Since
the permutation swapping (xn−1, xn) is odd, for there to
be any remaining symmetries either xn−1 = xn−2, or
xn = xn−2, or some of the other variables have equal
values.

If xn−1 = xn = xn−2 then there are no further sym-
metries to break, since x1 . . . xn is now sorted.

If exactly one of xn−1 and xn is equal to xn−2, then
the other one is greater. If xn−2 = xn < xn−1 then we
are violating c2. Therefore xn−2 = xn−1 so the solution
is already minimal.
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If xn−1, xn 6= xn−2 then both xn−1 and xn are strictly
greater than xn−2 so the biggest two values occur at the
end of the list of variables. This will be lex minimal
under the alternating group unless xn−1 > xn and there
are two equal values (say xi, xi+1) somewhere else in
the full assignment. However in this instance we would
violate the constraint c3,i.

Minimality: Omitted. 2

We are currently aware of no situations where the al-
ternating group arises as symmetry of a CSP model but
its similarity to the symmetric group made it interesting
from a mathematical point of view.

6 Combining Groups
Often, symmetry groups can be built up out of smaller,
easier-to-describe groups. When this occurs we take the
product of several groups.
Definition 4 Let G ≤ Sym(Ω) and H ≤ Sym(∆) be
groups, with Ω and ∆ disjoint sets. The direct prod-
uct of G and H, written G × H, is the set {(g, h) :
∀g ∈ G, h ∈ H}, with coordinatewise multiplication.
Elements of G × H permute the set Ω ∪ ∆ as follows:
(g, h)(x) = g(x) if x ∈ Ω, and (g, h)(x) = h(x) if x ∈ ∆.
Consider now the problem of finding two distinct rosters.
The symmetry in this problem is the direct product of
the two cyclic groups.

Theorem 6 Let P be a CSP whose decision variables
are partitioned into two disjoint sets χ1 = {x1, . . . , xn}
and χ2 = {y1, . . . , ym}. Assume that all symmetries of
P are variable symmetries, and that the symmetries of
P act independently on χ1 and χ2, with groups G and H
of variable symmetries respectively. Let LG be a minimal
set of complete symmetry breaking constraints for G, and
let LH be a minimal set of complete symmetry breaking
constraints for H. Then the symmetry group of P is
G×H, and a minimal complete set of symmetry breaking
constraints for P is LG ∪ LH .

Proof 6 The claim that the symmetry group of P is G×
H is immediate.

We must show three things. Firstly, we show that the
lex-leader constraints for G×H imply LG∪LH , secondly
that LG∪LH implies all of the lex-leader constraints, and
finally that LG ∪ LH is minimal.

The lex-leader constraints for G × H will include a
constraint cg for each element of G × H of the form
(g, 1H) where g ∈ G. Since cg has all variables yi in
the same positions on each side, by Rule 1 cg can be
reduced to a constraint involving only the xis, and hence
the set of all such reduced cgs implies all constraints in
LG. Similarly, the constraints for G ×H will include a
constraint ch for each element (1G, h) ∈ G×H, and the
constraint ch can be reduced by Rule 1 to a constraint
involving only the yis. Hence all constraints in LH are
implied by the lex-leader constraints.

Now we must show the converse. Let a := (g, h) in
G×H, let k = m+n and let zi ∈ χ1 ∪χ2 for 1 ≤ i ≤ k.

We define an action of a on {zi : 1 ≤ i ≤ k} by za(i) =
xg(j) if zi = xj and za(i) = yh(j) if zi = yj. Then any
lex-leader constraint is of the form:

z1z2 . . . zk ≤lex za(1)za(2) . . . za(k).

Since by assumption LG and LH are complete sets of
constraints for G and H, they imply the constraints

x1 . . . xn ≤lex xg(1) . . . xg(n) (A)
y1 . . . ym ≤lex yh(1) . . . yh(m) (B).

Suppose without loss of generality that z1 = x1. Then
constraint (A) implies that z1 ≤lex za(1), so the first pair
of the lex-leader constraint is implied by LG ∪ LH .

Suppose now that the first i pairs of the lex-leader con-
straint have been assumed to be equal, that is z1 = za(1),
z2 = za(2), . . . , zi = za(i). We show that together with
LG ∪ LH this implies that zi+1 ≤ za(i+1) and hence
by induction that the full lex-leader constraint is im-
plied. We have zi+1 = xj or zi+1 = yj, let us as-
sume without loss of generality that zi+1 = xj for some
j. Then we must already have assumed that x1 =
xg(1), x2 = xg(2), . . . , xj−1 = xg(j−1), so (A) implies that
zi+1 = xj ≤ xg(j) = za(i+1), as required.

We finish the proof by showing that LG ∪ LH is
minimal. This follows from the fact that each constraint
in LG ∪ LH involves only variables from χ1 or only
variables from χ2. Hence constraints from LG do not
imply any additional equalities in constraints from LH ,
and vice versa. Thus, since LG and LH were assumed
to be minimal, the same holds for LG ∪ LH . 2

For example take two sets of shifts, S = {s1, s2, s3}
and S′ = {s′1, s′2, s′3}, defining two distinct shift patterns
for per1. The lex constraints required to break the sym-
metry are s1 ≤lex s2, s′1 ≤lex s′2, s1s2 ≤lex s3s1 and
s′1s
′
2 ≤lex s′3s′1.

Another commonly arising way of combining two
groups is the imprimitive wreath product.
Definition 5 Let G ≤ Sn and H ≤ Sk. The imprimi-
tive wreath product of G and H, denoted GWrH, is a
subgroup of Snk. It acts on k copies of the set of size
n on which G acts. We have GWrH = {h(g1, . . . , gk) :
h ∈ H, gi ∈ G}, and these elements permute the set
{(i, j) : 1 ≤ i ≤ n, 1 ≤ j ≤ k} by h(g1, . . . , gk)(i, j) =
(gj(i), h(j)).

Suppose we have a set A of symmetry breaking con-
straints for a group G acting on variables x1, . . . , xn, and
a set B of symmetry breaking constraints for a group H
acting on variables Y1, . . . , Yk. Then GWrH acts on a
set of nk variables, xij , with 1 ≤ i ≤ n and 1 ≤ j ≤ k.
The group GWrH has size |G|k × |H|, so writing down
one constraint for each nontrivial group element is im-
practical. We now show how to reduce this to k|A|+ |B|
constraints.

We first post k|A| constraints, namely a copy of A
on xij for each value of j. That is, we lex order each
block of variables with respect to G. The arity of these
constraints is unchanged.
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We then restate the constraints from B so that in-
stead of being statements about the values of sequences
of Y s, they are statements about the values of sequences
of x1jx2j ...xnjs. For example, if we previously had a
constraint Y1 ≤ Y2 we would replace that with the con-
straint x11x21...xn1 ≤ x21x22...xn2. This results in |B|
constraints, each of arity n times their original arity.

Theorem 7 If LG and LH are complete sets of sym-
metry breaking constraints for groups G and H then
LGWrLH is a complete set of symmetry breaking con-
straints for GWrH in the imprimitive action.

Proof 7 First we show that the constraints in LGWrLH
are implied by the lex-leader constraints. The group
GWrH contains elements of the form

1H(1G, 1G, . . . , 1G, g, 1G, . . . , 1G)

for each g ∈ G, where g can occur in each coordinate.
Using these group elements, applying Rule 1 to the result-
ing constraints, and then reasoning as in G, we produce
each constraint cg,i.

The group GWrH also contains elements of the form
h(1G, . . . , 1G) for each h ∈ H. These elements produce
all constraints of type ch.

Next we must show that LGWrLH implies all of the
lex-leader constraints. An arbitrary element of GWrH
is of the form a := h(g1, . . . , gk), and produces the con-
straint:

x11 . . . xn1x12 . . . xnk ≤lex

xg1(1)h(1) . . . xg1(n)h(1)xg2(1)h(2) . . . xgk(n)h(k),

which we will denote by ca. We must show that ca is
implied by LGWrLH .

The constraint y1 . . . yk ≤lex yh(1) . . . yh(k) is implied
by LH , since LH is assumed to be complete. Hence the
constraints LGWrLH imply the constraint

x11 . . . xn1x12 . . . xnk ≤lex x1h(1) . . . xnh(1)x1h(2) . . . xnh(k),

denoted αh.
For 1 ≤ i ≤ k the constraints LG imply the constraint

x1x2 . . . xn ≤lex xgi(1)xgi(2) . . . xgi(n),

as they are a complete set of symmetry breaking con-
straints for G. Hence for 1 ≤ i ≤ k and 1 ≤ j ≤ k, the
set LGWrLh implies the constraint

x1jx2j . . . xnj ≤lex xgi(1)jxgi(2)j . . . xgi(n)j ,

denoted βgi,j.
We will use these constraints to show that ca is implied

by LGWrLH , considering the variables in blocks of n.
Firstly, we have

x11x21 . . . xn1 ≤lex x1h(1) . . . xnh(1)

as the first n variable pairs from αh. Considering βg1,h(1)
we also have

x1h(1) . . . xnh(1) ≤lex xg1(1)h(1) . . . xg1(n)h(1).

Combining these two inequalities we deduce that the first
n pairs of variables of ca are implied by LGWrLH .

Suppose that we have shown that the first n(i−1) vari-
able pairs of ca are implied by LGWrLH , and that we are
now considering pairs n(i− 1) + 1, . . . , ni, namely

x1ix2i . . . xni ≤lex xgi(1)h(i)xgi(2)h(i) . . . xgi(n)h(i).

To consider these variables we assume equality in the
preceding n(i − 1) variable pairs, so x11 = x1h(1) =
xg1(1)h(1), x21 = x2h(1) = xg1(2)h(1), . . . , xn(i−1) =
xnh(i−1) = xgi−1(n)h(i−1). Considering constraint αh we
now deduce that

x1ix2i . . . xni ≤lex x1h(i)x2h(i) . . . xnh(i),

whereas from constraint βgi,h(i) we deduce that

x1h(i)x2h(i) . . . xnh(i) ≤lex xgi(1)h(i)xgi(2)h(i) . . . xgi(n)h(i)

and so the result follows by induction. 2

Examining the model for the rostering problem we see
that there is symmetric group symmetry between each
person on the roster, i.e. every person can be freely
interchanged with any other person to maintain a com-
plete (non)solution. Here the complete symmetry group
is SnWrCδ.

7 Experimental Evaluation

We consider the class scheduling problem: given d days,
h hours per day and c classes, where d×h is divisible by
c, find a timetable such that:

1. Each class has (d×h)/c assigned hours in the sched-
ule.

2. No class has more than 2 hours in any given day.

Here the full symmetry group is the wreath product of
two symmetric groups, ShWrSd. The first column shows
the progress of a model with no symmetry breaking con-
straints. The next column shows the same model with
the symmetry group broken by lex leader constraints
on every symmetric permutation; there are |Sh|d × |Sd|
such permutations. Finally, the last column shows the
same model using the reduced wreath product symmetry
breaking constraints; there are (d×(h−1))+(d−1) such
constraints. Fig 7 shows the results of two test instances
of the class scheduling problem. Here the reduced lex
constraints are more efficient in terms of memory used,
time taken and nodes searched over. We attribute the
additional nodes in this case to a feature of the solver
used for testing2. It is worth noting that larger instances
are not listed because the specification for the full lex in
those cases was too large to compute. The specifications
for both the reduced lex and the no lex versions took a
negligible amount of time to create.

2The GACLex algorithm assumes that every variable in
any one constraint is unique. This results in simple implica-
tions being missed, for example (A ≤ A) = true.
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d = 3 h = 3 c = 3 No Lex Full Lex Reduced Lex
Setup Time (s) 0 0.02 0

Memory (bytes) 232 15784 328
Total Time (s) 0.046 0.2 0.031

Nodes 3304 119 45
Solutions 1512 6 6

d = 4 h = 3 c = 6 No Lex Full Lex Reduced Lex
Setup Time (s) 0 0.235 0

Memory (bytes) 376 373624 508
Total Time (s) 74.78 377.25 0.062

Nodes 22462011 57845 6318
Solutions 7484400 715 715

Figure 4: Results from the testing of two class scheduling
instances

8 Conclusion

This paper has discussed symmetry breaking in CSPs
by adding lexicographic ordering constraints. Given the
huge number of such constraints needed in general to
break all symmetry, and the intractability of the general
methods of reducing this number, we focussed on a num-
ber of special cases and showed how the number of or-
dering constraints necessary in each case can be reduced.
To extend this work we intend to evaluate the symme-
try breaking constraints proposed in this paper against
other effective symmetry breaking techniques. We will
integrate this work into the automated modelling system
Conjure [Frisch et al., 2005] so that it is able to break
symmetry efficiently as it is introduced.
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Abstract

The Balanced Academic Curriculum Problem
(BACP) has received little attention in Con-
straint Programming. Only a few articles deals
with this problem with experimental results on
the three small instances publicly available in
CSPLIB. The present article describes an ap-
proach to efficiently solve this challenging prob-
lem. Optimal solutions are produced on a vari-
ety of randomly generated instances which gen-
eralize the CSPLIB test cases. This work de-
scribes four contributions to the resolution of
this problem: a new branching heuristic, the
use of dominance relations, experiments on sev-
eral balance criteria and several search strate-
gies among which an hybridization of Con-
straint Programming and Local Search.

1 Introduction
The Balanced Academic Curriculum Problem (BACP)
is recurrent in Universities. The goal is to schedule the
courses that a student must follow in order to respect
the prerequisite constraints between courses and to bal-
ance as much as possible the workload of each period.
This problem has been introduced first in [Castro and
Manzano, 2001] and tackled also in [Hnich et al., 2002].
It has also been studied in [Hnich et al., 2004] with an
hybrid CP/ILP approach. More recently, [Lambert et
al., 2006] proposed another hybrid approach of Con-
straint Programming and Genetic Algorithms. Those
works deal with the three small instances available on
CSPLIB (http://www.csplib.org).

This work presents four contributions to address the
BACP with Constraint Programming. First, we present
a new value ordering heuristic guiding the search toward
a balanced solution. Then, we propose to use dominance
relations in order to reduce the search tree. Next, other
balance criteria such as the minimization of the sum of
deviations and square deviations are applied. Fourthly,
different search schemes are compared, including an iter-
ative increase of the objective value and the use of Local
Search to find quickly a tight upper bound for Branch-
and-Bound. Moreover, we present an instance generator

that allows one to run experiments on larger instances
with a structure similar to some original ones.

This paper is structured as follows. The next sec-
tion presents the problem formally and describes the CP
model. It describes also a new branching heuristic and
the balance criteria that will be compared. Section 3
presents the dominance rules and their application. Sec-
tion 4 presents the different search strategies used and
Section 5 explains the instances generator. Finally, Sec-
tion 6 presents the experiments and their results before
concluding.

2 The BAC Problem

The goal of the BACP is to schedule courses in different
periods. Each course has a workload which is expressed
in number of credits and a (possibly empty) set of prereq-
uisite courses. A solution is an assignment of courses to
periods that satisfies the prerequisite constraints while
balancing the workload of periods. The workload of a
period is the sum of the credits of the courses taught
during this period. Additional constraints limiting the
minimum and maximum number of courses and credits
for each period were originally introduced in [Castro and
Manzano, 2001]. These additional constraints are how-
ever not considered here since balanced solutions of the
instances in CSPLIB always respect them. Indeed, the
limits on the number of credits by period are naturally
respected by balanced solutions, unless the problem is
unfeasible. The limits on the number of courses by pe-
riod are respected because the number of credits for each
courses does not vary much and these limits are quite
large in the instances of CSPLIB. Precisely, a BACP in-
stance is characterized by:
• n the number of courses;
• m the number of periods;
• wi the load of course i for 1 ≤ i ≤ n;
• prerequisites = {(i, j) | i 6= j, 1 ≤ i, j ≤ n} a set of

couples of courses stating that course i is a prereq-
uisite of course j.

Three instances were originally proposed for this
problem in CSPLIB with followings characteristics:
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Instance m n |prerequisites| Values for wi
1 8 46 38 [1, 5]
2 10 42 34 [1, 5]
3 12 66 65 [1, 5]

The BACP is interesting because it is at the boundary
of several classes of problems: bin-packing, scheduling
and balancing. The bin-packing is a class of problems
where a set of objects of different sizes must hold in the
smallest set of bags of finite capacity. BACP is a kind of
bin-packing problem where the size of the bags is mini-
mized rather than the number of bags. The prerequisite
constraints make BACP look also like a scheduling prob-
lem. Each course is a unit-time activity whose credit is
the consumption of resource and prerequisites are tem-
poral constraints. The periods are time units and the
goal is to balance the utilization of the unique resource
(the student). Finally, BACP is also an excellent exam-
ple of balancing problems. The need and the interest for
balanced solutions increases in Constraint Programming.
Maximization of the satisfaction of a set of customers,
minimization of the violations in over-constrained prob-
lems, schedule of physicians, share of a scarce resource
are some examples where balanced solutions are gener-
ally preferred.

BACP is also a hard problem. The satisfaction ver-
sion of BACP (“Does it exist a solution under a given
balance value?”) is a NP-complete problem. This can
be shown by reduction from the satisfaction version of
the bin-packing problem (“Does it exist a solution with
at most a given number of bags?”) that is known to be
NP-complete. Objects become courses, credits are sizes
and bins are periods. There is no prerequisite. Looking
for a solution for BACP solves the corresponding bin-
packing problem. As shown in Section 5, the problem
becomes easier with the addition of prerequisites. In-
deed the number of available periods for each course is
reduced.

2.1 CP Model
The CP model has initially been proposed in [Hnich et
al., 2002]. Each course is identified by an integer in the
interval [1, n]. There are three sets of variables:
• ∀i ∈ [1, n], Pi represents the period of course i.
• ∀i ∈ [1,m], Li is the load of the period.
• ∀(i, j) ∈ [1, n] × [1,m], Bij makes the link between

the two other sets of variables. In particular Bij = 1
if and only if course i is given in period j.

The prerequisites constraints are easily stated with the
first set of variables using “less than” constraints. The
load variables are linked to the binary variables with
weighted sums while channeling constraints link the pe-
riod of the courses and the binary variables.

∀(i, j) ∈ prerequisites : Pi < Pj .

∀1 ≤ j ≤ m : Lj =
n∑
i=1

Bij .wi.

∀1 ≤ i ≤ n, 1 ≤ j ≤ m : (Pi = j)⇔ (Bij = 1).

2.2 The Balance Criteria
In previous works [Castro and Manzano, 2001; Hnich et
al., 2002], the only balance criterion used for this prob-
lem is the minimization of the maximum load that will
be denoted by Cmax. Mathematically, it is defined as

Cmax = max
1≤i≤m

Li.

The objective of the BACP is to minimize Cmax.
As shown in [Schaus et al., 2007], other criteria can

be used. The balance can be defined in a generic way by
the criterion

C(p) =
m∑
i=1

|m.Li − w|p.

where w =
∑m
i=1 Li =

∑n
i=1 wi is the total workload.

The objective is now to minimize C(p), i.e. to minimize
the sum of the measures of the distance between the
load of each period and the average load. In particular,
instantiating the parameter p to 1, 2 and ∞ gives the
following interpretations:
• C(1) =

∑m
i=1 |m.Li − w| is the sum of deviations

from the mean.
• C(2) =

∑m
i=1(m.Li − w)2 is the sum of square de-

viations from the mean.
• C(∞) = max1≤i≤m |m.Li − w| is the maximum de-

viation from the mean.
It as been shown in [Schaus et al., 2007] that neither

criterion subsumes the others and there is no a priori
reason to prefer one of them. Section 6.1 evaluates how
well each criterion approximates the others.

2.3 Variable and Value Ordering
Heuristics

The previous work [Hnich et al., 2002] on BACP
branches on the variables Pi and uses a classical first-fail
heuristic that chooses the unassigned variable with the
smallest domain. The value heuristic picks the smallest
value of its domain.

As the goal is to obtain the most balanced solution,
choosing as value the period which is the less heavily
loaded ensures that the first solution found will be al-
ready quite balanced. Formally, to post the constraint
Pi = v, v is chosen such that

v = argmin
v′∈dom(Pi)

Lv′

where dom(Pi) denotes the domain of the variable Pi
and Lv is the minimum value in dom(Lv).

3 Dominance Rules
The BACP instances contain many symmetrical solu-
tions. For instances, consider two courses that have the
same workload and that are prerequisites of the same
courses and have the same courses as prerequisites. In a
solution, these two courses can be exchanged giving an-
other solution with the same balance (independently of
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the balance criterion used). Situations of this kind may
be discovered by the use of dominance rules.

Dominance relations have been shown to be powerful
for solving hard problems [Prestwich and Beck, 2004].
The concept of dominance can be seen as a symmetry
that is unidirectional. A state si of the search tree is
said to dominate another state sj if the best solution
that can be found from sj is no better than the best
solution that can be found from si. It is useless to explore
the subtree rooted in sj once si is explored. In other
terms, suppose a property P such that for every optimal
solution with P there exists an optimal solution with ¬P.
The solutions where ¬P holds dominate the solutions
where P holds. In this case, posting the constraint ¬P
preserves optimality. We refer to [Prestwich and Beck,
2004] for a formal definition of dominance.

3.1 Detecting Dominance Relations
In the context of the BACP, the dominance rules take the
form of “less or equal” constraints between the periods
of two courses. The conditions to post such a constraint
are presented in the following theorem.
Theorem 3.1 Posting a constraint Pi ≤ Pj preserves
at least one optimally balanced solution to BACP if the
following conditions hold :
• wi = wj

• predi ⊆ predj
• succi ⊇ succj

where predi = {k|(k, i) ∈ prerequisites} and succi =
{k|(i, k) ∈ prerequisites} denote respectively the set of
prerequisite courses (predecessors) of i and the set of
courses for which i is a prerequisite (successors of i).

Proof The first condition ensures that if there exists an
assignment for which Pi = a and Pj = b, then swapping
the periods of i and j gives an equally good assignment.
Indeed, whatever the objective, it is based on the work-
load of the periods that is not changed by swapping two
courses with the same credit.

Let us denote Ppi the period of the latest predeces-
sor of i and Psi the period of the earliest successor of i.
If predi ⊆ predj , the latest predecessor of j (whose as-
signed period is denoted Ppj

) cannot be earlier than the
latest predecessor of i (whose period is denoted Ppi

). Ei-
ther it is the same course or it is another one that is thus
necessarily later. Conversely, succi ⊇ succj means that
the earliest successor of i (Psi

) cannot be later than the
earliest successor of j (Psi). The following inequalities
hold in any solution :
• Ppi

< Pi < Psi

• Ppj
< Pj < Psj

• Ppi ≤ Ppj

• Psi
≤ Psj

In an optimal solution, either Pi ≤ Pj or Pi > Pj .
To preserve at least one optimal solution when adding
the constraint Pi ≤ Pj , for any solution where Pi > Pj

C C

D D

A A

B B

E E

F F

1 12 23 34 4

Figure 1: Example of dominance application.

holds, there must exist another optimal solution where
Pi ≤ Pj holds.

Let us suppose an optimal solution with Pi = a, Pj = b
and b < a. Swapping the values of Pi and Pj (leading
to Pi = b and Pj = a) keeps the assignment optimal
and enforces Pi ≤ Pj . It remains to show that this
assignment is still a solution and verifies the prerequi-
site constraints. Let us show that a is a valid value
for Pj , that is that Ppj

< a < Psj
. The relations

Ppi
< a < Psi

, Ppj
< b < Psj

, b < a and Psi
≤ Psj

hold. Using the transitivity of < and ≤, it results in
Ppj

< b < a < Psi
≤ Psj

⇒ Ppj
< a < Psj

. The same
reasoning can be done to show that b is a valid value
for Pi. Thus enforcing Pi ≤ Pj preserves at least one
optimally balanced solution.

Figure 1 presents two situations that induce domi-
nance rules. Squares represent courses with unit credit.
Arrows represent the prerequisites between courses. Ver-
tical bins are the periods. The two situations are parts
of some solutions to a BACP instance. In the first situa-
tion, course C is after course D but they can be swapped
without changing the value of the solution. In the second
situation, course C is before course D but they cannot be
swapped because it would not be a solution anymore (C
would not be taught before course E). So the constraint
PC ≤ PD can be posted.

As noted in [Prestwich and Beck, 2004], one has to
carefully check that the use of several interacting domi-
nance rules does not suppress all of the optimal solutions.
Problems may arise only when two or more courses of
equal credit have exactly the same prerequisites and are
prerequisite of exactly the same courses. In such a case,
there are real symmetric states and the “less or equal”
constraint can be posted in either way but only one can
be posted. When more than two courses have the same
characteristics, the constraints must be posted without
creating cycles. For instance, a lexicographic ordering
can be used and the constraint Pi ≤ Pj is posted only if
the additional condition i < j holds.

The detection of dominance relations is performed
once per instance at the root of the search tree with
a temporal complexity in O(n2p), where p is the max-
imum number of predecessors or successors of a course
(p� n). Indeed, every pair of courses is considered and
for each, if they have the same workload, it is necessary
to compare the sets of predecessors and successors of the
courses, which is linear in the size of these sets.
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The number of dominance relations found may be
rather important. For the three original instances in
CSPLIB, there are respectively 134, 65 and 183 relations
for the instance with respectively 8, 10 and 12 periods.

3.2 Applying Dominance Rules
Dominance rules can be used to improve the search.
They can simply be posted at the root node of the
search tree. However, this method has the drawback
(observed also in symmetry breaking) that the first so-
lution found might become inconsistent with the addi-
tional constraints. This would possibly force the search
process to explore a large part of the search tree not
explored otherwise.

Several techniques have been developed to avoid this
undesirable phenomenon when dealing with symmetry
breaking (see [Gent et al., 2006] for an overview). We
choose to reuse the idea of SBDS (Symmetry Breaking
During Search) [Gent and Smith, 2003], applying the
technique to dominance rules. Basically, SBDS posts
constraints after backtracking to avoid to explore search
states symmetrical to ones already explored. SBDS has
been chosen instead of other dynamic techniques because
it seemed the most adapted to our purpose and was easy
to implement.

The SBDS technique cannot be applied as such how-
ever for dominance rules that are unidirectional. In the
context of the dominance rules considered here, a dom-
inance constraint is posted in the right branch of the
binary search tree if this constraint is verified in the left
branch. Suppose there exists the possible dominance
rule Pi ≤ Pj and the decision constraint Pi = a is posted
during the search. After backtracking, when the oppo-
site constraint (Pi 6= a) is posted, the dominance rule
Pi ≤ Pj is added to the current state if a < P j holds.
This dynamic technique removes states dominated by
other states already explored but not by states that could
be explored later during the search.

4 Search Strategies

4.1 Branch-and-Bound
This section presents the different search strategies that
can be used to solve the BACP. The first and most known
technique is Branch-and-Bound. It consists in solving
the optimization problem to minimize C (where C is
the variable representing the criterion to optimize) as
a satisfaction problem where the constraint C < v is
added. The value v is initially set to some upper bound
(e.g. +∞) and is changed to the value of C whenever a
new solution is found. In this way, successive solutions
improve the value of the criterion and when no more
solution can be found, the last solution is proved to be
an optimal one.

4.2 Including Local Search in
Branch-and-Bound

Local Search (LS) can find rapidly a tight upper bound
on the value of the objective to start Branch-and-Bound.

We refer to [Hoos and Stützle, 2004] for extensive expla-
nations about LS. The LS algorithm provides a feasible
solution that is not necessarily optimal but that should
be as close as possible to the optimum. A constraint-
based LS approach [Hentenryck and Michel, 2005] is used
to model the problem. The LS model is the same as the
CP model.

A tabu search heuristic is used. The satisfaction of
the prerequisites and the optimization of the balance are
combined in an objective function. In order to drive the
search toward feasible solutions, the constraint satisfac-
tion term has a much larger weight than the optimiza-
tion term. A local move consists in choosing the variable
Pi and the value allowing the best improvement of the
objective function and reassigning the variable to this
value. The search is stopped after a fixed number of it-
erations or when a feasible solution that is known to be
optimal is found (perfect balance).

4.3 Iterative Satisfaction Problem

An alternative to Branch-and-Bound is to solve succes-
sive satisfaction problems with the constraint C < v,
incrementing the value of v until a solution is found.
The first obtained solution is optimal as the CSPs with
smaller values are inconsistency. This technique has been
used successfully in Scheduling [Baptiste et al., 2001].

5 Instances Generator

Only three instances of BACP are available in CSPLIB.
Moreover they are easy to solve. Therefore a
parametrized instances generator has been created. Pa-
rameters are fixed to obtain additional instances with a
similar structure to the three existing ones as detailed
below.

5.1 The Generator

The generator creates instances parametrized by the
number of courses, the number of periods, the minimum
and maximum possible credits for a course and a prob-
ability to have a prerequisite between two courses. In-
stances are generated according to the following scheme:

1. For each course, a random credit is chosen between
the minimum and maximum values.

2. Each course is assigned to a random period.

3. For each pair of courses that are in two successive
periods, a prerequisite relation is created according
to the given probability.

The instance generation ensures that a solution always
exists. The choice of prerequisites only between courses
in successive periods excludes some configuration of pre-
requisite graphs but still offers a wide range of possibil-
ities. The generated solution is usually not optimal and
in an optimal solution, prerequisites will not necessary
be between courses of successive periods.
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5.2 Generated Problem Sets
To obtain instances similar to the original ones in
CSPLIB, the ratio between the number of courses and
the number of periods is fixed to 5. This is the mean
ratio among the three original instances (see Section 2).

Preliminary experiments on instances with 20 periods
and 100 courses whose credits range from 3 to 5 en-
abled us to study how the probability of prerequisites
affects the difficulty of the problem. We generated 20
instances for each probability from 0% to 50% by step of
5%. The number of solved instances in less than 30 sec-
onds with Cmax and Branch-and-Bound search was con-
sidered. These preliminary runs showed that instances
are globally easier when they include more prerequisites.
Especially, the problems stay hard from 0% to 25% of
prerequisites (about 75% of unsolved cases). After this
25% limit, the difficulty of the problem drops rapidly.
At 50% of prerequisites all instances are solved.

Two sets of test instances have been generated. The
first set is composed of 100 small instances with 5 periods
and 25 courses. The probability for prerequisites is set
to 30% and the range of credits is [1, 5]. This simple
set has been generated to compare the different balance
criteria.

The second problem set includes instances with a num-
ber of courses varying from 30 to 200 with an increment
of 10. The probability to have a prerequisite is fixed to
20%. Instances with different ranges of credit are gener-
ated to study the influence of this parameter. There are
four classes:
• The range [1, 5] corresponds to the instances in

CSPLIB.
• A unit credit for every courses induces easier in-

stances.
• The range [1, 10] is an example of larger interval for

which instances are harder.
• The range [3, 5] forbids courses with small credits

that can be used to easily fill holes in period not
loaded enough.

Generating 10 instances for each configuration (4 classes
and 18 sizes), the second set includes a total of 720 in-
stances.

6 Experiments

The aim of this section is to answer the following ques-
tions:
• How well does each balance criterion approximate

the others?
• How much does the proposed branching heuristic

reduce the search space as compared to the one pro-
posed in [Hnich et al., 2002]?
• Which search strategy is more time efficient to solve

the BACP?
• How much dominance rules improve search effi-

ciency?

Cmax C(1) C(2) C(∞) Average
Cmax 0.00 10.62 16.53 0.06 9.07
C(1) 2.63 0.00 6.27 0.12 3.00
C(2) 0.28 0.00 0.00 0.00 0.09
C(∞) 10.37 18.07 23.66 0.00 17.36
Average 4.43 9.56 15.48 0.06

Table 1: Comparison of four balance criteria. Each row
corresponds to an optimized criterion. Each column cor-
responds to an evaluated criterion.

All experiments are performed on an Intelr Celeronr

2.8 GHz with 1GB of memory. Our implementation
uses the Gecode (http://www.gecode.org) constraints li-
brary and the Local Search is written in the Comet
(http://www.comet-online.org) programming language.

6.1 Balance Criteria

The goal of this experiment is to compare the four con-
sidered criteria (Cmax, C(1), C(2) and C(∞)). The focus
is on the quality of the solution in terms of balancing and
thus time is not considered.

The 100 instances of the first problem set are succes-
sively solved with the four criteria and the best solutions
found are evaluated with respect to the four criteria. The
search is performed using Branch-and-Bound with the
new branching heuristic.

There exists a global constraint for C(1) running in
O(m) introduced in [Schaus et al., 2007] and a less ef-
ficient one (O(m2)) for C(2) presented in [Pesant and
Régin, 2005; Schaus et al., 2006]. Cmax and C(∞) use
classical constraints whose temporal complexity isO(m).
The total runs took less than 2 seconds for each criterion
except for C(2) for which it took 14 seconds.

The result is presented in Table 1 covering four possi-
ble optimizations and evaluations. Each row represents
an optimized criterion and each column an evaluated cri-
terion. Each table entry reports the average relative dif-
ference in percent between the evaluated criterion and
the optimum value for that criterion over the 100 in-
stances. Naturally, the values on the diagonal are zero
as the instances are solved to the optimum. For exam-
ple, the value 2.63 at the intersection of row C(1) and
column Cmax means that the best solution found while
optimizing C(1) presents on average a Cmax value 2.63%
larger than the optimal value for Cmax.

On these instances, Table 1 shows that C(2) is the cri-
terion that approximates best the other criteria, as a so-
lution found when C(2) is optimized is also often optimal
with respect to the other criteria. The criterion C(∞)
appears to be the worse criterion to approximate the
three others. Conversely, C(2) is hardly approximated
by the others criteria while C∞ is quite well approxi-
mated by others. Criteria C(1) and Cmax lie between
these two extremes with C(1) being a better approxima-
tion.
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Instance Nb Leaf Nodes Nb Int. Sol.
first-fail min-load first-fail min-load

8 1172 98 69 3
10 3191 722 58 13
12 30147 2975 87 12

Table 2: First-fail and proposed (“min-load”) heuristics
on the original instances with C(1)
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Figure 2: Comparison of heuristics on 100 instances.
Left part : Number of leaves. Right part : Number
of intermediate solutions.

6.2 Efficiency of the Proposed Branching
Heuristic

To analyze the effect of the new value ordering heuristic,
it is compared with the first-fail heuristic from [Hnich
et al., 2002] using the Branch-and-Bound search and
with the minimization of C(1) (the minimization with
the other criteria gives similar results and are not re-
ported). First the evaluation is achieved on the original
instances used in [Hnich et al., 2002] and on the 100 in-
stances of the first generated problem set. The results
are presented in Table 2 and Figure 2. The comparison
is based on the number of leaf nodes and the number
of intermediate solutions found during the Branch-and-
Bound search. The left part of Figure 2 presents the
number of leaf nodes with both heuristics, sorted by the
values obtained with the basic heuristic. The right part
presents the results in a similar way for the number of
intermediate solutions.

It is clear that the new (“min-load”) branching heuris-
tic improves the search except for 7 out of 100 instances
(left part of Figure 2). As expected, the search is rapidly
guided toward balanced solutions. Indeed, it can be seen
on the right part of Figure 2 that the number of interme-
diate solutions is always smaller with the new branching
heuristic. The same conclusions hold on the original in-
stances in Table 2.

Cmax - D DDS
BB 76.4 45.8 83.3
HY 96.5 94.0 95.7
IT 85.8 56.5 85.9

C(1) - D DDS
BB 38.9 18.9 45.0
HY 76.5 70.4 76.9
IT 79.7 53.6 80.7

Table 3: Percentage of solved instances (on 720).

6.3 Comparing Search and Dominance
Breaking Strategies

This section analyzes both the search strategies and
the dominance breaking strategies. This study is per-
formed on the second problem set using the new branch-
ing heuristic and with two different criteria, Cmax and
C(1). We restrict our attention to those two because
the first is the most commonly used and the second is a
good and fast approximation to the others according to
the results of Section 6.1.

There are 3 search strategies (Section 4) referred to
as “BB” for Branch-and-Bound, “HY” for the hybrid
approach and “IT” for the iterative approach. There
are 3 dominance rules strategies (Section 3.2) that are
respectively not to apply them (“-”), to post them at the
beginning (“D” standing for Dominance), and to use the
adapted SBDS (“DDS” for Dominance During Search).
This leads to 9 possible combinations.

The percentage of solved instances (on the 720 in-
stances of the second test set) with each setting within
the time limit of 30 seconds is presented in Table 3.

The hybrid search outperforms the two other search
strategies with any dominance policy when minimizing
Cmax. More than 96% of the instances can be solved with
this technique. Among the two other techniques, the
iterative one is overall better than Branch-and-Bound.
On the other hand, when optimizing C(1), the largest
number of solved instances is obtained with the iterative
strategy, followed by the hybrid search.

Concerning the different uses of dominance rules, post-
ing them at the beginning of the search is a bad idea. It
is seen with both criteria that column “D” is worse than
the two others. On the contrary, the dynamic use of the
dominance rules improves the search.

It is interesting to characterize the instances that are
harder to solve. On the whole test set, only five instances
are not solved within 30 seconds by any combination of
the search and dominance strategies for the optimization
of Cmax. They are all in the [1, 10] class. 47 instances
stay unsolved when using the criterion C(1). Most of
them (40) have credits ranging in the interval [3, 5]. As
expected problems with credits in [3, 5] and [1, 10] are
harder to solve.

Regarding the search strategies, there are respectively
93, 8 and 58 unsolved instances respectively for “BB”,
“HY” and “IT” with any dominance strategy and with
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Figure 3: Percentage of solved instances in function of
the allocated time.

Cmax. These values becomes 385, 104 and 84 when opti-
mizing C(1). These values show that some instances are
only solved by one method. The effect of dominance
rules is quite unpredictable. Adding dominance con-
straints increases the number of solved instances within
the time constraint but it prevents the resolution of some
instances. We have no clear understanding about which
instances are easier to solve with and without the use of
dominance rules.

Using the hybrid technique, the upper-bound found
by LS is optimal in 93% of the solved instances with
the criterion Cmax and in 77% of the solved instances
for the minimization of C(1). LS performs well on this
problem with Cmax because there are many solutions in
the search space and Local Search can easily reach one of
them. The results are not as good with the criterion C(1)
because optimal solutions are sparser. The time spent
in LS never exceeded one second and was less than 500
milliseconds most of the time. For easy instances, most
of the work is done by LS to find an upper-bound while
for harder instances, only a fraction of the time is spent
in LS.

Figure 3 shows the percentage of solved instances
among the harder classes ([3, 5] and [1, 10]) in function
of the allocated time. It compares three strategies for
minimizing Cmax (left part) and C(1) (right part). The
three strategies use dynamic dominance rules and are
respectively “IT”, “HY” and “//”. This last strategy
supposes that “IT” and “HY” are run in parallel (on a
single processor) and that they are both stopped when
one of them finds the solution. Thus the time allocated
for each search is half the normal time.

When optimizing Cmax, the iterative technique solves
small problems faster than the hybrid one but the hybrid
technique outperforms the iterative search for more com-
plex problems. The method “HY” solves most problems
in less than 1.5 seconds and is unable to solve problems
after this limit. On the contrary, “IT” still increases
the number of solved instances when allocated time in-
creases. The parallel search technique slightly improves
the results in comparison to the hybrid technique. This
improvement is more important when minimizing C(1).
In this case, the parallelism permits to solve 10% more

instances when the allocated time is more than 1 sec-
ond. Optimizing C(1), “IT” is the technique that solves
the most instances in less than 1 second. When the al-
located time is more than 1 second, the parallel search
becomes better because some hard instances with “IT”
are solved with “HY”. The three techniques continue to
improve their result when the allocated time increases.

7 Conclusion

This article presents a CP approach to the Balanced Aca-
demic Curriculum Problem [Hnich et al., 2002]. It ex-
plores several directions to improve the resolution of this
problem and it introduces an instance generator and two
benchmarks of instances that allows us to validate the
proposed improvements.

The first proposition is to consider other balance crite-
ria than the minimization of the maximum load (Cmax)
used up to now. We propose to minimize the mean de-
viation (C(1)), the mean square deviation (C(2)) or the
maximum deviation (C(∞)) from the mean workload.
The first experiment shows that minimizing the mean
square deviation is a good approximation to the other
criteria. But existing propagators for C(2) have a higher
complexity than for the others criteria. For this reason,
we propose to use the criterion C(1) that is the second
best approximation to the other criteria. Cmax can also
be used because its minimization is far more efficient
than the one of C(1). A possible direction of future
research is to combine these criteria. For instance, one
could use Cmax to find a first well balanced solution then
improve the balance with another criterion like C(1) or
C(2).

Our second contribution consists in using an ad-hoc
branching heuristic that guides the search towards bal-
anced solutions. Experiments show that this new heuris-
tic outperforms the classical first-fail heuristic to reach
optimal solutions and to prove their optimality.

Next we propose the use of dominance relations to
reduce the search. Dominance relations can be thought
as one-way symmetries. Dominance relations for BACP
are presented. They can be found in O(n2.p) (where n
is the number of courses and p the maximum number of
prerequisites). These relations can be posted at the start
of the search or can be dynamically added during the
search, in a way similar to SBDS for symmetry breaking.
Experiments show that it is counterproductive to post
the dominance rules at the start. For the dynamic use
of the dominance rules, the effect is less clear. While
for some instances it reduces the search size, for other it
increases it. The understanding of this phenomenon is
a wide subject of research as it is the case in symmetry
breaking.

The last contribution presents two alternatives to the
simple Branch-and-Bound scheme to find optimal solu-
tions. The first one relies on Local Search to find a good
initial upper bound to start the Branch-and-Bound. We
illustrate experimentally that this hybrid technique is re-
ally efficient for the BACP because the Tabu search often
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finds optimal values. The second alternative is to start
from below and iteratively increase the upper bound on
the optimized criterion until finding a solution. This
method performs well because it requires often few iter-
ations before finding a solution. Experiments point out
that the hybrid search is by far the best strategy when
minimizing Cmax, while the iterative technique is a little
better for the minimization of C(1).

Although no technique is the panacea, there are only
few instances that are not solved by at least one of the
studied strategies. Consequently, we think that a portfo-
lio of different search strategies could be the right choice
to efficiently solve the BACP. We propose to use the hy-
brid and iterative search techniques with and without
the dynamical use of dominance rules. The analysis of
portfolio search techniques [Huberman et al., 1997] for
BACP is an interesting direction for future research.

Acknowledgment
The authors wish to thank the anonymous reviewers for
their constructive comments. This research is supported
by the Walloon Region, project TransMaze (516207).

References
[Baptiste et al., 2001] Philippe Baptiste, Claude Le

Pape, and Wim Nuijten. Constraint-based Schedul-
ing: Applying Constraint Programming to Scheduling
Problems. Kluwer Academic Publisher, 2001.

[Castro and Manzano, 2001] C. Castro and S. Manzano.
Variable and value ordering when solving balanced
academic curriculum problem. Proc. of the ERCIM
Working Group on Constraints, 2001.

[Gent and Smith, 2003] Ian P. Gent and Barbara M.
Smith. Symmetry breaking in constraint program-
ming. Proceedings of the Third International Work-
shop on symmetry in Constraint Satisfaction Prob-
lems, pages 55–65, 2003.

[Gent et al., 2006] Ian P. Gent, Karen E. Petrie, and
Jean-François Puget. Symmetry in consraint program-
ming. In Francesca Rossi, Peter Van Beek, and Toby
Walsh, editors, Handbook of constraint programming.
Elsevier, 2006.

[Hentenryck and Michel, 2005] Pascal Van Hentenryck
and Laurent Michel. Constraint-Based Local Search.
The MIT Press, 2005.

[Hnich et al., 2002] Brahim Hnich, Zeynep Kiziltan, and
Toby Walsh. Modelling a balanced academic curricu-
lum problem. Proceedings of CP-AI-OR-2002, pages
121–131, 2002.

[Hnich et al., 2004] Brahim Hnich, Zeynep Kiziltan, Ian
Miguel, and Toby Walsh. Hybrid modelling for robust
solving. Annals of Operations Research 130, pages 19–
39, 2004.
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Abstract

This paper introduces a domain decomposition al-
gorithm which exploits a weak form of neigh-
borhood substitutability called directional substi-
tutability. The main idea is that although two values
of a variable may not be neighborhood substitutable
if we consider the whole neighborhood of the vari-
able, they could be substitutable if we only focus on
a part of the neighborhood induced by a variable or-
dering. Directional substitutability provides a mean
to decompose value domains into chains of direc-
tionally substitutable values that can be attempted
simultaneously by a tree search.
We report experiments carried out on several bi-
nary CSPs which clearly indicate that variations
of the Forward-Checking and the Maintaining Arc-
Consistency algorithms which exploit directional
substitutability or directional interchangeability, a
special case of directional substitutability, often
outperform the original algorithms.

1 Introduction
Constraint Satisfaction Problems (CSPs) provide a general
framework for modeling and solving numerous combinato-
rial problems. Basically, a CSP consists of a set of variables,
each of which can take a value chosen among a set of poten-
tial values called its domain. The constraints express restric-
tions on combinations of domain values. The problem is to
find an assignment of values to variables, from their respec-
tive domains, such that all the constraints are satisfied.

CSPs, which are known to be NP-complete problems, can
model problems in various domains. For that reason, many
solving algorithms have been developed for them. In this ar-
ticle we are interested in complete methods which have the
advantage of finding at least one solution to a problem if such
a solution exists.

For large CSPs, finding a solution remains a time consum-
ing task. Moreover, the emergence of new concrete problems
reinforces the need for increasingly powerful algorithms.

In [Freuder, 1991], Freuder defined neighborhood inter-
changeability and substitutability of domain values which are
special kinds of symmetry that can be used in reducing the

domains of variables by removing redundant values. Because
in a subset of neighborhood interchangeable or substitutable
values, one can keep only one value of the subset in the
domain of the variable while not affecting the satisfiability
of the original problem. This may lead to the exploration of
a smaller search tree if neighborhood substitutability occurs
frequently in a problem. However, for many problems little
substitutability occurs and the overhead due to determining
redundant values could offset the benefit. In an attempt to
exploit substitutability more intensively, many extensions
have been proposed [Bowen and Likitvivatanavong, 2004;
Lal et al., 2005; Zhang and Freuder, 2004].

This paper introduces a domain decomposition algorithm
which exploits a variation of neighborhood substitutability
called directional substitutability. The proposed concept
differs from neighborhood substitutability in that it assumes
a variable ordering and uses it to focus only on a subset
of the neighboring variables. That is, when determining
directionally substitutable values for the domain of a given
variable, the neighborhood of this variable is limited to
variables coming earlier in the ordering. This restriction
allows directional substitutability to occur more often than
neighborhood substitutability, but in compensation it does
not allow the removal of redundant values. The reason is
that directionally substitutable values are not comparable
with regard to the domains of all the neighboring variables
and then one cannot keep a single value from each subset of
directionally substitutable values while preserving problem
satisfiability. Nonetheless, directional substitutability can be
used to partition value domains into chains of directionally
substitutable values in such a way that values within the
same chain could be attempted simultaneously by a tree
search algorithm. Hence, directional substitutability can be
exploited by a tree search algorithm to assign to each variable
a specific subset of its domain at each branch of search
instead of using a single value per branch as it is the case in
classical search algorithms. This would give a smaller search
tree to explore since a variable to which we have affected
a subset of directionally substitutable values is considered
as instantiated and is discarded from the sub-problem at hand.

The paper is organized as follows: the next section intro-
duces some definitions and notation conventions. Section 3 is
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devoted to formally defining directional substitutability, and
presenting a search algorithm which exploits directional sub-
stitutability. We also provide in the same section, an algo-
rithm for computing minimum width partitions of value do-
mains into chains of directionally substitutable values. Di-
rectional interchangeability, a special case of directional sub-
stitutability is presented in section 4. An experimental study
carried on several binary CSPs is reported in section 5. Sec-
tion 6 discusses related work and section 7 presents some con-
clusions and future works.

2 Definitions and Notations
Definition 1 A constraint satisfaction problem (CSP) is
given by a triple (X, D, C) where:

1. X = {x1, . . . , xn} is a finite set of variables.

2. D = {D1, . . . , Dn} is a sequence of value domains so
that Dk is the domain of xk.

3. C = {C1, . . . , Cm} is a set of constraints. Each con-
straint Ck applies on a sub-set of variables V ar(Ck) =
{xk1 , . . . , xkr} called the scope of Ck and is defined
by a r-ary relation Rel(Ck) ⊆ Dk1 × Dk2 . . . × Dkr .
Rel(Ck) determines the r-tuples of values accepted by
Ck.

The arity of a constraint is the size of its scope. The arity
of a problem is the maximum arity over its constraints. In
this paper, we focus on binary CSPs, i.e. CSPs with binary
and unary constraints only. It must be emphasized however
that the proposed concept can be easily extended to cope
with non-binary CSPs. Two variables xi and xj connected by
a binary constraint denoted by Ci,j are said to be neighbors.
That is, xi ∈ Neighbours(xj) and vice versa. A value
a ∈ Di, (which is also denoted by (xi, a) when necessary),
is compatible with b ∈ Dj if (a, b) ∈ Rel(Ci,j). In this
case, a is called a support of b. Given a binary CSP, its
constraint graph associates each variable with a node and
links any oriented pair of nodes (xi, xj) such that Ci,j ∈ C.
The notion of arc-consistency, a widely studied consistency
level, is defined from the constraint graph as follows. An
arc (xi, xj) in the constraint graph is arc-consistent iff every
value in Di has a support in Dj . A CSP is arc-consistent iff
all the arcs of its constraint graph are arc-consistent.

The support set of a value a of a variable xi is defined by

N(xi, a) = {(xj , b) | xj ∈ Neighbours(xi) and

(a, b) ∈ Rel(Ci,j)} .

We define the preceding support set of a value a of a vari-
able xi with respect to an ordering ≺ of the variables as fol-
lows:

~N(xi, a) = {(xj , b) | xj ∈ Neighbours(xi) and

(a, b) ∈ Rel(Ci,j) and xj ≺ xi} .

Definition 2 A problem P = (X, D, C) is said to be a re-
duction of P ′ = (X, D′, C) (notation P v P ′) iff Di ⊆ D′

i
for each xi ∈ X .

3 Directional Substitutability (DS)
The notion of directional substitutability is a weak form of
neighborhood substitutability. It is defined with regard to an
ordering of the problem variables in the following manner

Definition 3 Let P be a binary CSP and let a and b be two
values in the domain of a variable xi. b is said to be direc-
tionally substitutable to a with respect to a given ordering of
the variables, (notation a �P

DS b), iff ~N(xi, a) ⊆ ~N(xi, b).

For short, �DS will be used instead of �P
DS if this does

not cause any ambiguity. The �DS relation defines a partial
order on the domains of each variable. Yet, the domain Di of
a variable xi can be split into subsets Di = {Di,1, . . . ,Di,s}
such that the elements of each Di,k, k : 1, . . . , s are all pair-
wise comparable. That is, for any value pair a and b in any
Di,k, we either have a �DS b or b �DS a. Hence, each
Di,k is a chain, i.e., a subset of Di which is totally ordered
by �DS . In each chain Di,k, we can distinguish a subset of
maximum elements

max(Di,k) = {b ∈ Di,k | ∀ a ∈ Di,k, a �DS b} .

One can distinguishes an interesting case in which each
value domain of the problem at hand is a single chain of DS
values.

Proposition 4 Let P be an arc-consistent binary CSP in
which each value domain is a chain of DS values. Then P
can be solved in a backtrack-free manner.

Proof: We prove that by selecting the maximum elements
from each value domain, we get a solution bundle. That is,
each element of max(D1)×. . .×max(Dn) is a solution. Sup-
pose there exists an n-tuple of max(D1) × . . . × max(Dn)
which contains a pair of incompatible values. This means
that there exists a pair of variables xi and xj such that a ∈
max(Di) is incompatible with b ∈ max(Dj). Suppose, with-
out loss of generality that xi preceeds xj in the considered
variable ordering. We have a /∈ ~N(xj , b) since a and b are
incompatible and xi preceeds xj in the ordering. Moreover,
b ∈ max(Dj) then ∀c ∈ Dj , c �DS b which is equivalent to
~N(xj , c) ⊆ ~N(xj , b). It follows that ∀c ∈ Dj , a /∈ ~N(xj , c).
This means that all the values of Dj are incompatible with
a. This latter has therefore no support in Dj . Thus, the arc
(xi, xj) is not arc-consistent. This contradicts the fact that P
is arc-consistent.

Proposition 5 Let P and P ′ be two CSPs such that P v
P ′ and let a and b be two values of a variable xi which are
available in both problems. Then, we have

a �P ′
DS b ⇒ a �P

DS b .

Proof: Let ∆D denotes the subset of values that are avail-
able in P ′ but not in P , that is

∆D =
⋃

xi∈X

D′
i −Di

and let ~NP (xi, a), (resp. ~NP ′
(xi, a)) be the preceding sup-

port set of a in P (resp. in P ′). Since P v P ′, we have:
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~NP (xi, a) = ~NP ′
(xi, a)−∆D . (1)

Similarly,

~NP (xi, b) = ~NP ′
(xi, b)−∆D . (2)

On the other hand, the relation a �P ′
DS b is equivalent to

~NP ′
(xi, a) ⊆ ~NP ′

(xi, b). It follows that,

NP ′
(xi, a)−∆D ⊆ ~NP ′

(xi, b)−∆D

Then, by (1) and (2), we get

~NP (xi, a) ⊆ ~NP (xi, b)

which is equivalent to a �P
DS b.

The consequence of proposition 5 is that

Proposition 6 For any pair of problem P = (X, D, C) and
P ′ = (X, D′, C) such that P v P ′, if D′

i is a chain of DS
values in P ′ then Di is a chain of DS values in P .

Proof: The proof follows immediately from proposition 5
by observing that in a chain, all values are comparable.

3.1 Exploiting Directional Substitutability
In the following, we show how to exploit the concept of DS
by conceiving a solving algorithm (MAC–DS) which offers
the opportunity of attempting simultaneously several values
at each branch of the search tree.

MAC-DS (see Function 7) is typically a 2-way-branching
depth-first search algorithm enhanced by a look-ahead
schema which maintains arc-consistency. The algorithm
takes the problem to be solved and a set of uninstantiated
variables as parameters and proceeds as follows. At each
node of the search tree, it selects a variable which is not in-
stantiated yet, computes a partition of its domain into chains
of DS values and decomposes the current problem into two
sub-problems. The first sub-problem is obtained by reduc-
ing the domain of the current variable to a selected chain of
DS values (Di,k in the pseudo-code). The arc-consistency of
the resulting problem is therefore restored by means of an
AC algorithm. Then, a recursive call is performed in order to
consider the future variables. If the selected chain does not
lead to a solution, a domain restoration process is performed.
Then, the attempted chain is discarded from the domain of
the current variables. Next, the arc-consistency of the result-
ing problem is restored again before performing a recursive
call to consider the remaining alternatives.

In case the algorithm succeeds to instantiate all variables,
it executes an additional polynomial process (line 2). Its role
is to extract solutions from the selected chains. We prove in
the following that by selecting the maximum of each selected
chains, we get a solution bundle of the CSP.

Function 7 MAC–DS((X, D, C), Y )
1. if Y = ∅ then
2. return(MaximumValues(D))
3. else
4. xi ←− Select(Y )
5. Di ←− DS–Partition((X, D, C), Y, xi)

6. Di,k ←− Select(Di)
7. Di ←− Di,k

8. AC(X, D, C)
9. if no empty domain then
10. I ←−MAC–DS((X, D, C), Y − {xi})
11. if I 6= ∅ then
12. return(I)
13. Restore(D)
14. Di ←− Di −Di,k

15. AC(X, D, C)
16. if no empty domain then
17. I ←−MAC–DS((X, D, C), Y )
18. if I 6= ∅ then
19. return(I)
20. Restore(D)
21. return(∅)

MAC–DS explores a binary search tree since it is a 2-
way-branching DFS algorithm. As can be seen from the pa-
rameters of the algorithm, a node of the search tree can be
characterized by a couple (P, Y ), where P is a problem and
Y ⊆ X is a subset of uninstantiated variables. We use func-
tions left(), right() and parent() to designate the immedi-
ate successors and the parent of a given node. For conve-
nience, these functions will also be applied to problems and
sets of uninstantiated variables. Hence, parent(P ), will desig-
nate the problem available at node parent(P, Y ). Processing
a node (P, Y ) yields two immediate successors, a left child

left(P, Y ) = (ac(P |Di,k
), Y − {xi}) . (3)

and a right child

right(P, Y ) = (ac(P |Di−Di,k
), Y ) . (4)

left(P, Y ) is obtained from (P, Y ) by reducing Di, to a chain
of DS values (Di,k ⊆ Di), restoring the arc-consistency in
P |Di,k

and removing xi from Y . right(P, Y ) is obtained from
(P, Y ) by removing the elements of Di,k from Di, restoring
arc-consistency in P |Di−Di,k

and keeping Y unchanged. It
can be easily seen that problems processed at the immediate
successors of a given node are reductions of the problem pro-
cessed at that node. Indeed, we have

ac(P |Di,k
) v P |Di,k

v P . (5)

and

ac(P |Di−Di,k
) v P |Di−Di,k

v P . (6)

Therefore, sincev is transitive, given a note (P, Y ), the prob-
lems processed at the successors of (P, Y ) are all reductions
of P and P is a reduction of all problems processed at the
predecessors of (P, Y ).

Proposition 8 Let P = (X, D, C) be a binary CSP and
(P n, Y n) a node visited by MAC–DS(P, X) such that Y n =
∅. Then all value domains in P n are chains of DS values.

Proof: For simplicity, we assume that variables are instan-
tiated following the natural order of their indices. Starting
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from the root of the search tree (P, X), which is also de-
noted by (P 0, Y 0), the algorithm reaches a node (P n, Y n)
such that Y n = ∅. Then, according to (3) and (4),
(P n, Y n) is necessarily the last element of a sequence of
nodes (P 0, Y 0), (P 1, Y 1), . . . , (P n, Y n) with n = |X | such
that (P i, Y i), i : 1, . . . , n is a left child and (P j , Y j) is a
successor of (P i, Y i) for all 1 ≤ i < j ≤ n, . It follows that,

(P i, Y i) = left(parent(P i, Y i))

= (ac(parent(P i)|Di,k
), parent(Y i)− {xi}) .

The domain of xi in parent(P i)|Di,k
is equal to Di,k which

is a chain of DS values. Since ac(parent(P i)|Di,k
) v

parent(P i)|Di,k
, by proposition 6, the domain of xi in

ac(parent(P i)|Di,k
) is also a chain of DS values. Hence,

Di
i , which denotes the domain of xi in P i, is also a chain of

DS values, and this is true for i : 1, . . . , n.
On the other hand, (P n, Y n) is a successor of all

(P i, Y i), i : 1, . . . , n − 1. Then, P n is a reduction of all
(P i, Y i), i : 1, . . . , n − 1. And since Di

i is a chain of DS
values in P i, for i : 1, . . . , n. By applying proposition 6, we
deduce that Dn

i , i : 1, . . . , n is a chain of DS values. Which
means that all the value domains in P n are chains of DS val-
ues.

Proposition 8 suggests that if MAC-DS reaches a node of
the search tree such that the set of uninstantiated variables is
empty then by proposition 4, one can get, in a backtrack-free
manner, a solution bundle, that is a set of solution expressed
as a Cartesian product of subsets of the value domain of each
variable.

3.2 DS Variable Ordering
The variable ordering with regard to which DS is determined
has a great impact on the opportunities of DS. It can either
be static, a minimum width order for instance, or dynamic,
determined during search by any variable ordering heuristic.
However, from the practical point of view, we obtained the
best results when DS are determined with regard to the order
in which the variables are instantiated during search. At a
given node of the search tree, the variables that preceed the
current variable in the ordering are simply the instantiated
variables. Hence, the preceding support sets of the values of
the current variable can be computed and so the DS partition
of its value domain.

This order favors DS at the top of the search tree. Thus,
the variable instantiated at first, will have a single chain in its
DS partition. This is because the preceding support sets of all
its values are empty. This means that the algorithm will not
take any decision at the root of the search tree. Branching on
large chains of DS values at the top of the search tree is rather
an advantageous strategy because at this point, the value or-
dering heuristic does not have enough information to do good
guesses. By taking imprecise decisions, early mistakes could
be avoided.

3.3 An Example
Consider the CSP depicted in Fig. 1. All variables have
the same value domain which is equal to {0, 1, 2, 3, 4}.

Figure 1: A binary CSP

Figure 2: Paths explore by MAC-DS when applied to the CSP
of Fig. 1

The application of MAC-DS to this example gives the
steps detailed in Fig. 2. For simplicity, we did not use
any variable or value ordering heuristic, and the order with
regard to which DS is determined is the natural order of
variable indices. In step 1, all the values in D1 are DS
since x1 is the first variable in the ordering and therefore
~N(x1, a) = ∅ for all a ∈ D1. In the next step, the DS
based partition of D2 also gives D2 = {{0, 1, 2, 3, 4}}.
Indeed, we have 4 �DS 3 �DS 2 �DS 1 �DS 0.
Hence, the algorithm develops a single branch la-
beled by {0, 1, 2, 3, 4}. The partition of D3 yields
D3 = {{0, 2, 4}, {1, 3}} since we have ~N(x3, 0) =
~N(x3, 2) = ~N(x3, 4) = {(x1, 1), (x1, 3), (x2, 1), (x2, 3)}
and ~N(x3, 1) = ~N(x3, 3) =
{(x1, 0), (x1, 2), (x1, 4), (x2, 0), (x2, 2), (x2, 4)}. Then,
the algorithm attempts the chain {0, 2, 4} for x3. By con-
straint propagation, values 0, 2 and 4 are removed from D1

and D2, 0, 1 and 3 are removed from D4, and 0 is discarded
from D3. At this stage, the domain of x4 is reduced to
{2, 4}. These values are not comparable, which means that
D4 = {{2}, {4}}. The algorithm attempts therefore {2}
yielding the removal of 3 from x2. At that stage, the values
remaining in the domains are depicted on the last path of
Fig 2. They are all maximum values which yields a bundle
containing four solutions.

3.4 DS Partitioning Algorithm
As noticed in the precedent paragraph, the �DS relation
defines a partial order on the domain of each variable xi

denoted by (Di,�DS). This partial order can be used to
partition Di into chains of DS values. For a given partially
ordered set, one can have many chain partitions. In order
theory, the optimal chain partition of a partially ordered set
is known as the Dilworth’s chain partition (DCP)[Dilworth,
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1950]. It is a chain partition which involves the minimum
number of chains over all possible chain partitions. The size
of such a partition defines the width of the partial order. The
problem of finding a DCP of a partially ordered set can be
solved in polynomial time by expressing it as a maximum
matching problem in a bipartite graph.

Motivated by the fact that, at each node of the search tree,
the solving algorithm will have as many alternatives as there
are chains in the DCP of the domain at hand, we propose to
compute a DCP at each node of search. This is intended to
minimize the size of the search tree to be explored.

The first step in computing a DCP (see Function 9) con-
sists in determining the �DS relation. This is the most time
consuming step in the partitioning algorithm. It amounts to
performing d(d − 1)/2 inclusion tests. Each inclusion test
can be accomplished by O(nd) consistency checks. Hence,
a time complexity of O(nd3) for this first step. Next, the al-
gorithm constructs a bipartite graph G = (V, U, E) where
V = U = Di and the set of edges E contains an edge (a, b)
iff a �DS b. The construction of G takes O(d2) steps. A
maximum matching algorithm is therefore applied to G. This
can be accomplished by the algorithm described in [Hopcroft
and Karp, 1973] which runs in O(d2.5). The chains of the par-
tition are extracted from the maximum matching by including
a and b in a same chain whenever there is an edge (a, b) in the
maximum matching. This takes O(d2) steps. Hence, an over-
all time complexity of O(nd3).

Function 9 DS–Partition(xi, X, D, C)
1. �DS←− PrecSuppSetInclusion(xi, X, D, C)
2. G←− BipartiteGraph(Di,�DS)
3. M ←−MaximumMatching(G)
4. Di ←− ExtractChains(Di, M)
5. return(Di)

4 Directional Interchangeability (DI)
A special case of directional substitutability arises when we
replace the inclusion condition in Definition 3 by an equality.
This gives rise to the notion of directional interchangeability
(DI). The DI condition is of course stronger than the condi-
tion imposed by DS. As a consequence, DI may occurs less
often than DS. Nonetheless, on certain problems, (namely,
random binary CSPs), DI based algorithms have experimen-
tally proved to be more efficient than DS based algorithms.

Contrary to DS, DI defines an equivalence relation on the
domain of each variable. The domain Di of a variable xi can
be split into a set of sub-domainsDi = {Di,1, . . . ,Di,s} such
that the elements of each Di,k, k : 1, . . . , s are pairwise DI.

In the following, we present FC-DI a variation of the
Forward-Checking algorithm which exploits directional inter-
changeability. FC-DI (see Function 10) is typically a k-way-
branching depth first search algorithm except that it branches
over subsets of DI values. We chosed the k-way-branching
strategy because it has experimentally proved to be more ad-
equate for FC than a 2-way-branching strategy.

At each choice point, FC-DI selects a non instantiated vari-
able xi, and computes the partitionDi = {Di,1, . . . ,Di,s} of
Di based on DI. The DI based partition can be accomplished

in O(nd2) steps by using the algorithm presented in [Freuder,
1991] or the one proposed in [Naanaa, 2007]. The algorithm
iterates over the subsets of the domain partition Di and re-
duces, at each iteration, Di to Di,k, (see line 7). Then, func-
tion Propagate is called. At this point, xi is considered as an
instantiated variable and is discarded from the current sub-
problem even if its domain is not reduced to a singleton. If no
empty domain is encountered, then the algorithm performs a
recursive call to process the future variables. Else, it consid-
ers another element of Di. If all iterations return no solution,
the algorithm backtracks to the immediately preceding vari-
able. If FC-DI succeeds to instantiate all the variables then a
solution bundle is found.

Function 10 FC–DI((X, D, C), Y )
1. if Y = ∅ then
2. return(D)
3. else
4. xi ←− Select(Y )
5. Di ←− DI–Partition(xi, X, D, C)
6 for each Di,k ∈ Di do
7. Di ←− Di,k

8. Propagate(xi, X, D, C)
9. if no empty domain then
10. I ←− FC–DI((X, D, C), Y − {xi})
11. if I 6= ∅ then
12. return(I)
13. Restore(D)
14. return(∅)

To specify the look-ahead scheme performed by FC-DI, we
need to distinguish past and future variables. A past variable
is a variable which precedes the current variable in the vari-
able ordering used in determining DI. Otherwise, the variable
is a future variable. The invariant to be maintained by FC-DI
during search is that every arc of the constraint graph whose
target node represents a past variable must be arc-consistent.
This is ensured by procedure Propagate which is not detailed
here. In [Naanaa, 2007], we prove that, if FC–DI succeeds to
construct a complete path then we get in D a solution bundle.

5 Experimental Results
The problems investigated in our experiments are random
binary CSPs generated according to model RB, radio
link frequency assignment problems (RLFAP) [Cabon et
al., 1999], modified RLFAP and job-shop problems. We
compared FC-DI and MAC-DS with FC and MAC. The
arc-consistency algorithm underlying MAC and MAC-DS is
AC-3. The variable ordering heuristic used by all algorithms
is min-domain/wdeg [Boussemart et al., 2004]. For value
ordering, we used the min-conflict-first heuristic [Frost and
Dechter, 1995]. The evaluation criteria are the number of
expanded nodes and CPU time in second. All algorithms
were implemented in C++. They were run in a 1.7 GHZ PC
having 256 Mb of RAM.

Random Binary CSPs: for random binary CSPs, we ex-
perimented on problems involving n = 30 variables, a uni-
form domain size of d = 25 and a constraint graph density
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p1 equal to 0.5 and 1. We also experimented on problems
involving 40 variables, 20 values per domain and constraint
graph density equal to 0.25 and 0.5. The constraint tight-
ness (p2) is varied so that we obtain instances around the
peak of complexity. We used the model RB generator de-
veloped by van Hemert which is available at [Van hemert,
2004]. For problem (n = 40, d = 20, p1 = 0.25) and in
accordance with [Xu and Li, 2000], we stopped the exper-
imentation at p2 = 0.5 in order to avoid flawed instances.
For the (n = 40, d = 20, p1 = 0.5) instances, we did not re-
port the results obtained by MAC because the execution times
were prohibitively long. The size of samples is 100 problem
instances for each data point. We compared FC-DI against
FC and MAC on these problems.

For Fig. 3 and 4 which report results expressed as average
values of number of expanded nodes and CPU time, the
horizontal axis denotes various tightness. The results indicate
that FC-DI outperforms FC and MAC on (n = 30, d = 25).
This is true even on highly constrained problems (p1 = 1).
This advantage is less significant on (n = 40, d = 20)
problems. For (n = 40, d = 20, p1 = 0.5), FC and FC-DI
are very close, nonetheless, FC-DI remains almost always
faster that FC. But on problems with more constraints
(n = 40, d = 20, p1 = 1) for instance, we expect that FC
will be faster that FC-DI. We claim that on random binary
CSP, FC-DI would be more efficient that FC and MAC on
problems involving a high d/n ratio.
because on such problems, DS values would be more fre-
quently encountered whereas FC and MAC are more likely
to do early mistakes due to large value domains.

RLFAP and Modified RLFAP: We considered the scen11
instance and instances obtained from scen11 by removing the
highest frequencies denoted by scen11-f1 to scen11-f10. We
compared MAC-DS against MAC on these instances because
MAC outperformed FC. As can be seen in Fig. 5, MAC-DS
is clearly better than MAC regarding both criteria, CPU time
and of number of expanded nodes. On the hardest instances
MAC-DS is up to two times faster.

Job-shop Problems: For the job-shop problems, we in-
vestigated the js-taillard-15-by-15-105 instances [Lecoutre,
2007]. The experiment involves ten satisfiable instances gen-
erated according to the Taillard model [Taillard, 1993]. In
the resulting CSPs, the variables represent the tasks to be
scheduled, the domain values represent the possible start-
times of the different tasks and the constraints are precedence
and resource constraints. To cope with the large domain val-
ues, (more than one thousand values), which characterize
these instances, we resorted to a limited discrepancy search
algorithm[Harvey and Ginsberg, 1995]. Hence, we immersed
the MAC and the MAC-DS algorithms in a loop which in-
crementally varies the number of allowed discrepancies. Dis-
crepancies are defined with regard to the min-conflict value
ordering heuristic. The resulting search algorithms are de-
noted by LDS-MAC and LDS-MAC-DS. On these instances,
LDS-MAC-DS is clearly more efficient than LDS-MAC as
it can be seen in Fig. 5. Indeed, within three hours per in-
stance, LDS-MAC solved only four instances over ten, while

LDS-MAC-DI solved all the instances. Moreover, on in-
stances solved by both algorithms, LDS-MAC-DI is faster on
the hardest instances (instances 8 and 9 in Fig. 5).

6 Related work
Many variations of neighborhood substitutability and inter-
changeability have been studied. In [Bellicha et al., 1994],
neighbohhood substitutable values are dynamicaly detected
during search in order to filter value domains.

In [Zhang and Freuder, 2004], the authors proposed condi-
tional interchangeability, which is intended to strengthen the
pruning ability of neighborhood interchangeability. A condi-
tion is a restriction on the domain of neighboring variables
whose role is to capture interchangeably in a limited situation
that cannot be detected by neighborhood interchangeability.

Bowen and Likitvivatanavong introduced domain transmu-
tation a concept which is closely related to interchangeability
[Bowen and Likitvivatanavong, 2004]. This approach con-
sists in splitting domain values into several “sub-values” or
merging values so that interchangeability is more intensively
exploited. The authors reported that their approach is partic-
ularly advantageous in finding all solutions.

The concept of neighborhood interchangeability was also
applied to non-binary CSPs [Lal et al., 2005]. The authors
proposed an algorithm for computing neighborhood inter-
changeable values which takes into account non-binary con-
straints. They also described how to interleave their algo-
rithm with search in order to obtain a search which performs
dynamic bundling.

All the methods cited above uses special forms of inter-
changeability or substitutability in order to determine redun-
dant values that can be eliminated from the problem. Hence,
these methods can be classified as domain filtering methods.
In our case, directional substitutability do not enable the re-
moval of redundant values but in compensation it allow to
attempt more than one value at a single branch of the search
tree. Directional substitutability is therefore a mean which
enables domain decomposition during search.

7 Conclusion
This paper presented directional substitutability (DS), a weak
form of neighborhood substitutability that assumes a variable
ordering and uses it to focuse on a subset of the neighbor-
ing variables. We presented an effective algorithm for de-
termining DS values and described how to integrate it into
solving algorithms to get search algorithms that assigns to
variables subsets of their respective domains at each branch
of the search tree.

An experimental study carried on numerous binary CSPs
showed that directional substitutability is a concrete tech-
nique that repays its overhead especially when considering
hard and large problems. Indeed, FC-DS and MAC-DS de-
feat the standard FC and MAC on modified RLFAP instances
and on jobshop instances experimentally proving that exploit-
ing DS is worth the effort on such problems. On random in-
stances, the experiments showed that DI based search is com-
petitive on instances involving a high d/n ratio.
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Figure 3: Average search effort for FC, MAC and FC-DI on
model RB random binary CSP instances. Mean number of
expanded nodes is reported
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Figure 4: Average search effort for FC, MAC and FC-DI on
model RB random binary CSP instances. Mean CPU time is
reported
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expanded nodes time (in sec.)
instance MAC MAC-DS MAC MAC-DS
scen11 (sat) 1201 4480 1 1
scen11-f10 1350 1094 1 1
scen11-f9 21669 13865 11 9
scen11-f8 37935 20724 20 13
scen11-f7 284110 144323 99 63
scenn1-f6 348658 151122 141 72
scen11-f5 2022027 961241 713 402
scen11-f4 11571244 4981978 3564 2092
scen11-f3 37795757 15218681 11571 6277
scen11-f2 – 37116459 > 36000 14615
scen11-f1 – 80698639 > 36000 31014

Figure 5: Search effort for MAC and MAC-DS in terms of ex-
panded nodes and execution time (in second) obtained on RLFAP
and modified RLFAP instances. A dash indicates a timeout after 10
hours.

expanded nodes time (in sec.)
no MAC MAC-DS MAC MAC-DS
0 – 20465 – 618
1 18859 9443 183 302
2 – 39119 – 987
3 – 12583 – 414
4 – 24624 – 612
5 – 13484 – 347
6 27073 31408 213 713
7 – 153424 – 2754
8 1183674 21447 7261 411
9 830122 85732 6308 2226

Figure 6: Search effort for LDS-MAC and LDS-MAC-DS on
the js-taillard-15-by-15-105 instances. Number of expanded
nodes and CPU time are reported. A dash indicates a timeout
after 3 hours.

A natural extension of this work is to exploit DS in the
framework of non-binary CSPs. In the case of a k-ary CSP,
determining directionally substitutable values amounts to ver-
ifying inclusions between sets containing (k − 1)-tuples.
which is not a prohibitive task.
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Abstract

This paper considers the problem of generating
lex-leader symmetry-breaking formulas for per-
mutation groups whose orbit constituents have
bounded size. We prove that one can find an
ordering of the permutation domain for which
there is a polynomial size lex-leader formula.
This generalizes the results of [Luks and Roy,
2004] which considered the problem for permu-
tation groups with orbits of size 2. Our con-
struction is based on writing a Boolean for-
mula that captures the logic of Sims’s meth-
ods ([Sims, 1971]) to test membership in per-
mutation groups, a classic result in computa-
tional group theory.

1 Introduction
This paper considers the problem of generating lex-
leader formulas for a specific class of permutation groups.
A lex-leader formula is an example of a symmetry-
breaking formula, introduced by [Crawford et al., 1996],
which is true of exactly one member (in the case of lex-
leader formulas, this member is the lexicographic leader)
of each set of symmetrical points of the search space. A
lex-leader formula when added to the input constraints
of a constraint satisfaction problem makes it feasible to
exploit symmetries inherent in a problem, in a manner
that is agnostic to the search algorithm being used. This
approach has been extended and applied to numerous
problem domains (see e.g., [Shlyakhter, 2007], [Joslin
and Roy, 1997], [Audemard et al., 2007], [Backofen and
Will, 1999], [Petrie and Smith, 2003] as a sample).

In [Luks and Roy, 2004], the authors consider the com-
plexity of generating the lex-leader formula for permu-
tation groups with orbits of size 2. These groups are
necessarily abelian and are identifiable with subspaces
over the 2-element field. They prove that there is an
ordering of the permutation domain relative to which
there is a lex-leader formula of size O(n3 log2 n). In this
paper, we generalize their result by considering a wider
class of groups. Specifically, we consider permutation

∗aroy@cs.bc.edu

groups G ≤ Sym(Ω), with orbits ∆1,∆2, . . . ,∆m such
that the restriction of G in each orbit ∆i is “small”, i.e.
bounded by nd from some constant d, where |Ω| = n
(we say that G is a Pd group). A special case of a Pd
group is one with bounded orbits, where each orbit ∆i

is of length ≤ c for some constant c. These groups are
relevant in constraint satisfaction problems where the
number of interchangeable variables are small.

Tools developed in computational group theory are
used to find the group of symmetries of a search problem.
In this paper, we leverage those same tools to bear on the
problem of generating the symmetry-breaking formula.
In particular, we use the concept of strong generators
and membership testing in finite permutation groups de-
veloped by [Sims, 1971] in constructing small lex-leader
formulas for a special class of groups.

We summarize our main results.
Theorem 1.1. (i) Let G ≤ Sym(Ω) be a Pd group

where d > 1. Then there is a canonical ordering
of Ω such that there exists a lex-leader formula for
G of size O(dn2d+5 log n), where |Ω| = n. Further-
more, such an ordering can be found in polynomial
time.

(ii) Let G ≤ Sym(Ω) be a group whose largest orbit has
size c (a fixed constant). Then there is a canonical
reordering of Ω such that there is a lex-leader for-
mula for G of size O(n6). Such a reordering can
also be found in polynomial time.

As we already observed, one can consider Theorem 1.1
as a generalization of the results of [Luks and Roy, 2004]
(where the groups considered had orbits of size 2) to
non-abelian groups. It is no surprise that solving the
“bounded orbit” case in such generality in part (ii) of the
above theorem gives us much worse results than [Luks
and Roy, 2004]: where the authors obtained a formula of
size O(n3 log2 n) and now we get a formula of size O(n6).
Another point to note: we need only consider Pd groups
where d > 1 otherwise the entire group is polynomially
bounded and an exhaustive enumeration would give all
the group elements. Any lex-leader formula would work
in that situation.

2 Definitions and Notations
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Let G be a group. We write H ≤ G when H is a
subgroup of G. If H ≤ G, then a right transversal of
H in G is a complete set of right coset representatives
of H in G. The group consisting of all permutations
of a set Ω is called the symmetric group, denoted by
Sym(Ω). G is said to act on Ω if there is a homomor-
phism φ : G → Sym(Ω). Let ω ∈ Ω and g ∈ G, then ωg

is the image of ω under φ(g). Also ωG = {ωg| g ∈ G} is
the orbit of G that contains ω. The point stabilizer of ω
is the subgroup Gω = {g ∈ G|ωg = ω}. The pointwise
stabilizer of ∆ ⊂ Ω is G(∆) = ∩δ∈∆Gδ. When Ω is or-
dered as ω1, ω2, . . . , ωn, then Ωi = {ω1, ω2, . . . , ωi} and
Gi = G(∆i). Let ∆ be an orbit of G on Ω. For g ∈ G,
g∆ is the restriction of g on ∆. The orbit constituent
G∆ = {g∆| g ∈ G} is the projection of G onto ∆. A Pd
group is a group G ≤ Sym(Ω), where |Ω| = n such that
the size of each orbit constituent is at most nd.

Groups are input (and output) via generators. We
write G = 〈X〉 when the set X ⊂ G generates G. Sub-
groups of Sym(Ω) have succinct descriptions in terms
of generators : they have generating sets of size O(|Ω|)
[Dixon and Mortimer, 1996]. A very useful data struc-
ture for permutation groups is a strong generating
set(SGS), first introduced by [Sims, 1970]. Given a chain

G = G0 ≥ G1 ≥ G2 ≥ · · · ≥ Gm = 1

of subgroups of G, an SGS with respect to this chain is
a set T ⊂ G such that 〈T ∩ Gi〉 = Gi, for each i. We
shall use the “point stabilizer” series as our subgroup
chain, i.e., Gi = Gi is the subgroup of G that fixes the
first i points of Ω. Then an example of an SGS with
respect to this chain is the set R = ∪mi=1Ri where Ri is a
complete right transversal of Gi in Gi−1. A permutation
π is said to sift through this chain if it can be expressed
as product rmrm−1 · · · r1 where ri ∈ Ri.
Example: An example of an SGS for S4, the group
of all permutations on 4 letters 1, 2, 3, 4 is the set S =
{(1, 2, 3, 4), (2, 3, 4), (3, 4)}. Clearly G = 〈S〉 and Gi =
〈S ∩ Gi〉.

We refer to any standard text (e.g [Hall, 1976],
[Wielandt, 1964]) for basic facts about groups. For com-
putation in permutation groups, we refer to [Luks, 1993].

A propositional variable can take on two values, true
or false (we write 0 for false, 1 for true) . Let L be a
set of propositional variables. Literals are variables in L
or negations of variables in L. A clause is a disjunction
of distinct literals in L. A theory is a conjunction of
clauses. A truth assignment for a set of variables L is a
function X : L → {0, 1}. In the usual way, X extends
by the semantics of propositional logic to a function on
the set of theories over L and by abuse of notation, we
will continue to denote the extended function by X. A
truth assignment X of L is called a model of a theory T
if X(T ) = 1.

Let 2Ω denote the set of functions from Ω to {0, 1}
(equivalently, 2Ω is the set of all n-bit strings). Then
G acts on 2Ω via X 7→ gX for g ∈ G, X ∈ 2Ω where

(gX)(i) = X(ig). There is a natural lexicographic (dic-
tionary) order on 2Ω: X < Y if X 6= Y and X(i) < Y (i)
for the least i such that Xi 6= Yi. The lex-leader in an
orbit is the lexically largest string. A lex-leader formula
for G, denoted by Λnat(G), asserts that

∀g ∈ G, X ≥ gX.

3 Lex-Leader Formulas for Pd Groups
Let G = 〈R〉 ≤ Sym(Ω) be a permutation group on
n points Ω = {1, 2, . . . , n} where the orbits of Ω are
∆1,∆2, . . .∆m where ∆1 = {1, 2, . . . i1} and ∆j =
{ij−1 + 1, ij−1 + 2, . . . , ij} (we reorder Ω if necessary to
ensure this). Also assume that the size of the projection
|G∆i | ≤ nd (= γ ( say)), so that G is a Pd group.

We assume that the set R is a special set of strong
generators of G – these are the coset representatives Ri
of Gi in Gi−1 where Gi is the pointwise stabilizer of the
first i points. That is R = ∪n−1

i=1 Ri and Ri has size ≤ δ
where δ is the size of the largest orbit of G in Ω. Note
that |R| ∈ O(n2).

We also assume that we have at hand a small set U of
generators of G where |U | = O(log |G|) = O(log(γm)) =
O(m log γ).

Let X ∈ 2Ω and let X∆j
denote the projection of

X onto ∆j . The permutation g fixes a string X∆i
if

X(j) = X(jg) for all j ∈ ∆i. For X ∈ 2[n], let GXi =
{g ∈ G| g fixes X∆1 , X∆2 , . . . , X∆i}.

Let C(X) denote the chain of subgroups

G ≥ GX1 ≥ GX2 · · · ≥ GXm ≥ (GXm ∩ G1)

≥ (GXm ∩ G2) · · · ≥ (GXm ∩ Gn−1 = 1) (1)

Let Si for 1 ≤ i ≤ m (Ti for 1 ≤ i ≤ n − 1) be a
complete set of coset representatives of GXi in GXi−1 for
1 ≤ i ≤ m (GXm ∩ Gi in GXm ∩ Gi−1 for 1 ≤ i ≤ n − 1,
resp) where G0 = G. Each Si (Ti) has size at most γ (δ
resp).

We now specify the individual pieces that we paste
together to build a lex-leader formula.
Notation: We write ~x as a shorthand for the ordered set
of variables (x1, x2, . . . , xm).

Perm(π): Perm(π) is a boolean formula of size O(n2)
whose satisfying assignments correspond to permuta-
tions in Sym(Ω). A permutation π is represented in our
formula by the set of variables π(i, j), where 1 ≤ i, j ≤ n.

Let x1, x2, . . . , xn be n boolean variables. Let
E1(x1, x2, . . . , xn) be true exactly when only one of the
n variables is set true. It is easy to write such a formula:(

n∨
i=1

xi

)
∧
∧
i 6=j

(¬xi ∨ ¬xj)


where the first clause specifies that one of the variables
is set to true and the remaining clauses enforce that no
two variables are simultaneously true. However this is
itself a formula of size O(n2) and thus when applied to
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Perm(π) below will yield a formula of size O(n3). Using
extra variables one can write a formula φ(~x, ~µ) which is
satisfiable iff E1(x1, x2, . . . , xn) holds: ∨

1≤i≤n
xi

 ∧
(µ1 = x1) ∧

n∧
j=2

(µj = µj−1 ⊕ xj) ∧

n∧
j=2

(µj−1 ∧ xj → µj)

The least index j such that xj = 1 forces µj = 1. Any
subsequent k such that xk = 1 forces µk = 0 which
violates the clause µk−1 ∧ xk → µk. Since the first
clause forces at least one xi to be true, the restriction of a
model for the above formula to (x1, x2, . . . , xn) has to be
a model of E1(x1, x2, . . . , xn). We now define Perm(π)
to be the formula:∧

1≤i≤n
φ(π(i, 1), π(i, 2), . . . , π(i, n), ~µi) ∧∧

1≤j≤n
φ(π(1, j), π(2, j), . . . , π(n, j), ~τj)

where ~µi, ~τj are set of auxiliary variables. The first line
of clauses specifies that π is a function. The second line
of clauses specifies that π is surjective (which implies
that π is injective, and so π is a permutation).
Equal(y, x): We can express that permutations x, y are
equal by the formula:

∧
i

∧
j(x(i, j) = y(i, j)).

Product(x, y, z): We assert that x · y = z where x, y, z
are permutations by the following formula:∧

i,j,k

x(i, j) ∧ y(j, k)→ z(i, k).

Member(L, π): Member(L, π) be a boolean formula
which is satisfiable when π ∈ L. Let |L| = l and let
L = {π1.π2, . . . , πl}, then the desired formula is:∨

1≤i≤l
Equal(π, πi).

Sift(π,X, S∪T ): The formula Sift(π,X, S∪T ) is satisfi-
able iff π sifts through the chain of coset representatives
S = ∪Si and T = ∪Ti in C(X),

The formula for sift(π,X, S, T ) is:∧
2≤i≤m+n−1 Product(πi−1, ei, πi)∧

Member(S1, π1)∧∧
2≤i≤m Member(Si, ei)∧∧
m+1≤i≤m+n−1 Member(Ti−m, ei)∧∧
1≤i≤m+n−1 Perm(ei)∧

Equal(π, πm+n−1)

The size of sift is O(mγn2 + mn3 + δn3). We can
similarly define a formula sift-chain(π,R) of size O(n4)
which is satisfiable if the permutation π sifts through the
strong generators R.

Now we write a formula StGen(R,S, T,X) which ex-
presses the fact that the set of generators S∪T are strong
generators for G:∧

x∈S∪T sift-chain(x,R)∧
u∈U

∧
y∈S∪T [Product(y, u, z) ∧ sift(z,X, S, T )]

The first line ensures that 〈S ∪ T 〉 ≤ G. The second
line ensures that G ≤ 〈S ∪ T 〉 (observe that we took
elements from U for sift in this line, because U is of
potentially smaller size than R).

Clearly the size of the last line will dominate the
size of StGen. The size is O((γm + δn)(m log γ) ×
(size of sift)) = O((γm + δn)(m log γ)(mγn2 + mn3 +
δn3)).

We define a formula StringLeader(X,∆, s) which ex-
presses the fact that X ≥ (sX) where the permuta-
tion s stabilizes ∆. For i, j ∈ ∆, let Xi,j be 1 iff
X(i) = X(j). To express X ≥ (sX), we write a formula∧
i∈∆ Geq(i, s) where Geq(i, s) needs to assert the follow-

ing: if X{1,2,...,i−1} = (sX){1,2,...,i−1} then X(i) ≥ sX(i).
We can assert that X{1,2,...,i−1} = (sX){1,2,...,i−1} by the
formula Stable(i, s): ∧

j,k<i

(s(j, k)→ Xj,k)


which requires that X(k) = X(j) for every j, k < i such
that js = k. To express X(i) ≥ (gX)(i), we distinguish
the two cases: is = s (i.e. s(i, i) = 1) and is = l where
l > i (if is < i then Geq(i, s) is a tautology). If is =
l then s(i, l) = 1 and X(i) ≥ (sX)(i) is equivalent to
X(i) ≥ X(l), which can be written as X(l)→ X(i). The
formula Improve(i, s) below asserts that X(i) ≥ (sX)(i):

(s(i, i) = 1) ∨
∨
l∈∆

{s(i, l) ∧ (X(l)→ X(i))}

Then Geq(i, s) can now be written as:

Stable(i, s)→ Improve(i, s)

StringLeader is the following formula of size O(n4):

∧
i,j∈∆

(Xi,j ↔ (X(i) = X(j))) ∧
∧
i∈∆

Geq(i, s)

We now write a formula LL(X,∆, S) which expresses
the fact that ∀s ∈ S,X∆ ≥ (sX)∆. We assume that ∆ is
stabilized by the set of permutations S. This formula of
size O(|S|n4) is∧

s∈S
StringLeader(X,∆, s)

.
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We can now write a formula LLG(X,G) which ex-
presses the fact that X ≥ gX for all g ∈ G:

StGen(R,S, T,X) ∧ ∧1≤i≤m Λnat(X,∆i, Si)

Hence the total length of the formula is O((γm +
δn)(m log γ)(mγn2+mn3+δn3) + γmn4). Theorem 1.1
now follows.

Remark: The test for “strong generators” that we en-
code in the lex-leader formula is expensive, contributing
a factor of O(n2d) to the size. It is conceivable that
through cheaper tests for strong generators, e.g., Sims’s
“verify” test (see [Gollan, 2001]), the factor can be re-
duced to O(nd).

4 Conclusions
We present a method to generate polynomial size lex-
leader formulas for non-abelian groups whose orbit con-
stituents are bounded, assuming that the permutation
domain has a certain order (where points in each orbit
appear together). An open question for these groups is
whether one can remove the restriction on the order and
still get a formula of a manageable size. This question is
also relevant in the general situation: are there groups
which have polynomial size lex-leader formulas in one
order and exponential size formulas in another? This is
open even for the groups with orbit size 2 considered by
[Luks and Roy, 2004]. A limited form of reordering is
shown not to affect the size of the lex-leader formula for
these groups in [Roy, 2007].
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Abstract
Symmetry is an important factor in solving many
constraint satisfaction problems. One common
type of symmetry is when we have symmetric val-
ues. We can eliminate such value symmetry either
statically by adding constraints to prune symmetric
solutions or dynamically by modifying the search
procedure to avoid symmetric branches. We show
that either method has computational limitations.
With static methods, pruning all symmetric values
is NP-hard in general. With dynamic methods, we
can take exponential time on problems which static
methods solve without search. Finally, we consider
a common type of value symmetry, that due to in-
terchangeable values, where polynomial methods
have been proposed to break symmetries. We show
that despite these theoretical limitations, the meth-
ods proposed to break the symmetries introduced
by interchangeable values are both effective in the-
ory and in practice.

1 Introduction
Many search problems contain symmetries. Symmetry oc-
curs naturally in many problems (e.g. if we have identical
machines to schedule, or identical jobs to process). Sym-
metry can also be introduced when we model a problem
(e.g. if we name the elements in a set, we introduce the
possibility of permuting their order). Unfortunately, sym-
metries increases the size of the search space. We must
therefore try to eliminate symmetry or we will waste much
time visiting symmetric solutions, as well as those parts
of the search tree which are symmetric to already visited
states. One common type of symmetry is when values are
symmetric. For example, if we are assigning colors (val-
ues) to nodes (variables) in a graph coloring problem, we

∗NICTA is funded by the Australian Government’s Department
of Communications, Information Technology and the Arts and the
Australian Research Council DCITA and ARC through Backing
Australia’s Ability and the ICT Centre of Excellence program.
Thanks to Chris Jefferson and Jean-Francois Puget for useful com-
ments. A shorter version of this paper without experimental results
appears in the Proceedings of the 13th International Conference on
Principles and Practices of Constraint Programming (CP-2007).

can uniformly swap the names of the colors throughout a
coloring. As a second example if we are assigning nurses
(values) to shifts (variables) in a rostering problems, and
two nurses have the same skills, we may be able to inter-
change them uniformly throughout the schedule. For a prob-
lem with value symmetries, all symmetric solutions can be
eliminated in polynomial time [Roney-Dougal et al., 2004;
Puget, 2005]. However, as we show here, pruning all sym-
metric values is NP-hard in general. Nevertheless, methods
that have been proposed, like those in [Law and Lee, 2004;
Puget, 2005; Aloul, 2006], appear to be effective at dealing
with common types of value symmetry.

2 Background
A constraint satisfaction problem consists of a set of vari-
ables, each with a domain of values, and a set of constraints
specifying allowed combinations of values for given sub-
sets of variables. Variables take one value from a given fi-
nite set. A solution is an assignment of values to variables
satisfying the constraints. Symmetry occurs in many con-
straint satisfaction problems. A value symmetry is a permuta-
tion of the values that preserves solutions. More formally, a
value symmetry is a bijective mapping, σ of the values such
that if X1 = d1, . . . , Xn = dn is a solution then X1 =
σ(d1), . . . , Xn = σ(dn) is also. For example, suppose we
wish to assign colors (values) to nodes (variables) in a graph
coloring problem. This problem has a value symmetry that
permits us to interchange any two colors uniformly through-
out a coloring. A variable symmetry, on the other hand, is a
permutation of the variables that preserves solutions. More
formally, a variable symmetry is a bijective mapping, θ of
the indices of variables such that if X1 = d1, . . . , Xn = dn
is a solution then Xθ(1) = d1, . . . , Xθ(n) = dn is also. For
example, suppose we wish to assign times (values) to exams
(variables) in an exam scheduling problem and we have two
exams taken by the same set of students. This variable sym-
metry permits us to interchange the two exams.

Symmetries are problematic as they increase the size of
the search space. For instance, if we have m interchangeable
values, symmetry increases the size of the search space by a
factor of m!. The set of symmetries of a constraint satisfac-
tion problem form a group under composition. In this work,
we place no restrictions on the type of group. In particular,
we are not restricted to products of the symmetry group, Sn.
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However, we do assume that the symmetries of the constraint
satisfaction problem are known in advance. For instance, if
we are coloring a graph and use a straight forward model with
variables for nodes and values for colors, we know that the
values are fully interchangeable. A number of methods have
been developed to find symmetries in a constraint satisfaction
problem automatically.

Many constraint solvers explore the space of partial assign-
ments enforcing some local consistency. We consider three
local consistencies. Given a constraint C, a support is assign-
ment to each variable of a value in its domain which satisfies
C. A constraint is generalized arc consistent (GAC) iff for
each variable, every value in its domain belongs to a support.
A set of constraints is GAC iff each constraint is GAC. On bi-
nary constraints, GAC is simply called arc consistency (AC).
A set of binary constraints is singleton arc consistent (SAC)
iff we can assign every variable with each value in its domain
and make the resulting problem arc consistent (AC). Finally,
a set of binary constraint is k-consistent iff each k − 1 as-
signment can be consistently extended to a kth variable, and
is strongly k-consistent iff it is j-consistency for all j ≤ k.
We will compare local consistency properties applied to sets
of constraints, c1 and c2 which are logically equivalent. As in
[Debruyne and Bessière, 1997], a local consistency property
Φ on c1 is as strong as Ψ on c2 iff, given any domains, if Φ
holds on c1 then Ψ holds on c2; Φ on c1 is stronger than Ψ on
c2 iff Φ on c1 is as strong as Ψ on c2 but not vice versa; Φ on
c1 is equivalent to Ψ on c2 iff Φ on c1 is as strong as Ψ on c2
and vice versa.

3 Static methods
One simple and common mechanism to deal with symme-
try is to add constraints which eliminate symmetric solutions
[Puget, 1993]. Suppose we have a set Σ of value symme-
tries. Based on [Crawford et al., 1996], we can eliminate
all symmetric solutions by posting a global constraint which
ensures that the solution is ordered lexicographically before
any of its symmetries. More precisely, we post the global
constraint VALSYMBREAK(Σ, [X1, . . . , Xn]) which ensures
[X1, . . . , Xn] ≤lex [σ(X1), . . . , σ(Xn)] for all σ ∈ Σ where
X1 to Xn is a fixed ordering on the variables and σ(Xi) rep-
resents the action of the symmetry σ on the value assigned to
Xi. Unfortunately, pruning all values from such a symmetry
breaking constraint is NP-hard.

Theorem 1 Deciding if VALSYMBREAK(Σ, [X1, . . . , Xn])
is GAC is NP-complete, even when |Σ| is linearly bounded.

Proof: Membership in NP follows by giving a support for
every possible assignment. To prove it is NP-hard, we give a
reduction from a 3-SAT problem in N Boolean variables and
M clauses. We construct a CSP with N + M + 1 variables
over 4N + 2 possible values. The first 4N values partition
into 2N interchangeable pairs. The values 4i− 3 and 4i− 2
are interchangeable, as are 4i− 1 and 4i for 1 ≤ i ≤ N . The
values 4i− 3 and 4i− 2 represent the SAT variable xi being
true, whilst the values 4i−1 and 4i represent the SAT variable
xi being false. The final two values, 4N + 1 and 4N + 2 are
not interchangeable. The first N CSP variables represent a
“truth assignment”. We have Xi ∈ {4i−3, 4i−2, 4i−1, 4i}

for 1 ≤ i ≤ N . The nextM CSP variables ensure at least one
literal in each clause is true. For example, if the ith clause is
xj ∨ ¬xk ∨ xl, then the domain of XN+i is {4j − 3, 4j −
2, 4k − 1, 4k, 4l − 3, 4l − 2}. The final variable XN+M+1

is a “switch” and has the domain {4N + 1, 4N + 2}. Note
that if a value is in the domain of a variable then so is every
symmetry of this value.

We have two sets of constraints. First, we have the binary
constraints odd(XN+M+1) → odd(Xi) for 1 ≤ i ≤ N and
odd(XN+M+1) → even(XN+j) for 1 ≤ j ≤ M . Second,
we have the constraints odd(XN+M+1)→ PHP (N,N +1)
and even(XN+M+1) → PHP (N,N) where PHP (i, j) is
a pigeonhole constraint which holds iff the variables X1 to
Xi take j distinct values. Note that PHP (N,N + 1) is
unsatisfiable and that PHP (N,N) is satisfiable. Thus, the
constructed CSP is unsatisfiable if XN+M+1 = 4N + 1 and
satisfiable if XN+M+1 = 4N + 2. Note that if we take any
solution of the CSP and permute any of the interchangeable
values, we still have a solution. Thus, if Σ is the set of sym-
metries induced by these interchangeable values, it is permis-
sible to add VALSYMBREAK(Σ, [X1, . . . , Xn]) to this con-
straint satisfaction problem to eliminate value symmetry.

Suppose our branching heuristic sets the switch variable
XN+M+1 to 4N + 1. Enforcing AC on the binary con-
straints prunes the domains of Xi to {4i − 3, 4i − 1} for
1 ≤ i ≤ N . Similarly, the domain of XN+i is re-
duced to {4j − 2, 4k, 4l − 2}. Consider now finding a sup-
port for VALSYMBREAK given this particular subproblem.
Now, VALSYMBREAK(Σ, [X1, . . . , Xn]) ensures that the in-
terchangeable values first appear in order. In particular,XN+i

can only take the value 4j − 2 if Xj had previously been as-
signed 4j − 3. In other words, XN+i can only take the value
4j − 2 if xj is set to true in the “truth assignment”. Simi-
larly, XN+i can only take the value 4k if Xk had previously
been assigned 4k − 1. In other words, XN+i can only take
the value 4k if xk is set to false in the “truth assignment”.
Finally, XN+i can only take the value 4l − 2 if Xj had pre-
viously been assigned 4l− 3. In other words, XN+i can only
take the value 4l − 2 if xl is set to true in the “truth assign-
ment”. Thus, at least one of the literals in the ith clause must
have been set to true in the “truth assignment”. Hence, there
is a support for VALSYMBREAK iff the original 3-SAT prob-
lem is satisfiable. By Theorem 3, |Σ| can be linearly bound.
2

This is a somewhat surprising result. Whilst it is poly-
nomial to eliminate all symmetric solutions either statically
[Puget, 2005] or dynamically [Roney-Dougal et al., 2004],
it is NP-hard to lookahead and prune all symmetric values.
Equivalently, whilst we can avoid visiting symmetric leaves
of the search tree in polynomial time, avoiding symmetric
subtrees is NP-hard.

4 Dynamic methods
An alternative to static methods which add constraints to
eliminate symmetric solutions are dynamic methods which
modify the search procedure to ignore symmetric branches.
For example, with value symmetries, the GE-tree method dy-
namically eliminates all symmetric solutions from a back-
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tracking search procedure in O(n4 log(n)) time [Roney-
Dougal et al., 2004]. However, as we show now, such dy-
namic methods may not prune all the symmetric values which
static methods can do. Suppose we are at a particular node
in the search tree explored by the GE-tree method. Con-
sider the current and all past variables seen so far. The GE-
tree method can be seen as performing forward checking on
a static symmetry breaking constraint over this set of vari-
ables. This prunes symmetric assignments from the domain
of the next branching variable. Unlike static methods, the GE-
tree method does not prune deeper variables. By comparison,
static symmetry breaking constraints can prune deeper vari-
ables, resulting in interactions with the problem constraints
and additional domain prunings. For this reason, static sym-
metry breaking methods can solve certain problems exponen-
tially quicker than dynamic methods.

Theorem 2 There exists a model of the pigeonhole problem
in n variables and n + 1 interchangeable values such that,
given any variable and value ordering, the GE-tree method
exploresO(2n) branches, but which static symmetry breaking
methods can solve in just O(n2) time.

Proof: The n + 1 constraints in the CSP are
∨n
i=1Xi = j

for 1 ≤ j ≤ n+ 1, and the domains are Xi ∈ {1, . . . , n+ 1}
for 1 ≤ i ≤ n. The problem is unsatisfiable by a simple
pigeonhole argument. Any of the static methods for break-
ing value symmetry presented later in this paper will prune
n + 1 from every domain in O(n2) time. Enforcing GAC
on the constraint

∨n
i=1Xi = n+ 1 then proves unsatisfiabil-

ity. On the other hand, the GE-tree method irrespective of the
variable and value ordering, will only terminate each branch
when n − 1 variables have been assigned (and the last vari-
able is forced). A simple calculation shows that the size of
the GE-tree more than doubles as we increase n by 1. Hence
we will visit O(2n) branches before declaring the problem is
unsatisfiable. 2

This theoretical result supports the experimental results in
[Puget, 2005] showing that static methods for breaking value
symmetry can outperform dynamic methods. Given the in-
tractability of pruning all symmetric values in general, we
focus in the rest of the paper on a common and useful type of
value symmetry where polynomial symmetry breaking meth-
ods have been proposed: we will suppose that values are or-
dered into partitions, and values within each partition are uni-
formly interchangeable.

5 Generator symmetries
One way to propagate VALSYMBREAK is to decom-
pose it into individual lexicographical ordering constraints,
[X1, . . . , Xn] ≤lex [σ(X1), . . . , σ(Xn)] and use one of the
propagators proposed in [Puget, 2006] or [Walsh, 2006a].
Even if we ignore the fact that such a decomposition may hin-
der propagation (see Theorem 2 in [Walsh, 2006a]), we have
to cope with Σ, the set of symmetries being exponentially
large in general. For instance, if we have m interchangeable
values, then Σ contains m! symmetries. To deal with large
number of symmetries, Aloul et al. suggest breaking only
those symmetries corresponding to generators of the group

[Aloul et al., 2002]. Consider the generators which inter-
change adjacent values within each partition. If the m val-
ues partition into k classes of interchangeable values, there
are just m − k such generators. We prove here that break-
ing just these generator symmetries eliminates all symmetric
solutions. Thus, we have identified a special class of symme-
tries where using just generators is complete.

Theorem 3 If Σ is a set of symmetries induced by inter-
changeable values, and Σg is the set of generators cor-
responding to interchanging adjacent values then posting
VALSYMBREAK(Σg, [X1, . . . , Xn]) eliminates all symmet-
ric solutions.

Proof: Assume VALSYMBREAK(Σg, [X1, . . . , Xn]). Con-
sider any two interchangeable values, j and k where j < k,
Let σj ∈ Σg be the symmetry which swaps just j with j + 1.
To ensure [X1, . . . , Xn] ≤lex [σj(X1), . . . , σj(Xn)], j must
occur before j + 1 in X1 to Xn. By transitivity, j there-
fore occurs before k. Thus, for the symmetry σ′ which swaps
just j with k, [X1, . . . , Xn] ≤lex [σ′(X1), . . . , σ′(Xn)]. Con-
sider now any symmetry σ ∈ Σ. The proof proceeds by con-
tradiction. Suppose [X1, . . . , Xn] >lex [σ(X1), . . . , σ(Xn)].
Then there exists some j with Xj > σ(Xj) and Xi =
σ(Xi) for all i < j. Consider the symmetry σ′
which swaps just Xj with σ(Xj). As argued before,
[X1, . . . , Xn] ≤lex [σ′(X1), . . . , σ′(Xn)]. But this contra-
dicts [X1, . . . , Xn] >lex [σ(X1), . . . , σ(Xn)] as σ and σ′
act identically on the first j variables in X1 to Xn. Hence,
[X1, . . . , Xn] ≤lex [σ(X1), . . . , σ(Xn)]. 2

Not surprisingly, reducing the number of symmetry break-
ing constraints to linear is not without consequence. Whilst
restricting symmetry breaking to just these generators elimi-
nates all symmetric solutions, we may not necessarily prune
all symmetric values. Equivalently, whilst restricting symme-
try breaking to just these generators eliminates all symmetric
leaves of the search tree, we may not necessarily avoid all
symmetric subtrees.

Theorem 4 If Σ is a set of symmetries induced by inter-
changeable values, and Σg is the set of generators cor-
responding to interchanging adjacent values then GAC on
VALSYMBREAK(Σ, [X1, . . . , Xn]) is stronger than GAC on
[X1, . . . , Xn] ≤lex [σ(X1), . . . , σ(Xn)] for all σ ∈ Σg .

Proof: Clearly it is at least as strong. To show it is
stronger, suppose all values are interchangeable with each
other. Consider X1 = 1, X2 ∈ {1, 2}, X3 ∈ {1, 3},
X4 ∈ {1, 4} and X5 = 5. Then enforcing GAC on
VALSYMBREAK(Σ, [X1, . . . , X5]) prunes 1 from X2, X3

and X4. However, [X1, . . . , X5] ≤lex [σ(X1), . . . , σ(X5)]
is GAC for all σ ∈ Σg . . 2

It is not hard to see that there are other sets of generators for
the symmetries induced by interchangeable values which do
not necessarily eliminate all symmetric solutions (e.g. with
the generators which interchange the value 1 with any i, we
do not eliminate either the assignment X1 = 1, X2 = 2 or
the symmetric assignment X1 = 1, X2 = 3). Thus we have
shown that the choice of generators is important.
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6 Puget’s decomposition
With value symmetries, a second method that eliminates all
symmetric solutions is a decomposition due to [Puget, 2005].
Consider a surjection problem (where each value is used at
least once) with interchangeable values. We can channel into
dual variables, Zj which record the first index using the value
j by posting the binary constraints: Xi = j → Zj ≤ i and
Zj = i → Xi = j for all 1 ≤ i ≤ n, 1 ≤ j ≤ m. We can
then eliminate all symmetric solutions by insisting that inter-
changeable values first occur in some given order. That is, we
place strict ordering constraints on the Zk within each class
of interchangeable values. Puget notes that any problem can
be made into a surjection by introducing m additional new
variables, Xn+1 to Xn+m where Xn+i = i. These variables
ensure that each value is used at least once. In fact, we don’t
need additional variables. It is enough to ensure that each Zj
has a dummy value, which means that j is not assigned, and to
order (dummy) values appropriately. Unfortunately, Puget’s
decomposition into binary constraints hinders propagation.

Theorem 5 If Σ is a set of symmetries in-
duced by interchangeable values, then GAC on
VALSYMBREAK(Σ, [X1, . . . , Xn]) is stronger than AC
on Puget’s decomposition into binary constraints.

Proof: It is clearly at least as strong. To show it is stronger,
suppose all values are interchangeable with each other. Con-
sider X1 = 1, X2 ∈ {1, 2}, X3 ∈ {1, 3}, X4 ∈ {3, 4},
X5 = 2, X6 = 3, X7 = 4, Z1 = 1, Z2 ∈ {2, 5},
Z3 ∈ {3, 4, 6}, and Z4 ∈ {4, 7}. Then all Puget’s symme-
try breaking constraints are AC. However, enforcing GAC on
VALSYMBREAK(Σ, [X1, . . . , X5]) will prune 1 from X2. 2

If all values are interchangeable with each other, we only
need to enforce a slightly stronger level of local consistency
to prune all symmetric values. More precisely, enforcing sin-
gleton arc consistency on Puget’s binary decomposition will
prune all symmetric values.

Theorem 6 If all values are interchangeable and Σ is
the set of symmetries induced by this then GAC on
VALSYMBREAK(Σ, [X1, . . . , Xn]) is equivalent to SAC on
Puget’s decomposition into binary constraints.

Proof: Suppose Puget’s encoding is AC. We will show that
there is at least one support for VALSYMBREAK. We assign
Z1 to Zm in turn, giving each the smallest remaining value
in their domain, and enforcing AC on the encoding after each
assignment. This will construct a support without the need
for backtracking. At each choice point, we ensure that a new
value is used as soon as possible, thus giving us the most
freedom to use values in the future. Suppose now that Puget’s
encoding is SAC. Then, by the definition of SAC, we can
assign any variable with any value in its domains and be sure
that the problem can be made AC without a domain wipeout.
But if the problem can be made AC, it has support. Thus
every value in every domain has support. Hence enforcing
SAC on Puget’s decomposition ensures that VALSYMBREAK
is GAC. 2

We might wonder if singleton arc-consistency is enough
for arbitrary value symmetries. That is, does enforcing SAC
on Puget’s encoding prune all symmetric values? We can

prove that no fixed level of local consistency is sufficient.
Given the intractability of pruning all symmetric values in
general, this result is not surprising.

Theorem 7 For any given k, there exists a value symme-
try and domains for which Puget’s encoding is strongly k-
consistent but is not k + 1-consistent.

Proof: We construct a CSP problem with 2k + 1 variables
over 2(k + 1) possible values. The 2(k + 1) values partition
into k + 1 pairs which are interchangeable. More precisely,
the values i and k+1+i are interchangeable for 1 ≤ i ≤ k+1.
The first k variables of the CSP have k + 1 values between
them (hence, one value is not taken). More precisely, Xi ∈
{i, i+ 1} for 1 ≤ i ≤ k. The remaining k + 1 variables then
take the other k+1 values. More precisely, Xk+i = k+1+ i
for 1 ≤ i ≤ k + 1. The values 1 to k + 1 need to be used by
the first k variables, X1 to Xk so that the last k+ 1 variables,
Xk+1 toX2(k+1) can use the values k+2 to 2(k+1). But this
is impossible by a pigeonhole argument. Puget’s encoding of
this is strongly k-consistent. since any assignment of k−1 or
less variables can be extended to an additional variable. On
the other hand, enforcing k+1-consistency will discover that
the CSP has no solution. 2

Finally, we compare this method with the previous method
based on breaking the symmetries corresponding to the gen-
erators which interchange adjacent values.

Theorem 8 If Σ is a set of symmetries induced by inter-
changeable values, and Σg is the set of generators inter-
changing adjacent values then AC on Puget’s decomposi-
tion for Σ is stronger than GAC on [X1, . . . , Xn] ≤lex

[σ(X1), . . . , σ(Xn)] for all σ ∈ Σg .

Proof: Suppose Puget’s decomposition is AC. Consider the
symmetry σ which interchanges j with j + 1. Consider any
variable and any value in its domain. We show how to con-
struct a support for this assignment. We assign every other
variable with j if it is in its domain, otherwise any value other
than j+1 and failing this, j+1. Suppose this is not a support
for [X1, . . . , Xn] ≤lex [σ(X1), . . . , σ(Xn)]. This means that
in the sequence from X1 to Xn, we had to use the value j+1
before the value j. However, as Puget’s decomposition is AC,
there is a value in the domain of Zj smaller than Zj+1. This
contradicts j+1 having to be used before j. Hence, this must
be a support. Thus [X1, . . . , Xn] ≤lex [σ(X1), . . . , σ(Xn)] is
GAC for all σ ∈ Σg . To show that AC on Puget’s decomposi-
tion is stronger consider again the example used in the proof
of Theorem 4. The lexicographical ordering constraint for
each generator σ ∈ Σg is GAC without any domain pruning.
However, enforcing AC on Puget’s decomposition prunes 1
from X2, X3 and X4. 2

7 Value precedence
A third method to eliminate all symmetric solutions in-
duced by interchangeable values uses the global prece-
dence constraint [Law and Lee, 2004]. The constraint
PRECEDENCE([X1, . . . , Xn]) holds iff min{i |Xi = j ∨ i =
n + 1} < min{i | Xi = k ∨ i = n + 2} for all j < k.
That is, the first time we use j is before the first time we
use k for all j < k. Posting such a precedence constraint
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eliminates all symmetric solutions due to interchangeable val-
ues. In [Walsh, 2006b], a GAC propagator for such a prece-
dence constraint is proposed which takes O(nm) time. It is
not hard to show that PRECEDENCE([X1, . . . , Xn]) is equiva-
lent to VALSYMBREAK(Σ, [X1, . . . , Xn]). Hence, enforcing
GAC on such a precedence constraint prunes all symmetric
values in polynomial time.

Precedence constraints can also be defined when values
partition into more than one interchangeable class. We just
insist that the values within each class first occur in a fixed
order. In [Walsh, 2006b], a propagator for such a prece-
dence constraint is proposed which takes O(n

∏
imi) time

wheremi is the size of the ith class of interchangeable values.
Whilst this prunes all symmetric values, it is only polynomial
if we can bound the number of classes of interchangeable val-
ues. This complexity is now not surprising. We have shown
that pruning all symmetric values is NP-hard when the num-
ber of classes of interchangeable values is unbounded.

8 Breaking variable and value symmetry
Variable symmetries can also be broken statically by post-
ing constraints. Following [Crawford et al., 1996], we can
eliminate all symmetric solutions with a global constraint
which ensures that the solution is ordered lexicographically
before any of the symmetries of the solution. More pre-
cisely, give a set of variable symmetries Θ, we can elimi-
nate all symmetric solutions with a global constraint which
ensures [X1, . . . , Xn] ≤lex [Xθ(1), . . . , Xθ(n)] for all θ ∈ Θ
where X1 to Xn is a fixed ordering on the variables. Prun-
ing all values from such a symmetry breaking constraint is
NP-hard in general [Crawford et al., 1996; Bessiere et al.,
2004]. Consider, for example, a model of the rehearsal prob-
lem (prob039 in CSPLib) where we have a variable for each
time slot whose value is the piece to rehearse. This model has
a variable symmetry as we can invert any rehearsal scheduling
without violating any constraints. This is equivalent to swap-
ping Xi with Xn−i+1. We eliminate this symmetry by post-
ing the constraint: [X1, . . . , Xn] ≤lex [Xn, . . . , X1]. Such
variable symmetry breaking constraints are consistent with
the value symmetry breaking constraints discussed here. We
must, however, ensure that all are based on the same fixed
variable ordering. Whilst we can consistently post both vari-
able and value symmetry breaking constraints, this may not
eliminate all symmetric solutions resulting from the interac-
tion of variable and value symmetry (see, for example, Theo-
rem 3 in [Walsh, 2006a]).

9 Experimental results
We now compare these value symmetry breaking methods ex-
perimentally. Puget has shown that his static symmetry break-
ing method significantly outperforms the dynamic GE-tree
method. We therefore look at just the three static methods.
Generator symmetries: we post lexicographical ordering

constraints for the generators of the symmetry group that
interchange adjacent values and enforce GAC using a
linear time propagator [Walsh, 2006a].

Puget’s decomposition: we enforce AC using the solver’s
built-in propagators.

Value precedence: we post a single global value precedence
constraint and enforce GAC using a linear time propa-
gator [Walsh, 2006b].

Graph coloring
As in an earlier study of interchangeable values [Law and
Lee, 2006], we experimented with graph coloring problems
from the DIMACS benchmark suite. We use a straight for-
ward model with one decision variable for each vertex. The
values represent colors and are completely interchangeable.
We coded the graph coloring problems in BProlog and ran
them on a PowerPC 1GHz G4 processor with 1.25 GB RAM.
Table 1 gives results. There is little to choose between the
different symmetry breaking methods. However, the genera-
tor symmetry method is never fastest on any problem so can
perhaps be excluded on these grounds. Although the differ-
ences between Puget’s method and the global value prece-
dence constraint are slight, breaking symmetry using a global
value precedence constraint solves the most problems within
the 2 hour time-out. It also often has the fewest branches or
the shortest runtime.

We will make some additional observations about these re-
sults. On the fifth problem DSJC125.1, we actually find
the optimal coloring faster without any symmetry breaking
constraints. We conjecture that symmetry breaking in this
case is conflicting with the branching heuristic. However, this
problem is exceptional and symmetry breaking constraints
are usually essential to be able to prove optimality within the
2 hour time-out. On the final problem ash331GPIA, we
also find the optimal coloring and prove optimality quicker
without symmetry breaking constraints. However, when we
have an additional color available, the symmetry breaking
constraints help keep the branching heuristic on track.

Note that as the number of colors (and thus the number
of interchangeable values) increases, we see greater bene-
fits using the global value precedence constraint compared
to Puget’s method or using generator symmetries. With the
largest number of interchangeable values, the global value
precedence constraint can be up to two orders of magni-
tude faster at reaching its fixed point than the other symme-
try breaking methods. Finally, whilst the different symmetry
breaking methods in theory prune the search tree differently,
this is only seen on a few problem instances.

9.1 n by n queens
As in the first experiment on value symmetry breaking in
[Puget, 2005], we used a simple model of the n by n queens
problem. The aim is to color each square in a n by n chess-
board with one of n colors so that no line (row, column or
diagonal) has the same color twice. This is equivalent to find-
ing n non-intersecting solutions to the n-queens problems.
This is a difficult combinatorial problem. The existence of
a solution for n = 12 was open until recently. We model
this with n2 variables, each with n possible values, and an all
different constraint along each line. The model has 8 vari-
able symmetries corresponding to the rotations and reflec-
tions of the chessboard. We break these by posting the or-
dering constraints: X1 < Xn, X1 < Xn2−n+1, X1 < Xn2

and X2 < Xn+1. The model also has n! value symmetries as
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problem colors value symmetry breaking
vertices/ k none generator symmetries Puget’s method value precedence

edges b t b t b t b t
myciel5 4 6,264 0.31 261 0.08 261 0.04 261 0.06

47/236 5 43,001,880 1,334.71 286,994 53.66 286,994 16.41 286,994 21.45
6∗ 1 0.01 1 0.02 1 0.02 1 0.01

GEOM50_5a 7 5,504 0.89 3,047 0.83 4,928 0.33
50/238 8 61,430 7.81 61,430 10.24 65,398 3.11

9∗ 1 0.01 25 0.03 257 0.03 1 0.01
R50_5gb8 8 3,047 1.57 3,047 0.83 3,061 0.41

50/612 9 92,302 48.59 92,202 19.98 95,685 12.11
10∗ 2 0.01 1,901 0.89 1,897 0.43 2,139 0.26

queen8_8 7 5,040 0.31 0 0.04 0 0.04 0 0.03
64/1456 8 149,573 159.09 149,573 25.89 149,573 15.87

9∗ 12,674 0.71 12,674 8.31 12,674 1.83 12,674 1.40
DSJC125.1 4 1,463 0.15 3,093 0.92 3,093 0.84 3,094 0.89

125/736 5 79,990 5.69 401,777 290.58 401,777 77.40 408,691 110.30
6∗ 1 0.03 1 0.06 1 0.07 3 0.04

miles250 3 6 0.03 11 0.05 11 0.06 11 0.05
128/774 4 26,542,104 1,674.00 770 0.17 770 0.44 770 0.12

5 73,666 11.68 73,666 34.24 73,666 7.20
mulsol.i.1 23 5,040 14.66 5,040 8.58 5,040 1.52

197/3925 24 40,320 133.15 40,320 77.73 40,320 14.90
25 7,869,767 6,971.80 362,880 129.76
26 3,628,800 886.12

school1 13 762 209.83 762 13.82 762 50.46
385/19095 14 2,358 1,079.66 2,358 27.14 2,358 56.71

15∗ 130 29.95 130 3.81 105 3.16
fpsol2.i.2 22 720 4.14 720 71.01 720 0.77

451/8691 23 5,040 20.00 5,040 292.47 5,040 2.23
24 40,320 133.55 40,320 1,517.75 40,320 14.38
25 362,880 126.86

ash331GPIA 3 24 0.43 4 0.47 4 0.77 4 0.49
662/4185 4∗ 1,563 1.01 67,952 26.90 67,952 18.04 67,952 16.71

5 125,240 47.15 3,815 3.51 3,815 2.86 3,815 2.06
TOTALS

Instances solved/total 15/32 29/32 30/32 32/32
Best method/instances 9/32 10/32 20/32 0/32 22/32 4/32 23/32 20/32
Average (solved by all) 4,585,083 204.30 51,952 25.71 51,967 7.95 52,427 10.26
Average (all solved) 4,585,083 204.30 43,430 77.25 304,231 306.52 175,873 46.24

Table 1: Graph coloring problems: branches and time in seconds to find a proper coloring or prove one does not exist. Blank
entries are problems not solved in 2 hours. Colorings marked with ∗ are optimal, “Best method/instances” is the fraction of
instances on which the method is best, “(solved by all)” is the average over the 15 instances all methods solve before the
time-out, whilst “(all solved)” is the average over all instances solved by the given method.
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all colors are interchangeable. We break these with one of the
three methods mentioned above.

Results are given in Table 2. To look in more detail at the
propagation, we ran this experiment using SICSTUS 3.12.7.
This also provides statistics on the number of domain prun-
ings performed in propagating constraints. For n = 5 and 7,
there is an unique solution up to symmetry. For n = 6 and 8,
there are no solutions. Despite the theoretical differences be-
tween the three static symmetric breaking methods identified
in Theorems 4 and 5, we see no difference in the size of the
search trees explored on these n by n queens problems. The
specialized propagator for value precedence is, however, two
or so times faster than Puget’s method which itself is two or
so time faster than the generator symmetry method. The more
detailed statistics suggest that the value precedence constraint
often reaches the same fixed point as Puget’s method but with
fewer domain prunings.

10 Related work
Puget proved that symmetric solutions can be eliminated by
the addition of suitable constraints [Puget, 1993]. Craw-
ford et al. presented the first general method for construct-
ing variable symmetry breaking constraints [Crawford et al.,
1996]. To deal with large number of symmetries, Aloul
et al. suggest breaking only those symmetries correspond-
ing to generators of the group [Aloul et al., 2002]. Aloul
et al. also improved the runtime of this method by reduc-
ing the size of a CNF encoding of such a symmetry break-
ing constraint from quadratic to linear [Aloul et al., 2003].
Petrie and Smith adapted this symmetry breaking method to
value symmetries by posting a suitable lexicographical or-
dering constraint for each value symmetry [Petrie and Smith,
2003]. Puget and Walsh independently proposed propagators
for such value symmetry breaking constraints [Puget, 2006;
Walsh, 2006a]. To deal with the exponential number of
such value symmetry breaking constraints, Puget proposed
a global propagator which does forward checking in polyno-
mial time [Puget, 2006].

To eliminate symmetric solutions due to interchangeable
values, Law and Lee formally defined value precedence for
finite domain and set variables and proposed a specialized
propagator for a pair of interchangeable values [Law and Lee,
2004]. Walsh extended this to a propagator for any num-
ber of interchangeable values [Walsh, 2006b]. Value prece-
dence enforces the so-called “lowest index color ordering”
which eliminates value symmetry in graph coloring problems
[Aloul, 2006]. Finally, an alternative way to break value sym-
metry statically is to convert it into a variable symmetry by
channelling into a dual viewpoint and using lexicographical
ordering constraints on this dual view [Flener et al., 2002;
Law and Lee, 2006].

A number of dynamic methods have been proposed to deal
with value symmetry. Van Hentenryck et al. gave a labelling
schema for eliminating all symmetric solutions due to inter-
changeable values [Hentenryck et al., 2003]. Inspired by this
method, Roney-Dougal et al. gave a polynomial method to
construct a GE-tree, a search tree without value symmetry
[Roney-Dougal et al., 2004]. Finally, Sellmann and van Hen-

tenryck gave a O(nd3.5 + n2d2) dominance detection algo-
rithm for eliminating all symmetric solutions when both vari-
ables and values are interchangeable [Sellmann and Henten-
ryck, 2005].

11 Conclusion
Value symmetries can be broken either statically (by adding
constraints to prune symmetric solutions) or dynamically
(by modifying the search procedure to avoid symmetric
branches). We have shown that both approaches have com-
putational limitations. With static methods, we can elimi-
nate all symmetric solutions in polynomial time but prun-
ing all symmetric values is NP-hard in general (or equiva-
lently, we can avoid visiting symmetric leaves of the search
tree in polynomial time but avoiding symmetric subtrees is
NP-hard). With dynamic methods, we typically only per-
form forward checking and can take exponential time on
problems which static methods solve without search. We
have studied a common type of value symmetry where val-
ues are interchangeable and static methods are polynomial.
We considered three different symmetry breaking constraints
for interchangeable values: lexicographical ordering con-
straints based on generators of the symmetry group, sym-
metry breaking constraints proposed by Puget [Puget, 2005],
and a specialized precedence constraint [Law and Lee, 2004;
Walsh, 2006b]. We have shown that despite theoretical dif-
ferences in their ability to prune symmetric values, the three
methods appear to explore very similar search spaces in prac-
tice. However, the specialized propagator offers runtime sav-
ings by reaching its fixed point quicker. There are many open
questions raised by this research. For example, are there other
types of symmetry where all symmetric values can be pruned
tractably? Are there other types of symmetry where it is
enough to use just generators?
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Abstract
Symmetry is an important feature in constraint pro-
gramming. Whilst there has been considerable
progress in dealing with symmetry in constraint sat-
isfaction problems, there has been less attention to
symmetry in constraint optimization problems. In
this paper, we propose some general methods for
dealing with symmetry in constraint optimization
problems.

1 Introduction
Many search problems contain symmetries. Symmetry oc-
curs naturally in many problems (e.g. if we have identical
machines to schedule, or identical jobs to process). Symme-
try can also be introduced when we model a problem. Unfor-
tunately, symmetries increases the size of the search space.
We must take into account symmetry or we will waste much
time visiting symmetric solutions, as well as those parts of
the search tree which are symmetric to already visited states.
Sophisticated methods have been developed in constraint sat-
isfaction problems to eliminate symmetry either statically by
the addition of symmetry breaking constraints [Puget, 1993;
Crawford et al., 1996; Aloul et al., 2002; Flener et al., 2002;
Aloul et al., 2003; Law and Lee, 2004; Puget, 2005; 2006;
Walsh, 2006] or dynamically by modifying the search method
to avoid symmetric states [Gent and Smith, 2000; Fahle et al.,
2001; Roney-Dougal et al., 2004; Hentenryck et al., 2003].
In this paper, we outline methods to extend such symmetry
breaking methods to work in the context of constraint opti-
mization.

2 Formal Background
A constraint satisfaction problem consists of a set of n vari-
ables, each with a domain of m possible values, and a set
of constraints specifying allowed combinations of values for
given subsets of variables. A solution of a constraint satis-
faction problem is an assignment of a value to each variable
satisfying the constraints. We will use upper case letters like

∗NICTA is funded by the Australian Government’s Department
of Communications, Information Technology and the Arts and the
Australian Research Council DCITA and ARC through Backing
Australia’s Ability and the ICT Centre of Excellence program.

Xi and Bj for variables and lower case letters like dk for do-
main values. Without loss of generality, we can assume all
variables take values from the same universal domain of val-
ues (and unary constraints are used to restrict these domains
as appropriate).

A constraint optimization problem is a constraint satisfac-
tion problem with an additional objective function f . A so-
lution of a constraint optimization problem is a complete as-
signment that satisfies the constraints (a feasible assignment)
that minimizes or maximizes the objective function as appro-
priate. In the rest of this paper, we shall consider just min-
imization as any maximization problem can be turned into
a minimization problem by negating the objective function
f . To solve such a constraint optimization problem, we con-
sider branch and bound style methods that solve a sequence
of constraint satisfaction problems with tightening bounds on
the objective function.

3 Symmetry in Satisfaction
Symmetry occurs in many constraint satisfaction problems.
A variable symmetry of a constraint satisfaction problem is a
permutation of the variables that preserves solutions. More
formally, a variable symmetry is a bijection σ on the indices
of variables such that if X1 = d1, . . . , Xn = dn is a so-
lution then Xσ(1) = d1, . . . , Xσ(n) = dn is also. For ex-
ample, suppose we wish to assign times (values) to exams
(variables) in an exam scheduling problem and we have two
exams taken by the same students. As we can interchange
these two exams, the problem has a variable symmetry. A
value symmetry of a constraint satisfaction problem, on the
other hand, is a permutation of the values that preserves so-
lutions. More formally, a value symmetry is a bijection θ on
the values such that if X1 = d1, . . . , Xn = dn is a solution
thenX1 = θ(d1), . . . , Xn = θ(dn) is also. For example, sup-
pose we wish to assign colours (values) to nodes (variables)
in a graph colouring problem. Value symmetry permits us to
interchange any two colours uniformly throughout a colour-
ing. We can further distinguish between solution symmetries
which preserve solutions, and constraint symmetries which
are those solution symmetries that also preserve the set of
constraints [Cohen et al., 2006]. As similar results hold for
both, we will consider here just solution symmetries.

The set of symmetries of a constraint satisfaction or opti-
mization problem form a group under composition. In this
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work, we place no restrictions on the type of group. In partic-
ular, we are not restricted to products of the symmetry group,
Sn. However, we do assume that the symmetries are known
in advance. For instance, if we are coloring a graph and use a
straight forward model with variables for nodes and values for
colors, we know that the values are fully interchangeable. A
number of methods have been developed to find symmetries
in a constraint satisfaction problem automatically. It would
be interesting to adapt these methods to finding symmetries
in constraint optimization problems automatically.

Symmetries are problematic as they increase the size of the
search space. For instance, if we havem interchangeable val-
ues, symmetry increases the size of the search space by a fac-
tor of m!. One simple and common mechanism to deal with
symmetry in constraint satisfaction problems is to add con-
straints which eliminate symmetric solutions [Puget, 1993].
Suppose we have a set Σ of variable symmetries. We can
eliminate all symmetric solutions due to these symmetries by
posting “lex leader” constraints which ensure that the solu-
tion is ordered lexicographically before any of its symmetries
[Crawford et al., 1996]. More precisely, we post:

[X1, . . . , Xn] ≤lex [Xσ(1), . . . , Xσ(n)]

For each σ ∈ Σ where X1 to Xn is a given fixed ordering on
the variables. Similar lex leader constraints can be posted to
eliminate value symmetries, as well as symmetries which act
simultaneously on variables and values [Puget, 2006; Walsh,
2006].

4 Variable Symmetry in Optimization
We now lift both the definition of symmetry and the idea of
eliminating symmetries by posting lex leader constraints to
constraint optimization problems. We define a variable sym-
metry of a constraint optimization problem as a bijection σ
on the indices of the variables that preserves feasibility. Note
that such a symmetry may not preserve the value of the objec-
tive function. For example, consider the constraint optimiza-
tion on two integer variables with constraints 0 ≤ X1 ≤ 4,
0 ≤ X2 ≤ 4, X1 + X2 ≤ 6 and the objective function
−2.X1 − X2. Then X1 and X2 are symmetric. Given any
assignment that is feasible (e.g. X1 = 1 and X2 = 3), we
can swap X1 and X2 and construct another feasible assign-
ment (in this case, X1 = 3 and X2 = 1). The objective
function does not have this symmetry as the value of the ob-
jective changes (from -5 to -7) under this mapping. One ap-
pealing feature of this definition of symmetry of a constraint
optimization problem is that we can use any of the existing
methods for finding symmetries that have been developed for
constraint satisfaction problems.

We cannot break variable symmetry in constraint opti-
mization using exactly the same static symmetry breaking
methods as in constraint satisfaction. Returning to our run-
ning example, suppose we post the lex leader constraint:
[X1, X2] ≤lex [X2, X1]. This gives a new constraint opti-
mization problem with solution -9, whilst the original con-
straint optimization problem had a solution of -10. The added
symmetry breaking constraint conflicts with minimizing the
objective. Fortunately, we only need a small modification to

the lex leader method to ensure that the symmetry breaking
constraints do not conflict. To eliminate symmetric solutions
from a constraint optimization problem, we can post a sym-
metry breaking constraint for each variable symmetry which
ensures:

[f(X1, . . . , Xn), X1, . . . , Xn] ≤lex

[f(Xσ(1), . . . , Xσ(n)), Xσ(1), . . . , Xσ(n)]
Such generalized lex leader constraints limit search to

those assignments within each symmetry class to those with
the smallest objective value, and between those with an
equally small objective, to those that are lexicographically
least. Note that if f is constant, this degenerates to the lex
leader constraint used to break symmetry in constraint satis-
faction problems (as would be expected). We can therefore
use generalized lex leader constraints within a branch and
bound algorithm to find the optimal solution. To propagate
such generalized lex leader constraints, we propose the fol-
lowing simple encoding which introduces Boolean variables,
Bi to record where the sequence is lex ordered:

f(X1, . . . , Xn) ≤ f(Xσ(1), . . . , Xσ(n))
f(X1, . . . , Xn) ≥ f(Xσ(1), . . . , Xσ(n)) ≡ ¬B1

Bi ∨ (Xi ≤ Xσ(i))
Bi ∨ (Xi < Xσ(i)) ≡ Bi+1

Note that, since f(X1, . . . , Xn) ≤ f(Xσ(1), . . . , Xσ(n)),
we could simply have posted f(X1, . . . , Xn) =
f(Xσ(1), . . . , Xσ(n)) ≡ ¬B1. However, such an equal-
ity is typically more difficult to propagate. For in-
stance, if f is linear, it is NP-hard to enforce GAC on
f(X1, . . . , Xn) = f(Xσ(1), . . . , Xσ(n)), but polynomial to
enforce GAC on f(X1, . . . , Xn) ≥ f(Xσ(1), . . . , Xσ(n)). In
addition, we can get more pruning by using a more general
hypothesis. We now consider this generalized lex leader
method for three common classes of objective functions.

4.1 Symmetry-invariant Objective
Consider a constraint optimization problem with variable
symmetry in which the objective function is invariant to sym-
metry. That is, f(X1, . . . , Xn) = f(Xσ(1), . . . , Xσ(n)) for
every symmetry σ. Then, the generalized lex leader con-
straints simplify to the previous lex leader constraints:

[X1, . . . , Xn] ≤lex [Xσ(1), . . . , Xσ(n)]

4.2 Linear Objective
Consider a constraint optimization problem with variable
symmetry in which the objective function is linear. That is,
f(x1, . . . , Xn) =

∑n
i=1 ai.Xi. Then, we post:

n∑
i=1

(ai − aσ(i)).Xi ≤ 0

n∑
i=1

(ai − aσ(i)).Xi ≥ 0 ≡ ¬B1

Bi ∨ (Xi ≤ Xσ(i))
Bi ∨ (Xi < Xσ(i)) ≡ Bi+1
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Returning to our running example, we get:

X2 ≤ X1

X2 ≥ X1 ≡ ¬B1

B1 ∨ (X1 ≤ X2)
B1 ∨ (X1 < X2) ≡ B2

B1 ∨ (X2 ≤ X1)
B2 ∨ (X2 < X1) ≡ B3

These symmetry breaking constraints reduce the 22 feasible
solutions down to the optimal solution (X1 = 4, X2 = 2 with
objective value -10) and 9 other feasible solutions, each repre-
sentative of an equivalence class of solutions with a different
objective value.

4.3 Value-based Objective
Consider a constraint optimization problem with variable
symmetry in which the objective function is just a function of
the set or multi-set of values used by the feasible assignment.
One such objective is

∑n
i=1 g(Xi) where g(X) represents the

cost of using the value X . A second example is the objective
which counts the number of values used, |{Xi | 1 ≤ i ≤ n}|.
Such objective functions are invariant to variable symmetries:
f(X1, . . . , Xn) = f(Xσ(1), . . . , Xσ(n)). In such cases, the
generalized lex leader method returns the simple lex leader
constraint:

[X1, . . . , Xn] ≤lex [Xσ(1), . . . , Xσ(n)]

5 Value Symmetry in Optimization
In a similar fashion, we define a value symmetry of a con-
straint optimization problem as a bijection θ on values that
preserves feasibility. Again, such a symmetry may not pre-
serve the value of the objective function. For example, con-
sider again the constraint optimization problem on two inte-
ger variables with constraints 0 ≤ X1 ≤ 4, 0 ≤ X2 ≤ 4,
X1 +X2 ≤ 6 and the objective function −2.X1 −X2. The
values 1 and 2 are symmetric. Given any assignment that is
feasible (e.g. X1 = 1 and X2 = 3), we can swap 1 and 2 and
construct another feasible assignment (in this case, X1 = 2
and X2 = 3). The objective function does not have this sym-
metry as the value of the objective changes (from -5 to -7)
under this mapping.

As with variable symmetries, we cannot use the same static
symmetry breaking methods in constraint optimization as in
constraint satisfaction. Returning to our running example,
suppose we post the lex leader constraint: [X1, X2] ≤lex

[θ(X1), θ(X2)] where θ(1) = 2, θ(2) = 1 and θ(i) = i
otherwise. This gives a new constraint optimization problem
with solution -9, whilst the original constraint optimization
problem had a solution of -10. The added symmetry breaking
constraint again conflicts with minimizing the objective. We
can, however, modify the lex leader method to ensure that
the symmetry breaking constraints do not conflict with the
objective function. To eliminate symmetric solutions from
a constraint optimization problem, we can post a symmetry
breaking constraint for each value symmetry which ensures:

[f(X1, . . . , Xn), X1, . . . , Xn] ≤lex

[f(θ(X1), . . . , θ(Xn)), θ(X1), . . . , θ(Xn)]

Again, this limits search to those assignments within each
symmetry class with the smallest objective value, and be-
tween those with an equally small objective, to those that
are lexicographically least. To propagate such generalized lex
leader constraints, we propose the following simple encoding
which introduces Boolean variables, Bi to record where the
sequence is lex ordered:

f(X1, . . . , Xn) ≤ f(θ(X1), . . . , θ(Xn))
f(X1, . . . , Xn) ≥ f(θ(X1), . . . , θ(Xn)) ≡ ¬B1

Bi ∨ (Xi ≤ θ(Xi))
Bi ∨ (Xi < θ(Xi)) ≡ Bi+1

Returning to our running example, these symmetry break-
ing constraints reduce the 22 feasible solutions down to the
optimal solution (X1 = 4, X2 = 2 with objective value -
10) and 13 other feasible solutions. They eliminate, for in-
stance, the feasible assignment X1 = 1, X2 = 0 as this
has an objective value of -2 which is larger than the objec-
tive value of -4 corresponding to the symmetric assignment
X1 = 2, X2 = 0. By contrast, the usual lex leader constraint,
[X1, X2] ≤lex [θ(X1), θ(X2)] would eliminate X1 = 2,
X2 = 0 in favour of the symmetric and lexicographically
smaller assignment X1 = 1, X2 = 0.

6 Generator symmetries
One difficulty with the generalized lex leader method is that
the set of symmetries, Σ can be exponentially large in gen-
eral. For instance, if we have m interchangeable values,
then Σ contains m! symmetries. To deal with large number
of symmetries in propositional satisfiability problems, Aloul
et al. suggest we might break only a subset of the sym-
metries [Aloul et al., 2002]. For example, we might only
break those symmetries which are generators of the symme-
try group. This idea lifts immediately to symmetries in con-
straint optimization problems. We can post generalized lex
leader constraints corresponding to just a subset of the sym-
metries. In the case of interchangeable values, we have shown
that posting just those symmetry breaking constraints corre-
sponding to the generators which swap neighbouring values
is enough to eliminate all symmetric solutions.

7 Variable and Value Symmetry
If a constraint optimization problem contains both variable
and value symmetries, the symmetry breaking constraints for
the variable and value symmetries can be combined. Note
that each symmetry breaking constraint has to order the vari-
ables within an assignment in the same way. Symmetries
can also act simultaneously on both the variables and val-
ues. Consider, for instance, a standard model of the n-queens
problem with a variable, Xi representing the position of the
queen along the ith row. The rotational symmetry of the
chessboard maps a solution with Xi = j onto a solution with
Xj = n − i + 1. We can adapt the generalized lex leader
method to deal with such symmetries in a straight forward
way.
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We define a variable/value symmetry of a constraint op-
timization problem as a bijection σ on variable assignments
that preserves feasibility. For example, in the n-queens prob-
lem, the variable assignment Xi = j maps onto Xj =
n − i + 1. Let σ(X1, . . . , Xn) be the mapping of the com-
plete assignment X1, . . . , Xn by the variable/value symmetry
σ. Then, we can break symmetry by posting the generalized
lex leader constraints:

[f(X1, . . . , Xn), X1, . . . , Xn] ≤lex

[f(σ(X1, . . . , Xn)), σ(X1, . . . , Xn)]

For each σ in the set of symmetries, where X1 to Xn is some
fixed order on the variables.

8 Case Studies
To illustrate these methods for breaking symmetry in con-
straint optimization, we present two case studies.

8.1 Bin packing
Consider a simple model of bin packing problems where we
have a decision variable for each item, and the value taken
is the number of the bin into which the item is packed. The
goal is to minimize the number of values used. If all bins are
the same size, then we can swap the items in any two bins.
Hence, we have a value symmetry in which values are in-
terchangeable. The objective function counts the number of
values used. This is invariant to the symmetry of interchang-
ing values. Hence, the generalized lex leader constraints sim-
ply ensures that we construct the assignment which is lex-
icographically least. In [Walsh, 2006], I prove that this is
equivalent to the global PRECEDENCE constraint.

Suppose we have two items of the same size. Then we
can swap the two items in any packing. This corresponds to
a variable symmetry which interchanges the corresponding
two decision variables. The objective function is invariant to
this type of variable symmetry. The generalized lex leader
constraints therefore again ensures that we construct the as-
signment which is lexicographically least. In [Flener et al.,
2006], it is shown that this can be ensured using lexicograph-
ical ordering constraints on the “signatures” of interchange-
able values. All such variable and value symmetry in a bin
packing optimization problem can therefore be broken using
existing methods.

8.2 Car sequencing
We consider an optimization version of car sequencing
(prob001 in CSPLib) in which each car has a due date, and the
objective is to minimize the sum of the tardiness. Production
capacity constraints remain the same (e.g. only 1 in 2 cars
at any point along the production line can have the sun roof
option). A simple model of this problem has a decision vari-
able for each position on the production line, and the value
taken is the car being produced. Suppose we have two cars,
j and k with the same options. Without loss of generality,
suppose that car j is due before car k where j < k. This
gives a value symmetry since we can interchange the corre-
sponding two values and preserve feasibility of the solution.

However, the objective function is not, in general, invariant to
this symmetry.

Consider the generalized lex leader constraints correspond-
ing to this value symmetry. There are three cases. In the first
case, both cars are produced before j’s due date. Then the ob-
jective function is invariant to symmetry. Hence, the general-
ized lex leader constraints ensures that we find the assignment
which is lexicographically smaller than its symmetry. That is,
the assignment where j is used before k. In the second case,
both cars are produced after k’s due date. The objective func-
tion is again invariant to symmetry, and the generalized lex
leader constraints ensures that we find the assignment which
is lexicographically smaller than its symmetry. That is, the
assignment where j is used before k. In the third case, at
least one car is produced between j and k’s due dates. There
are three subcases. In the first, both cars are produced be-
tween j and k’s due dates. Here, the generalized lex leader
constraints ensures that we find the assignment whose objec-
tive value is less than its symmetry. This requires j to be used
before k. The other two subcases are similar. In each, the
value j must be used before k. Thus, in every case, the gen-
eralized lex leader constraints ensure that the value j must be
used before k. This implied constraint breaks the symmetry
of these interchangeable values.

9 Dynamic Methods
Another way to deal with symmetry is to adapt the search
method to avoid exploring symmetric branches. For instance,
after exploring a branch, the Symmetry Breaking During
Search method (SBDS) adds a symmetry breaking constraint
to avoid visiting any branches which are symmetric [Gent and
Smith, 2000]. More precisely, suppose the current partial as-
signment isA and extending this with the variable assignment
Xi = j results in backtracking, then we can add the implied
constraint, σ(A) ⇒ ¬σ(Xi = j) where σ is any symmetry
not already broken by A.

The advantage of such a method is that is does not con-
flict with the branching heuristic. Static symmetry breaking
constraints, on the other hand, eliminate particular symmetric
solutions, and these might be the precise solutions which the
branching heuristic is directing the backtrack search proce-
dure towards. To adapt SBDS to deal with symmetries in con-
straint optimization, we observe that we only want to elimi-
nate those symmetric states with an equal or higher objective
value1. Hence, suppose the current partial assignment is A
and extending this with the variable assignment Xi = j re-
sults in backtracking, then we can add the implied constraint,
(σ(A) ∧ flb(σ(A)) ≥ fub(A)) ⇒ ¬σ(Xi = j) where flb
and fub are lower and upper bounds on the objective function
respectively, and σ is some symmetry not already broken by
A.

Another way to adapt the search method is Symmetry
Breaking by Dominance Detection (SBDD) [Fahle et al.,
2001]. In SBDD, check is performed at each node to see if it
is symmetric to one already explored. The key idea in SBDD
is the definition of dominance. In constraint satisfaction prob-
lems, a node in the search tree is dominated by another iff the

1Recall that we consider just minimization problems.
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variable assignments of the second are symmetric to a subset
of the first. SBDD uses a dominance test to ensure only un-
dominated nodes are explored. This definition of dominance
needs to be weakened for constraint optimization as we may
want to visit symmetric nodes provided they have a smaller
objective value. More precisely, in constraint optimization, a
node in the search tree is dominated by another iff the vari-
able assignments of the second are symmetric to a subset of
the first and a lower bound on the objective value for the first
is greater than or equal to an upper bound on the objective
value for the second. With this weakened definition of dom-
inance, SBDD can then be used in branch and bound style
algorithms.

10 Related Work
Puget proved that symmetric solutions can be eliminated
from constraint satisfaction problems by the addition of suit-
able constraints [Puget, 1993]. Crawford et al. presented
the first general method for constructing variable symme-
try breaking constraints within constraint satisfaction prob-
lems [Crawford et al., 1996]. Petrie and Smith adapted this
method to value symmetries by posting a lexicographical or-
dering constraint for each value symmetry [Petrie and Smith,
2003]. Puget and Walsh independently proposed propagators
for such value symmetry breaking constraints [Puget, 2006;
Walsh, 2006]. Aloul et al. have adapted such symme-
try breaking methods to Boolean optimization [Aloul et al.,
2005]. When the constraints and objective function have sim-
ilar sets of symmetries, they statically break symmetries in
the intersection of these two sets. When the intersection of
these two sets of symmetries is small, they use a dynamic
method to break symmetries of any infeasible assignments
that are discovered. This permits any symmetry of the con-
straints to be used.

Within branch and bound and dynamic programming algo-
rithms, dominance relations are often used to prune symmet-
ric search states. Let S be the set of search states (typically,
partial assignments), and f(s) for s ∈ S be the minimum
cost feasible solution that is an extension of s. A dominance
relation, ≺ is a partial ordering2 over search states satisfying
si ≺ sj implies f(si) ≤ f(sj). Thus, if we have already
expanded si, we can prune sj . The formal definition of dom-
inance relation given in [Kohler and Steiglitz, 1974] also in-
cludes consistency with the lower-bound function (namely,
si ≺ sj implies L(si) ≤ L(sj) where L(s) is a lower
bound on the cost of any feasible solution beneath s). Ibaraki
proved conditions under which a stronger dominance relation
is guaranteed to give a smaller branch-and-bound search tree
[Ibaraki, 1977]. Finally, Yu and Wah used machine learning
techniques to propose new dominance relations for 0/1 knap-
sack, scheduling and related problems [Yu and Wah, 1988].

One way to use dominance relations is to keep track of
some or all previous states and only explore new states that
are not dominated. Dominance relations are thus a gener-
alization of lower-bound pruning. Another way to us dom-
inance relations is to construct constraints that prune domi-

2A partial order is transitive, reflexive (s ≺ s) and antisymmetric
(si ≺ sj and sj ≺ si implies si = sj).

nated search states [Prestwich and Beck, 2004]. Let Sd be
some subset of dominated states. That is, s ∈ Sd implies
there exists sj ∈ S such that sj ≺ si. We need a constraint
C such that C(s) holds iff s ∈ Sd. However, there is no gen-
eral method to construct such constraints. Such dominance
constraints can, however, do more pruning than the symme-
try breaking constraints proposed here. They can prune all
feasible states with an equivalence class of assignments if the
minimum value of the objective function in this equivalence
class is larger than the value taken by some other feasible as-
signment.

11 Conclusion and Future Work
We have shown how the lex leader method for symmetry
breaking can be adapted to work with constraint optimiza-
tion problems. The key idea is to post symmetry breaking
constraints which eliminate within each equivalence class of
assignments, all but those assignments with the best objec-
tive value, and between those assignments with the best ob-
jective value, the single assignment which is lex ordered the
least. There are many directions for future research. First,
we should consider special classes of symmetries like inter-
changeable values, or row and column symmetries, where
symmetry breaking may be more tractable. Second, we might
identify other situations where the generalized lex leader con-
straints can be simplified. Third, we should consider how
these generalized lex leader constraints interact with the prob-
lem constraints. For instance, how do they interact with an
all-different constraint over the decision variables? Fourth,
we might develop specialized propagators for reasoning about
the symmetries of the objective function. Fifth, we should test
how these methods work in practice on constraint optimiza-
tion problems.
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Abstract

The present work studies symmetry break-
ing for the subgraph isomorphism problem.
This NP-Complete problem decides if a pat-
tern graph is isomorphic to a subgraph of a
target graph. The first part of the paper shows
how to detect and break all variable and value
global symmetries. The second part studies lo-
cal symmetries, and shows that subgraphs of
the initial instance allow to efficiently compute
local variable and value symmetries. Experi-
ments show that global symmetries are an effi-
cient technique for subgraph isomorphism, and
that limited local symmetries may be useful for
difficult instances.

1 Introduction
A symmetry in a Constraint Satisfaction Problem (CSP)
is a bijective function that preserves CSP structure and
solutions. Symmetries are important because they in-
duce symmetric subtrees in the search tree. If the in-
stance has no solution, failure has to be proved for equiv-
alent subtrees regarding symmetries. If the instance
has solutions, many symmetric solutions will have to be
enumerated in symmetric subtrees. The detection and
breaking of symmetries can thus speed up the solving
of a CSP. Symmetries arise naturally in graphs as au-
tomorphisms. However, although many graph problems
have been tackled [Beldiceanu et al., 2005] [Cambazard
and Bourreau, 2004] [Sellman, 2003] and a computation
domain for graphs has been defined [Dooms et al., 2005],
and despite the fact that symmetries and graphs are re-
lated, little has been done to investigate the use of sym-
metry breaking for graph problems in constraint pro-
gramming.

This work aims at applying and extending symmetry
techniques for subgraph isomorphism. We show how to
detect and handle global variable and value symmetries
as well as local symmetries.

2 Background and Definitions
Basic definitions for subgraph isomorphism and symme-
tries are introduced.

3 2

1 1

2

34
5

6

7

Gp Gt

Figure 1: Example solution for an isomorphism problem
instance.

A graph G = (N,E) consists of a node set N and an
edge set E ⊆ N × N , where an edge (u, v) is a pair of
nodes. The nodes u and v are the endpoints of the edge
(u, v). We consider directed and undirected graphs. A
subgraph of a graph G = (N,E) is a graph S = (N ′, E′)
where N ′ is a subset of N and E′ is a subset of E such
that for all (u, v) ∈ E′, u, v ∈ N ′.

A subgraph isomorphism problem between a pattern
graph Gp = (Np, Ep) and a target graph Gt = (Nt, Et)
consists in deciding whether Gp is isomorphic to some
subgraph of Gt. More precisely, one should find an
injective function f : Np → Nt such that ∀(u, v) ∈
Np×Np, (u, v) ∈ Ep ⇒ (f(u), f(v)) ∈ Et. This NP-Hard
problem is also called subgraph monomorphism problem
or subgraph matching in the literature. The function f
is called a subgraph matching function.

The CSP model of subgraph isomorphism should rep-
resent a total function f : Np → Nt. This total func-
tion can be modeled with X = x1, . . . , xn with xi a
FD variable corresponding to the ith node of Gp and
D(xi) = Nt. The injective condition is modeled with
the global constraint alldiff(x1, . . . , xn). The isomor-
phism condition is translated into a set of constraints
MCl(xi, xj) ≡ (xi, xj) ∈ Et for all (i, j) ∈ Ep. This
set of constraints can be turned into a global constraint
MC(x1, . . . , xn) ≡ ∧

(i,j)∈Ep
MCl(xi, xj). Implementa-

tion, comparison with dedicated algorithms, and exten-
sion to subgraph isomorphism and to graph and function
computation domains can be found in [Zampelli et al.,
2005; Deville et al., 2005].

A CSP instance is a triple < X,D,C > where X is
the set of variables, D is the universal domain spec-
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ifying the possible values for those variables, and C
is the set of constraints. In the sequel, n = |Np|,
d = |D|, and D(xi) is the domain of xi. A symme-
try over a CSP instance P is a bijection σ mapping
solutions to solutions, and hence non solutions to non
solutions [Puget, 2005b]. Since a symmetry is a bi-
jection where domain and target sets are the same, a
symmetry is a permutation. A variable symmetry is a
bijective function σ : X → X permuting a (non) so-
lution s = ((x1, d1), . . . , (xn, dn)) to a (non) solution
σs = ((σ(x1), d1), . . . , (σ(xn), dn)). A value symmetry
is a bijective function σ : D → D permuting a (non)
solution s = ((x1, d1), . . . , (xn, dn)) to a (non) solution
σs = ((x1, σ(d1)), . . . , (xn, σ(dn)). A value and variable
symmetry is a bijective function σ : X×D → X×D per-
muting a (non) solution s = ((x1, d1), . . . , (xn, dn)) to a
(non) solution σs = (σ(x1, d1), . . . , σ(xn, dn)). A global
symmetry of a CSP is a symmetry holding on the initial
problem. A local symmetry of a CSP P is a symmetry
holding only in a sub-problem P

′
of P . The conditions of

the symmetry are the constraints necessary to generate
P

′
from P [Gent et al., 2005] [Benhamou, 1994]. A group

is a finite or infinite set of elements together with a bi-
nary operation (called the group operation) that satisfies
the four fundamental properties of closure, associativity,
the identity property, and the inverse property. An auto-
morphism of a graph is a graph isomorphism with itself.
The set of automorphisms Aut(G) defines a finite group
of permutations.

3 Variable Symmetries
In this section, we show that the set of global variable
symmetries of a subgraph isomorphism CSP is the set
of automorphisms of the pattern graph. Moreover, we
show how existing techniques can be used to break all
global variable symmetries.

3.1 Detection
This subsection shows that, in subgraph isomorphism,
global variable symmetries are the automorphisms of the
pattern graph and do not depend on the target graph.
It has been shown that the set of variable symmetries of
the CSP is the automorphism group of a symbolic graph
[Puget, 2005b]. The pattern Gp is transformed into a
symbolic graph S(Gp) where Aut(S(Gp)) is the set of
variable symmetries of the CSP.

A CSP P modeling a subgraph isomorphism instance
(Gp, Gt) can be transformed into the following symbolic
graph S(P ) :

1. Each variable xi is a distinct node labelled i.
2. If there exists a constraint MC(xi, xj), then there

exists an arc between i and j in the symbolic graph.
3. The constraint alldiff is transformed into a node

typed with label ’a’; an arc (a, xi) is added to the
symbolic graph for each xi.

Figure 2 shows a pattern transformed into its sym-
bolic graph. If we do not consider the extra node and

Figure 2: Example of symbolic graph for a square pat-
tern.

arcs introduced by the alldiff constraint, then the sym-
bolic graph S(P ) and Gp are isomorphic by construction.
Given the labelling of nodes representing constraints, an
automorphism in S(P ) maps the alldiff node to itself and
the nodes corresponding to the variables to another node
corresponding to the variables. Each automorphism in
Aut(Gp) will thus be a restriction of an automorphism
in Aut(S(P )), and an element in Aut(S(P )) will be an
extension of an element in Aut(Gp). Hence the two fol-
lowing theorems.

Let (Gp, Gt) be a subgraph isomorphism instance, P
its associated CSP. We have :

• ∀ σ ∈ Aut(Gp) ∃ σ
′ ∈ Aut(S(P )) : ∀ n ∈ Np :

σ(n) = σ
′
(n)

• ∀ σ
′ ∈ Aut(S(P )) ∃ σ ∈ Aut(Gp) : ∀ n ∈ Np :

σ(n) = σ
′
(n)

Let (Gp, Gt) be a subgraph isomorphism instance, P
its associated CSP. The set of variable symmetries of P
is the set of bijective functions Aut(S(P )) restricted to
Np, which is equal to Aut(Gp).

The above theorem states that only Aut(Gp) has to
be computed in order to get all variable symmetries.

3.2 Breaking

Two existing techniques are relevant to our particular
problem. The first technique is an approximation and
consists in breaking only the generators of the symme-
try group [Crawford et al., 1996]. Those generators are
obtained by an automorphism detection software such
as NAUTY[McKay, 1981] . For each generator σ, an
ordering constraint s ≤ σs is posted.

The second technique breaks all variable symmetries of
an injective problem by using a Schreier-Sims algorithm,
provided that the generators of the variable symmetry
group are known [Puget, 2005a]. Puget showed that the
number of constraints to be posted is linear with the
number of variables. The Schreier-Sims algorithm com-
putes a base and a strong generating set of a permutation
group. Let G be the group, Sg the symmetry group of g
elements containing G, and t the number of generators,
then its complexity is in O(g2log3|G|+ t.g.log|G|).

4 Value Symmetries

In this section we show how all global value symmetries
can be detected and how existing techniques can be ex-
tended to break them.
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4.1 Detection
In subgraph isomorphism, global value symmetries are
automorphisms of the target graph and do not depend
on the pattern graph.

Let (Gp, Gt) be a subgraph isomorphism instance and
P be its associated CSP. Then each σ ∈ Aut(Gt) is a
value symmetry of P .

Proof Suppose that f is a subgraph isomorphism be-
tween Gp and Gt, and f(i) = vi for i ∈ Np. Consider the
subgraph G = (N,E) of Gt, where N = {v1, . . . , vn} and
E = {(i, j) ∈ Et | (f−1(i), f−1(j)) ∈ Ep}. This means
that there exists a isomorphic function f

′
matching Gp

to σG. Hence ((x1, σ(v1)), . . . , (xn, σ(vn))) is a solution.
¥

4.2 Breaking
Breaking global value symmetries can be performed
by using the GE-Tree technique [Ronay-Dougal et al.,
2004]. The idea is to modify the distribution by avoid-
ing symmetrical value assignments. Suppose a state S is
reached, where x1, . . . , xk are assigned to v1, . . . , vk re-
spectively, and xk+1, . . . , xn are not assigned yet. The
variable xk+1 should not be assigned to two symmetrical
values, since two symmetric subtrees would be searched.
For each value vi ∈ D(xk+1) that is symmetric to a value
vj ∈ D(xk+1), only one state S1 should be generated
with the new constraint xk+1 = vi.

A convenient way to compute those symmetrical
values uses the Schreier-Sims algorithm. Algorithm
Schreier-Sims outputs the sets Ui = {k | ∃ σ ∈ Aut(Gt)
: σ(i) = k∧σ(j) = j ∀ j < i}. A set Ui gives the images
of i by the automorphisms of G mapping 0, . . . , i− 1 to
themselves. If values are assigned in an increasing order,
assigning symmetrical values can be avoided by using
those sets Ui. Using symmetry breaking constraints to-
gether with GE-Tree is complete and correct as shown
in [Puget, 2005a].

5 Local Symmetries
Global symmetries may hide symmetries arising during
search. During search, variables are assigned and new
variable symmetries arise. As values are removed from
domains, new value symmetries are created and can be
exploited. In this section, we focus on detecting those
symmetries for the subgraph isomorphism problem.

Local symmetries for subgraph isomorphism can be
found through local graphs of the initial problem. Dur-
ing the search, subgraphs of the pattern and target graph
define variable and value local symmetries. We first show
how to define those subgraphs, and then we explain local
variable symmetry detection and local value symmetry
detection.

5.1 Partial dynamic graphs
We first introduce partial dynamic graphs. Those graphs
are associated to a state in the search and correspond to
the unsolved part of the problem. This can be viewed as
a new local problem to the current state.

Figure 3: Example of local subgraphs.

Let S be a state in the search.
The partial dynamic pattern graph G−

p = (N−
p , E−

p )
induced by S is a subgraph of Gp such that :
• N−

p = {i ∈ Np | ∃ j : (i, j) ∈ Ep∧∃ a ∈ D(xi)∧∃ b ∈
D(xj) ∧ (a, b) /∈ Et}

• E−
p = {(i, j) ∈ Ep | i ∈ N−

p ∧ j ∈ N−
p }

The partial dynamic target graph G−
t = (N−

t , E−
t )

is a subgraph of Gt such that :
• N−

t = ∪i∈N−
p

D(xi)

• E−
t = {(a, b) ∈ Et | a ∈ N−

t ∧ b ∈ N−
t }

Those partial dynamic graphs define the local CSP
corresponding to the local state.

Figure 3 shows an example where circled nodes are
assigned to each other. In the pattern graph, plain
nodes and edges represent G−

p . Regarding morphism
constraints, dashed edges are entailed MCl constraints
and plain edges are non entailed MCl constraints. In
the target graph, plain nodes and edges represent G−

t
assuming a forward checking propagation for the MCl

constraints.
One general way to compute local symmetries is to use

the microstructure of the CSP [Cohen et al., 2006]. The
set of nodes of the microstructure graph is the product
set of the variables and the domain. In our particular
problem of subgraph isomorphism, the variables are the
nodes of G−

p and the domain is the set of nodes of G−
t .

Hence the size of the microstructure is |G−
p × G−

t | and
can be very large. But in subgraph isomorphism, local
symmetries can be computed directly in the graphs G−

p

and G−
t , without using the microstructure.

5.2 Local variable symmetries
Local variable symmetries must map variables having
the same domain. This fact follows directly from the
definition of a variable symmetry. This problem was
not present for global variable symmetries as the initial
domains are Nt. The set of automorphisms of the partial
dynamic pattern graph has to be redefined.

Given a partial dynamic pattern graph G−
p , Aut′(G−

p )
is the set of automorphisms mapping a node i to a node
j if and only if D(xi) = D(xj). The following theorem
states that local variable symmetries can be obtained by
computing Aut′(G−

p ).
Let (Gp, Gt) be a subgraph isomorphism instance, L

be a state in the search space, G−
p the partial dynamic
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pattern graph associated with L, and P ′ be the CSP as-
sociated with L.Then each σ ∈ Aut′(G−

p ) is a variable
symmetry of P

′
.

Proof Let σ ∈ Aut′(G−
p ). Consider the symbolic graph

Aut(S(P ′)) of P ′. Recall that the alldiff constraint has
no influence on Aut(S(P ′)). All automorphisms β of
Aut(S(P ′)) are not variable symmetry of P ′ since do-
mains of variables may be different in the local subprob-
lem P ′. Since σ ∈ Aut(S(P ′)) and is restricted to map
only variables with the same domains, σ is a variable
symmetry of P ′. ¥

Computing Aut′(G−
p ) can be done as usual by using

automorphism detection software. The initial partition
is refined into ordered sets containing variables having
the same domain.

Breaking
Local variable symmetries can be broken by using the
same technique for global variable symmetries (Section
3.2). This ensures that all detected local variable sym-
metries are broken. However, adding breaking constraint
of the form xi < xj modify the local symbolic graph
S(P ). This may introduce or remove new local variable
symmetries. The detection presented in the previous sec-
tion is however valid. Indeed, the additional constraints
xi < xj ensure that D(xi) 6= D(xj). Any automorphism
between xi and xj is excluded from Aut′(G−

p ).

5.3 Local value symmetries
The following theorem states that value symmetries of
the local CSP P ′ can be obtained by computing Aut(G−

t )
and that these symmetries can be exploited without los-
ing or adding solutions to the initial problem.

Let (Gp, Gt) be a subgraph isomorphism instance, P ′
be the local CSP associated with a state during the
search. Then each σ ∈ Aut(G−

t ) is a value symmetry
of P

′
. Proof This follows directly from Theorem 4.1

and the fact that (G−
p , G−

t ) is a subgraph isomorphism
instance. ¥

The dynamic target graph G can be computed dy-
namically. In [Deville et al., 2005], we showed how sub-
graph isomorphism can be modeled and implemented in
CP(Graph), an extension of CP with graph domain vari-
ables [Dooms et al., 2005]. The domain of a graph vari-
able is modeled by a lower bound and an upper bound
graph, and represents all the graphs between the lower
and upper bound. In this setting, a graph domain vari-
able T represents the matched target subgraph. The
initial lower bound of T is the empty graph, and the
initial upper bound if Gt. When a solution is found, T
is instantiated to the matched subgraph of Gt. Hence,
during the search, the dynamic target graph G−

t will be
the upper bound of variable T and can be obtained in
O(1).

Speeding up detection
Computing directly Aut(G−

t ) is correct but this compu-
tation can be fasten. Actually, all value symmetries are
not possible in a local instance (G−

p , G−
t ). Only nodes

that are all present in at least one domain can be mapped
to each other in a value symmetry of P ′. The search tree
of the automorphism algorithm can be pruned when such
nodes are mapped together.

Breaking
In this subsection, we show how to modify the GE-Tree
method to handle local value symmetries. Before distri-
bution, the following actions are triggered :

1. Compute the partial dynamic target graph G−
t .

2. The NAUTY and Schreier-Sims algorithms are
called to produce the new U

′
i sets.

3. Given a state S, a new variable and value selection
can be used such that local value symmetries are
broken :
(a) a new state S1 with a constraint xk = vk

(b) a new state S2 with constraints : xk 6= vk and
xk 6= vj ∀ j ∈ Uk−1 ∪ U

′
k−1.

The only difference with the original GE-Tree method
is the addition of the U ′

k−1 during the creation of the
second branch corresponding to the state S2.

An issue is how to handle the global and
local structures U . In the Gecode system
(http://www.gecode.org), in which the actual im-
plementation is made, the states are copied and trailing
is not needed. Thus the global structure U must not be
updated because of backtracking. A single global copy
is kept during the whole search process. In a state S
where local values symmetries are discovered, structure
U is copied into a new structure U

′′
and merged with

U
′
. This structure U

′′
shall be used for all states S

′

having S in its predecessors.

6 Experimental results
The objectives in this section are to assess performances
of global symmetries, and performance of local symme-
tries against global symmetries. For local symmetries,
we study the overhead of computing local symmetry in-
formation and their ability to solve more difficult in-
stances. Moreover, we would like to know whether local
symmetries can be applied on the whole search space.

The CSP model for subgraph isomorphism has been
implemented in Gecode, using CP(Graph) and CP(Map)
[Dooms et al., 2005] [Deville et al., 2005] . The
CP(Graph) framework provides graph domain variables
and CP(Map) provides function domain variables. All
the software is implemented in C++. The standard
implementation of NAUTY [McKay, 1981] algorithm is
used. We also implemented Schreier-Sims algorithm.
The computation of the constraints for breaking injective
problems is implemented, and GE-Tree method is also
incorporated. All local symmetry techniques presented
are also implemented.

Instances - The data graphs used to generate in-
stances are from the GraphBase database containing dif-
ferent topologies and has been used in [Larrosa and Va-
liente, 2002]. Experiments are performed on the first
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50 undirected graphs from GraphBase. The undirected
set was selected because it holds potentially more sym-
metries than the directed graphs. This undirected set
contains graphs ranging from 10 nodes to 138 nodes.
All those graphs are tested for isomorphism with one
another. Only subgraph isomorphism instances with a
pattern graph smaller than the target graph are kept.
There are 1225 instances.

Setup - All runs were performed on a dual Intel(R)
Xeon(TM) CPU 2.66GHz with 2 Go of RAM. In our
tests, we look for all solutions. This ensures that we mea-
sure the whole tree search reduction, and we avoid strong
influence of the heuristic. As shown later in this sec-
tion, the number of solved instances stabilizes for all in-
stances after a couple of minutes. Hence a run time limit
is set. A run is solved if it finishes in less than 5 min-
utes, unsolved otherwise. Detecting the local symmetries
on the whole search space tends to be time-consuming.
Hence local symmetry detection is seen as an extension
of global symmetries. No detection is made when 3 vari-
ables are instantiated. Breaking is performed over the
whole search space.

Automorphism detection time - A main concern
is how much time it takes to compute the symmetries
of the graphs. Regarding global symmetries, NAUTY
processed each undirected graph in less than 0.02 second.
All undirected graphs were processed by Schreier-Sims in
less than one second, except two of them, with 4 seconds
and 8 seconds. This shows a negligible time regarding
symmetry detection on this set of instances.

Models - Depending on the symmetry breaking tech-
niques, various models are selected for these experiments
:
• vflib : state of the art dedicated C++ algorithm

[Cordella et al., 2001]

• light : simple CP model
– Forward checking constraints
– No redundant constraint

• heavy : advanced CP model
– Arc consistency
– Redundant constraint [Larrosa and Valiente,

2002]

• global var : heavy + global variable symmetry
• global value : heavy + global value symmetry
• global varvalue : heavy + global variable and value

symmetry
• local var : heavy + local variable symmetry
• local value : heavy + local value symmetry
• glocal var : heavy + global and local variable sym-

metry
• glocal value : heavy + global and local value sym-

metry
Vflib and the light model are considered as basic mod-

els since they perform only forward checking. We call

easy instances those instances that are quickly solved by
vflib and the light model. Those instances do not require
any arc consistent or redundant constraint.

Detailed results - We study first experimental re-
sults for global symmetries. Figure 4 shows the number
of solved instances against time. This Figure justifies
the choice of a time limit of 5 minutes, as most of the
solved instances are solved during the first 100 seconds.
Hence only the percentage of solved instances is rele-
vant. Figure 5 shows the detailed results. The total time
is the time to solve all instances, the mean time is the
mean time over all solved instances, the common mean
time(memory) is the mean time(memory) over instances
solved by vflib. Global symmetries clearly outperforms
light, heavy and vflib and improve time on easy instances
and all instances. Thanks to global variable and value
symmetries, 18% more instances are solved compared to
vflib and all instances are solved much more efficiently.

We now study the experimental results for local sym-
metries. Figure 6 shows the detailed results. The com-
mon time is still reduced, but local symmetries achieve
the same performance as the heavy model without any
symmetry technique, with the exception of local and
global variable symmetries. Those results for local sym-
metries are due to the time needed to compute local
symmetries. Actually, some easy instances are not solved
with local symmetries.

In order to assess efficiency of local symmetries for
difficult problems, we performed the following experi-
ment. The light model is ran for 30 seconds, and if the
instance is not solved, local symmetry models are used
for 270 seconds. This coroutining setup ensures that
easy instances are solved. Results for this new setup
are shown in Figure 7. We compare the results of local
symmetries against global symmetries. Local symme-
tries slightly outperform global symmetries. Inside local
symmetry models, the models combining global symme-
tries outperform pure local symmetry models. This is
mainly because some instances contains a lot of sym-
metries that disappear during search. Local symmetry
has a high cost but reduces time for difficult instances.
Not surprisingly, local symmetries performance are poor
on easy instances, but outperform global symmetry on
difficult instances.

To the best of our knowledge, subgraph isomorphism
with symmetry breaking achieves the best percentage
of solved instances over the GraphBase benchmark pro-
posed by [Larrosa and Valiente, 2002].

7 Conclusion

In subgraph isomorphism, both global variable and value
symmetries can be computed on the initial instance. In-
deed, this computation can be made directly on the pat-
tern graph and the target graph. Moreover, all variable
and value symmetries can be broken by computing a base
and a strong generating set of the permutation groups
thanks to the Schreier-Sims algorithm. Local variable
and value symmetries can be found in a similar way. A
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Figure 4: Results for global symmetries

solved total time mean time mean mem c. mean time c. mean mem.
vflib 47.1% 3329 min. 9.35 sec. 115 kb 9.35 sec. 92 kb
light 51.4% 3162 min. 17.91 sec. 2028 kb 14.89 sec. 1391 kb
heavy 58.94% 2584 min. 6.57 sec. 7892 kb 5.81 sec. 3103 kb

global var 64% 2318 min. 8.72 sec. 7744 kb 2.75 sec. 2933 kb
global value 61.2% 2479 min. 8.45 sec. 7820 kb 3.06 sec. 3014 kb

global varvalue 65.7% 2197 min. 7.35 sec. 7545 kb 2.50 sec. 2983 kb

Figure 5: Detailed results for global symmetries.

solved total time mean time mean mem c. mean time c. mean mem.
heavy 58.94% 2584 min. 6.57 sec. 7892 kb 5.81 sec. 3103 kb

glocal var 60.82% 2473 min. 5.93 sec. 19201 kb 4.40 sec. 3182 kb
local var 58.45% 2615 min. 5.88 sec. 18666 kb 3.30 sec. 3096 kb

glocal value 58.78% 2601 min. 6.37 sec. 17839 kb 3.88 sec. 3684 kb
local value 57.14% 2682 min. 4.96 sec. 7812 kb 3.29 sec. 3243 kb

Figure 6: Detailed results for local symmetries over all instances.

solved total time mean time mean mem
global var 64,73% 2203 min. 4.27 sec. 11371 kb
glocal var 65,96% 2150 min. 3.26 sec. 11503 kb
local var 63,10% 2300 min. 3.15 sec. 4105 kb

global value 63,92% 2256 min. 2.94 sec. 11475 kb
glocal value 64,49% 2234 min. 3.78 sec. 28610 kb
local value 63,18% 2301 min. 3.77 sec. 4330 kb

Figure 7: Detailed results for local symmetries with coroutining.
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suitable definition of the local pattern and target graphs
makes the computation of local symmetries as direct as
for global symmetries.

Experimental results suggest that breaking all variable
and value symmetries is an efficient way to solve difficult
instances. Global symmetries together with arc consis-
tency and redundant constraints were able to solve 65%
of the instances, which makes constraint programming
the most efficient technique for this data set. Local sym-
metries achieve also good results on difficult instances.
However, computing local symmetries may not be the
good tradeoff between search and symmetries, especially
for easy instances. Computing local symmetries during
the whole search is inefficient.

Interesting directions include experiments on faster
but weaker detection methods. One could search for and
break generators, as the Schreier-Sims tends to be time
consuming. Other weaker forms of detection could also
be used. Finally, experiments should be conducted on
real-world class of graphs such as scale-free networks.
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